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We study the two-phase Stokes flow driven by surface tension with two fluids of
equal viscosity, separated by an asymptotically flat interface with graph geometry.
The flow is assumed to be two-dimensional with the fluids filling the entire space.
We prove well-posedness and parabolic smoothing in Sobolev spaces up to critical
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operators arising from the hydrodynamic single-layer potential and abstract results
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1. Introduction

One of the standard methods in the analysis of moving boundary problems is the
reformulation of these problems as evolution equations in function spaces to which
methods of Functional Analysis can be applied, depending on the character of the
problem under investigation. The difficulty of this typically consists in the fact
that the resulting evolution equations are nonlocal and strongly nonlinear. For
moving boundary problems with domains of general shape this approach typically
involves the transformation of the moving domain to a fixed reference domain by
an unknown, time-dependent diffeomorphism, and the (explicit or implicit) use of
solution operators for boundary value problems with variable coefficients on this
reference domain. This approach often implies restrictions to results of perturbation
type, i.e. either short-time solutions, or solutions for (in some sense) small data.
However, this can be avoided in special situations where
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e the geometry is simpler (e.g. full space, with the moving boundary being a
graph), and

e the underlying PDE is elliptic and has constant coefficients.

In such situations, one can use the classical methods of potential theory to solve
the PDEs directly, i.e. without transformations of the domain, and reformulate
the moving boundary problem as an evolution equation that involves nonlinear,
singular integral operators.

This strategy proved to be successful for various versions of the Muskat (or two-
phase Hele-Shaw) problem, see e.g. the survey articles [6,7]. While the constant
coefficient elliptic operator underlying the Muskat problem is simply the Laplacian,
the related moving boundary problems of quasistationary Stokes flow are based on
the Stokes operator (which is also elliptic in a sense that can be made precise). Con-
cretely, in this paper we are interested in the following moving boundary problem
of Stokes flow driven by the capillarity of the moving interface ¢ — I'(t) between
two fluid phases QF(¢) in R?:

pAvt — Vgt = 0 in QF(¢),
divet = 0 in QF (),
vt o= wT on I'(t), (1.1)
[T(v,q)lv = —okv onI(t), ’
(vt,¢F) — 0 for |x| — oo,
Vi = wv-v  onI(t).

Here, v* : QF(t) — R? is a vector field representing the velocity of the liquid
located in QF(¢) and ¢ : QF(t) — R its pressure. Furthermore, 7 is the unit
exterior normal to Q7 (¢) and & denotes the curvature of the interface. Moreover,
[T(v,q)] denotes the jump of the stress tensor across I'(t), see (2.4), (2.6) below.
The positive constants 1 and o denote the viscosity of the liquids and the surface
tension coefficient of the interface, respectively. We assume that

D(t)=00%(t), QY uQ (1) Ul(t) = R?,

and that I'(¢) is a graph over a suitable straight line. Equation (1.1) determines
the motion of the interface by prescribing its normal velocity as coinciding with the
normal component of the velocity at I'(t), i.e. the interface is transported by the
liquid flow. The interface I'(¢) is assumed to be known at time ¢ = 0. For the Stokes
operator, it is possible to set up a treatment of boundary value problems based
on the so-called hydrodynamic potentials [8] in strict analogy to the potentials
for the Laplacian. It is this analogy that enables us to study the moving boundary
problem of two-phase Stokes flow driven by capillarity (at least in 2D and with equal
viscosity in both phases) along the same lines as for the Muskat problem. This has
first been exploited in [4] to obtain an existence result for all positive times, with
initial data that are small in a space of Fourier transforms of bounded measures.
To the best of our knowledge, this is the only result available on two-phase Stokes
flow in the unbounded geometry considered here.

It is the aim of the present paper to analyse problem (1.1) in Sobolev spaces (up
to critical regularity) in an Lo-based setting. The use of these spaces also implies
that the interface is asymptotically flat.
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We will establish

e existence and uniqueness of maximal solutions with initial data that are
arbitrary within our phase space;

e a corresponding semiflow property;

e parabolic smoothing up to C* of solutions in time and space (away from the
initial time);

e a criterion for global existence of solutions, or equivalently, a necessary
condition for blow-up.

Essentially, these results are obtained by applying the theory of maximal regular-
ity for nonlinear parabolic equations in weighted Holder spaces of vector-valued
functions presented in [9]. Since the Stokes flow (1.1) is driven by capillarity, it
turns out that the problem is parabolic ‘everywhere’, i.e. the parabolicity con-
dition is just positivity of the surface energy. We emphasize that while for the
discussion of the boundary value problem (1.1);_5 at a fixed time ¢ we need
to assume H3-smoothness of the interface (cf. §2), the corresponding nonlinear
evolution equation (3.4) is shown to be well-posed in all subcritical spaces H*
with s > 3/2. Hence, we obtain a ‘weak’ solution concept allowing for less regu-
lar initial data. Nevertheless, for positive times all solutions are classical due to
parabolic smoothing.

The structure of the paper is as follows: In §2 we consider the underlying two-
phase boundary value problem for the Stokes equations (1.1);_5 with fixed interface,
and show that it is solved by the so-called hydrodynamic single-layer potential. We
prove this by investigating its behaviour near and on the interface (recovering results
from [8] in our slightly different setting) and show that it vanishes in the far-field
limit. This asymptotic result can be interpreted as nonoccurrence of the 2D Stokes
paradoxon in our setting, which is essentially due to the fact that the curvature
vector of the interface is a derivative (by arclength) of a vector that approaches a
constant at infinity (see equation (2.1)). In § 3 we first rewrite our moving boundary
problem as an evolution equation for the function that parameterizes the interface
between the fluids and announce our main result. The remainder of the section is
dedicated to its proof. We linearize the evolution equation, and then establish its
parabolic character (see proposition 3.7). The localization procedure by which this
is accomplished demands the main technical effort. Once parabolicity is established,
the results follow from general facts on (fully) nonlinear problems of this type as
given in [9].

Throughout the paper, some longer proofs are deferred to appendices.

2. The fixed time problem

In this section we study the two-phase boundary value problem for the Stokes
equations (1.1);_5 with fixed domains Q% and boundary 9QF :=T' as defined by

OF = Q? = {(z1,72) ER? |22 = f(x1)}, T:=T;:=090F ={(¢ f(€)|€ R}
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The function f € H3(R) is fixed. Note that I is the image of the first coordinate axis

under the diffeomorphism = := =y := (idg, f). Further, let v be the componentwise
pull-back under Z of the unit normal on I' exterior to 27, i.e.

vi=1l(-f 07, wi=wp= (14 YR
Let x := w3 f" € H(R) be the pull-back under = of the curvature of T'. In view of
/{V:w_l(w_l(l,f’)—r)/ (2.1)

we will use the relation

I ad ge(=L (2.3)

W+ w? w

¢1(f) =

belong to H2(R).
For any functions z* defined on QF, respectively, and having limits at some
(&, f(€)) € T we will write

[21(€, F(£)) := lim 2" ()

= 2z (x). 2.4
Q22— (&,f(€)) @) 24)

— lim
Q= 32—(&,f(£))

We fix a common viscosity p > 0 as well as a surface tension coefficient ¢ > 0
and seek solutions

(vE,¢F) € (C*(QF,R?) N CHOQE,R?)) x (CH(OQF) N C(QF))

to the two-phase boundary value problem

pAvt — Vgt = 0 in OF,
divet = 0 in QF,
vto= wo on T, (2.5)
[T(v,q)](voZE7Y) = —o(kv)oZ="t onT,
(v*,¢5)@) — 0 for || — oo,

with QF and I as defined above. Here T'(v, q) = (T;;(v, q)) 1<, j<2 denotes the stress
tensor that is given by

Ty (v, q) == —qdij + p(0iv; + 0;v;). (2.6)

The structure of the problem allows us to represent the solution as a hydrody-
namic single-layer potential [8]. For this, we introduce the fundamental solutions

Uk, PF):R2\ {0} — R*xR, k=12,
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to the Stokes equations in R? by

Ut = Uf,uz)",

1 I vk )
uky :—((5 lnf-l-j )7 321327
i W) e 7P Tyl T Ty
1 yx
Pk(y)z—%w, yz(yl,y2)€R2\{0}.

These functions solve (in distributional sense) the Stokes equations

pAUF — VPR = §oek  in D'(R?),
divi* = 0 in D'(R?),

with e! = (1,0) and €? = (0, 1). Moreover, differentiating the fundamental solutions
with respect to y; and yo we get the following solutions to the homogeneous Stokes
system in R?\ {0}:

2 _ .2 2

1 [y —v3) y: — s
AU (y) = . 2m0Pl(y) = :
iU plyl* \y2(vi — v3) ' |y[*

2_|_3 2
47r62211(y) 1 <y2(y2 y1)> 7 27782771(y) _ 2u1Y2

oyt \ s — 3 ly*
) V=12 , (2.7)
Y2(Y1 — Y3 2 Y1Y2
AU (y) = , 2mO P (y) = ,
plyl* \ w1 (yi + 3y3) ly[*
1 (yi(y3 — ) 2 Y5 —yi
AU (y) = —— . 2mOy PR (y) = 221,
) mly* \ya(y3 —yi) ) ly[*
We are going to prove that the functions (vF,¢%) := (v, q)|o+ with
v(x) = a/ 0y (Z/{k(x - (&f(s)))) gr(s) ds,
® (2.8)

4(@) == —0 / PH(x — (s, /(5)))gh(s) ds, o € R*\ T,

and g1, g2 as defined in (2.2) constitute the unique solution to (2.5). First we check
that the integrals exist.

Observe that the kernels of the integral operators in (2.8) are smooth with respect
to x € R?\ T'. Moreover, g}, € H'(R) and

Ph(a — (s, f(s)) = O(s7")  for [s] — oo,

so that the integrand in (2.8)5 belongs to Li(R). Furthermore, g — 0 for |s| — oo,
S0 we can use integration by parts to obtain

ale) = o [ 0(PHa = (s F9)arls) s
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Recalling (2.7), we get
Os(U*(x — (s, f(s))) =O(s™")  for |s| — oo,

and since g, € H?(R), it follows that also v is well-defined. Altogether, we obtain
the following representation for the velocity field and the pressure:

(0,9) (2) = — / DM (r)]g(s) ds = / (OM(r) + [(8)0M(r)g(s)ds  (2.9)
R R

for z € R2\ T, where
ri:=r(x,s) :=x— (s, f(s)), (2.10)
M(y) = —o (72/2 7L£> (), yeR*\{0}.

THEOREM 2.1. Given f € H?(R), problem (2.5) has the unique solution (vF,q™)
given by (2.8) or, equivalently (2.9).

Proof. 1. (vF, ¢%) solves the Stokes equations:
Denote the integrand in (2.9) by J = [(z, s) — J(x, s)],

J:(R*\T) xR — R? x R.

Any partial derivative 95.J can be dominated by an absolutely integrable function
with respect to s, locally uniformly in x, so that differentiation with respect to =
and integration with respect to s can be interchanged. In particular, it follows that

(vF,¢%) € C=(QF, R2) x C=().

As the columns of 0yM, 0o M represent solutions to the homogeneous Stokes
equations (cf. (2.7)), (vF, ¢%) is also a solution to these equations on R?\ T.
2. Uniqueness: We have to show that any solution

(uF, p¥) € (C2(QF,R?) N CHOE,R?)) x (CHOQF) N C(QF))

to
pAut —Vpt = 0  in QF,
divut = 0 in QF,
ut = wu onl,
[T(u,p)lv = 0 onT,
(u,p)(z) — 0  for |z| — oo,

where 7 :=voZ"!, is identically zero. Let 7:= (w™(1,f)7) o ="! be the unit
tangential vector field along I', oriented to the right. Observe first that

T(u®, p™)o = p(dsu™ + 9= (ug, —ur) T 4+ Udiva®) — p*o,
so under our assumptions

[ (u, )7 = O] — [p]7 = 0. (2.11)
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We now define
(V,Q) := 1o+ (u™,pT) + 1g- (u™,p7) € L1 10c(R* R? x R).
Taking distributional derivatives and using the continuity of u across I' yields
AV, = 1o+ Auf + 1g- Auj + [O5u,)6r,
9;Q = 1o+ Oip™ + 1o-9ip™ + [plwidr,
divV =0,

where, given a € Ly 1oc(I"), the distribution adr is defined by

(adr|¢) ::/Faqbdl", ¢ € C(R?).

So, from this and (2.11) we get
pAV —VQ =0  in D'(R?).

In particular, taking the divergence of this equation yields AQ =0, i.e. Q is a
harmonic function on the full space R?, and the asymptotic condition implies Q = 0
via Liouville’s theorem. This implies in turn that V; and V5 are harmonic, and are
therefore zero by the same argument.

3. The behaviour of (vF, ¢%) near I is addressed in appendix A. In particular, it
is shown that (v*,¢%) € C1(QF, R?) x C(QF) satisfies equation (2.5)3_4.

4. The far-field boundary condition (2.5)5 is established in appendix B. O

3. The evolution problem

In the first part of this section we introduce some notation which is then used to
recast the Stokes problem (1.1) as an evolution problem for f only, see (3.4) below.
In the second part we establish our main result stated in theorem 3.2.

3.1. A class of singular integral operators

We first introduce a class of multilinear singular integral operators which are
needed in the second part of this section. Given n, m € N and Lipschitz continu-
ous functions ai, ..., am, bi,...,b, : R — R, denote by B, ,, the singular integral
operator

h(§ —n) H?:1 (5[£,n]bi/77)
nTIE [+ (Gemai/n)’]

Bum(ats .- am)by,- .. b, h)(€) := PV/ ,
R
(3.1)
where dj¢ ju = u(§) — u(§ —n), and for brevity
By o (F)IB] = B (fs - Dfs- - [, 1] (3:2)

(with the appropriate number of identical arguments f filled in). Here PV denotes
the principle value. Below we write C'~(X,Y) for the space of locally Lipschitz
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maps from X to Y. Furthermore, given Banach spaces X and Y, we let £§ym(X ,Y)
denote the space of k-linear, bounded symmetric maps A : X* — Y. The following
properties are extensively used in our analysis.

LEMMA 3.1.
(i) Given Lipschitz continuous functions ay,...,am, b1,...,bp : R — R, there
exists a constant C depending only on n, m and max;=1,. . m ||a}|lcc, such that

1Brm(a, . am) b, by - Wecray < C T loo-
=1

Moreover, By, € CY= (WL (R))™, L2 (WL (R), L(L2(R)))).

sym

(13) Given s € (3/2,2), there exists a constant C, depending only on n, m, s and
maxi<i<m ||ai| me, such that

IBnm(ar, s am)[b1, -, boy | o= < A = [ ] 10l o
i=1
forall ay,...,am, b1,...,b, € H*(R) and h € H*"1(R).
Moreover, By, m € C'~((H*(R))™, L2 ,,(H*(R), L(H*"(R)))).

(i4i) Letn >1 and 3/2 < s’ < s < 2 be given. There exists a constant C, depending
only onn, m, s, s’ and maxy<i<m ||ail| =, such that

||Bn’m((l1, - ,am)[bl, ey bn, h] — th,Lm(al, ey am)[bg, ey bn, bll]”Hs—l

< Cloull g 1l o= T T l1bill -

i=2
forall ay,...,am, b1,...,b, € H(R) and h € H*~1(R).

Proof. The claim (i) is established in [10, lemma 3.1], while the properties (ii) and
(iii) are proven in [1, lemmas 2.5 and 2.6]. O

3.2. Formulation of the evolution equation and the main result

In view of theorem 2.1 we may recast the two-phase Stokes moving boundary
problem (1.1) as a nonlinear and nonlocal evolution problem of the form

4

a (t) = —f'(t)vilr o E+w2r o E (3.3)
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with v = (v, v2) given by (2.8). As shown in lemma A.1, the extension of v to T’
exists and is given by

(B9 2(f) — BYo(f))lgr — f'92] — B 2(P)3f g1 + g2] — B o(£)[f 91 — g2]

vifro 8= Arpo—1 ’
- BYo(H)If g1 — g2] + (B32(f) = BY o(f))gr — f'92] — B o(£)[f g1 + 3g2]
valr o8 = drpo—1 ’

with g, from (2.2).
Therefore (3.3) can be written as an evolution equation for f in the form

Yiy=wism). 20 10)=fo (34
with
V(f) = *mf/‘l’l(f) + m‘lb(f)a (3.5)

where the nonlinear operators ¥;, j = 1, 2, are defined by

Vi (f) = (B3 o(f) = BSo(£))or + f'é2] + BY5(£[3f ¢1 — 02
+ B3 ,(If 1 + 2,
o(f) := =Bo(Hf b1+ ¢2] + (B o(f) — B3o(f))[d1 + [/ 2]
+ B3, (N)[f é1 — 362).
We recall from (2.3) the shorthand notations
- i and 6y(f) = —L—.
VIH 241+ 2 Vit

The following theorem contains the main results of this paper.

¢1(f)

THEOREM 3.2. Let s € (3/2,2) be given. Then, the following statements hold
true:

(i) (Well-posedness) Given fo € H*(R), there exists a unique maximal solution
f =5 fo) € C0,Ty), H*(R) N CH((0, T), H* ™ (R)),
where T = T4 (fo) € (0,00], to (3.4). Moreover, [(t, fo) — f(¢t; fo)] defines a
semiflow on H*(R).

(ii) (Parabolic smoothing)
(iia) The map [(¢,€) — f(t)(&)] : (0,T4) x R — R is a C*°-function.
(iib) For any k € N, we have f € C=((0,Ty), H*(R)).
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(7i7) (Global existence) If

sup  [[f(@)]ms < o0
[07T]Q[O)T+ (fO))

for each T > 0, then T4 (fo) = +o0.

REMARK 3.3. If f is a solution to (3.4), then, given A > 0, also

f)\(tag) = A_lf()‘t7A§)7

is a solution to (3.4) (with initial datum A~!f(0,-)). This property identi-
fies H3/2(R) as a critical space for the evolution problem (3.4). Therefore, our
result in theorem 3.2 covers all subcritical spaces.

REMARK 3.4. We expect the solutions to be even analytic in space and time away
from t = 0. However, we prefer to formulate and prove our result in the C*°-class,
refraining from the considerable technicalities needed for a proof of the analytic
counterpart of lemma 3.6 below (see [11, proposition 5.1] for a related analyticity
result).

In order to study the mapping properties of the operator ¥ we need the following
lemmas.

LEMMA 3.5. Given s € (3/2,2), we have ¢; € C*°(H*(R),H*"'(R)), i=1, 2.
Moreover, given fo € H*(R), the Fréchet derivative 0¢;(fo) is given by
00u(fo) = ai(o) e
i\Jo) = ailJo df,
with a; defined by

/2+/2+2/1+/2 1
ai(fo) := Jo® + Jo fo) and ax(fo) == A+ P32

VIR R L+ R

Proof. For the smoothness result we refer to lemma C.3 in appendix C. The repre-
sentations for the derivatives 9¢;(fy) follow from straightforward calculations. O

LEMMA 3.6. Given s € (3/2,2), we have
U c C°(H*(R), H* '(R)).
Proof. The claim follows from lemma 3.5 and corollary C.5. g

For two Banach spaces Xy, X; with dense embedding X; — X, let H(X;, Xo)
denote the set of operators A € L(X1, X() such that —A generates a strongly
continuous and analytic semigroup of operators on Xj.

In order to establish our main result in theorem 3.2 we next prove a generator
property for the Fréchet derivative 0¥(fo) € L(H*(R), H*"'(R)) which identifies
(3.4) as a nonlinear evolution problem of parabolic type.
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PROPOSITION 3.7. Given fy € H*(R), we have
~0V(fo) € H(H*(R), H*}(R)). (3.6)

The subsequent analysis is devoted to the proof of proposition 3.7. To start, we
fix a function fo € H*(R) and s’ € (3/2,s), and we note that

OU(fo)lf] = —ﬁf«m(m = ﬁfea%(fo)[f] + ﬁa%(fo)[f], f € H*(R).

To calculate the derivatives of ¥; we use lemma C.4 to get
OBy, 5(fo)lf1[h] = nBn2(fo, fo)lf: fo. - - fo, h] — 4B y2.3(fo, fo, fo)lf, fos - - fo, ]
and lemma 3.1 (iii) to rewrite this for n > 0 as
9By 5(fo)[f1Ih] = h(nBp_1 o(fo)[f'] = 4Bpi1,3(fo)lf']) + Rulf]
= h(nBu_15(fo)[f'] + (n = 4) By ;1 5(fo)[f']) + Raulf],
where nBf_; 5(fo) := 0 for n = 0 and
[ By fll a1 < CllAl =21 f1] o

The constant C'is independent of f € H*(R) and h € H*~!(R). From this and the
definition of ¥;, i =1, 2, we get

OV (fo)lf] = Tin(fo)lf] + Ti2(fo)lf] + Tijo(fo)Lf], i=1,2, (3.7)
where
T (fo)lf] == (38,2 - Bg,z)[(al + 2 + foaz) f'] + B(l),z[(3(¢1 + foa1) — az)f']
+ B3,o[(61 + foar + a2) f],
T12(fo)lf] := &1(3foBos — 6BY 5 — 65825 +2B3 5 — fo By 3)[f']
+ ¢>2(—B873 - 6f(l)B(1),3 + 63(2),3 + 2f(l)Bg,3 - Bg,g)[f/]a
To1(fo)lf] == =B ol(¢1 + foar + a2) f'1+ (BYy — Bo)[(a1 + ¢2 + foaz) f']
+ Bys[(¢1 + foar — 3az) f],
Too(fo)lf] = 61(Bos + 6Bl — 6By — 2By + Bia)[f'
+ ¢2(f(/)38,3 - 23?,3 - Gf(/)Bg,g + GB??,S + f(l)Bg,s)[f/L (3-8)
with shortened notation a; = a;(fo), ¢i = ¢i(fo), BY ., = By m(fo), and

[T 10t (fo) [f]] ge-1 g SCfllgers [ € H(R).
(3.9)

Hs—1 SC maX{Hqﬁl\

-1, || P2

Having computed the derivative 0¥ (fy), it remains to establish (3.6), which is
achieved via a localization procedure. To proceed, we fix for each € € (0,1) a so-
called finite e-localization family, that is a set

{(75,€5) : =N +1<j < N} C C®(R,[0,1]) x R
such that
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o 75 € C®(R,[0,1]);

e supp; is an interval of length ¢ for all [j| < N — 1, supp 7y, C (—o0, —1/e]U
[1/€,00);

w5 -mp = 0if [|7 =] > 2, max{[j|,[[[} <N — 1] or [I| <N —2,j = NJ;
N e .
Zj:—N+1(7rj)2 =1

[(75) "]l < Ce™F forall k € N,—N +1 < j < N;

£ esupprs, || <N -1

The real number £5; plays no role in the analysis below. To each finite e-localization
family we associate a second family

G i =N+1<j< N} CC™(R,[0,1])
with the following properties
e X5 =1 onsuppmj;

e supp x; is an interval of length 3¢ and with the same midpoint as supp7j,
lj| <N -1
e suppxy C [lz] = 1/e —¢].

Using the e-localization family we define norms on H*(R), s > 0 that are equivalent
to the standard norm. Indeed, it is not difficult to prove that, given € € (0,1) and
s > 0, there exists a constant ¢ = ¢(e, s) € (0,1) such that

N

lflle < Y w5 fllae <M flae,  fe H(R). (3.10)

j=—N+1

To show (3.6) we use a homotopy argument. For this we consider the continuous

path
®:[0,1] — L(H*(R), H* ! (R))
defined by
d
O(r) = =g Vi) g — g SOV (Tho) + {0Wa(rfo), T E(0,1]

We next locally approximate the operator ®(7), 7 € [0, 1], by certain Fourier mul-
tipliers A; . It is worth emphasizing that ®(1) = 0¥(fy), while ®(0) is the Fourier
multiplier given by

o d o ( d? >1/2

B T S A

with H denoting the Hilbert transform. The homotopy ® will be used to conclude
invertibility of A — ®(1) from A — ®(0) for sufficiently large A\. We also point out
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the estimate

lghllzzs-1 < 2(lgllo 17l ge-1 + Rllcllgllzrs-1)  for g, h € H*TH(R), s € (3/2,2),
(3.11)

which is used several times in the arguments that follow.

From a technical point of view, the following proposition is at the core of the proof
of proposition 3.7. It provides estimates for the errors introduced by replacing the
operator ®(7) by the localizations A; .. In fact, this amounts to the well-known
‘freezing of coefficients’ in the context of our nonlocal operators.

PROPOSITION 3.8. Let v >0 be given and fix s' € (3/2,s). Then, there exist
e €(0,1), a constant K = K (), and bounded operators

Aj, € L(H(R),H* " (R)), je{-N+1,....,N}, 7€[0,1],

such that
(75 @(T)[f] = Ay [75 Ul s < ANT5 s + K| fllger (3.12)
for all je{-N+1,...,N}, 7€[0,1], and f € H*(R). The operators A; . are
defined by
2 1/2 d
hyr = —arl§) (~ig) +OE) g LN -1
2 1/2
ANT = _i _i 5
' 4 dg?
with functions o, B, given by
o oT
Q= @[az(Tfo) + 7 foa1 (7 fo)], Br = —m\l’l(fo)

Proof. Let € € (0,1). In the following we denote by K constants that may depend
on €.
The estimate (3.9) implies

175 foT 110t (T fo) [f ]Il o= + 75 T2 ot (T fo) [f1l s < K[ fllggr, —N+1<j<N.
(3.13)

Next we consider the operators W1 (fo)(d/d¢), foTh,;(Tfo), and Ts ; (T fo), 7 = 1, 2,
which we approximate successively.
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Step 1. We first consider the term /WUy (fo). Using Wy (fo) € H* 1 (R) «— C*~3/2(R)
and the property xjm5 = 75 together with (3.11), we get

175 @ 1(fo) = C1(fo) (E5) (5 ) | rs—
<2 (W1 (fo) = V1 (F)EN ool (w50 s + KN F e (3,14
< s e + K|l

for |j| < N —1, provided that ¢ is sufficiently small. Furthermore, since ¥y(fy)
vanishes at infinity, we have

175 L (fo)ller—+ < 20N Y1 (fo)lloo (TR ) -2 + K| 1 g
v (3.15)
< gl fllee + Kl f s

provided that ¢ is sufficiently small.

Step 2. We now consider the operators f(T1,2(7fo) and T5 2(7 fo). Repeated use of
lemmas D.2 and D.3 yields

I775 f6T1.2(7 fo) [f] = a1, (&5) Bo,o (w5 ) ][l -1 < %HW?J‘HHS + K| fll gz

(3.16)
175 To,2(7 fo) [f] — a2, (&) Bo,o[(75 f) 1| rs-1 < %Hﬂ?fllm + K| fll g7

for |[j| < N —1, and

lr75 foTu 2 (7 fo) [l mre=s + 75 To2 (7 fo) [l mra—r < %IIW?vfIIHs + K[ fll e

(3.17)
provided that e is sufficiently small. The functions a; -, i =1, 2, 7 € [0,1], are
given by

a (Tfo)* +3(7f3)* (1f0)® =71y

1,7 ¢ ( fO) ( ( f-/) ) +¢2( fO)(1+( ) )
_ (Tf)P -1 (Tfo)* —7fp
=TI e TR G

Step 3. We now consider the operators f{T41 1(7fo) and Tb 1(7fo). We first observe
that a1(fo), az(fo) — 1, ¢:(fo) € H*"Y(R), i = 1, 2. Repeated use of lemmas D.2—
D.6 leads to

75 F6 T (T ] = @ (€) Bool (x5 ) s < Gl Flaze + K| e

(3.18)
175 2,1 (rfo) ) = s, (65) Bool (w5 £) Mo < 115 £l + K|
for |[j| < N —1 and
e T (T fo) [l sros + s Toa (7fo) ] + Bool (e £) o 10
3.19

g
< s e + K f e
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provided that e is sufficiently small. The functions a; ., i =3, 4, 7 € [0,1], are
given by

as,r = ar(tfo)Tfo —a1, and a4, :=—as(7fo) — as,,.

Gathering (3.13)—(3.19), we conclude that (3.12) holds true and the proof is
complete. O

Making use of U1 (fy) € H*~1(R) and recalling the definition of the functions a;
in lemma 3.5, we conclude there exists n € (0,1) such that

N

1 1
n<a,<- and |G;]< -, T €1[0,1].
n n

Given « € [n,1/n] and |3| < 1/n, we now introduce the Fourier multipliers

d?\1/2 d
Bapi=—a( - d?) +Bgg € LT (R), H (R))

For two Banach spaces X, Y, let Isom(X,Y) denote the set of (linear and topolog-
ical) isomorphism from X to Y. It is a matter of direct computations using Fourier
representations, see e.g. [11, proposition 4.3], to find a constant g > 1 such that

e \—A,p € Isom(H*(R), H '(R)), Re) > 1, (3.20)
o roll(A=Aap)lfllzs— Z Al [fllgs—s + Iflms,  f € HY(R), ReA > 1.
(3.21)

Proposition 3.8 and the relations (3.20) and (3.21) combined enable us to establish
the result announced in proposition 3.7.

Proof of proposition 3.7. Let s’ € (3/2,s) and let kg > 1 be the constant in (3.21).
Proposition 3.8 with 7 := 1/2k( implies that there are ¢ € (0,1), a constant K =
K (g) > 0 and bounded operators A, , € L(H*(R), H*"'(R)), —N +1 < j < N and
7 € [0, 1], satisfying

2r0||m5R(T)f] = Aj 7[5 flll or < |75 f e + 260K | fll o, f € HY(R).
Moreover, (3.21) yields
20[|(A = Ay )5 U bze-r 2 20N 175 f | re-r + 2705 £l e

for all —=N+1<j< N, 7€]0,1], ReA>1, and f € H*(R). Combining these
inequalities, we conclude that

2r0l|m5 (A = @) [ 222
2 2k0[|[(A = Ay ) [m5 [l a1 = 260 |75 R(T)[f] — Ay =[5 f1l o1
2 2AA 175 fllger + 75 fllae = 260K £l o
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We now sum up over j to deduce from (3.10), Young’s inequality, and the
interpolation property

[H*0(R), H* (R)]g = HI=D9ot0s1R) 9 (0,1), —00 < 50 < 51 < 00, (3.22)

where [-,-]p denotes the complex interpolation functor, that there exist constants
k > 1 and w > 1 such that

EINA = @) [z = A M = + 1Nl (3.23)

for all 7 € [0,1], ReA > w, and f € H*(R).
Additionally, (3.20) implies that w — ®(0) € Isom(H*(R), H*~(R)). The method
of continuity [2, proposition I.1.1.1] and (3.23) imply that also

w—®(1) =w— dV(fy) € Isom(H*(R), H*"(R)). (3.24)

Combining (3.23) (with 7 = 1) and (3.24), we conclude that (3.6) holds true, cf.
[2, chapter I]. O

We are now in a position to prove the main result, for which we can exploit
abstract theory for fully nonlinear parabolic problems from [9, chapter 8].

Proof of theorem 3.2. Well-posedness: For « € (0,1), T >0, and a Banach
space X, we first introduce the weighted Holders spaces C2((0, 7], X) which are
essential for the theory in [9, chapter 8]. They are defined by

Ca (0,77, X)

= {f :(0,T] — X : f is bounded and sup It f(t|)t_ iOJj(S)HX - oo}.
s#t —

Lemma 3.6 and proposition 3.7 show that the assumptions of [9, theorem 8.1.1]
are satisfied for the evolution problem (3.4). This theorem ensures that for each
fo € H*(R) there exists a positive time T > 0 and a solution f(-; fo) to (3.4) such
that

fe (o, 7], H*(R)) n C'([0, T], H*~*(R)) N C4.((0, 7], H*(R))

for some « € (0, 1). Furthermore, it states that the solution is unique within the set

U cao,1), 52 (R)) N C([0,T], H*(R)) N C*([0,T], H*~*(R)).
ae(0,1)

We improve this statement by showing that the solution is actually unique within
C([0, 7], H*(R)) N CX([0, T], H*~*(R)).

Indeed, suppose }’v: [0,T] — H?*(R) is another solution to (3.4) satisfying the same
initial condition fy. Since (3.4) is an autonomous problem, we may assume f(t) #
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f(t) for t € (0,T). Let now s’ € (3/2,s) and set a:=s — s’ € (0,1). Using (3.22),
we find a constant C' > 0 such that

1F () = F@E) e + [1F(E1) = fE) g < Cltr = 2|, 1, 82 €[0,T], (3.25)

which shows that f, fe Cg((O,T],HSI(R)). Applying the uniqueness statement
from [9, theorem 8.1.1] to (3.4) with ¥ € C(H* (R), H* ~'(R)) shows now that
f= f on [0,7]. This unique solution can be extended up to a maximal existence
time Ty (fo), see [9, § 8.2]. Finally, [9, proposition 8.2.3] shows that the solution
map defines a semiflow on H*(R). This proves (i).

Parabolic smoothing: The uniqueness statement in (i) enables us to use a parameter
trick which was successfully applied also to other problems, cf., e.g., [3,5,11,12],
in order to establish (iia) and (iib). In our setting the proof details are similar to
those in [10, theorem 1.2 (v)] or [1, theorem 1.2 (ii)] and therefore we omit them.

Global existence: We prove the statement by contradiction. Assume there exists
a maximal solution f € C([0,7}), H*(R)) N CY([0,T), H*"Y(R)) to (3.4) with
T, < oo and such that

sup ||f()]| s < oo. (3.26)
[O’T+)

The bound (3.26) together with lemma 3.1 (ii) implies that

sup
[0,74)

O], = s D < . (3.27)

Choosing s’ € (3/2,s), we may argue as above, see (3.25), to conclude from (3.26)
and (3.27) that f : [0,7}) — H* (R) is uniformly continuous. Applying [9, propo-
sition 8.2.1] to (3.4) with ¥ € C®(H* (R), H¥ ~*(R)), we may extend the solution
f to an interval [0, 7" ) with Ty < T and such that

feC(o,14), H* (R)) N CL([0,T%), H ~L(R)).

The parabolic smoothing property established in (iib) (with s replaced by s’) implies
in particular that f € C*((0,T%), H*(R)), in contradiction to the maximality of f.
This completes our arguments. O

Appendix A. The hydrodynamic potential near T’

This appendix is devoted to the study of the properties of the functions (v*,¢%)
defined in (2.8) near the boundary I'. Lemma A.1 below establishes the corre-

sponding part of theorem 2.1.
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LEMMA A.1. Given f € H3(R), the functions (vF,qT) given by (2.8) satisfy
(v*,¢%) € CH(QF,R?) x C(QF)

and solve the equations

[v] = 0 on I,
[T(v,q)](voZE7Y) = —0o(kv)oZ~1 onF.} (A1)

Moreover, the velocity field v on I' has an explicit representation in terms of
nonlinear singular integral operators, given by

(B 5(f) = BO2())lor — £'g2] — BY 2 (H)BF 91 + g2] — B2 (H)f 91 — g2
1 5

[1]
Il

o)
v1lp T

BEo(H)If 91 — g2] + (B32(f) — BY o(f))gr — f'92] — B o(£)[f g1 + 392]
drpo—1

v2lr o E =

)

(A.2)

with Bg’z and g; defined in (3.1), (3.2) and (2.2), (2.3), respectively.
Before establishing lemma A.1 we make the following observation.

REMARK A.2. It is shown in the proof of lemma A.1 that not only v is continuous
in R?, but also the first order partial derivatives of v, that is

v € CHR?).
In particular, we get
[T(v,@))(vo=E~") = ~[glveE"")  onT.

Proof of lemma A.1. We first recall the notation from § 2, in particular (2.10). From
[10, lemma 2.1 and equation (2.7)] we infer that, given 1 € H*(R), the functions
AT QF — R defined by

1 ¢( ) ds _ L (r3 +rir3,rirg +73)7
27 \ |2 27 Jg ||

Ai(x) ¥(s)ds, (A.3)

belong to C(QF) and, given ¢ € R, we have

20, (a4

AE (€, 7€) fPV/ = Hi i )f( D s)ds =+ L
Where PV denotes the principal value. Recalling (2.2) and (2.8), it follows that
gt € C(Q%) and

[q] 0 E = oK. (A.5)

We next consider the behaviour of the velocity v* near I'. To this end, we first
introduce the integral operators [¢ — Z,[¢]], n =0,...,3, by

#(s)ds, reR*\T, ¢c HY(R),
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and let

{w}*() =

= lim w(x), eR,
QEF 32— (£,£(€)) @) ¢

be the one-sided limits of any function w : R? \T' — R at T, whenever these limits
exist.
Using this notation and the operators By , defined in (3.2), we have from (A.4)

(ool + 2ol = BYa(I6)+ BalDle) 7
(A.6)
(16 + Zalo)* = BLL(DI] + BS,(N)ld] + 5.
For z € R2\ T, ¢ € H'(R), consider further the integral
= [ D) g
Mol = | () as. (A7)

A straightforward application of Lebesgue’s dominated convergence theorem shows
that I extends continuously to I', that is I € C(R?). Integration by parts yields

116] = ((Zo — Zo)If'¢] — (41 — Zs), 221[f'¢) — 2Z[6]) " on R2\T,  (A.8)

and

I[6) 0 2 = ((BS(f) — BSo(MIf'8] — (BLo(f) — BS54,
2BY,()[f'6] - 2Baa(f)[8)) - (A.9)

So, by the continuity of I,

{(Zo = Zo)f'¢) — (21 — Z3)} " = (B.a(f) — BSo(F)If 6] — (BYa(f) — B:?,g(f))[w}

(221]F'¢) — 225[6]} " = 2BYo(H)If 6] — 2B22(f)[4).
(A.10)

Observe that equations (A.6) and (A.10) constitute a linear system of the form

3 3
{ZZTL[aan)]} 2232,2(f)[am¢}ijz¢a 7':17747 d)EHl(R)’
n=0 n=0

(A.11)
with coefficient matrix
1 0 1 0
0 1 0 1
A - (az’n) - f/ -1 _f/ 1
0 2f -2 0
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and with (Jy,...,Jy) == (7/w?)(=f', 1,0, 0)". The matrix A is regular and has

inverse
2+f/2 _f-/ _f-/ 1
TN f 1 -1 f!
A T ((1 ) T 2w2 f/2 fl 7]“ —1
_f'l 1 + 2f/2 1 _f/

Observe that for k=0,...,3,i=1,...,4 and ¢ € H'(R) we have a*'¢ ¢ H'(R).
For k =0,...,3, replace ¢ by a**¢ in the i-th equation of (A.11) and sum over i.
This gives

{Ze]e]}* = BLo(Nlgl £ a*Jie,

i=1

1 (7”:1)’77‘%7’2,?"17’%,7’3)1— -
— ¢ds
2r | Jr r|*

<B8,2(f>7B?Q(f)vBg,2(f>7B8,2(f))T[¢]
27
13 / 2 13 gl 12
:F(f +3f f2—1 f f’73f +1>T¢.

4wt 7 4wt T 4wt 4t

or equivalently

In view of this, we get directly from (2.7) and (2.8); that [v] =0 and the
representation (A.2) is valid.

Moreover, first differentiating with respect to x under the integral in (2.8); and
then using integration by parts and (2.2) we find

Oiv(x) = a/Raiul(r)(f'ﬁ)(s) — OU* (r)K(s)ds, i=1,2.

It is now straightforward to check that v* € C'(QF) and [Vv] = 0. Together with
(A.5), this implies (A.1)2, and the proof is complete. O

Appendix B. The hydrodynamic potential in the far-field limit

In this appendix we prove that the functions (v, q) defined in (2.8) satisfy the far-
field boundary condition (2.5);5. While the claim for ¢ follows directly from [10,
lemma 2.1], proving that the velocity vanishes at infinity is more elaborate and
necessitates some preparation.

Recall that f € H3(R) is fixed. Using the notation (2.10) once again, we define
functions [¢ — (F, G)[¢]] according to (cf. (A.7))

T = - M ! 1 2
(F,G) " [¢l(z) := I[¢](x) A ¢'(s)ds, ¢ H (R),z R (B1)

[r[*
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We recall from appendix A that F, G € C(R?). Moreover, from (A.9) and lemma
3.1 (ii), we get

(F,G)|r 0 2 € C#(R) (B.2)
for some 3 € (0,1), and

(F,G)(& f(§) =0  for [¢] — oo. (B.3)

We first prove a bound for F' and G at moderate distances from the interface, in
terms of their values at the interface.

LEMMA B.1 Vertical differences. Given f € H3(R) and ¢ € H*(R), there exist
constants a € (0,1) and Cy > 0 such that for

€8 =Rx[~[flloc =1, [[flloc + 1]
we have
(£, G)(z) — (F,G)(21, f(21))] < Colza — f(a1)|".

Proof. We show the estimate for F' only, the arguments for G are analogous with
some obvious modifications. Given x € S, we choose Z := (&, f(&p)) such that

|z — | = min{|z — (§, f(§))][ € € R}.

After a change of variables we split

|F(z) — F (&, f(&0))]
|s||z2 — f(z1 — 5|

/|¢ 1‘1—8 (fo_s)|82+(1’2—f(1’1—8))2
+/ ‘¢/(£O_3)| S(xQ_f(xl _S)) 5(f(§0)—f(§0—5))
R

- ds.
§2+ (22 = flz1 = 9))? 82+ (f(&) = f(&o = 9))?

We estimate the terms on the right separately. For the first one we use ¢/ € C?%(R)

for some « € (0, min{/3,1/2}] to obtain

N 1 s (o Rt I
/]R|¢ (1'1 ) ¢)(£0 )| 2+(l‘2—f(l‘1—8)) d

e [ e e e Jsllz = Fai =)
<l = al” [ 161 = 5) = o/(e0 =) L

1/2 |s|z2 — f(x1 — s e o
<C|(E1 £0| W)H ~/]R (52+($2—f(x1_8))2> o

3/4
< Clzy — &l (/ min{1,5_4/3}ds) < Clz — T
R

ds

ds
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To estimate the second term we write for brevity (:=x9— f(x; —9),

Co = f(&) — f(& — s) and observe

s¢  sGo | _ 5% — (o
2+ G (7 )+ )

— f(&)| + Cla1 — &ol)

¢
S2|j_|<2 + 82+|C2)|C—C0|

|C—Co|<(

2
S
c

g (S2+<2)1/2|x_§|7
to obtain
s¢ |z — 7|
/|(ZS 2+<2_52+C2 C/W’ (o — s)| +C2)1/2d8

We split the integral on the right. For |s| < 1 we use the minimality property of

to obtain
|z — Z| B |x—:77|1/2 |Jc—f|1/2 \z—a’:|1/2
R R P ) L P Py P ZERPLE
and thus
|z — 7| / _11/2 —1/2
10 (é0 = 5)| 53173 45 < C[|¢/[|oo|z — 2| sTH%ds
/{|s<1} (52 + (22 {IsI<1}

< Clz — z|Y2.
For |s| > 1 we estimate directly

|z — x|

1/2
1660 — )2 ds < o — 2|42 / 2ds)" < Clr—al.
/{|s|>1} (52 + ()12 ( {1s]>1} )

Summarizing and using the boundedness of F' on S (which follows by applying
Hélder’s inequality to (B.1)) we get

|F(z) = F(z)| < Clo — 2%,
2)
|F'(x) — (8o, f(&0))| + [F (&0, f(80)) — F(@1, f(1))]

B
<
<Oz — 2™ + 21 = &|*) < Clv — 7|
< Clog — f(21)]%,

and consequently, using (

|F'(x) — F(x1, f(z1))]

where the minimality property of Z has been used again in the last step. O
We next prove that the functions F, G defined in (B.1) vanish at infinity.
LEMMA B.2. Given f € H3(R) and ¢ € H*(R), we have
(F,G)(x) =0 for x| — oo.
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Proof. We will show the result for F', the proof for G is essentially analogous. The
result is proved in the following three steps:

(i) For any € > 0 there are { >0, § € (0,1) such that |zi| > & and |z2] < ¢
imply |F(z)| < ¢,

(ii) For any e > 0 there is a § € (0,1) such that |z3| > 6! implies |F(z)| < € for
all z; € R,

(iii) Foralle > 0,8 € (0,1) there is a & > 0 such that |z1| > & and § < |2] < 57!
imply |F(z)] < e.

To show (i), fix € > 0, choose first § > 0 small enough to ensure C(20)* < /2
with Cy and « from lemma B.1, and then &, large enough to guarantee that
|f(z1)] < 6 and |F(z1, f(x1))| < £/2 whenever |z1]| > &y, which is possible by (B.3).
Now it follows from lemma B.1 that |F(x)| < e whenever |z1| > &, |x2| < . For
(ii) we have to prove that F'(z) — 0 for |x2| — oo, uniformly in z; € R. From (A.8)
we immediately have

r[?

Choosing |z2| > 2|/ fllee, we get |x2|/2 < |re| < 3|z2|/2 and using the Cauchy—
Schwarz inequality we get

2 1/2
lp(s)|(|r1| + |w2]) / 1] + |22
< < - =
|F($)|\C/R frenp e SRl P W et I

1/2
C (t+1)2 C
< dt < 17
2212 </]R (422 + 1) o] /2

where we changed variables according to t := (1 — s)/|z2| in the last step. This
proves (ii).

To show (iii), let € > 0 and § € (0, 1) be fixed. Given x5 € R with § < |za] <571,
it follows that |ra| < 7 + || f]|ee. Choose so > 0 large enough to ensure

1/2
o (74 flloc)v/2RS5 (/ N ¢’2<s>ds> <e/2 and  (B4)

o |f(s)] <d/2 for|s| > so. (B.5)
Given 1 € R with |z1| > 230, in view of (B.1) we obtain the estimate
rir
@< [ 22y
r 7|

We split the integral on the right as follows. If |s| < sg, then |r1] > |21]/2 and
4s0(671 0|0 C
[ e S O

=~ <
lsl<so} ITI? |21 la| 2

provided that |z1| > & with & > 2s¢ chosen sufficiently large.
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If |s| > sg, then |rg| > /2 by (B.5) and, using (B.4) and the Cauchy—Schwarz
inequality, we get

[ el
{

ls|>s0} |12

— | /
<) [ ol

1/2 1/2
< (6_1 + ||f||oo) </R t2+(1(5/2)2dt> (/s|>so ¢12(s> dS)

1/2
¢'(s) ds) <

| ™

< (54 | flloo) /25 ( /

s|>so
This completes the proof. O
We are now in a position to prove the desired decay behaviour.
LEMMA B.3. Given f € H3(R), the functions (v¥,qF) given by (2.8) satisfy
(v, ¢%)(z) — 0 for |z| — oo.

Proof. Since f € H3(R), for ¢ € H*(R) the functions A4 defined in (A.3) satisfy
A*(z) — 0 for |x| — oo, cf. [10, lemma 2.1]. Recalling the definition (2.8)3 of ¢, it
immediately follows (since g}, € H'(R), k = 1, 2) that

q(z) — 0 for |x| — oc.

Moreover, the equation (2.8); together with the relation d,(r?/|r|?) = —0,(r3/|r|?)
enable us to write
v(z) = o [ L (3 "2 ) /() ds
drp Jg |72\ rire T3
o ri+ f(s)re

e A BE g(s)ds, x€R*\T.

Since g, € H?(R), k = 1, 2, lemma B.2 implies that the first integral vanishes at
infinity. Due to [10, lemma 2.1], also the second integral vanishes in the far field
limit, hence

vE(z) =0 for |x| — oc. O

Appendix C. Smoothness of some nonlinear operators

In this appendix we establish the smoothness of certain nonlinear operators we are
confronted with in §3. In the following r € (1/2,1) is fixed.
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LEmMMA C.1. Let 1 : R — R be locally Lipschitz continuous, i.e. for any K >0
there is a constant Ly > 0 such that

(&) =€) < Lkl§ = €| forall§, & € [-K, K].
Let z € H"(R). Then, the map [h — (¢ o 2)h] is in L(H"(R)).

COROLLARY C.2. If, in addition to the assumptions of lemma C.1, ¥ is strictly
positive, then the linear operator [h+— (¢ o z)h] is an isomorphism of H"(R).

Proof of lemma C.1. Recall that a norm in H"(R), which is equivalent to the
standard norm, is given by

2
. TnhZ — 2
Vo2 = 213 4 (2 with (2%, = [ izl g,

where 7, := [z + 2z(- —n)] denotes the right shift operator. Let K = ||z|o and
observe
140 2llc < [¢(0)] + K Lk,
[(¢h 0 2)hll2 < [[¢ o zl[c [IRll2 < C|Rll2,

o2yl = [ WlWOIM WO,

n|1+ T

77 ((¢ 0 2)h) — (Y o 2)h|l2 < [t o 2[loollTyh — Rll2 + [|Allc Li[|T52 — 2|2
to find
(¥ 0 2)h|ur < Cl|hllg-, h e H"(R). O

We now use corollary C.2 to establish in lemma C.3 the smoothness of three
nonlinear operators. Lemma C.3 is the main argument in the proof of lemma 3.5.
LEMMA C.3. The maps

2
T R —

z
Z = s -
V2 +1422+1 22 +1

are (C*-)smooth from H"(R) to H"(R).

(i) z—V2241-1, (i)

Proof. Fix any zp € H"(R). Note first that

/ Z0 r

by lemma C.1. Furthermore, a pair (u,z) € (H"(R))? close to (ug, z0) is a solution
to the equation

F(z,u) =u? +2u—2>=0
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if and only if u = U(2) := V22 + 1 — 1. The mapping F' is smooth from (H"(R))?
to H"(R), and its Fréchet derivative 0, F (20, ug) is given by

OuF (z0,up)h = 2hy/ 28 + 1,

which is an isomorphism of H"(R) by corollary C.2. Now (i) follows from (the
C®°-version of) the Implicit Function theorem.
The proof of (ii) is similar. First we note that

2

<0
- P) 2 €
VA+1+2241
by lemma C.1, and then we apply the Implicit Function theorem near (zg,vg) to
the equation

Vo

H"(R)

G(z,v) =220+ 20+ (V22 +1—1)v — 2% =0,
where G is smooth from (H"(R))? to H"(R) due to (i). Furthermore

DG (20,v0) = [h = (y/22 + 1+ 22 + 1)A]

is an isomorphism due to corollary C.2.
Finally, (iii) follows from (ii) and the identity

2
z z
——=z—2z .
V22 +1 V22 +142241
In the final part of this appendix we establish the smoothness of certain mul-

tilinear singular operators B,’i’m. Corollary C.5 below implies in particular that,
given n, m € N, the mapping

[f = B (D) - HY(R) — L(H*TH(R)),

n,m

O

where s € (3/2,2) and with BY = as defined in (3.2), is smooth. This property is

n,m
essential when proving lemma 3.6.

We start by introducing, for given k, n, m € N, operators
Bs,m : HS(R) - Efym(Hs(R)a ‘C(H571(R)))

by
Bim(f)[flv?f’f“h} :Bn+k,m(f7'"7f)[f?"'7f7f1a"'afk>?h]’ h e HS(R)7

where B,y m are defined in (3.1). Observe that for k = 0 this definition agrees
with (3.2).

LEMMA C.4. Given k,n, m € N and f € H*(R), the map BE , is Fréchet differ-

n,m

entiable at f, and the Fréchet derivative 3B§7m(f) is given by

OBy, o (Dlgllfrs-- - fi]

=B 1 (N fongl = 2mBri o (DI fie )
for g € H*(R).
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A straightforward consequence of lemma C.4 is the following corollary.
COROLLARY C.5. Given k, n, m € N, we have

By, € C(H®(R), L (H*(R), L(H* ™ (R))).

Sym

Proof of lemma C.4. Given f, g, f1,..., fr € H*(R), we consider the remainder

R(fag)[f177fk] = (Bs,m(f—i_g) - B7I;7m(f))[f17afk]
- nBﬁtim(f)[fla R fk‘ag] + 2mB§,iim+l(f)[flv ERER) fk:g}
and represent it (by elementary algebraic operations) as

n—2

R(f?.g)[f17"'>fk] = Z(n_]_l)Bn+k,m(f+g77f+g)

j=0
X [f+gv"'7f+gaf7"'7f7f15---afkagag7']
—_— —
j n—j—2

m—1

- ZBn+k+2,m+1(f+gv"‘7f+gvf7~”7f)
=0
m—1 1+1

X [f7"'af’n(2f+g)+f7f1a'~'7fkagvg7']
m—1m—Il—1

+2Z Z Bn+k+47m+2(f+gv7f+gfaaf)
=0 j=0 m—l—j I+j+2

X [f,“'7fa2f+gaf17"'7fk7g7ga'}'

Sums with negative upper summation limit are to be neglected. For ||g||g- < 1, we
obtain from lemma 3.1 (ii)

k
IR(f, ) f1s - s Filllceae— vy < Cligle H [ fill #r-

i=1
This implies the result. i

Appendix D. Some auxiliary results related to localization

The following commutator estimate is used in the proof of lemmas D.5 and D.6
below.

LEMMA D.1. Letn, m € N, s € (3/2,2), f € H*(R) and ¢ € C(R) with uniformly
continuous derivative @' be given. Then, there exist a constant K that depends only
on n, m, ||¢ ||oo and || f|lms such that

¢ By m(N)IR] = B (£)lehlll e < K| (D.1)
for all h € Ly(R).
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Proof. See [1, lemma 4.4]. O

The next four lemmas are used in the proof of proposition 3.8. We recall the
definition of an e-localization family from § 3.

LEMMA D.2. Letn,meN, 3/2 < s’ <s<2, and v € (0,00) be given. Let further

f€H*R) andw € {1} U H*~Y(R). For any sufficiently small € € (0,1), there is a

constant K = K (e,n,m, ||f|l s, |©] gs-1) such that

‘ wEUE"
T rrreeaim 20,0
[1+ (f(€5))2 ™

for all |j| < N —1 and h € H*"1(R).

@B, (f)[h] - mshl|| ., < vImShles + Kbl s

J

Proof. See [1, lemma 4.5]. O

The next two lemmas are the analogues of lemma D.2 corresponding to the case
j=N.

LEMMA D.3. Letn,meN, 3/2< s <s<2 and v € (0,00) be given. Let further
f e H(R) and we HYR). For any sufficiently small
e € (0,1), there is a constant K = K(g,n,m, || f|lm=, [|@||gs-1) such that

178 @Be i (Nl rs-1 S vl|aih] -1 + K| gror
for h € H"1(R).
Proof. See [1, lemma 4.6]. O
Lemma D.4 is the counterpart of lemma D.3 in the case when w = 1.

LEMMA DA4. Let n,meN, 3/2<s <s<2 and v € (0,00) be given. Let fur-
ther f € H*(R). For any sufficiently small € € (0,1), there is a constant K =
K(g,n,m,|| fllms) such that

175 B0, (£)[] = Boolnihlll ge— < vlaihllge— + K[| gor-s
and
175 By (D[Rl ge—r < vllaihllge— + Kbl gor—r,  n>1,

for all h € H*~Y(R).
Proof. See [1, lemma 4.7]. O
We now prove a lemma which deals with a similar situation as in lemma D.2.

LEMMA D.5. Let n,meN, 3/2<s <s<2 and v € (0,00) be given. Let fur-
ther f € H*(R), a € H*"*(R) and & € {1} U H*"Y(R). For any sufficiently small
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e € (0,1), there is a constant K depending on e, n, m, || f||ms, ||a| gs-1 and |0 gs—1
(if @ # 1) such that

a(€5)B(E) (f'(€5))"
LT (&)
< vllmhll s + KAl g

T5wB,, o (f)lah] — Boo[m5h

J ]HHkl
for all |j| < N —1 and h € H*71(R).

Proof. Let first w € H*~(R) (the case @ = 1 is similar). It is suitable to decompose

a(&5)w(&5) (S (€5)"
[T+ (f(€5))2I™

TSwB,) ,,(f)lah] — Boolm5h] = 0(T1 + To) + a(&5) T3,

where

Ty := By, 1 (f)[75 (@ — a(&
- BE) )"
T5 := ijB9L7m(f)[h] - WB0,0
Lemma D.1 yields
[@T || o < K[(a — a(€5))hll2 < K||h|f2.

Besides, using lemma 3.1 (ii), (3.11), the identity X575 =75, and the fact
that a € C573/2(R), we see that

[@Ta || a1 < Cll75 (@ — a(&5)) | =
< ClIxG(a = a(&§G) o lm5 Rl pra—r + KA o

v
< DS bl + Kl s

provided that ¢ is sufficiently small (where C' = C(n, m, ||@||g+-1, || f||m+)). Since T}
can be estimated by using lemma D.2, we have established the desired claim. [J

Lemma D.6 below can be seen as the analogue of lemma D.5 corresponding to
the case j = N.

LEMMA D.6. Let n,meN, 3/2<s <s<2 and v € (0,00) be given. Let fur-
ther f € H*(R), a € H*"Y(R) and w € {1} U H*"1(R). For any sufficiently small
€ € (0,1), there is a constant K depending on e, n, m, || f| ws, ||a| gs-1 and ||@|| gs—1
(if @ # 1) such that

17 8@By i (Nlah]ll o1 < vl|mih| g1 + K| o

for all h € H*~Y(R).
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Proof. Tt is suitable to decompose
w5@BY,,(f)lah] = @(Ty + ),

where

Ty := 5B, ,,(f)lah] - By, (f)[5ahl,
Ty .= B2 (f)[r5ah].

n,m J

Lemma D.1 yields
[T s < Kllahlls < KJall.

Moreover, invoking lemma 3.1 (ii), (3.11), the identity x575 = 7, and the fact that
a vanishes at infinity, we find

[@Tal[e-r < Climjah||l e < ClixGallcollm5hllma—r + KAl gror-s
J J J

<
Svlmihll e + Kbl o
provided that ¢ is sufficiently small. This completes the proof. |
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