TAUBERIAN ESTIMATES CONCERNING THE REGULAR
HAUSDORFF AND [J, f(x)] TRANSFORMATIONS

A. MEIR

1. Introduction. Denote by {#(x)} some linear transform of the sequence

{Sn} (n>0,sn=aﬁ+al+---+an)r

of the form

)

t(x) = Z cr () s (x> x0 > 0),

k=0

where x attains continuous or only integer values. The problem of estimating
[t(x) — sum| as x and m tend to « with some connection between them was
considered first by H. Hadwiger (3) assuming the Tauberian condition
na, = O(1) on the sequence {s;}, specifying the transform ¢(x) to be the usual
Abel transform and x = 1 — #~!. Papers of Agnew (1), Garten (2), and
Jakimovski (5, 6) deal with similar problems concerning other transformation
methods.

The same problem but replacing the Tauberian condition #na, = O(1) by
b, = 0(1), where
(1.1) b, = (n + 1)"Yay + 2a: + ... + na,),
was solved for special transformation methods by V. Garten (2) and P.
Hartman (4).

In this paper our aim is to state and prove the corresponding results under
the condition (1.1) for a class of regular Hausdorff and [J, f(x)] transforms.

The Abel transform and the Cesaro-transform of order a > 1 are included
in our theorem as special cases.

2. Definitions, notations, and lemmas. The regular Hausdorff-trans-
formation is defined as follows: Let 8(¢f) be a function of bounded variation on
[0, 1], satisfying

(2.1) BO+) =p0) =0, B(1) =1

The Hausdorff-transform H,(8) of a sequence {s;} is
n 1

(2.2) H,(8) = 2 <Z> Sk f u (L —u)""dBu), n>0.
k=0 0

The [J, f(x)]-transformation was defined in (7) by Jakimovski as follows:
Let
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i@ = [ rase),

where B(t) is a function of bounded variation on [0, 1] satisfying
(2.3) B(0+) = B(0) =0, B(1-) =BQ1) =1,
and let the [J, f(x)]-transform, say J, (B) of a sequence {s;}, be defined by

(k)

2.4) 7.(8) = i

% 5 f | (log ) aso

for x > 0. The regularity of this transformation has been proved in (7).
We shall use the following notations:

il

xk 1
@3 d=de =% [ <1og ) ap (1), k> 0;
@26) Di=Dix) =Y d, k> 0;
=k

2.7 & = 6,(n) = <Z> fol w1 — )" dBu), k> 0.

NE

3 0<k<n

k>n-+ 1.

if

li

o =

(2.8) Ay = A(n) = {j

We shall use in our proofs the following lemmas:

Lemma 1. If the [J,f(x)]-transformation is regular and 0 < B(t) < 1 on
[0, 1], then

(2.9) 0 < D:(x) <1, k>0x>0.
If the H,(B)-transform is regular and 0 < B(¢) < 1 on [0, 1], then
(2.10) 0 < Ar(n) <1, E>0,1n>0.

Proof. By the regularity of the transformation, Dy(x) =1 (7, p. 142).
Let 2 > 1. By (2.5) and (2.6) and changing the variable of integration to
u = x log(1/t), we obtain

(2.11) 1— D, = Zk_—l"iﬁ fm TN L — B(eT))du

and since 0 < B(¥) < 1, we have at once 0 < 1 — D; < 1. So (2.9) is proved.
The proof of (2.10) is completely analogous.
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LEMMA 2. For every ¢ (0 < ¢ < 1) and everyu > 0

u® K
2.12 —e'<g .
( ) lk—'uzl>eu k! ¢S 1+ uZ !
K . being dependent only on ¢; and for every ¢ (0 < ¢ < 1), every n > 0 and every
u, 0 <u <1,
n % n—k K'e
(213) lk—nzu%>m <k>u (1 u) < 1 + 112 ’
K’ being dependent only on e.
Proof. Let u > 1. Then
k © k
U v LR U ug e
bkl St g e k)
By easy calculation, this is equal to
R 4.1 _8 1
R Bu” + u) <64 u2<e4u2—|— 1

For 0 < # <1 the sum on the left-hand side of (2.12) is clearly <1. So
. = 8¢ *is suitable for all # > 0. Thus (2.12) is proved. The proof of (2.13)
is completely analogous. K’ may be chosen as ¢

LeEmMA 3. Suppose the [J, f(x)]-transformation is regular,

(2.14) 0<B@ <1,
and
f 6] f w1 — Be™))du < + o,
(2.15) -
(i1) f w V(e ™)du < 4o,
q
where V (t) 1s the variation of B(u) from 0 to t. Then for every g > 0
(2.16) lim { 3 E'1 — D) + f k“le} = A,
M—>00,T-300/M [Z - @ \ k=1 K=m+1
where
q 0
_ —1 _ —1 -1 —t
@2.17) A, = fo 1 — B )dt + f g Yt

Remark. In fact, Lemma 3 still remains true if we assume instead of (2.15) (ii)
the weaker condition

me uw B (e™)du < + .
If B(t) is non-decreasing on [0, 1], this condition is equivalent to (2.15) (ii).

Thus Lemma 3 improves Jakimovski's result (6, Theorem (3.1)), where
na, = O(1) was supposed.
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The significance of (2.15) (ii) will appear in the proof of Theorem 1.
Proof. Let ¢, 0 < e < 1, be fixed. By (2.11),

k

@18) Si= X K -D)= [ 3 Lt w1 - pe e

k=1
m(1—e¢) m(14¢€) ©
-+ T+ [ =n+n+mn
0 m(1—e) m(14-¢€)
Now
m k © k
u —U —u u —U
e =1—¢e" — e
kz=:1 k! k=};’+1 k!

and if u < m(1l — €), clearly m > u + eu; thus by (2.12)

=1 —0(1+uH.

M=

w,
4 ¢
Thus
m(l—e) /z
L= 77w - sE )i - Ot + G )du

0

and by (2.15) (i)

o(1-¢)
(2.19) I, = f w1 — Be™))du + o(1)
0
asm — ©,x — ®,myxl—q.
By (2.14)
m(1+e€)
(2.20) TAPS f whdu = log 2T
m(l—e) 1 —e
If u > m(1 + ¢), clearly # — %eu > m; thus by (2.12) and (2.14)
(2.21) I; = f w 0w du = o(1) asm — o,
o/ m(14¢€)

Now ¢ > 0 was arbitrary. Let ¢ — 0. From (2.19), (2.20), and (2.21),

(2.22) lim S; = J‘q w1 — B(e™))du

asm— ©,x — o, m/x —q.
By (2.11) and changing the order of summation and integration, as justified

by (2.15) (i),

(223) S.= f kD, = J‘m i d “u B (e ™) du
0

k=m+1 k=m+1

m(1—e) m(14€) ©
f + f + f EI’1+I’2+I,3.
0 m(l—e) m(1+¢€)
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Now by (2.14)

i< [ A S e
0 m + 1 k!

k=m

and since m > u + e, (2.12) implies that

@24) || < — O(( + u®) Ydu = o(1)  asm —e,
m-+1
0
m(1+¢€)
(2.25) 1) < f wdu = log 1 + ¢
m(l—e)

I's = J‘ ( Z % — > B ") du,
m(14-¢€) k=0

and since m < # —3}eu, by (2.12),

(2.26) I’y

Il

fm (1 — 0w B(e)du

m(14¢€)

I

I7 e+ o)
q(1+¢€)

asm — o, x — o, mx~l—gq.

Since ¢ > 0 was arbitrary, by (2.23)-(2.26),

(2.27) lim S, = f w B du
q
asm — o, x — o, mx~! — q. Equations (2.22) and (2.27) prove the lemma.

LemMMA 4. Suppose that the H,(B)-transformation is regular,

(2.28) 0<B8() <1
and
1
(2.29) f W Bu)du < 4.
0
Then for every g > 0
m m-+n
(2.30) lim {Z ETA = A+ X k_lAk} = B,
M-300y N300, mn~1g \k=1 k=m+1

where Ay, = 0 whenk > n + 1 and

q 1
o3 ( f Bt + f - BN, g<1,
2.31 B, = 0 ?

1
J; 7' (t)dt + log g, g>1
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Remark. Lemma 4 improves Jakimovski’s result (5, Theorem 1) for the
case na, = 0(1), since only (2.28) is assumed instead of the more restrictive
assumption that B(¢) is non-decreasing on [0, 1].

Proof. From (2.7) we get easily, by integration by parts and summation,

! n n—k k,—1
(2.32) A=k L <k>(1 C RN — B B> 1,
(2.33) 1—A,=¢F J;l (Z)(l — OB dt, 1<k
Now if m > n,
(2.34) > EN - A = Z N
k=1 k=n+1

By (2.33) this is equal to

fo A= (1 =8)")'e(t)dt + Z kY

k=n+

which by (2.29) becomes
1
f £7'8(t)dt + log ¢ + o(1)
0

asm— o, n— o, mul—gq.

If m < n we have, by (2.32) and (2.33),

(2.35) Z ENI — A +

= I] + I2.
Let ¢, 0 < € <1, be fixed, and denote for brevity mn—'(1 — ¢) = 0,
mn(1 + € = 0.

(2.36) I, = f"l + J:z + J;: = Iu+ Lis + I

If 0<t<0, clearly m — nt > me, and since mn~!— ¢ > 0 we may
assume that m — nt > 27legn. Thus by Lemma 2, (2.13), we have

— )" 8(t)dt

Il

>

1 n

+ > (Z)(l — "1 — B())dt

0 k=m+1

01
(2.37) Iy = J; (1 — 1 —=08)"—=0m s (t)dt

q(1—e)
= [T Pswa+ o)
0
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asn— ®©,m— o, mun~t—q;

62
(2.38) [T < f t'dt = log i + :
01 -

If 9, <t < 1,itiseasily seen that in — m > me > 27 'egn. Thus, by (2.13),

1
2.39) I < j O™ )t 'dt = o(1) asn —wo,m—o,m/n—q.
(2}

From (2.36)-(2.39) and since ¢ > 0 is arbitrary,

(2.40) I, = J:t"lﬁ(t)dt—i—o(l) asm — o, n—®,m/n—q.

Using exactly the same reasoning,

1
(2.41) I, = f 1A — B())dt + o(1).

If ¢ > 1, we have for sufficiently large values of m and # that m > #n. Thus
(2.34) proves the lemma in this case. If ¢ < 1, then m < » for sufficiently large
values of m and n. Thus (2.35), (2.40), and (2.41) prove the lemma. If ¢ = 1,
the expressions (2.34) and (2.35) both tend to the same limit, since for ¢ = 1
both expressions defining B, in (2.31) are equal. This completes our proof.

LEMMA 5. For u > 2

[ k
(2.42) S= Y logk Z—, ¢ = O(log ).
k=2 .
Proof.
k
logu — S=logu(l + u)e ™ + Z logzye
Thus
=) u uk
(2.43) [logu — S| < O(log u) + >, |log E‘ E‘—e"‘“
=2
~Ollogm + 3 + 3
<k<2u k>2u

= O(log #) + o1 + o2
Now trivially in the first sum |log (#/k)| < log u; so

(2.44) o1 < log u.
In the second sum [log(k/u)| < k; thus by (2.12)
(2.45) o < Ow™t) =0Q).

LeEMMA 6 (Agnew 6). Suppose {b;} (B > 1) is a bounded sequence. Let {c;(x)}
be a sequence of functions defined for x > 0 satisfying
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(2.46) lim ¢, (x) = 0, k=12, ...,
(2.47) Imsup 2, Jo(®)] = 4 <.
T k=1
Then
(2.48) limsup | Y, cx(x)by| < 4 - lim sup |by.
Z->0 k=1 k—co

The constant A in (2.48) 1s the best possible in the sense that there exists a bounded
sequence {by} with 0 < lim sup |b;] < « and such that both sides of (2.48) are
equal.

3. The main theorems.

THEOREM 1. Supposethatthe [, f(x)]-transformation is regular, the function 8 (¢)
occurring in (2.4) is continuous and satisfies (2.14) and (2.15), and the functions

(3.1) @ (1 — Ble™)) and (i) £7'B8(e™)

are non-increasing for t > 0. Then for every sequence {s,} satisfying (1.1), for
its transform J,(B) and for every ¢ > 0

(3.2) lim sup Ism — J(B)] < C, - lim sup |b,],
M-300, T->00, Mx~13q N->c0

where

3.3) C,=A4A,4+ 289

and A, was defined by (2.17).
The constant C, is the best possible in the sense that there exists a sequence {sy}
with 0 < lim sup |b,| < o« such that both sides of (3.2) are equal.

THEOREM 2. Suppose that the H, (B)-transformation is regular, the function B(t)
occurring in (2.2) is continuous and satisfies (2.28) and (2.29), and the functions

(34) (@) @ —B®) and (i) 8@

are non-increasing for 0 < t < 1. Then for every sequence {s,} satisfying (1.1),
for its transform H,(B), and for every ¢ > 0,
(3.5) lim sup |sm — Hn(B)] < D, lim sup |b,],
M—00s Ny00, Mn~ ¢ N
where
D {Bq +2(1-8@), ¢<1,
! Bq! él > 17

and B, was defined by (2.31). The constant D, in (3.6) is the best possible in the
sense that there exists a sequence {s,} with 0 < lim sup |b,] < « such that both
sides of (3.5) are equal.

(3.6)
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Examples. (i) For Theorem 1: Let 8(¢) = ¢; then the J,(8)-transform is
Abel’s transform and is easily seen to satisfy the conditions of Theorem 1.

(ii) For Theorem 2: Let 8(f) = 1 — (1 — #)*, where « > 1; then the H,(B)
transform is Cesaro’s transform of order «, and satisfies the conditions of

Theorem 2.
Proof of Theorem 1. We define by = 0. By (1.1) we have
3.7 a, =vib, + b, — by_y, y>1;
thus
3.8) s = a0+ X_L‘{ v7'b, + by
and since 4, = 0(1),
(3.9) s¢ = O(log k), k> 2.
Next we show that the transform J,(B8) exists for all x > 2. By (2.5) and
(3.9)
gy 5 el < [ 5 otoen 5 (o) ase

- f+ f;ls]l—l- To.

Since log £ < k and log (1/t) < 1 for t > ¢!, we have

1

G.1) n=0w [ 1480 = 06,
and since for ¢t < ¢!, xlog (1/f) > x > 2, by (2.42),
(3.12) J1 = 0{ J:— log(x log >]d,8(t)|f

= O(log x) + Ol J:) log log—li [dﬂ(t)|}‘ .
But

(3.13) j; log log = S 1dB(®)| = fo 8 (@) f, ulog(l/u)

(! du _ V(W)
= fo ulog(l/u)fldﬂ(t)l fo wiog(/m) &

which by (2.15) (ii) is O(1).
By (3.10)-(3.13), for every fixed x > 2

(3.14) ;‘6 el |sk] < 4+,
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and
(3.15) D ldi]logk < + .
k=2
Now for every N > 2, we easily see that
© N © o
Z d,s, — Z ap Dy = Z d,s, — Z d, sy.
=0 k=0 y=N-+1 y=N+1

Since by (3.9) sy = O(log N), this yields

(3.16) i d, s, — i ax Dy| < i d||s»| + 0{ zm: |d,| log v},

v=0 k=0 y=N+1 y=N+1
which by (8.14) and (3.15) is 0(1) as N — . Thus for every fixed x > 2

m

(3.17) sm— J2(B) = 1;) ay — i a Dy

k=0
o

= Z ar(1 — Dy) — Z ag Dy,
¥=1 k=m+1

which by (3.7) is equal to

> 7+ Db — b (L = D) — ;;H (& (& + 1)by — by_1)Ds.
Now

3 k4 Db — byo)Ds

k=m+1
M

= . bi( (k + 1)D; — Diy1) — by Dyyr + bag Dagyn,

k=m+
and since by (1.1) and (3.15) by D41 = 0(1) as M — », we have

m—1

(3.18) sm— Ju(8) = 2, (kK (k+ 1)(1 = D) — (1 = Di)}bs

k=1

+ {m™'(m + 1)(1 — Dp) + Dypya}bm — ki {E7'(k + 1)Dy — Dyya}by

=m+1

00

= Z Ck b];.

k=1

We want to apply Lemma 6 to the last expression. First by the regularity
of the transformation for every fixed 2 > 1

lim D, (x) = 1;

Z—00

thus clearly (2.46) is satisfied. For computing the value of the constant 4 of
(2.48) we have to evaluate the upper limit of }_|c;| when x = », m — o,
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mx~! — ¢g. By integration by parts and changing the variable, we obtain from

(2.11)
__f (“x)k . <_1;§(_e__ﬁ> fe<m—1
u ,

which by (3.1) (i) is non-negative. By (2.9)
tn >0,
and fork >m + 1

k+1 —u
_ (k + l)x—l (<kx7/_?_) 1)' P d<6(z )>’

which by (3.1) (ii) is non-positive. Consequently

(3.19) I; lex| = Z k_l(l — Dy) + 2.0 kD + 2Dpi1+ 1 — Dy,

=m+

Now the limit of the first two sums on the right-hand side is 4, (cf. (2.17))
and by our regularity assumption 1 — D; = 0(1) as x — «. By (2.11)

U

(3.20) Dy = ““ﬁ(e “MYdu.

Therefore

o , ,m

Dpa = Be™) = | ne"(BE") — B"))du

(m—2) (1—¢) m(1+2¢) ©
0 (m—2) (1—¢) m(1+2€)

= Ji* 4+ J* + T
By (2.12) and (2.14),

f

(3.21) Ji* = Olm_l(m -7 j;mdu} = o0(1) asm — o,

(3.22) J* = O{ foo u_zdu}= o(1) asm — o,

and since $(¢) is continuous and m/x — ¢, for every given 7 > 0, if ¢ > 0 is
small enough,

(3.23) |T* < n f 3‘—,e*”du =
for m > mq and x > xo. In other words, by (3.21)—(3.23)
(3.24) lim D1 = Be).

M—3c0, T30, Mz~ 1q

Our Theorem 1 now follows from Lemmas 3 and 6, (3.19) and (3.24).
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Proof of Theorem 2. Since Ay, = Ofork > n + 1,forbothm < nand n < m,

m n J
(3.25) sm—H, () = 2 ar— 2 8,2 a
k=0 =0 k=0
m m+n
= Z ay(1 — Ax) — Z ay, Ay
k=0 k=m+1

Hence by (3.7), after easy computation,

m

Sw— H,(8) = 2 (' + 1)@ — A) — (1 — Apr)}bs + bn

k=1
m+n 1 m-+tn
- Z (k7 (R + 1)Ar — Mg}l = Z Vi br.
k=m+1 k=1

Now from (2.7) and (2.8), after partial integration and summation,

(326) E (B4 11— A) — (1 — Aepa)

(1) [la-omea(29),

which is non-negative by (3.4)(ii); £ =1,2,.... Also

(327) F k4 1Ay — Ay = (’;) fo (1 — e d(l—‘t‘ﬂ> :

which by (3.4) () is non-negative; £ =.1,2,.... Thus by easy computation
(3.28) gj lvi| = g)l EN — A + :2:,+1 E'Ar + 2801+ 1 — Ay

Next we want to apply Lemma 6 to (3.25). First, we observe that by the
regularity of the transformation for every fixed 2, 1 — A, = 0(1) as # — =
thus (2.46) is satisfied. To compute the constant 4 of (2.48) we have to evaluate
the upper limit of >_|v;] asm — o, n — «, mn~! — ¢. By Lemma 4, the first
two sums of (3.28) tend to B,; cf. (2.31). By the regularity assumption,
(3.29) Iim(1 — A;) = 0.

n—co
If m > n, then A,,;; = 0 by definition, and thus our theorem is already proved
for ¢ > 1.
If m < n, we have by (2.32) and simple computation

(3.30) Apy1 — (1 — B(9)) = f: <" ; 1)(1 - %)n—l—m <§>m(ﬁ(q) - 6(%»(1%

m(l—e) m(14€) n
=f +J‘ +f =Jh+ J:+ T
0 m(l—e) m(1+€)
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for any fixed ¢, 0 < ¢ < 1. Now, since mn~! — ¢, we have for sufficiently large
mand n if u < m(l — ¢ that

m — u > eqn.

Thus by (2.13)

3.32) Jh = 0{17 f du} = 0(1) asn —®,
n 0

If u > m(1 4+ ¢), then
n—1

U — m > eqn.

Thus (2.13) yields

(3.33) Ty = 0{% f du} —o(1) asn—w.

Since the function 8(t) is continuous and mn~! — ¢ for every given n > 0, if
e > 0 is small enough,

(3.34) 7%l < fo <n - 1><1 - %)n_l_m <%>m du=m

for m > mo, n > no.
By (3.30)-(3.34)

(3.35) lim Api1 =1 — B(g).

M—300, N300, Mn~"13q

Thus by (3.28), (3.29), (3.30), and (3.35)

(3.36) lim ,21 lvel = B, +2(1 — B(g)), ¢<L

In the case of ¢ = 1, both m > n and m < # are possible; but since §(1) = 1,
both expressions defining D, in (3.6) are equal.

By Lemma 6, (3.25), (3.36), and our last remark, the theorem is proved for
g < 1 also.

We state the following theorems without proof.

THEOREM 1. If we replace condition (3.1) (i) in Theorem 1 by the assumption
that

3.1 1’ 11— Ble™)
1s non-decreasing for t > 0, the conclusion (3.2) holds with
© q
C,=2+ f £8(edt — f Y1 — BeY)dt
q 0

instead of C,.

https://doi.org/10.4153/CJM-1965-029-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1965-029-0

TAUBERIAN ESTIMATES 301

THEOREM 2'. If we replace condition (3.4) (ii) 1n Theorem 2 by the assumption
that

(3.4) (ii)’ 18(t)

is non-decreasing for 0 < t < 1, the conclusion (3.5) holds with

1
D'y =2+ |logg| — fo 78 (1)ds
instead of D,.
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