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CONTINUITY OF THE SUPERPOSITION OPERATOR
ON ORLICZ-SOBOLEV SPACES

G. HARDY AND H.B. THOMPSON

We give sufficient conditions for a homogeneous superposition operator to be a con-
tinuous mapping between Orlicz-Sobolev spaces. This extends a result of Marcus
and Mizel concerning mappings between Sobolev spaces.

1. INTRODUCTION

Let © be a domain in R¥, let M(f2) be the space of real measurable functions
defined on (2, and, for a Borel measurable function f: R — R, define the homogeneous
superposition operator Ty : M(Q) — M(Q) by

(1.1) Tfu= fou, u€M(Q).

In [9], Marcus and Mizel show that (under certain conditions) T is continuous as
an operator from the Sobolev space W1?(f2) to the Sobolev space W'({2). Here we
consider the continuity of Ty on Orlicz-Sobolev spaces, and show that results analogous
to those of Marcus and Mizel (for 1 < p < o0 ) hold for Orlicz-Sobolev spaces.

We remark that in both [5] and [8], results were obtained for the non-homogeneous

superposition operator Ty acting on vector-valued functions u = (u1, - ,%m), where
Ty is defined by

(Tru)(=) = f(=, u(=))
for f: @ x R™ — R. An example, given in Section 6, suggests that we cannot expect
to obtain theorems on continuity of the type found here and in [9] in the general case.

2. PRELIMINARIES

ORLICZ SPACES. We shall use the properties of N -functions and Orlicz spaces as given
in [7]. A brief summary of most of the definitions and theorems we need can also be
found in [2]. To set the notation, and for later reference, we list a few properties below.

(i) An N-function M satisfies the A,-condition (or M € A;) if there exists a
constant up 2> 0 and a real-valued function kas such that

M(lu) < kp(D)M(u) for w > ue, 1>1.
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(i) If M is an N -function, the Orlicz Space Ly = Lp($2), is the set of all functions
u, measurable on Q, such that there exists a constant A > 0 such that f, M(Au) < oo.
(iii) We shall use either the Luzemburg norm

lellng = Mellag o = inf {A >0: [ M/ < 1}

or the equivalent Orlicz norm

lllag = sup {/luv|}
an(u)gl a

according to convenience. (Here M(v) = sup{u | v | —M(u)} denotes the N -function
u20

complementary to M)
We have the following expressions for the norms of the characteristic function of a
measurable set A C {2:

0, if my(A) =0,
Ixallpa = { mn(A)P1[1/mn(4)], mn(A)#0

0, if ma(A) = 0,
|||XA|||P,n = { 1/P1[1/mn(A)), mn(A) # 0,

where mp(-) denotes Lebesgue measurein R¥.
(iv) Let P and M be N -functions, where M € A,.
(a) Suppose Po M ™! is an N -function. If u € Lp(f2), then Mou € Lp,pr-1(9),
and
M (u)llpons—2 < comst (1 + knm(ffullp))-

If further P o (M')™" is an N -function, and M'is strictly increasing, then
1M ()l poagry-2 < comst (1 + kage([llullp))-

(See [5].)

(v) If R and P are N -functions, we write R < P if there exist constants uo and
k such that R(u) < P(ku) for all © > up; and R < P if t‘li_’n;oR()\u.)/P(u.) =0 for all
A>0.

(vi) For R < P, the multiplicator space Lp : Lp is defined as the set of all
functions v on Q such that uv € Lg forall u € Lp. We define the N -function R: P
by :

(R P)w) = sup {Rw) - P(v))
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and then
Lr: Lp = Lg.p.

( See [1}.)

(vii) Let P be a strictly convex N-function satisfying the A;-condition. If both
un = u E5(Q)-weakly and |[[unllpgq — lullpq, then ||un —ullpq — 0 as n — oo.
(See [6].)

(viid) If P € A;, then u € Lp(Q2) has an absolutely continuous Lp norm; that
is, given, € > 0, there exists § > 0 such that, for every measurable set £ C Q2 with
mn(E) < §, we have

luxellpa <€

(The same result holds with ||-|| instead of ||-||.)

ORLICZ-SOBOLEV SPACES. We shall use the definitions and properties of Orlicz-
Sobolev spaces as given in [2].
(ix) The Sobolev conjugate N -function P, of an N -function P is defined by

sl
Pl(s) = / P(t)t " Ngt
0

where it is assumed that, if necessary, P(t) is redefined for small values of ¢ (giving an
equivalent N -function) so that

1
/ Pt "N dt < oo.
0

(x) The Orlicz-Sobolev space W1Lp(2) is defined as the set of all functions u in
Lp(§2) whose distributional derivatives J;u also belong to Lp(2).
A norm |ju|l; pg = ||u||; p may be defined on W'Lp(f2) by

llully,p = max{[ju|lp, |Brullp, --- » |Onullp}-

(xd) If © is a bounded domain in R¥ satisfying the cone condition, we have the

following continuous imbeddings:
(a) if P7'(o0) =00, W!Lp(Q) — Lp,(9);
(b) if P7l(o00) < 00, WILp(Q) - Lo(2)NC(R).

(xii) Let A(£2) denote the set of all functions u, measurable on 2, such that for
almost all lines T parallel to any coordinate axis z;,1 = 1,--- , N, u is locally absolutely
continuous on 7M. The Orlicz-Sobolev spaces W!Lp(§2) may be given an alternative
characterisation in terms of the class A(f2), as follows:
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Let © be a bounded domain in R¥ with the cone property, and let P be an N-
function. A function u defined on 2 isin W' Lp(Q) if and only if there exists & € A(f)
such that

() % = u almost everywherein 1;

(b) 8/0z; € Lp(Q), (i=1,--,N).

Further 8u/0z; = d;u almost everywhere in 2. See [4] and [5].

3. SUPERPOSITION OPERATORS MAPPING
W!Lp(2) INTo W'Lp(92)

Let Q be a bounded open subset of RY, let f: R — R be a uniformly Lipschitz
function, and let f*: R — R be any Borel function (which may be taken to be bounded)
such that f* = f' almost everywhere in R. By using the arguments in Section 2 of
[8] (replace their Lemma 1.5 by our 2(xii)) we can show that 2.1 in [9] holds for Orlicz
spaces; that is,

u € W'Lp() = { foueW'Lp(Q) }

Oi(fou)=(f*ou)du almost everywhere in ).

We can now modify the proof of Theorem 1 in [9] to obtain the following:

THEOREM 3.1. Let Q and f be as above, and let P be a strictly convex N -
function satisfying the A;-condition. Then the mapping Ty : W'Lp(Q) —» W2Lp(Q)

is continuous.

PRroOF: Let u, — u in W Lp(Q2). By proceeding as in the proof of Theorem 1
(p>1) in (9], we find that fou, — fou in Lp(f) and that

(3.1) Oi(foun) — 0i(fou) E5(Q) — weakly.

If f* is the characteristic function of a Borel set, g*(t) = f*(t) — 1/2, and g(¢) =
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f(t) —t/2, then

1:(g 0 un)llpg = sup / llg™ (un)Bstino]

P(u)(l

= sup /§|(6.-u,,)v|
f;(v)sl a

1 1
=3 ||3i“n||p,n -3 "ai“”P,n
1
= sup / (50,-11.)1)
fﬁ(v)<1 Q2

= su u)d;ulv
s / llg" ()Bsulo]

(3.2) =[18i(g o u)llpq -
By 2.1 (vii), (3.1) and (3.2), di(g o un) — 8i(g o u) in Lp(f2), and so &;(foun) —
0;(f ou) in Lp(R), in this case.

The proof of Theorem 3.1 can now be completed as in the proof of Theorem 1
(p>1)in [9]. I

4. VITALI’S THEOREM

We shall need a version of Vitali’s convergence theorem for Orlicz spaces. The
following is adequate for our requirements.

THEOREM 4.1. (Vitali). Let Q@ C R" have finite measure, let P be an N-
function, let {fn} be a sequence in Lp(}), and let f be a measurable function on .
Then the following two conditions are sufficient for the convergence of {f,} to f in
LP(Q).’

(1) {f=} converges to f in measure.
(i) For each ¢ > 0 there is a § = 6(¢) > O such that if A C RN and
mn(A4) < 8, then

Ifaxallpg <€ forallm €N,

where N denotes the set of all positive integers.
If P € A,, then (i) and (ii) are necessary for {f,} to converge to f in Lp(1).

PROOF: It is convenient to introduce the following notation: for m > 1,n > 0,
and a > 0, let

(4.1) Amn = Amn(@) = {2 € Q: |fm(2) - fa(z)| 2 a}.
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Observe that

(4.2) ' Il frm — fn|||Pn a “|XAW.|"PQ

(a) Sufficiency. Suppose (i) and (ii) hold. Let ¢ > 0, let § be as in (ii), and
let @ =¢/||xallpq- From (i), there exists a positive integer K = K(e) such that if

m,n > K

(4.3) mN(Amn) <.
From (ii) and (4.3),

(4.4) lfixamnllpa <€

forall i € N and m,n > K.
Thus, using (4.2) and (4.4), we have

lfm = fallpa < [[(Fm = fadxa\ama [l po + 1fmXamn lp,0 + FnXamallpa
S amxn\AmnI"Pn +€+€ 3€

for m,n > K.

Therefore { fn} is Cauchy in Lp(Ql) and converges to a limit f in Lp(Q). From
(4.2), with fo = f, it follows that {fa} converges to f in measure. Hence f= f
almost everywhere in 2, and so {f,} converges to f in Lp, as required.

(b) Necessity. Now suppose P € Az and [|fm — flpq — 0.

From (4.2), with fo = f, it follows that {f,} converges to f in measure. Thus

(i) holds.
We now show that (ii) holds. Let ¢ > 0, and choose K so that
(4.5) Ifm — fllpg < /2 form> K.
From 2 (viii) we may choose § > 0 so that
(4.6) I xallpq < 5 )
and ‘.
(4.7) Ifmxallpg <&, m=1,2 K

if my(A) < 6. From (4.5) and (4.6),

fmxallpa < N(fm — Flxallpa + [[fxallpga
(4.8) <e ifm>K.

From (4.7) and (4.8), (ii) follows. 0

The following lemma is needed in our application of Vitali’s theorem - Lemma 4.3.

Lemma 4.3 is used in Theorem 5.4.
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LEMMA 4.2. If ||luxallgq < 1 for measurable A C 2, and if M and Q are
N -functions such that @ o M~ is an N -function, then

(4.9) 1M o xallgors-1,0 < lluxallo,n

PROOF: Since |[uxallgq <1,

. uUxa
= <1: — 1} < .
lluxallg,q mf{o<A\1 / e (5 )\1}

For 0 < A <1, M(u/)) > M(u)/A, so
QoM™ oM(u/X) 2 Q o MY (M(u)/N),
[awm > [ @om ),
A A

inf{o<,\<1:AQ(u/A)<1}>inf{o<A<1;/AQOM-I(M(u)/,\)@}.

(4.9) follows readily from the last inequality. a
LEMMA 4.3. Let Q, M, and R be N -functions such that

(i) Q€ Ay;
(i) Qo M™! is an N -function;
(i) R<xQoM1.
Let Q C RN have finite measure, and let f : R — R be a continuous function such
that there exist constants a, b and c such that

(v | f(t)|Sc+a]|t|+bM(t) forall t € R.
Ifun - u in Lo(R), then f(u,) — f(u) in Lr(R).
PROOF: Since u, — u in Lo(f?), by Theorem 4.1 there exists 7 > 0 such that if
my(A) < 17 then

(4.10) llunxallpo €1 forallneN.

From (iv),

Wf(un)xallra < clixallr,a + allenxallpa
(4.11) +b[[M(un)xallrq -

From Lemma 4.2, (4.11), and (iii), if mn(4) <7

IM(un)xallpa < const [|unxalloq-
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Since (iil) implies that R < @, for mn(A4) < 5, we have

(4.12) I f(un)xallre < Dlllxallg,a + lluaxallg,al

for all » € N and some constant D.

We may partition ) into a finite number of subsets Q; such that mn(£;) < 7.
From (4.12), f(un) € Lo(§%), and hence f(u,) € Lo(9).

‘Since un — u in measure and f is continuous, f(us) — f(u) in measure.

We choose 6; so that

€

2D
Using Vitali’s theorem, we choose §; so that

xall 4,0 < for mn(4) < 61.

[ 4

2D for all n € N and mn(A4) < §,.

llenxallpa <

Thus, by (4.12),
I/(un)xallpe <e forallneN,
if mny(A) < § =min(n, 61, 82).
By Vitali’s theorem, f(un) — f(u) in Lg(Q), as required. a

5. SUPERPOSITION OPERATORS DEFINED BY FUNCTIONS
BOUNDED BY N -FUNCTIONS

We first give a lemma, corresponding to Lemma 3 in [9].

LEMMA 5.1. Let Q be a bounded domain in R satisfying the cone condition,
and let f : R — R be a locally Lipschitz function. Let P and R be N -functions.
Suppose that one of the following sets of conditions holds:

(a) P7}(0) < oo and R=P;
or

(b) P7'(o0) = oo and there exists an N -function M € A, such that M’ is strictly
increasing and

(5.1) | £1(2) I< @ + bM'(2),

where a and b are constants. Suppose further that P,o(M')™" and P.oM™! are the
principal parts of N -functions (completed, if necessary, by the procedure described in
[5], page 16) and that

(5.2) R< P,

(5.3) R: P<P,o(M)7},

(5.4) R<P.oM™.

(5.5) Ifv € W'Lp(Q), then fou € W'Lg(Q)
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and
(5.6) 8i(fou)=(f*ou)fiu almost everywhere in .

PRrOOF: Case (a) of the theorem follows from the Orlicz-Sobolev imbedding theo-
rem 2(xi)(b).

Now suppose the hypotheses (b) hold. Let v = fou. By 2(xii), there ex-
ists 4 € A(Q) such that ¥ = u almost everywherein 2, and then ¥ = fou =
v almost everywhere in . From (5.1), (5.2) and (5.3),

lg” < a+bM'(|1’I|)gu
z; || r,0 Zilllra
i1 ou
< LN & bd —_—
< const “ B2, P,n+"lM (Dl g.pa Oz; p)njl

< const [[[Elly,p0 + 1M (Z)llp, oary-1,0 Il 0] -

From the Orlicz-Sobolev imbedding theorem 2(xi)(a), |||'u.|{|P‘,n < o0, so by 2(iv),
“lM,(l"Il)l"P‘n(Ml)‘l’n < 0o. Thus we have

M

o =

= 18:f(u)llg,a < oo.
RO

Integrating the inequality (5.1), we obtain
|£(t) — F(O)| < alt| + bM(2).
Therefore, using (5.2) and (5.4),

If(w) = f(O)llg,0 < allullga +blIM()lgq

<
< const [[|ullpq + 1M (u)llp,0m-1,0]
<

(5.8) oo
from 2 (iv), because [[ulp, g<oo- (5-7) and (5.8) establish (5.5), and then (5.6) follows
from 2(xii). 0

EXAMPLES OF N -FUNCTIONS SATISFYING THE CONDITIONS OF LEMMA 5.1.
EXAMPLE 5.2. Suppose ¢ >0, and for 1 <r <p < N, define r : p by

1
T:p

1

p

=N | =
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and p. by
1 1 1
p» p N’
Now suppose that
q 1
5.9 =< —.
(5.9) P e

Let R(t) = 1/r|t[", P(t) = 1/p|t|?, and M(t) = 1/(g+1)[t|*"*. Then P;}(co) =
0o, R < P, M € A, and M'(t) is strictly increasing for ¢ > 0. An elementary calcula-
tion (see 2(ix)) shows that

(R: P)(t)=1/(r:p) It

From (5.9), we have
R:PxP.o(M)™".

It follows from (5.9) that

from which we obtain
R<P.oM™.

This example shows that our Lemma 5.1 contains Lemma 3.1 (for » < p < N) in [8]
as a particular case. For p > N, and r = p, we obtain Marcus and Mizel’s result by
defining P as before.

NOTE 1. There appears to be a typographical error in [9]. In the statement of Lemma
3, part (b), the case p < N “1/r < (¢ +1)/p” should read “1/r > (¢ +1)/p.”.

NOTE 2. In the case of power functions (5.4) follows from (5.3). It would be interesting
to know if the same holds in the general case.
EXAMPLE 5.3. Suppose M, P, and R are N -functions such that

(i) M'(u) is continuous and strictly increasing for u > 0,
() MeA,,
(iii) P7*(o0) = o0,
(iv) R7(t) = M'o P(t)- PY(t) for large t,
(v) P.o(M')™" is an N-function.
Since R < P is equivalent to lim (P~1(t))/(R7(t)) = 0, (5.2) follows from (iv).
It was shown in [5] (Lemma 3.3) that (i), (iii}, (iv) and (v) imply that

luevllp < const |lollp, o(ary-1 .0 lullpg
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whence (see 2(vi))
Lp.a(M')-‘(Q) C Lr. p(),

and so (see [7], Theorem 13.1)
R:P < P,o(M)™

Thus (5.3) holds.

It was also shown in [5] that (i), (iii), (iv) and (v) imply that P, o M~! is the
principal part of an N -function and that R. ~ P, o M~!. (5.4) then follows from the
fact that R < R.. (See {3}, Lemma 4.14.)

We can construct particular cases of N -functions satisfying (i) — (v) of Example
5.3 by taking M and P to be power functions, as in Example 5.2. (iv) then defines R
as a power function.

It was shown in [5] that there exist N -functions satisfying (i) — (v), for which only
P was a power function: for 1 < p < N define P(t) by P(t) = c|t|’ (c a constant),
for ¢ > 0 define M by M(t) = [t|*" (In|t| + 1) for large t and define R by (iv) for
large t. For the details, see [5].

Theorem 5.4 below corresponds to Theorem 2 in [9].

THEOREM 5.4. Let f, M, P, R and § be as in Lemma 5.1, and suppose further
that P € A, and is strictly convex. Then the mapping Ty : W'Lp(Q2) » W'Lg(Q) is

continuous.

PROOF: Let f: R — R be locally Lipschitz and u, converge to u in W!Lp(Q).
We need to show that

(5.10) Tfu,, nd Tfu in WILR(Q).

We consider the case [|ual|. (qy is unbounded; the case [[un||,_ (q) is bounded
follows similarly to that in Theorem 2 of [9].

Suppose that f, M, P and R are as in Lemma 5.1 (b), and that P € A, and is
strictly convex.

Let w € W'Lp(Q2) and ¢ > 0. Following [9], we use the notation

Siw=(f*ow)djw, i=1,---,N
A(w) ={z € Q: |w(z)| > ¢}
we = he.ow

where h.(t) =t for |t| < ¢, he(t) = +c(—c) for t > ¢(< —c). Then

Siw. =0 almost everywhere in A.(w)

(5.11) .
Siw. = S;w  almost everywhere in 0\ A (w).
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For the details, see the proof of Theorem 2 in {9].
Since un, — u in Lp,(f2), Lemma 4.3 shows that Tju, — Tyu in Lr(Q). By Theorem
3.1, Un,e — uc in W'Lp(R2), and so Tjup, — Tsu. in WLp(2). This implies that

(5.12) Sittn,c — Siuc in Lg(R)

because R < P.
Because u, converges in W*!Lp(2), the sequence [Jun||p, jq is bounded, from the
Orlicz-Sobolev inequality, and therefore so is the sequence [|M'(u)|lp, oML, from

2(iv). Then
WSittn,c = Siunllpa < ISiuaxacenllpg
< Cifla+ bM,(Iuﬂl)“lR:P,ﬂ |||ai"nXAc(un)”|P,n
<Czle+ bM'(luﬂl),"P.o(M’)‘l,ﬂ |“a"“"XAc(un)|||P,n
(5.13) < Cs ||0sunxacunllpg »

where C,, C2 and C; are constants. Similar arguments show that
(5.14) ISiwe — Siullp,a < Ce [|0uxacw o0

where C, 1s a constant.
Let € > 0. By Vitali’s Theorem and 2(viii) we may choose § > 0 so that both

Cs [|0sunxallpq <€

and
Cs||Giuxallpn <€

if mn(A) < §. As shown in [9], we may choose n(§) and ¢(6) so that mn(Ac(u)) < §
and mn(Ac(ua)) < 8 for n 2> n(§), ¢ > ¢(6). We thus have

(5.15) | Sstn,c — Sitallpg <€
and
(5.16) llSue - Sullpa <€

for n 2 n(6) and ¢ > ¢(8).
(5.12), (5.15) and (5.16) show that

(5.17) Situn — Siu in Lr(Q).

The theorem follows from (5.10) and (5.17).
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6. NONHOMOGENEOUS SUPERPOSITION OPERATORS

It is natural to ask if any of the continuity results for homogeneous superposition
operators extend to the nonhomogeneous case. We construct f : R? — R which is
uniformly Lipschitz continuous and a sequence u; converging to 0 in W[, 7]
such that Tf(u;) does not converge in W'[—m, nr] to Ty(0) = 0, where

Ts(u)(2) = f(=, u(2))-

Then Ty : W®[—m, 7] —» WY 2[—m,x]. If f is independent of z, then T} is contin-
uous in W1?[—m,]. In view of these observations it is difficult to see what necessary

and sufficient conditions can be given for nonhomogeneous operators.

EXAMPLE 6.1. For each natural number n set f(z,2™") = 27 "sin 2"z and f(z,0) =0.
Thus |fz(z,27")| = |cos2™z| < 1 for all n. Assuming n < m

|£(z,27") — f(z,27™)| < [27"sin 22| + |27 ™ sin 2™z
S 2—‘n+1
<42 -27m|
and |f(2,27") — f(=,0)| = |27 "sin2"z| = 27" - 0|.
Thus f is uniformly Lipschitz on the closed set
G={(z,y) €[-m7n]xR: y=2"", somen, ory =0}.

Extend f to [—m,m] x R with the same Lipschitz constant. Let u, = 27" so un
converges to 0 in W1*°[—m,n]. We show Ty(u,) does not converge in W'2[—m, ] to

d d
T¢(0) = 0. Now |f(z,un)] < 27" and Ef(z,un) = sin2™z so Ef(:c,u,.) converges

d
'Ef(zyun) L

in Ly[—m,n) and thus T¢(u,) does not converge in W?[—m,n].

d
weakly to 0in Ly[—m,n] and = m. Thus Ef(z,un) does not converge

REMARK. This counterexample also shows that necessary and sufficient conditions for
the continuity of homogeneous superposition operators on vector valued Sobolev spaces
are likely to be complicated. Just set Ty(uq, uz)(z) = f(ui(z), u2(z)). Thus Ty :
Whe[—gx, 7] x W [—m, 7] > W'?[—n,x]. Then f is uniformly Lipschitz continuous
and (¥1n, u2n) = (2,27 ™) converges in Wh®[—m, 7] x Wh®[—m, @] to (z,0) but

T¢(u1n, u2n) does not converge to Ty(z, 0).
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