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FINITE GENERATION OF EQUIVARIANT COHOMOLOGY
FOR A p-COMPACT GROUP G

HYANG - SOOK LEE

For a p-compact group G and G-space X, we prove the finite generation of the equiv-
ariant cohomology H(X) and give the form of the Poincaré series of H&(X).

0. INTRODUCTION

For a compact Lie group G, the algebra HY = H*(BG,F,) is finitely generated.
This result is extended to finite loop spaces and other loop spaces called p-compact
groups [2]. Dwyer and Wilkerson introduced p-compact groups and proved lots of their
properties in detail [2]. Their work shows that a p-compact group has much of the
rich internal structure of a compact Lie group. In [3], Quillen proved finite generation
of H5(X) = H*(EG x¢ X) for the general equivariant cohomology ring of a G-space
X, where G is a compact Lie group. In this paper, we generalise theorems on finite
generation of H:(X) for a p-compact group G and G-space X. We also give the form of
the Poincaré series of H5(X) . In the first section, we give brief definitions and properties
as background. In Section 2, we give the main results.

1. PRELIMINARIES

A graded vector space H* over a field F is finite dimensional if each H' is finite
dimensional over F and H* = 0 for all but finite number of i. A space X is F,-finite if
H*X is finte dimensional over the finite field F,. Let ex : X — X, be a natural map for
any space X where (_)p‘is the Fp-completion functor constructed by Bousfield and Kan
[1]. If ex is a homotopy equivalence, we say X is F,-complete.

DEFINITION 1.1: A p-compact group is a loop space G satisfying the following
equivalent conditions.

(1) G is F,-finite, Fp-complete and 7oG is a finite p-group.
(2) G is Fp-finite and BG is Fp-complete.
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THEOREM 1.2. [2] IfG is a p-compact group, then H*(BG,F,) is finitely gener-
ated as an algebra.

From classical algebra, if X is connected then H* X is finitely generated as an algebra
if and only if H*X is Noetherian as a graded ring if and only if every graded ideal in H*X
has a finite number of homogeneous generators if and only if every graded submodule of
a graded finitely generated H*X-module is itself finitely generated. Also a H*X-module
satisfies the ascending chain condition on submodules if and only if every submodule of
H* X -module is finitely generated.

A homomorphism f : G = K of p-compact groups is a pointed map Bf : BG — BK.
The homogeneous space K/G is defined to be the homotopy fibre of B f over the basepoint
of BK. The homomorphism f is said to be a monomorphism if K/G is F,-finite and an
epimorphism if Q(K/G) is a p-compact group. A short exact sequence G JyH 4 K
of p-compact groups is a sequence such that BG — BH — BK is a fibration sequence
where f is a monomorphism and ¢ is an epimorphism.

Let G be a p-compact group and X be a G-space defined to be a fibration EGxgX —
BG with X as the fibre. Here EG is the universal bundle over BG. The equivariant
cohomology of the G-space X is defined by the formula

Hy(X) = H*(EG xg X)

where H*(_) means ordinary cohomology.

A morphism (f,u) : (G,X) — (G',X") is a homomorphism of p-compact groups
f : G — G’ and for a G-space X and G'-space X', a map u : X — X' which is f-
equivariant, that is, u(gz) = f(g)u(z). Let EG — BG and EG' — BG' be the principal
G and G’-bundle respectively, and consider the following diagram

where p, and p; are induced by the projections of EG x EG’ onto its factors, 7 is induced
by v and v : EG — EG' is an f-equivariant map, v X u is the map on orbit spaces
induced by v x u. This diagram yields a canonical homomorphism

(@) 'p3w - H(BEG' x¢ X') = H*(EG x¢ X).
This homomorphism will be denoted by
(f,u)" : H&(X") = HE(X).

If X is a point, we write Hx(pt) = H*(BG) = H¢.
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2. THE FINITENESS THEOREM

Let G be a p-compact group and X be a G-space. In this section we study the finite
generation of H%(X). The coefficient ring is assumed to be a finite field Fp,.

LEMMA 2.1. [2] IfG is a p-compact group and M is a F,-vector space which is
a module over m BG, then H*(BG, M) is finitely generated as a module over H*BG.

THEOREM 2.2. [2] A homomorphism f : G — K of p-compact groups is a
monomorphism if and only if the ring H¢, is a finitely generated module over Hj,.

Let f : G - K be a monomorphism of p-compact groups. We consider Hg(X) as
an algebra over Hj by means of the homomorphism (f, p)* where p is the map from X
to a point. Then we have the following theorem.

THEOREM 2.3. If X is F,-finite, then H;(X) is a finitely generated Hj-module.

PRrROOF: We consider the Serre spectral sequence for the Fa-term of the fibre space

EG x¢ X — BG
By = H*(BG, H'(X)) = HE"(X).

Now X is F,-finite, hence the E,-term is finitely generated as a module over Hg by
Lemma 2.1. Since H¢ is a Noetherian ring, E, is also a finitely generated HE-module by
induction on r. E, = E4 for sufficiently large r, and hence H;(X) is a finitely generated
module over H:. But H{ is a finitely generated Hj-module (Theorem 2.2). Therefore
HZ(X) is a finitely generated module over H. 0

COROLLARY 2.4. H}(X) is a finitely generated algebra over F,,.

A homomorphism ¢ : R — S of graded commutative rings is finite if S is a finitely
generated module over R via (.

COROLLARY 2.5. If(f,u) : (G,X) — (G',X') is a morphism such that f is a
monomorphism and X is Fp-finite, then (f,u)" : Hg(X') = HE(X) is finite.

PROOF: If we choose a monomorphism G’ — K, then H:(X) is a finitely generated
module over Hj, hence also a finitely generated module over H. (X). 0

Now we recall the Euler-Poincaré function ¢ which maps certain modules to elements
of an Abelian group and satisfies the following condition;

If 0> M - M— M — 0 is exact, then p(M) is defined if and only if p(M’)
and @(M") are defined, and (M) = p(M’) + p(M").
REMARK. Assume ¢ is defined on finite dimensional vector spaces over F,, and is equal
to the dimension. Then the values of ¢ are in the additive group of integers.

If X is Fp-finite, the Poincaré series of H&(X) is defined by

P(Hg(X)) = i(dimpp HE (X))t
=0

If H;(X) is finite dimensional over F,, then P, (H&(X)) is a polynomial.
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If X is Fp-finite, we showed H(X) is a finitely generated Hy-module in Theorem
2.3. Let m be the number of generators of Hy, as an algebra over I,. Then we give the
following type of Poincaré series of Hx(X).

PROPOSITION 2.6. The Poincaré series of H:(X) is a rational function of the

form :
IT (1 — t4)

=0
where d;’s are the corresponding degrees of generators of Hy and f(t) is a polynomial
with integer coefficients.

PROOF: We use induction on m. For m = 0, H;(X) is a finitely generated F,-
module, and hence P, (H&(X)) = f(t) is a polynomial in Z[t]. Assume m > 1. Since H},
is a finitely generated algebra over F,, we set Hy = Fy(z1,Z2, -, Zm) where degz; =
d; > 1. We consider the following exact sequence by multiplying z, on Hg(X)

0— Cp = HA(X) I HEY(X) = Lpya, — 0.

Let C = @,C, and L = &,L,,. Then C and L are finitely generated Hj,-modules (as
a submodule and factor module respectively) and annihilated by z,,, hence are graded
Fy(z1, 2, -, Tm-1)-modules. By the Remark,

dimC,, — dimH%(X) + dimHZ " (X) — dimL, 44, = 0.
Multiplying by ¢"*9» and summing over n,

3 trtndimC, — 3 tPmdimHE(X)

n=0 n=0
+ Z tn+dmdimHg+d'ﬂ (X) - Z trtdm dian+dm
n=0 n=0
=0.
Hence
tdm . (Z dimC,, - t“) — tém . (Z dimHg(X) —t")
n=0 n=0
+ Y dimHE " (X) - £ = 3 dimLaga,, - £
n=0 n=0
= tin . P(C) ~ t¥ - P(H(X)) + P(H(X)) - P(L) - g(2)
=0
where
dm—1 ) . dm-l .
g(t) = Y dimH5(X) -t — Y dimL; -t € Zjt].
=0 =0
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P(L) = t*P,(C) + ¢(2)
Ay t*- h(2)
Fo-m Ho-m

(1- ) P(H&(X))

+ g(t)

by induction. Therefore

) - t4n - (8 + 90 T (1 - 1)
P(HH(X)) = —

where f(t) € Z[t].
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