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Introduction

Symmetry theory is of fundamental importance in studying systems of partial
differential equations. At present algebras of classical infinitesimal symmetry transform-
ations are known for many equations of continuum mechanics [1,2,4]. Methods for
finding these algebras go back to S. Lie’s works written about 100 years ago. In
particular, knowledge of symmetry algebras makes it possible to construct effectively
wide classes of exact solutions for equations under consideration and via Noether’s
theorem to find conservation laws for Euler-Lagrange equations. The natural develop-
ment of Lie’s theory is the theory of “higher” symmetries and conservation laws [5].

The most significant aspect of it is the possibility of calculating explicitly all
conservation laws for arbitrary systems of differential equations, in particular for those
for which the Noether theorem is not applicable.

It seems that the simplest approach to the theory of higher symmetries and
conservation laws is in the language of generating functions (see below). These are
functions of independent and dependent variables and their derivatives of any order as
well. From this point of view the classical theory [4] appears to be a special case of the
“higher theory”, namely, the case when generating functions depend only on derivatives
of order £1 and, moreover, satisfy some additional conditions.

Our purpose in this paper is to find all higher symmetries and conservation laws for
equations of the plane static ideal plasticity problem. The remarkable fact is that this
problem admits an infinite algebra of symmetries and an infinite group of conservation
laws. Exact formulations are contained in Theorems 1-4.

It was not our aim in this paper to apply the results obtained. This will be done
elsewhere. Also we would like to remark that this paper demonstrates how the general
theory presented in [5] works in concrete problems. An interested reader may consult
the book {3] for both technical and conceptual details of the theory.

0. Preliminary

Let x=(x,,...,x,) be independent variables and u=(u',...,u™) be dependent ones.
Suppose that the system of differential equations under consideration has the form

F=0, ©.1)
415
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where F=(F,,...,F,), F;=F(x,u,...,uy) and u, is the totality of all partial derivatives
of order [ of functions u' with respect to variables x;.

1. Roughly speaking an evolution system

; ' . out
up= f{(x,u,uy..., Uy), u, =30 0.2

where t is a new independent variables, can informally be considered as a higher
symmetry of the system (0.1) if u (x,7) is its solution for every fixed t provided that
u(x,0) is and also some suitable boundary conditions are fulfilled. We will not give here
the exact definitions (see [3],[5]). Instead we will describe how to find the functions
f=(f1..., /™ which are called generating functions of the higher symmetry (0.2).

2. Consider the infinite-dimensional space J® with coordinates x,u,p., where the
symbol p{ corresponds to the derivative

ololy? )
W, IO'I=11+"'+1,,, 0'=(ll,...,l,,).
...0x}
By a smooth function on J® we mean a smooth function in a finite number of
coordinates on J*. The algebra of all such functions will be denoted by #.
The total derivative operator with respect to x; is

8 A
Dl:a——+;P”a—p"

X

where gj=(iy,...,i;+1,...,i,), if o=(if,...,i).
Let D,=D!o---oDir if ¢ is as above. The universal linearization operator for the
system (0.1) is defined as

oF, oF,
;ap;D" ;a—p:lD,,
IF=
oF, oF,
i o Lo

This is a matrix differential operator. The system (0.1) defines the submanifold %, in J®
which is given by means of the following infinite system of equations:

D(F)=0  Vo,i. 0.3)

Via the system (0.3) a part of the coordinate functions p. on %, can be expressed
through the others which will be supposed functionally independent. The latter class of

https://doi.org/10.1017/50013091500006817 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500006817

SYMMETRIES AND CONSERVATION LAWS 417

coordinates will be called internal ones (on %) while the first will be called external
ones. Of course, decomposition of variables into internal and external ones may be
made by many different ways.

3. A function g on J* may be restricted on #,. To perform it external variables are
to be replaced by suitable expressions of internal variables. The restriction of g on %, is
denoted by g. Similarly the restriction D; of the operator D; on %, is defined by the
formula

0

_ s, 9
D.=— 5
1=, t Lo

ap},

where “wave” means that summing is only by the internal variables pf.
Let also

D,=Dito-- 0D o=(iy,...,1,)

oF, "&_

Zap;D” Zap:'D,
TF=

= oF, _ = dF, _

Z@D“ Za_pED”

4. We need the following result (see [31,[5]): (0.2) is a symmetry of the system (0.1)
if and only if

I(f)=0.
Here f is understood as a column-vector. It should be noted that two symmetries with

generating functions f and g are the same if f=g.
We associate with every generating function f the operator

0
3_{:; Da(f:)ﬁ

on J which is called an evolutionary derivation operator. The totality of all generating
functions on J* forms a Lia algebra with respect to the “higher Jacobi bracket™:

{f.8}=3,(8)—3,/).

In its turn the totality sym % of all higher symmetries of the system (0.1) is a Lie algebra
with respect to the higher Jacobi bracket restricted to %,

S. The classical symmetry theory imbeds into the “higher” one as follows. Let

d 0
X= —— — .= q. =
Z‘: a; x, + ZJ: b; By a;=aix,u), b;=b;(x,u).
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be an infinitesimal transformation of independent and dependent variables and
Ul=du' - pidx;.
J
Then the generating function f=(f,..., f™) corresponding to it is defined by

fi=X JU'=b-Y pla;. (0.4)

One can see that X is determined completely by this function.

6. A n-vector w=(wy,...,w,), w;=wy(x,u,...,u) is called a conserved current for the
system (0.1) if

divw=0 on%,.

The latter means that divw=), ;a,D(F), or, equivalently, that divw=) A(F,), where
A;=)Y d, D, are some differential operators on J*.
Let '

A=Y (-1)D,oai.

Vector-function V=(V,,...,V,), V;=A41), is called generating for the current w.
Conversely, it may be proved assuming some regularity conditions on (0.1) that every
conserved current is determined by the associated generating function uniquely up to an
unessential summand of the form rot Q (see [5]). Two conserved currents are said to be
equivalent if their difference has the form rot Q. A class of equivalent conserved currents
is said to be a conservation law for (0.1). The reader will find motivation of these
definitions in [5].

7. From above we see that for “good” equations conservation laws are determined
uniquely by their generating functions. By these we mean generating functions of the
corresponding conserved currents. Therefore the problem of finding conservation laws
reduces to finding generating functions.

The following result (see [S]) is central in solving the last problem: the generating
function ¢ of a conservation law satisfies the equation

F(@=0 (0.5)
where the matrix operator I¥ is formally conjugate to ;.
Remember that the matrix differential operator A* formally conjugated to a matrix

operator A=||A;|| has as its entries scalar operators

(A')ij-_-(Aji)'
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and if A=Y ,a,D, is a scalar operator then

A*=Y(-1)D,0a,.

8. Note that not every solution ¢ of the system (0.5) is the generating function of a
conservation law. In order to be so it is necessary and sufficient that the following
representation takes place

Il,+A*=BoI, (0.6)
where the operator A satisfies the equality

AF)=1¥(¢) and B=B* (see [5]).

9. Conservation laws can be generated by symmetries. Namely, let f be the
generating function of a symmetry and g the generating function of a conservation law.
Then the “function” f[g], defined by

Slel=1(f)+A%g) 0.7)

is the generating function of a certain conservation law. Here the operator A=) cD,,
" ¢,eT, satisfies the equality (see [5]):

If)=A(F).

1. Linearization of plasticity equations with von Mises condition

Consider the system of differential equations describing the plane strained state of the
medium with von Mises condition

6, —2k(0, cos 20+ 0, sin 26) =0

(1.1)
. 0,—2k(0,sin 20— 6, cos 20) =0,

where o is the pressure, 8 is the angle between the x-axis and the first main direction of
the stress tensor, k is the plasticity constant and a subscript denotes the corresponding
derivative.

1. It is known [1] that the system (1.1) admits the following algebra L5 of
infinitesimal symmetry transformations generated by the operators:

d d d 0

Xi=ge Xampp Xamxgtygy
7 o 0 a
Xe=x o Voo X575
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Corresponding generating functions (see (0.4)) are

fi= —X0,—Yyo, fu= —Yyo.+xo,
37\ —x0,—y0,) T\ —y0,4+x0,+1)

where
=do—o,dx—o,dy
' (1.2)
=d0—0,dx—0,dy.

Here o, stands for pj, o, for pj etc.
In [1] solutions of the system (0.1) invariant with respect to Ls are constructed.

2. It will be useful for our aims to transform the equation (1.1). First of all, let us
introduce new dependent variables £, n by

o=k<&+n), 0=4n-¢).
In these variables the system (1.1) takes the form

¢ o on on
pm +6yg6 0, ax—ayct g0=0.

Secondly, let us interchange dependent and independent variables in the last system, i.e.
put

x=x(&,n), y=y&n).
This leads under the condition (D(x, y))/(D(¢,n)) #0 to the system

dy ox ox
—Ztefh= 1.
n " on g0=0, 66 6§Ct g0=0. (1.3)

Finally passing in (1.3) to the new dependent variables x, y by means of
x=xcosf@—ysin@, y=xsinf+ ycosd

we obtain the desired system

—+45=0, Z+4-=0. (1.4)
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To simplify notation the last system will be written in new variables as

ou ov
o i, — )
I +10v=0, 6y+2 u=0. (1.5)

Below we study the system (1.5) which is denoted by #. We will find all higher
symmetries and conservation laws for it. After performing the back transformation we
will obtain symmetries and conservation laws for the initial system (1.1).

2. Higher symmetries of the linearized equations (1.5)

The universal linearization operator for the system is (see Section 0)

D, 3
lF= 1 D ’ Dx=DlaDy=D2'
2 Y

Therefore we have to solve the equation

I(f)=0, 2.1)

D, 1}
(3 5)
F % Dy

in order to find symmetries of (1.5) (see Section 0.4).

We will put ug ;=pg. i, s,y = P& 1, for the multi-index (k,!) and will choose variables
X, y and ug=ug 1), Va="Vw, o) as internal coordinates on ¥, We write feZ, if f=
SOy, u,0,u), V). . .5 Uy, V) _ ~

In this notation the operators D, and D, are written as follows:

where

_ 0 0 d ] i)
Dx a +2 Da U(l)a +- +4 u(,, 1)6 + (,,+1)a (")+ .o

~ 0 d tou 0 0
y—a‘*'“u)a U -+ +u(n+l)a (n)+4 U(n—l)%'*’

1. Classical symmetries of the equation (1.5). In this case the generating functions
f=(¢ V) depend on variables x, y, u, v, u,, v,, u,, v, and therefore J depends only on x,
Vs U, U, U, =t,, 0, =0, It is not difficult to see that the left hand side of the first of the
equations (2.1) is a first order polynomial in the variable v;,. Therefore (2.1) holds iff
coefficients of that polynomial are equal to zero. So (9¢/dv ;) =0 as being the coefficient
of v(y). Similarly from the second of the equations (2.1) we find (d/du,))=0. Therefore
taking into consideration that y = —2D,¢, ¢ = — 2D we see that

$=A1uu)+Bl, J=sz(1)+Bz, Ai,Bie-go.
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Putting these expressions into (2.1) we see that its left-hand side is a linear polynomial
with respect to the variables u, v, By the same reasons as above coefficients of
UG, Uy are to be zero. The u)-coefficient in the first of the equations (2.1) is D,A4, and
one finds easily from the equation D,4,=0 that A, =A,(y). The v,,-coefficient in the
second of the equations (2.1) equals D,A, as well and A4,=A,(x). Similarly, consider-
ation of other coefficients leads to

Bl= —%"A2U+Cl,
Ci=C{x,y)
Bz= —%'A,M+C2.

Having this in mind one may conclude that I (f) is a polynomial in u and v. Finally,
performing one similar step more we obtain

¢ =(ay+Pugy+(a+0u—3-(—ax+y+hy(x,y)
2.2)
¥ =(—ax+ywq,+0v—% (ay+Bu+hy(x,y),

where a, B,7,0 are arbitrary constants and (h,,h,) is an arbitrary solution of (1.5). It
follows from (2.2) that the elements

Yy +5 ut+dexv u
Sl= 1. 1 s S0= s
_xv(l)_i v-z'yu v

1.
0 U o_[ 20 hy
= ) = , H= s
' (—%'“) &1 < V) ) (hz)

generate additively the classical symmetry Lie algebra of (1.5) and
{Sl’ f(l)} =f(1)’ {Shg(l)} =g(1)’

{So, f?} ={So’g(1)}=0’ {Sos H}= —H,

.a_}ll_ —%'hz‘
{f(l)’H}= ay » {g?sH}= 9}2 s
—%-hy O0x

oh
Ya_l'*‘lz"hx +%'Xh2
{8, H}= oh,
_%'yhl_xg—%'hz

3. It is not difficult to find symmetries of the “second order” using essentially the
same considerations. By the “second order” symmetries we mean ones generating
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functions which depend only on X, y, u, v, ), vy), 4z), Vz). The result is
d=(ay* +by+c)uz —3-(ax? +dx+m)v,

+(2ay+b+2ay—2y)ugyy+ [(—%-ay—3- b)x—3dy+2a+ 6Ju+(ax + B+ hy(x, y),
‘ 2.3)
¥ =(ax?+dx +m)v,+(2ax +d —2ax — 2Py,

‘

~3-(ay* +by+uyy+(—ay+u+[ -G ax+4d)y—ibx + v+ hy(x, y),

where a, b, ¢, d, m, a, B, y, & are constants and (h,, h,) is an arbitrary solution of (1.5).
This experimental calculation forces us to suppose the existence of higher symmetries
of arbitrary order.

4. Now we will show that this is indeed the case.

Let fe#, Then either (3¢/0uy,)+#0 or (y/dv,)+0 and T (f) is a first order
polynomial with respect to variables u,;), 0,4+ Corresponding coefficients are
(09/0u ), (0/0v,) and therefore they are to be zero. Since Y = —2D,@, ¢=—2DJ this
shows that

@=Auu+B,, Y=A0,+B,,
where A, B;e#,_,. From the latter one ca.m conclude that I (f) is a first order
polynomial in variables uq, v, of which some coefficients are D,4;, D,A,.
Therefore

D,A;=0, D,A,=0

and A, =A4,(y); A, =A,(x). Consideration of other coefficients leads to

By=—4 Ayv,_ 1)+ Cytip_ 1)+ Dy,

By=—% Ay 1+ Cy0p1y+ Dy,
where C,D;e Z#,_,.

Taking it into account one can see that I{f) is a first order polynomial in u,_,,
V- 1)- As above its coefficients are to be zero. This gives the following equations:

p.c,=D,C,=0,

oD,
0V, — 3

D,

0.
Ou,_ 4

3Gt ay(0)=0, $C—4- A+

From these it is easy to find that C, =C(y), C,=C,(x) and also

D, =3(A%(x) — C5(x))v¢, - 2+ ox, Vg, -2+ Fy,
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D, =4(A1(y) — C1(»))n- 2+ B0, -2y + F,
where F,, F,e#,_,.

Substituting these expressions in I{f) one can see that I{f) is a first order
polynomial in u,_ ), v, ;). Its coefficients give the equations:

O ap
oL atn=0 Ll 4=
ax +4 Al(y) 0, ay +% AZ(x) 0’

solutions of which are
a=—% A1(Mx+a(y), B=—% Axx)y+b(x),

where a, b arbitrary functions.
Finally, we have

@ =AM~} A ()04 1)+ Ci(Ms - 1)+ 3 (A%X) = Co(X)); - 2,

+(a:()— 4 xA 12+ Fy,

¥ =Axx)0m—% A1(Mn— 1)+ Co(X)0n- 1)+ 3 (A1(0) = C1(Mtn - 2)

(2.4)

+ (az(x) _% ) yA’z(X))U(" -2) + F21

where Fy, F,€%,_3.
Qur further considerations will be based on the next lemma.

Lemma. The operator

(ay+b)D,+(—ay+ +d)D,+y—%-a, —%-(ax+c—ay—b)
O= , (2.5)

—¥-(ax+c—ay—b), (ax+c)D,+(—ax+d+b—c)D,+4-a—y
where a, b, c, d, y are arbitrary constants commutes with lg. In particular, [1(f)esym% if
fesym%.
Direct calculation proves it easily.

Now we will show by induction that coefficients 4,, 4, in (2.4) are polynomials of
order <n in which higher order coefficients coincide up to the sign(—1)""1.

The cases n=0,1,2 considered above give the beginning of the induction process.
Supposing the induction hypothesis for n=k let us consider a generating function of the
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form

AWMU+ 1y—3 42Xy + Ci(M)ug,y

5 +%'(A'2(x)—C2(x))vq,_l)+"-+F1,
B (“[7> N A0+ 1y — 5 A1V + Co(X)v,
+1- (A - Ci(Mug- 1)+ +F,.

If fOesym%, then {f,f9}esym® and also in view of the lemma O({f, f?}) esym®. It
is not difficult to see, that

o8
= o |
%

Choosing the constants entering into the operator [J to be b=c=1, a=d=y=0 one
can see that

D({Zf?})=<%"’"(y}“""+£‘ )

—%AIZ(X)U(,‘) + E2

where E,, E, e #,_,. By the induction hypothesis A} and A4, are polynomials of order k
higher coefficients of which differ by the multiplier (—1)*~'. This finishes the proof.
Now we see that independent symmetries belonging to #,\%,_, must have the form

S — y’lU(")+El
" \(=) %", +Ey )’
. o+ E,
f:.=<y - ) 26)
2

B E{
a5 )
XU+ Ly

where EY, E9e #,_,, 0<i<n.
Of course, functions EY? are not defined uniquely. To avoid this inexactitude we put

P 1 i n—i
f"—n(n—l)...(n—i+1)<5}’) (52
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i! Iy .
=E{"'{Smf(1’}’---sf?} (n—i times) .
2.7
1 .
g:'=ﬁ{"'{smg(1)}’---,g?} (n—i times)
S,=0"(S,)
where constants entering into the operator [J from the above lemma are chosen to be

a=—1, b=c=d=y=0. Then it is not difficult to check that the elements S,, [, g’ so
defined have their higher part as in (2.6). Elements fi, gi may be also defined by the

formulas
; (_l)n—i+li! ni
fi= R X3S,
. (_l)n-i+1i! i

Here the operator X, acts as X ,g={f, g}.
Using the following notation

_ {0 -4 (D, ©

x=(o o) 7=(%4 o)

Dz(ywy—D,H% 3(x—y) )
%(x_y) x(Dy_Dx)_% ’

we have

fi=[Y[Y,....[¥,O"...1(So)
(n—1) times. (2.8)
g =[X,[X,....[X,07...150)

In order to find the higher Jacobi brackets of functions S, f:, g, H we need
commutator formulae for operators X, Y, (J. Direct calculation shows that

[X,Y]=AIF, XY=%'E+BIF,
(29)
[O,X]=Cl+X, [Y,O)=DIs+Y,

where
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) %-(x—y)) =( 1 %-(x—y))
C'(%-(y—x) 1) P=4p-n o)

The restriction of (2.9) on the solution space of the equation I(@)=0 looks like

[6,11=0, [(,0]=0,

(2.10)
[z,00]=1, ot=3%E,
where o,1, (] are restrictions of the operators X, Y, [] on this space.
Lemma. The following bracket formulae are valid:
{ :-i’ fznj}= 2 Ak.lffv {Sm’ Su}':o’
0sk<ISm+n—1
. ' (2.11)
{ggnt= Y Buagh
0sk<iSm+n-—1
.
M, .fi, i>],
0sk<iSm+n-1
{ :_iag:_j}= J Z Nksk’ i=j,
0sSk<ISm+n-1
Ly, i<},
&0§k<l§m+n—l
{Sm’H}':Dm(H)’ {f:nH}:lj:H,
{gn H}= IzH,
where A, ;, B, ,, M, ,, N,, L, , are some constants.
Proof. It is straightforwardly to deduce from (2.8) that
:“:( Yy Ci(— l)jr"f[fl"r">so. 2.12)
=0
Also it is easy to see that
O =1(0—-n). (2.13)
Taking into consideration (2.13) one may rewrite (2.12) as
fil= (f‘ Y (—1ycya- J)")So- (.14
j=0
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Next, it follows from (2.13) and (2.14) that
(o =[r' I CH=INO—km e 3 (—1YCI- f)"]so
- r'“{k:io (— DA CHOI—k~ i)m@o (—1yciB- j)") (215)

i N ! "
- 3 (-t - L - vrekar-r)bso
The formula
[z,....[n, 0"*%]...]= i ¢t'CY (i times).
j=0

in which c; are some constants gives the possibility to express operators 7'[')' as linear
combinations of commutators of the form [z,...,[t, (]7]...]. This remark together with
(2.15) leads to the equality

{f:_i’fﬁ—l}=o Z Aj.kf{

SjSkSsm+n—1

in which A4; , are some constants.

The second of the equalities (2.11) is proved similarly as is the third. In the last case
one needs to use additionally the equality ot =4E. Other brackets in (2.11) are obtained
by direct calculations.

Remark. Let ¢ be the 3-dimensional Lie algebra generated by elements t, o, [] with
respect to the usual commutator as the Lie operation. Elements ¢'t/[]" constitute a
basic of its enveloping algebra U(%). It is not difficult to see that the Lie algebra

A =U9)7,

where the ideal 7 is generated by the element o6t —4E is isomorphic to the Lie algebra
sym %, % being (1.5). This shows that elements

Ri=¢'("(S,), Ki=7["S,) O0<i<n

and some of H’s constitute a basis of sym%. Jacobi brackets in this basis looks as
follows:
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[ (~*C*RS,— ¥ (—iVCLKS,, i=j
k=1 =1

(RuKi}=1 3 (~0'CiR7A— 3 (— ) CLRES 1> 216)

Y (=G = Y (= )YCRKAY, j>i
~k=1 =1
{R,H}=c'O"(H), {Ki,H}=70"(H).
Now summarizing all the above we have:
Theorem 1. The algebra of higher symmetries of the equation (1.5) is generated by
elements S,, fi, g and H, 0Li<n, as a linear space, and by elements S,, f9, g3, H as a

Lie algebra. Moreover the Lie operation in it is described by formulae (2.11) or by
Sformulae (2.16).

3. Conservation laws of equations (1.5)

Let us remember that generating functions of conservation laws are contained in
ker %, Therefore our first step is to solve the equation (see Section 0)

Itf =0, (3.1

é -D, %
7-(5) n=(73 %)
‘p d 12' _Dy
1. If the generating function f depends on x, y, u, v, u, v,, u, v, then f is a

function only in the variables x, y, u, v, ., v, Performing calculations similar to ones
at the beginning of Section 2, we obtain

where

‘5:(“}’+ﬁ)“(1)+%'(“-"+')’)U+(5—%' a)“+31(x, ), 52)
F=(ox+ oy +3- 0y + Bu+G- a— )+ By(x, ), '

where «, B, 7, 6 are arbitrary constants and (B,,B,) is an arbitrary solution of the
system

2,
Ox

0B
—4B,=0, a—yz—gsl =0. (3.3)
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2. Suppose f to be a solution of (3.1) such that fe#, and (9¢/du,)+0 or
(8y/0v,) #+0. Word by word repetition of arguments as used in Section 2.3 shows that

¢ = A,(M)uiny+3A42(X)0 - 1)+ C1(0n - 1y +3(Co(x) — A3 (X)V (s — )
+(a,(y) = 341X e 5+ Fy,
(3.4)
¥ = A5(x)0my + 341 (Nlhin - 1)+ Ca(X)0(n - 1) + HC1 () — A1 (Wb 2,
+(ax(x)—%- YAY X)) (n -2+ F,
where F,F,e %, _,.

As above coefficients 4, and A, in (3.4) are polynomials of order n, in which higher
order coefficients differ by the multiplier (—1)". To prove this we will use the formula
(0.7) with

f=f°=<i‘;:l )esym@/
g= (A 1D + 1y +342(X)0y + C (Mt + Fl)
A (X)0gn 1 1y + 34, (Pt + Co(X)vny + F»

As the result we obtain a new generating function
f= m +W)_ eker E
If 6=[1* where [ is the operator (2.5), then [¥o8=50l¢. Therefore &(h)ekerl¥ if

heker I¥. Specializing constants in § to be b=d= —1 and the others to be zero we see
that

—3A (e +F —
()= ¢ l)ekerl"‘.
f) ( 34X+ F, F

Now the polynomial property is proved by the same arguments as in Section 2. Also
independent generating functions of conservation laws belonging to %#,\%,_, may be

chosen in the form
T = Vum+F,
" (_ 1)")("0(,,)-1- Fz ’

i (Yum+Fi
P} —( F, >, (3.9)

. Fj
Q:l =( i ! F”)’
X U('l)+ 2

where FPe Z,_,.
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Using the formula (0.7) it is not difficult to check that expressions
2Py =fulTo) 205 =8ulTol,
2Por1=SulP}), 2Q%+1=82l01), (3.6)

T,=0"(To),

A=) a-() oo(2)

are the form (3.5). For this reason we use (3.6) as an exact definition of functions T,, Pi,
Q.. These functions together with functions (3.3) generate all solutions of (3.1).

In order for a solution of (3.1) to be the generating function of a conservation law the
representation (0.6) should take place. The function T;, satisfies this condition. In fact,

1 0 -1 O\[u, +3v
— * _ X
w~o op rm=(To D )
~1 0
(% 1)

and I +A*=0. This fact and formulae (3.6) show that functions P, and Q% are
generating functions of some conservation laws.

On the contrary we shall prove that no linear combination of functions P, Q, T,
n=2k +1, is the generating function of a conservation law of #.

First, remark that P! (respectively, Q%) owing to (3.5) may be presented as a linear

combinations of derivatives (8°T,/dy") (respectively, (6°T,/0x°)), 0<s=<k. Therefore it
suffices to prove that for the function

where

Therefore

o'T, o'T,
d=Y i1 Toger+ 2, <ﬂk.i 2",'“ + Pk, i Zkiﬂ)’
x 0sisIk+1 dy 0x

where a,, B, i, .; are arbitrary constants, no representation of the form (0.6) exists.
The left hand side of (0.6) adopted for a function ¢ we will denote H(¢). Also the
operator A entering in it will be denoted B(¢). With this notation we have

H(¢)=1,+ B(¢)*.

It is easy to see that H(1,¢)=) A,H(¢), if 4; are some constants. For this reason we
need some explicit formulae for operators I, and B(y), where

_6"7}, or T,

T oxt oy’

v
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First, supposing operator 4 and matrix A to be as above we see that
11-" = IJ"TO = 6"11-0 = —6"A.

Further, using the following directly verifiable formula

d
l(as/ax) = I:Ea IB]

4 g .
I(alT,,/ax‘) = [5 yerey [a—x, (S"A] cee ] (l tlmes).

Now it follows from dolf=If<45, that I} T,)=I1}"T,)=56"I}(T,)=(6"A)(F) and we see
that B(T,)=4"A. But

we see, that

0 0 oF
‘ = —
% — =1 i and Em 0.
Therefore
T, 6' 0
I\ == (l}‘(Ti.))— ,0"4 |... |(F).
6x | ox’
and, finally
TN [0 [2 4un s o
H(W) = [a, . [E, A6 —6 A] .. ] (l tlmes). (37)
Obviously a similar formula for H(d'T,/dy’) is valid. For any odd n direct calculations
lead to the formula
2y"u,,+ E
*n n (n) 1
(467 ~0 A)< ) ( 2x "0+ E, )’ G

where the E; are polynomials of order <n in x, y in which coefficients are linear
polynomials in variables u, and v, with coefficients belonging to %#,_,. Now in spite
of (3.7) and (3.8) one can conclude that

ﬁ(qs)(:):;l:ar*‘osfz; (ﬂk .ai: + 7, i3 9 )](gk)

where g, is the right hand side of (3.8) taken for n=2k + 1. If not all of the numbers a,,
Bi.» 7x.: are equal to zero, ie. if ¢ #0, then the right hand side of the latter equality is
not zero. This is clear from the form of g,. But

a3
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Therefore the equality H(¢$)=Bol; is impossible. Finally, putting all above together we
obtain;

Theorem 2. The set of generating functions for the conservation laws of equation (1.5)
is generated as a vector space by solutions of (3.3) and by elements T,, P,, Qi
Moreover, the following formulae hold

2Py =lr () +AL(To)  0<i<2n,
205, =Ir(gh) +VEd{To)  0=<is<2n,
where operators A, ;, V, ; are defined by the equation
([ =8 {F), le(ghn)=Vp {F). (3.9
It is straightforward that a conserved current corresponding to the generating

function (¢,y) is (ud, —vy) (see Section 0.6). In other words for an arbitrary closed
curve I in the (x, y)-plane the equality

{(u¢ dy—vy dx)=0
r
takes place supposing (u,v) is a solution of (1.5).

4. Higher symmetries and conservation laws of the plasticity equations

In Section 2 and Section 3 there were found generating functions of symmetries and
conservation laws for equations (1.5). These are expressed in the variables &, n, X, j.
Below we will transform them into ones for the equation (1.1).

1. The Cartan forms corresponding to the coordinate systems (&,7,X,7) and
(x, y,a,6) have the form ’

Ul =d%— %, dE— %, dn,

4.1)
Uy=dyj—y dE—y,dn,
and
U,=do—o,dx—a,dy,
(4.2)
U,=d0—-0,dx—80,dy,
respectively.

It follows from the general theory [3] that
U, Ui
=1 , 43
(Uz) (U'z) 3
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where A is a 2 x 2-matrix. It is not difficult to see that

A=(—a,cos 6—o0,sin 6 a,sine—a,cos()).

—6,cos0—0,sin 6, sinf—6,cosb (44

It follows that symmetry generating functions for the equations (1.5), say f’, and ones
for the equation (1.1), say f, are related by the formula (see [3])

=1 (4.5)

2. It follows from (4.5) that generating functions H,,..., Hs of classical infinitesimal

symmetries are
—COS%(n—é)) ( sin3(n—¢) )
H = . . H = .
' ( sind(n—¢) 2"\ —cosi(n—9)
1
Hy=S,, H,=3gi—f9), H5=2_k (g2 + D).

Functions K=AH where H=(h,,h;) are arbitrary solutions of (1.5) as well as the
function

. —2k0+0x51+0'y¢2
g »
© g a6

where

¢ = —xcos20-—ysin20—y%

(4.9)
g

§2=y00520—xsin20+xk

corresponding to the function S, in (&, n,X,y)-coordinates correspond to the new
previously unknown classical symmetries of the equation (1.1) (see [1]). It shows that
the equation (1.1) has the infinite-dimensional algebra L® of classical infinitesimal
symmetries generated by operators:

9 g0
oc k 00’

0

d d d
X, Xz, X39 X4, Xs, X6=fla_x‘+éza—y'—2k0 X=6b;+r,5;,
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where £,, &, are defined by (4.6) and (£, 7) is an arbitrary solution of the following linear
system of differential equations

N | ¢\ o
2k(sm26£+c s 20 a) 20 =0

0 on\ on_
2k<sm20 co 2060)_55—0'

Now we need to rewrite the recursion operator [] (2.6) in terms of the initial
coordinates. Obviously, a generating function of the form [Jf’ adopted to the
coordinates (&,n,X,y) corresponds to a generating function []f adopted to the
coordinates (x,y,0,0) if f’ corresponds to f and [J=A0A4!. In order to rewrite the
operator (] in terms of the initial coordinates we will express D,, D, by means of D,, D,.
It follows from the general theory that

Dy=4D,+A,D,, D,=p,D,+uD,,
where A, y; are functions on J®.

Since D¢x)=4,, D{y)=4,, etc. then

D.=DJx)D,+ D{y)D,,

D,=D,(x)D,+ Dy)D,,

k o,
eaamag (e G )or)

and therefore

4.7)
D, = k 0 D, + —-0.|D
" 60,—0,0,\\"’ 2k 2k *))
Taking a= —1 and the other constants in [J to be zero we obtain
O=[lbyll ij=12
by, =%E+2k1"9[0§+0§+CE(D)—DE(C)]—I“E(I),
by, =8k*0E +2kI~'[cos 26(6% — 62) — 26,0, sin 20 — E(I)] +4k[CE(D)— DE(C)],
(4.8)
0
by, = e — E+0I"'[CE(D)—DE(C)+ E(I)+ C*—D?] +le;,

bu=%E+2k01"[CE(D)~DE(C)—0,2,—0§]—I“E(I),
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where
C=—0,cos0—0,sin6, D=0, sin6—06,cos¥,
E=¢,D,~0,D,, I=00,—0,0,.

4. Now we have all that is necessary to describe higher symmetries of the equations
(1.1). Let

o —xa‘,—ya’y
Zo—f3_<_x0x_y0y)

and
Z,=00"Z,),

where [] is the operator (4.8).

Also, let
k—4(-yo,+x0,)
0_ 2 x ¥, =Ag®
¢l (_%_%(_ygx_"_xoy) L1
4.9)
k+3(—yo.+x0 ))
o_ 2 x Y =2 0,
Vi <%+%(—y0x+x0,) /i
and

¢f,=(—1)"*"";—!!{...{Z,,,qb‘l’},...,¢‘,’} (n—i times)

¢:=(—1)"+1—i;—!!{...{Z,,,lll?},...,l/l‘l’} (n—1i times).

Taking into consideration Theorem 1 we obtain:

Theorem 3. The algebra of higher symmetries of the system (1.1) is generated as a
vector space by elements K, Z,, ¢, Y., 0<i<n, and as a Lie algebra by elements K, Z,,

R4t
5. Now we are going to describe generating functions of conservation laws for
equations (1.1).

Let F (respectively, F’) be the left hand side of equations (1.1) (respectively, of (1.5))
which are supposed to be written in coordinates (x, y, o, 8). Then

F=AF, (4.10)
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where A is a 2 x 2-matrix. It is not difficult to find it directly:

(4.11)

cosf sinf

Ae Z(U,Gy—a,(?,)(_sm 6 cos 0).

Using general properties of universal linearization operators (see [3]) and the formula
(4.10) we have

TF=E=KT,~, +F1,=Al.
and
IF =iz oA*.

It follows that solutions of equations T#7 =0 and I%f'=0 are transformed into each
other via transformations

['=R*f, f=A%"'f.
This leads us to the formula
C1=(A*)~1oA*
relating recursion operators for equation Ef=0 in the initial coordinates and ones in

the coordinates (&,1, X, ). Taking 6= []* (see (2.5)) where b= —1, d=1 and the other
constants in [] are equal to zero and using (4.7) we obtain

(4.12)

t [ a,,sin6—a, cosf a,,sinf—a,,cosd
2kl ’

O=31 —a,,cos0—a,,sinf 0
where
a;;=2sin0A—2kI cos 6+ 2Bsin 6 —4cos 0,
a12=—2cosOA+2kIsinG—ZBco.SG—%sin‘O,
2a,,=sinf, 2a,,= —cosf
A=9o,D,—0.D, IB=gl,—0,, I=00,—0}0,.

6. Now we are able to describe generating functions for conservation laws of the

equations (1.1). Let
- i
_(An-1[ XY\ Y
Zo=(A%) (y‘)—(—%x)
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and
Z,=["(Z,). (4.13)
Also, let
2.=2A%71PY,
M5, =2A*"" 05,
R=(A*%"'B,

where B=(B,, B,) is a solution of (3.3). Then

2N12n = lZo(wiZn) + A:, i(ZO) ’
(4.19)

Mo =1z (02 +VidZo),
where
Yo = By (F),  1K(¢20) =V, {F).
With this notation and in virtue of Theorem 2 we have:

Theorem 4. The group of generating functions corresponding to conservation laws of
equation (1.1) is generated as the vector space by elements Z,,, N%,, M’,, 0<i<2n, and R.

7. Finally, the “integral” form of the conservation laws of (1.1) corresponding to the
generating functions (¢, ) in the initial coordinates is

l(—d}i-(%’i+0,>+¢/i'<%—0x>)dx+<¢i-<%+0,)+w,\7'<%—0,)>dy=0,

x=xcosf+ysinf, jy=-—xsinf+ycosf.
Here I is an arbitrary closed curve in the (x, y)-plane and (o, 0) is a solution of (1.1).
A conserved current corresponding to T, is x2dn+ y2dé. Rewriting it in the initial
coordinates we obtain the form
@=[2x0,(x cos 20 + y sin 26) + (x> + y*)8, sin 20] dx
+[(x2+y?)0, sin 6+ 2y0,(x sin 20 — y cos 26)] dy.

Therefore by the definitions currents 34 (w) and 3 (w) correspond to generating
functions M5, and N, respectively.

https://doi.org/10.1017/50013091500006817 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500006817

SYMMETRIES AND CONSERVATION LAWS 439

REFERENCES

1. B. D. AnniN, V. O. By1ev and S. 1. SeNasHov, Group Properties of Elasticity and Plasticity
Equations (“Nauka”, Novosibirsk, 1985, in Russian).

2. N. H. IsraGiMov, Group Transformations in the Mathematical Physics (‘“Nauka”, Moscow,
1983, English translations: Reidel, 1985).

3. I S. Krasiwsuchik, V. V. LychagiNn and A. M. ViNoGrapov, Geometry of Jet Spaces and
Nonlinear Partial Differential Equations (Gordon and Breach, New York, 1986).

4. L. V. Ovsiannikov, Group Analysis of Differential Equations (“Nauka”, Moscow, 1978, English
translation: Academic Press, 1982).

5. A. M. VivoGrabov, Local symmetries and conservatfon laws, Acta Appl. Math. 2 (1984), 21-78.

DEPARTMENT OF MATHEMATICS DEPARTMENT OF MATHEMATICS
KRASNOJARSKY UNIVERSITY Moscow UNIVERSITY
660062 Krasnosarsk, U.S.S.R. 117234 Moscow, U.S.S.R.

https://doi.org/10.1017/50013091500006817 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500006817

