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1. Introduction

A subgroup H of a group G is said to be subnormal in G if there is a finite
chain of subgroups, each normal in its successor, connecting H to G. If such chains
exist there is one of minimal length; the number of strict inclusions in this chain
is called the subnormal index, or defect, of H in G. The rather large class of groups
which have an upper bound for the subnormal indices of their subnormal sub-
groups has been investigated to some extent, mainly with a restriction to soluble
groups — for instance, in [10], McDougall considered soluble p-groups in this
class. Robinson, in'[14], restricted his attention to wreath products of nilpotent
groups but extended his investigations to the strictly larger class of groups in
which the intersection of any family of subnormal subgroups is a subnormal
subgroup. These groups are said to have the subnormal intersection property.

In [17] Roseblade studied groups in which every subgroup is subnormal, and
proved that if a group of this type has bounded subnormal indices then it is nil-
potent, and its class is bounded by a function of the bound for the subnormal
indices. In [8] McDougall and the present author obtained some information on
the structure of metanilpotent groups with bounded subnormal indices; the
corresponding results for groups with the subnormal intersection property were
less satisfactory. From a consideration of such attempts to describe the structure
of groups which have some restrictions on their subnormal subgroups, it is clear
that the trzatment of groups with bounds on their subnormal indices is relatively
easy when compared with that of groups with the subnormal intersection property.
It is therefore of some interest to have at least a partial answer to the question:
for which classes of groups do these two restrictions coincide? The results of [14]
show that for wreath products of nilpotent groups they do not. But, in [12],
Robinson characterised finitely generated soluble groups with the subnormal
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intersection property, proving in the process that such groups have bounded sub-
normal indices; thus at least for finitely generated soluble groups the two res-
trictions are equivalent.

In section 4 of this paper we show that a similar statement holds for the class
of soluble minimax groups, that is, soluble groups which have a subnormal series
of finite length in which each factor satisfies the minimal or the maximal condi-
tion on subgroups. Our fundamental result is theorem 3.2, the proof of which
occupies the bulk of section 3. Section 5 is devoted to the construction of a par-
ticular group which has the subnormal intersection property but unbounded sub-
normal indices. Although this group is not a minimax group, it lies in the related
class of soluble groups of finite reduced rank, that is, soluble groups in which
every finitely generated subgroup can be generated by a fixed number of elements.

2. Notation and preliminary results

In this section we aim to summarise, for convenience, some basic facts and
terminology which will be used implicitly in later sections.

SUBNORMAL SUBGROUPS. Our treatment of subnormal subgroups leans heavily
on the idea of standard series of a subgroup. If H is a subgroup of a group G, the
standard series of H in G may be defined by: H9°= G, H®' is the normal closure
of H in H®'~Yif i is a positive integer. It is easy to show that H is subnormal in
G if and only if for some integer n, H=H%"; the least such n is of course the sub-
normal index of H in G, denoted throughout by s(G:H).As is well known, for each
non-negative integer r, the r-th term of the standard series of H in G is given by
H®" = HyGH', where yGH" is defined inductively: yGH® = G and yGH'+!
= [yGH'",H]. Thus if H is subnormal in G the subnormal index s(G : H) is the
least integer r for which yGH"™ < H.

W2 are coaceraed with two classes of groups, the first comprising those
groups which have the subnormal intersection property, the second those which
have bounds on the subnormal indices of their subnormal subgroups. The groups
in these classes can be usefully characterised by the behaviour of the standard
series of an arbitrary subgroup, the characterisation showing incidentally that
the second class is indeed a subclass of the first.

LemMA 2.1, (lemma 2 of [12]) (i) A group G has the subnormal intersection
.property if and only if for each subgroup H of G there is an integer n depending
on H such that H®"= H®"* ', that is, the standard series of each subgroup in
G becomes stationary after finitely many steps.

(ii) A group G has a bound k on the subnormal indices of its subnormal
subgroups if and only if for each subgroup H of G, H®'* = HO**1,
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It is worth noting that if a group G lies in either of these two classes then
any homomorphic image or subnormal subgroup of G will lie in the same class.
Moreover, in [12] and [14], Robinson provides examples of groups which have
the subnormal intersection property but unbounded subnormal indices — for
instance the group C, wr C,,,, where p is any prime.

CoMMUTATOR RESULTS. We include for easy reference our two main tools for
the manipulation of commutator subgroups. The first of these is a weak form of
the “‘three subgroup lemma’’ of Hall.

Lemma 2.2. ([3], Theorem 2.3.) If H, K and L are normal subgroups of a
group, then [H,K,L] < [K,L,H][L,H,K].

Although our second tool is also essentially due to Hall (Theorem 2 of [4]) it
is convenient to give a slightly sharper version of his result, which may be estab-
lished by a simple inductive argument which we omit.

LemMA 2.3. If H is a normal subgroup of G then for each positive integer k,
[H,7,G] < yHG"*, where y,G denotes the k-th term of the lower central series of G.

RADICABILITY. If 7 is any set of primes, we say that a group is quasi-z-radicable
if it can be generated by the k-th powers of its elements for each n-number k, that
is, for each positive integer k all of whose prime divisors li¢ in . We say that the
group is n-radicable if every element of the group is a k-th power for each =n-
number k. It is not difficult to see that in an arbitrary group G the subgroup gen-
erated by a family of quasi-zn-radicable subgroups is itself quasi-n-radicable, so
that G has a unique maximal quasi-n-radicable subgroup. This subgroup is fully
invariant in G since quasi-n-radicability is inherited by homomorphic images. If
the maximal quasi-7-radicable subgroup of G is trivial, G is said to be n-reduced;
the factor group of any group with respect to its maximal quasi n-radicable sub-
group will be n-reduced. A well-known result of Cernikov [2] implies that any
quasi-n-radicable ZA-group is actually n-radicable, although n-radicability is, in
general, the stronger property. For the most part we will deal only with the case
where n contains but one prime p: we will use such terms as p radicable and p-
reduced.

FinITENESS CONDITIONS. An abelian group A is said to have finite reduced
rank if there is an upper bound for the values of the O-rank and the p-rank of A
as p ranges over the set of all primes. A soluble group of finite reduced rank is a
group with a subnormal series of finite length in which the factors are abelian
groups of finite reduced rank. A soluble minimax group is one with a subnormal
series of finite length in which the factors are abelian groups satisfying the minimal
or maximal condition on subgroups. It is well known that the class of soluble
groups of finite reduced rank properly contains the class of soluble minimax
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groups. (See chapter 6 of [16].) As far as these classes are concerned, beyond the
obvious remark that both are closed under the operations of forming subgroups
and homomorphic images, we will require only the following result; the proofis
elementary and is omitted.

LeMMA 2.4. Let G be a soluble group of finite reduced rank. If {H; : i = 0}
is an ascending chain of normal subgroups of G then all but finitely many of the
factors {H,,,/H, :i Z 0} are periodic.

This lemma will in fact be used in the context of soluble minimax groups:
for further information on these we refer the reader to [1] and [15].

3. The basic theorem

To begin this section we introduce a concept which does not appear to have
been studied elsewhere.

DEFINITION 3.1. Let G be a group and N a normal subgroup of G. We denote
by (G : N) the famlly of subnormal subgroups S of G such that SN = G. We
put o(G:N)= 0 {S :SeX(G : N)}.

1t is easy to see that 6(G : N) is a normal subgroup of G; indeed if N is a
characteristic subgroup of G then o(G : N) will also be characteristic in G.

If N is a normal subgroup of Gand N £ M < G, then for any Sin 2(G : N),
(SNAM)N=SNNM=M,and so SNMeZ(M :N), showing that ¢(M : N)
< M No(G:N).

Our fundamental theorem, in which this concept plays a part, follows a famil-
iar pattern (compare theorem 5.4 of [10] or Lemma 4 of [12] in deducing the nil-
potency of a group from conditions which partly involve subnormal subgroups.

THEOREM 3.2. Let G be a group with a nilpotent normal subgroup N such
that G/N is a finite nilpotent group. If o(G : N) = 1 and G has the subnormal
intersection property then G is nilpotent.

Proor. In view of the second remark after defiaition 3.1, it is easily seen that
the hypotheses of the theorem apply to any normal subgroup of G containing N.
By Fitting’s theorem we may therefore assume, without loss of generality, that
G/N is a finite p group for some prime p.

Let P denote the maximal p-radicable subgroup of N. Let us define a chain
{P, : i 2 0} of normal subgroups of G as follows: P, = 1; P;/P;_, is the maximal
p-radicable subgroup of {,(N/P;_,) (the centre of N/P,_,), for i = 1. By lemma
3.6 of [8], P; is precisely the maximal p radicable subgroup of {(N), for each
i(0<igm)yand P, = P,,,, = P, where m is the nilpotent class of N.

If, for 0 < i £ m, we denote by C; the centralizer in G of the group P,/P;_,,
our last statement implies that N < C;. Thus the action of G on P;/P;_, is es-
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sentially that of the finite p group G/C;, and we can now apply lemma 3 of [7].
We deduce that for each i, P; is the product of two subgroups K; and L; with the
following properties
(i) P, = K;NL, (i)[L,G] £ P;_y, (iii)K; =[K,G]P;-, = [P,G]P;_,.
These equations hold for 0 < i < m. If we put K, = L, = 1, it is easy to see
from (iii) that {K;, G] = [K;-,, G] and that (iii) can then be extended to
| (iv) K; = [K;,G]L;-y = L, ,yK,G"
for any integer r = 0.

Finally, the centrality of P;/P;_, in N/P;_, implies that for any Sin X (G : N),
we have, substituting SN for G in (iv), that

v K; = [Ki’ S]Li—l = L;_yK;S"

for any integer r = 0.

Since we know from Theorem A of [7] that G/P is nilpotent, our objective is
to prove that for some integer k, yPG* = 1. We accomplish this by showing that
for each i with 0 < i < m, K; = P;_,, that is, ’Pi = L; (which will show that in
fact yPG™ = 1).

Suppose that this statement is false, and let K, be the first member of the
chain {K; : i > 0} which violates it. Then K, > P,_,. Firstly we note that if S is
an arbitrary subgroup in Z(G : N), yK,S" = K,, for any r = 0, by (v) above.
From the subnormality of S it then follows that K, < S and thus that
K, < 6(G : N) = 1. This shows that t > 1.

The minimality of ¢ implies that for any i with 0 < i <t, P; = L; and
[P, G] £ P;_,. An obvious inductive argument yields
(@) ) 7Pr—1Gt_1 = 'th—1Gt_1 = 1.

Since L,_, is normal in G, we may apply lemma 2.3 to deduce that

(b) [Li-1,7:-1G] = 1.
Now we proceed to establish by induction on i that for0 < i < m
© [P;Ny,_1G, K] = 1.
Consider the subgroup P,_; Ny,_,G = L,_; Ny,_,G. We can write
K, =L, yK,G"
for any non-negative integer r, by (iv). Thus
[P-1 N7-1G, K] = [L-y Ny,_,G, L, _1yK,G'"*].

Applying (b) twice, we see that
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[Pt—l NY-1G, Kt] =1,
so that (c) holds for 0 < i £ t — 1, at least.

Suppose now that (c) holds with i = j < m. We show first of all that
(d [Kj+1 NYe-1G, K]=1

Let us denote by M;,, the commutator which appears in (d). If § is any
subgroup in Z(G : N), say of defect s in G, we may choose an integer r = s+ ¢
and write, using (v),

M, = [Kj+l n)’:—lG,Kt] = [(LJYKjHS') NY,-1G, K:]-

By the choice of r,
K418 S 9,246,

and so we have, by the modular law,
M, =[(L; Ny ,G¥K; 4 S, K]
But by our induction hypothesis,

[Lj nv:—lG’ Kt] =1,
so we have
Mj.y = [vK;4, S, K]
Now, using (v) again, we may write
M;,, = [)’Kjﬂs', L,_7K,S"]
which, recalling the choice of r and (b) above, becomes
M, = [)’Kj+ 157, 7K, S"].

Since r exceeds the defect s of S in G, we have shown that M;,; < S. It follows
that, since S was an arbitrary member of Z(G : N),

My = [K;e1 N3G, K] S 6(G:N) =1,
proving (d).
Let us denote by R;,, the commutator
[P;+1 N7-1G, K] = [K,, Pjyy Ny, -1 Gl
Using (iv) we may write
Rjy1 = [L.-.[K G]’Pj+l Ny,-,G]
which, in view of (b), becomes

R;iy = [K,,G,P;yy Ny, Gl
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Applying the three subgroup lemma 2.2 we deduce that
Rje1 £ [G, Py NG, K][Pjr1 0Y,-1G, K, G].
Now by (iii) we have
[G,P;.i Ny-1G, K] = [Kj+1 N7-1G, K]

and so by (d) above
© [G,Pji 0y 1G K] =1

It then follows that
® Riyy £ [Pjy1 N 1-1G,K,,G] = [R;4,,G].

But now

[Rj+1,N] = [P;+y N7,-1G, K, N]
< [KuN, Py 0y sG] [N, Pjy Ny,-4G, K]

by the three subgroup lemma. The second of these commutators is trivial, by (e),
hence

[Rj+15N] é [Kt’N,Pj+1 nYI—lG]
S [P-1,Pjuy NY=1G] = [L~y, Pjsy NY,-1Gl,
which is trivial, by (b) above.
Since [R;4+4, N] = 1, it follows from (f) that for any subgroup S in Z(G : N),
Rjyy = [Rj+1’G] = [Rj+1,NS] = [Rj+1,s]'
It is then clear that for any r = 0,
YR;+18" = Rj4y.

Since S is subnormal in G, we must have R;,; < S,and soR;,; £ o(G:N) = L.
This proves that

[Pj+1 nYt—lG’Kt] =1,

showing that (c) holds for each i with 0 < i < m, as claimed.

Before proceeding with the proof of the theorem, we digress to prove an
essential equality. Let Y be any normal subgroup of G which is contained in N,
and denote by Y, the subgroup [yYG’, K,], for each i = 0. Then

® ?Y(yN' "% = yY;,N*~2 for each i = 0.

Since we know that ¢ > 1, these commutators are defined. We will establish
(g) by showing that for i = 0,
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PY@N ™2 =Y N2
Now, for each i = 0,

Y, = [K,,yYG]

= [[K,,G]L,-,yYG'] by (iv).

From this we obtain
Y =< [K,, G,yYG][L,_;,G].
Using the three subgroup lemma 2.2 we then have
Yo = [GyYG, K]YYG', K,, G][L;-4, G,

since all the subgroups involved are normal in G.
Now, since Y < N,

[yYG,K]<P,_,=1L,_,.
It then follows that
Yo £ [yYG'*', K][L,-,,G] or Yo £ Yie[Li-1, Gl
Then it is clear that
PYON'"2 < (Y s 1)Nt_2))’[Lt—1’ GIN*-2.

Since, by (a),
yL,_,G'" =1,
we must have
YYpN"2 £ 9Y )N 2

The reverse inclusion being trivial, we have established the desired equality,
and with it (g).

Returning to the main stream of the proof, we now show by induction on i
that, for each i with 0 < i < m,

(h) y[P,K]IN*"2 = 1.

From a consideration of equality (a) above, it is clear that (h) is valid for
0 < i £t—1.Letjbe an integer with t — 1 £ j < m, and suppose that

WP KIN'2 = 1.
We seek to show that
WP+, KIN'"2 =1,

but since [P;, {, G] < K, by (iii), we see that, in view of (g), we need only estab-
lish the equality
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WK+, KINT2 = 1.
But by (iv) we may write
'Y[Kj+ 8 Kt]Nt-rz = LK+ 1G K N2
= 1K1 G KN 2 9L, K N2,
By the induction hypothesis, this last commutator is trivial, so

?’[Kj+ 1» K:]Nt-z = )‘[)’Kj+ 1G‘: Kr]Nt—z
< 9[Pj41 NY-1G, Kt]Nt—z

which is trivial, by (c). Hence
; 'Y[PJ'+1’Kt]Nt_2 =1,
and the proof of (h) is complete.

Taking i = m in (h) yields

Y Pm K N2 = y[P,KN'7% = 1.

Since G/P is nilpotent, by our previous remarks, there is a non-nggative

integer r such that yNG” < P. Then, recalling the notation of (g) above, we have

NG, K] = N, < Poy = [P,K,].
Since yP,N'~? = 1, we then have, by (g), with Y = N,
INoyN'=2 = yN )N*=2 S yP, ) N* =2 = 1.
In other words

1 =y[N,K,IN""2 = yK,N*71,
hence .
K, £ {-1(N).
Now K,/P,_, is generated by homomorphic images of P,/P,_, (see (iii)) and so is
quasi-p-radicable. Then K, is a p-radicable subgroup of {,_,(N), and

Kt é Pt—l,

contradicting our original assumption on K,. By remarks-at the beginning of the
proof, this contradiction establishes that yPG™ = 1, and since G/P is known to be
nilpotent, we deduce that G is nilpotent, completing the proof.

By using some results of [7] we can prove an interesting corollefry to this
theorem.

COROLLARY 3.3. Let nt be a non-empty set of primes and G a group with a
n-torsion-free nilpotent normal subgroup N such that G/N is a nilpotent T-group.
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If 6(G : N) = 1 and G has the subnormal intersection property, then G is nil-
potent,

Proor. By Theorem C of [7], G has a bound k on its subnormal indices. Let
m = R(k) + 1, where R is Roseblade’s function (Corollary to Theorem 1 of [17]),
and choose any m elements g,, -+, g,, of G. Write

H= <N9.ql’ "',gm>'

H/N is a finite nilpotent group and can be expressed as the product of its Sylow
subgroups {H_/N : pen}. Each of the subgroups H, is subnormal in G and thus
inherits the bound k for its subnormal indices. Note also that by the second remark
after definition 3.1, 6(H, : N) = 1, and therefore H, satisfying the conditions of
theorem 3.2, is nilpotent.

Since H/N is finite, we deduce that H is nilpotent, by Fitting’s theorem, and
its nilpotency class is at most R(k), by Roseblade’s result. It follows that

[gl"",gm] = 1,

showing that G itself is nilpotent of class at most R(k).
It may be of interest to consider whether the conditions of theorem 3.2 can
be varied without detriment to the conclusion.

ExamrLE 1. Let G be the semidirect product of the additive group of rational
numbers Q and a 2-cycle {x)» with action defined by ¢* = —q for each g€ Q. It
is not difficult to see that for any positive integer r, yQ{x>" = Q, and hence that
all proper subnormal subgroups of G lie in Q. Thus each subnormal subgroup of
G is normal, and although the only condition of theorem 3.2 that G fails to satisfy

is the “‘o-condition”’, (for clearly 6(G : Q) = G), G is of course not nilpotent. The
“‘o-condition”’ is therefore essential.

ExaMPLE 2. Let D be an infinite dihedral group, the semidirect product of an
infinite cyclic group C = {¢) and a 2-cycle B = {(b) with action defined by
(¢’ = ¢~ for all integers r. If, for each positive integer n, we denote by D, the
subgroup {c*", b), then each D, is subnormal in D and D,C = D. It follows that
6(D:C) £ N{D,:n =1} = B. Since B is self-normalising, ¢(D : C) =1, D
does not have the subnormal intersection property and, although satisfying all
other requirements of theorem 3.2, D is not nilpotent. The subnormal intersection
property is thus essential in the statement of theorem 3.2.

4. Soluble minimax groups with the subnormal intersection property
In this section we make use of theorem 3.2 to prove the following result.

THEOREM 4.1. A soluble minimax group has the subnormal intersection
property if and only if it has a bound on its subnormal indices.
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Proor. To prove the non-trivial half of the theorem, let G be a soluble minimax
group with the subnormal intersection property. By theorem A of [9], G has a
normal radicable abelian subgroup A satisfying the minimal condition on sub-
groups, such that G/A is a finite extension of a torsion-free nilpotent group. If we
prove that G/A has a bound on its subnormal indices, then by lemma 2.1 of [13] so
also has G. Our result will therefore follow if we can establish:

4.1' Let G be a soluble minimax group with a nilpotent normal subgroup N
such that G/N is finite. Then G has the subnormal intersection property if and
only if G has a bound on its subnormal indices.

Proor. The implication in one direction is immediate. Suppose that counter-
examples to the converse implication exist, where by a counterexample we mean
an ordered pair (G, N) such that G and N satisfy the postulates of 4.1°, G has the
subnormal intersection property but has no bound on its subnormal indices. We
begin with a useful observation.

(i) If (G, N) is a counterexample and T is the torsion subgroup of N, then
(G/T,NJ|T) is also a counterexample.

To see this, all we need to verify is that G/T can have no bound on its sub-
normal indices: but this follows easily from lemma 2.1 of [13] and lemma 1 of
[12], since T, being a periodic soluble minimax group, satisfies the minimal con-
dition on subgroups, and so is (radicable abelian)-by-finite.

Now it is clear that in any counterexample (G, N), N # G, so that the set of
positive integers {]G/N | : (G, N) is a counterexample} has a least element k > 1.
For brevity we will term any counterexample (G, N) with IG/N l = k a “minimal”’
counterexample. We note two important facts.

(ii) If (G, N) is a minimal counterexample then N is the maximal nilpotent
normal subgroup of G.

This is immediate from our choice of k.

(iii) If (G, N) is a minimal counterexample then o(G : N) £ N and
(G/e(G : N), N/o(G : N)) is a minimal counterexample.

To prove (iii), let H be a subnormal subgroup of G with N < H < G. It is
clear that (H, N) cannot be a counterexample; hence H, which of course inherits
the subnormal intersection property, must have a bound on its subnormal indices.
Moreover since there are only finitely many choices for H, we can find a bound r
which is independent of the choice of H. Now if S is a subnormal subgroup of
G such that SN < G, it follows that s(G:S) £ s(G:SN)+s(SN :S) = k+r.
Thus the set of non-negative integers {s(G : S) : S €Z(G : N)} must be unbounded,
and therefore (G/a(G : N), No(G : N)/o(G : N)) must be a counterexample, indeed
a minimal counterexample. Hence [G/Na(G :N)| = |G/N | =k and o(G:N)=N.
We have established (iii).

We now choose a minimal counterexample (G,, N,) in which N, is torsion-
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free; this is possible by (i). Our aim is to obtain a minimal counterexample (G,, N,)
in which N, is torsion-free and ¢(G, : N,;) = 1. If 6(G; : N,) = 1 we need search
no. further; if not, we put M, = o(G, : N,). Then by (iii) M, £ N; and
(G/Mi, N,/M,) is a minimal counterexample. If we write T /M, for the torsion
subgroup of N,/M,, then (G,/T,,N,/T,) is also a minimal counterexample, by
(i). By repeating this process we construct an ascending chain M, < T, < M,
< T, £ --- of normal subgroups of G, each contained in N,,such that fori > 1,
(G4/M, N,/M)) and (G,/T;, N,/T;) are minimal counterexamples, T,/M; is the
torsion subgroup of N,/M;, and M,,,/T; = o(G,/T; : N,/T)).

But now N, is a soluble group of finite reduced rank. Thus by lemma 2.4
there is an integer n such that M, /T, is periodic. Since N,/T, is torsion-free
this means that M, ,/T, is trivial, that is o(G,/T,, N,/T,) = 1. If we now put.
G, = G4/T, and N, = N,/T,, (G,,N,) is a minimal counterexample, N, is
torsion-free and ¢(G, : N,) = 1.

Now G,/N, is a non-trivial finite soluble group; we can therefore find, in
G,/N,, a non-trivial minimal normal subgroup Y/N, which will be an elementary
abelian p group for some prime p. Then Y inherits the subnormal intersection
property and o(Y : N,) = 1 by the second remark after definition 3.1. Thus Y
satisfies all the requirements of theorem 3.2, and so is nilpotent. This contradicts
(ii) above and shows that in fact no counterexamples exist, completing the proof
of the theorem. '

5. A counterexample

So far in this paper we have shown that under a restriction to soluble minimax
groups, the subnormal intersection property is equivalent to the property of
having bounded subnormal indices; that is, under this restriction there is equality
between the corresponding classes of groups. It would be of interest to know how
far this condition can be relaxed before the two classes cease to coincide. In this
section we partially answer this question by constructing an example which shows
that a restriction to soluble groups of finite reduced rank will not suffice to ensure
equality of the two classes.

First we investigate the subnormal structure of a type of finite group which
will be used as.a building block in a more complex construction.

EXAMPLE 5.1. Let p be an odd prime, and g a prime dividing p—1. Let 4 be
a cyclic group of order p. Since the automorphism group of A has order p — 1, 4
has an automorphism @ of order g. There is a positive integer m such that for any
ain A, a = a™; mcan cIeairly be chosen so that 1 < m < p. Now for each a in A,

a.= ab® = a™,
from which it follows that m? — 1 is divisible by p. Let p* be the largest power of
p dividing m? — 1.

https://doi.org/10.1017/51446788700015974 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700015974

113) Subnormality in soluble minimax groups 125

Now let k be a positive integer, and B a cyclic group of order p**. Since m is
coprime to p, the map x defined by b* = b™, for each b in B, is an alitomorphism
of B. We now prove two useful facts about the action of the automorphism group
(x) on B.
© (i) Lét B, be any subgroup of B. If r is a positive mteger coprlme fo g then
[By,x"} = By.

PROOF. Suppose p|m™ — 1, that is m" = 1 mod p. Since ¢ and r are coprime,
there exist positive integers s and t such that sr = 1 + tq. Then recalling that
m? =1 mod p,

m" = m'*"" = m mod p.

But we also have m* = 1 mod p, yielding m = 1 mod p, in contradiction to our
choice of m. Thus m" — 1 and p are coprime. If B, = {b,) then

[by,x] = b1 = b7 1,

Hence B, = <b,) = <bT ~'> £ [B, x'].
“To complete the proof of (i) we need only point out that the reverse inclusion
is trivial since each subgroup of B is invariant under the action of {x).

(i) Let B, be any subgroup of B. Then [B,,x?] = BY".
PrROOF. Let B, = {b;). Then [By, x?] is generated by the element

[bl,XJ x‘l 1 _ bmq 1 = b[;"n’
where, by the choice of a, n and p are coprime. Thus
BY = (bY) = (b™ = [By,x),

proving (ii).
It is a simple matter to deduce from (ii) that

(iii) B®~1* — 1 but BEI-V*! £ 1.

If we now consider the semidirect product G of B and {x) with the glven
action, we can describe the subnormal structure of G as follows.

" (iv) If a subnormal subgroup S of G contains an element of the form x"b
where r is a positive integer coprime to g, and b € B, then we can apply (i) above,
together with the commutativity of B, to deduce that for each non-negative mteger
i, B = yBS". Thus B < S and S is normal in G.

(v) If a subnormal subgroup S of G does not have the property postulated
in (iv), then S lies in the subgroup (B, x?> of G. By (iii) this subgroup is nilpotent
of class precisely k, since B is abelian. Thus the defect of S in G cannot exceed
k+1.
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Indeed (iv) and (v) together imply that k + 1 is a bound for the subnormal
indices in G.
We are now in a position to construct the main example of this section.

ExAMPLE 5.2. We first construct a sequence of pairs of primes. Choose any
prime ¢(1). By Dirichlet’s theorem (theorem 15 of [5]) we can find a prime p(1)
such that p(1) — 1 is divisible by g(1).

Suppose now that for i = 1 we have chosen pairs of primes (p(1), q(1)),
-, (p(i), q(i)) with the following properties:

(a) q(j) divides p(j) —1 for 1 £j £ i;
®aN)<p)<gmifl =j<m=i

Now choose a prime g(i + 1) > p(i) and, as above, apply Dirichlet’s theorem
to obtain a prime p(i + 1) with the property that ¢(i + 1) divides p(i + 1) — 1.
In this way we define recursively a sequence {(p(i), q(i)): i = 1} of pairs of primes
with the properties (a) and (b) for arbitrary i.

Now, by the discussion in example 5.1, to each pair (p(i), g(i)) there corre-
sponds a positive integer m(i), with 1 < m(i) < p(i), such that if A(i) denotes a
cyclic group of order p(i) then the map (i), defined by af(i) = a™® for each a in
A(i), is an automorphism of order g(i). Let p(i)*® be the largest power of p(i)
dividing m(i)?® — 1, and let B(i) be a cyclic group of order p(i)*®. Then, as in
5.1, we can define the action of an infinite cycle (x> on B(i) = {b(i))> by putting

b(i* = b(i)"®

and extending the definition in the obvious way. The properties of this action and
the corresponding semidirect product of B(i) and {x) (though now an infinite
group) will be precisely as in (i) — (v) of 5.1, with k replaced by i.

If we now denote by B the direct product of the groups B(i) : i = 1, it is clear
that the action of {(x), defined on each component B(i) as above, can be extended
to B. Consider the natural semidirect product G of B and (x) with this action.

Firstly we note that since B has p-rank at most 1 for each prime p, B has
reduced rank 1 in the sense of [16] (B is locally cyclic). Clearly G is then a meta-
belian group of finite reduced rank, since any finitely generated subgroup can be
generated by two elements.

Secondly we show that G has the subnormal intersection property. Consider
the standard series of an arbitrary subgroup S of G. If S lies in B this series ter-
minates after at most two steps. On the other hand, if SB > B then S must con-
tain an element of the form x*b, where b € B and t is a positive integer. Denote by
D(t) the direct product of those subgroups B(i) for which q(i) does not divide ¢.
It is easy to see that B/D(?) is a finite group and D(¢) is normal in G. It follows by
lemma 1 of [12] that G/D(¢) has a bound on its subnormal indices. But if q(i) does
not divide ¢, then by (i) of 5.1 we have
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[B(»,S] = [B(),x'b] = [B(i),x'] = B().

1t follows that every term of the standard series of S contains B(i), and hence D(f)
also. The standard series of S in G coincides therefore with that of SD(¢), and so,
by lemma 2.1 (i), must terminate after finitely many steps. Then, again using
lemma 2.1, this establishes that G has the subnormal intersection property since
S was arbitrary.

Now suppose G has a bound y for its subnormal indices. Choose an integer
i > R(y), where R is Roseblade’s function (Corollary to Theorem 1 of [17]). G
has a factor group isomorphic to (B(i), x). This factor group, G(i) say, inherits
the bound y for its subnormal indices. But by (iii) of 5.1, G(i) has a normal sub-
group which is nilpotent of class precisely i and cannot, by Roseblade’s result,
have the bound y for its subnormal indices. This contradiction shows that G has
unbounded subnormal indices, and completes our investigation of this example.

REMARKS. (i) In [6] it was shown that abelian-by-finite groups with the sub-
normal intersection property have bounded subnormal indices. This example
shows that for abelian-by-cyclic groups in general the corresponding result fails,
a fact which does not emerge from Robinson’s results on wreath products ([14]).

(ii) We have not been able to decide whether soluble groups of finite total
rank (see [16] for definition) with the subnormal intersection property need have a
bound on their subnormal indices. On the one hand, the fact that this class is not
closed under homomorphisms makes it difficult to handle; on the other hand
a counterexample, at least in the spirit of 5.2, is not easy to construct.
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