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ABSTRACT

In this paper, we study real-dihedral harmonic Maass forms and their Fourier
coefficients. The main result expresses the values of Hilbert modular forms at twisted
CM 0-cycles in terms of these Fourier coefficients. This is a twisted version of the main
theorem in Bruinier and Yang [CM-values of Hilbert modular functions, Invent. Math.
163 (2006), 229-288] and provides evidence that the individual Fourier coefficients
are logarithms of algebraic numbers in the appropriate real-quadratic field. From this
result and numerical calculations, we formulate an algebraicity conjecture, which is
an analogue of Stark’s conjecture in the setting of harmonic Maass forms. Also, we
give a conjectural description of the primes appearing in CM-values of Hilbert modular
functions.

1. Introduction

In the theory of modular forms, those of weight k£ = 1 are important because of their connection
to Galois representations. By the theorem of Deligne-Serre [DS75], one can functorially attach
to each weight-one newform f a continuous, odd, irreducible representation

ps : Gal(@/Q) — GLs(C),

where Q C C is a fixed algebraic closure of Q. Since py is continuous, it has finite image and
ker py fixes an algebraic extension M/Q. Let py be the composition of p; and the surjection
GL2(C) — PGL3(C). Then the image of py is isomorphic to either a dihedral group or one of
the following groups: A4, Sa, As. In the dihedral case, py is induced from a character of Gal(K /K)
for some quadratic field F' in M. We say that f or py is imaginary-dihedral, respectively real-
dihedral, if F' is an imaginary, respectively a real, quadratic field. Note that f could be both
imaginary-dihedral and real-dihedral.

A harmonic Maass form of weight k € Z is a real-analytic function F : H —> C such that
it is modular and annihilated by the hyperbolic Laplacian Ay of weight k

0? 0? 0 0
.2 9 oy o 9 _
Ap =y <8x2+8y2> lk?J(ax‘Hay) §2—k © &k, (L.1)
&, = 2iy"0z,

where we write z = x +iy. Furthermore, it is only allowed to have polar-type singularities in the
cusps. Since & commutes with the slash operator while changing the weight from k to 2—k, . (F)
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is a modular form of weight 2 — k. Every harmonic Maass form F can be written canonically
as the sum of a holomorphic part f and a non-holomorphic part f*. The holomorphic part
f is also known as a mock-modular form, which has been extensively studied by many people
[BO0O7, BO10, DIT11] after Zwegers’ ground-breaking thesis [Zwe02] (see [Zag09] for a good
exposition) and has connections to many different areas of mathematics (see [Ono0O8] for a
comprehensive overview). When k = 1, we call F imaginary-dihedral, respectively real-dihedral,
if & (F) is imaginary-dihedral, respectively real-dihedral.

The imaginary-dihedral harmonic Maass forms and their Fourier coefficients have recently
been studied and are well understood. Relying on the technique of Rankin—Selberg for computing
heights of Heegner divisors as developed in [GZ86], we studied those with prime level in [DL15]
and showed that their Fourier coefficients are logarithms of algebraic numbers in the Hilbert
class field of the imaginary quadratic field K. In addition, we formulated a conjecture about the
prime factorizations of the ideals generated by these algebraic numbers, which has been verified
in the prime level case by Viazovska [Vial2] and generalized to and proved in the square-free
level case by Ehlen [Ehl13] using the techniques of theta-lifting.

In comparison, the real-dihedral case is much less well understood. The goal of this paper
is to study a family of real-dihedral harmonic Maass forms and relate their Fourier coefficients
to CM-values of Hilbert modular functions. Suppose D = 1 (mod4),p = 5 (mod 8) are primes
satisfying conditions (2.1) and (2.2). Let F = Q(v/D) be a real quadratic field with quadratic
character xp(-) = (). Denote by ¢, a character of conductor p and order 4, which satisfies
¢p(—1) = —1 since p =5 (mod 8). Then the space of cusp forms S (Dp, xp@p) is one dimensional
(see Proposition 2.9) and spanned by a newform

fo(2) = ) (@)™ @ = " c(n)g", (1.2)

aCOp n=1

where ¢ = €>™* and ¢ is the ray class group character of F defined in (2.6). The representation

associated to f, by the theorem of Deligne—Serre is
Py 1= Ind(%(cp).

When D = 5,p = 29, the form f, was studied by Stark in the context of explicitly generating
class fields of real-quadratic fields using special values of L-functions [Sta77a, Sta77b].

Since S1(Dp, xp¢p) is one dimensional, there exists a harmonic Maass form F,(z) such that
&1(Fp) = f, and its holomorphic part ﬁp has the following Fourier expansion at infinity:

folz) = c:g(—l)q_l + c;(O) + Z c;(n)q”. (1.3)
XDgii_l

Furthermore, with a mild condition on the growths of F, at other cusps of I'¢(Dp), the form
F, is unique and the coefficients ¢} (—1),c}(0) can be written explicitly as algebraic multiples
of logarithms of the fundamental unit in F' (see Theorem 5.6).

In the imaginary-dihedral setting, we showed that linear combinations of c:g (n) are equal to
CM-values of elliptic modular functions [DL15, Theorem 2]. Thus, it is not a surprise that an
analogous relation also holds in the real-dihedral setting, with elliptic modular functions replaced
by Hilbert modular functions.

Let Iy = Q(\/p), O, its ring of integers and Xp, the open Hilbert modular surface whose

complex points are SLa(Op,)\H?2. It is a connected component of the moduli space parametrizing
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isomorphisms of abelian surfaces with real multiplication. Let Mg denote the field fixed by ker p,,.
It contains two pairs of CM extensions K4/F» and K4 / FQ, which are reflex fields of each other
under the appropriate CM types ¥ = {1,0} and ¥ = ¢°% = {1,067 '}. Here, ¢ is an element of
order 4 in the dihedral group Gal(Mg/Q) = Dg of order 8.

Let Cly(K4) be the kernel of the norm map Nm : Cl(K4) —> CI(F:) on class groups. Each
class in Cly(K,4) gives rise to an isomorphism class of abelian surfaces on Xpg, with complex
multiplication by (K4, ), which is a ‘big’” CM point in the sense of [BKY12]. For A € Cly(Ky4),
let Z4 5 € Xr,(C) denote the corresponding CM point. Since the 2-rank of CI(K}y) is 1, it has a
unique quadratic character 1. Then we can define the twisted CM 0-cycle CM(Ky,12) by

CM(Ky, S,hg) i= Y a(A)Zay, (1.4)
A€eCly(Ky)
3
CM(Ey,1p2) =Y  CM(Ky, 075, 4hy). (1.5)
7=0

It is algebraic and defined over the real quadratic field F'.

For m € N, let T, be the mth Hirzebruch-Zagier divisor on Xp, (see (3.12) in §3.3). A
holomorphic Hilbert modular form on Xp, is called normalized integral if its Fourier coefficients
at the cusp infinity are integers with greatest common divisor 1. Let W(z1, z2) be a normalized
integral Hilbert modular function on Xp,, i.e. the ratio of two holomorphic normalized integral
Hilbert modular forms. If the divisor of ¥(z1, 22) has the form

Z c(—m) Ty,

m>1
ged(pD,m)=1

with c¢(—m) € Z, then its value at CM(K4,1)9) is related to the coefficients ¢ (n) in (1.3) as
follows.

THEOREM 1.1. Let p, D,c}(n) and ¥ be as above. Then

2

c ht
log | U (CM (K4, 12))| = —“”(}25 3 e(—m)by (m), (1.6)
m>=1

where hp and h;g are the class number and narrow class number of Fy = Q(v/Dp), respectively,
2
and

dm
n 2
o) =3 e (P Yoo (18)
keZ
o (k) :{; oy (19)

Remark 1.2. The terms b,(m), a,(n) and the sum on the right-hand side of (1.6) all have a finite
number of summands.

1161

https://doi.org/10.1112/50010437X15007770 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X15007770

Y. L1

In [GZ85], Gross and Zagier gave a factorization of the norms of the differences of singular
moduli. The crucial input to the analytic proof is a real-analytic Eisenstein series of parallel
weight one studied by Hecke [Hec24]. It is also an incoherent Eisenstein series in the sense
of Kudla [Kud97]. Building on this idea, Bruinier and Yang generalized the Gross—Zagier
factorization formulas [GZ85] to the setting of Hilbert modular forms [BY06]. Later, in [BY09],
they combined this with the idea of Schofer [Sch09] and gave a more concise proof of the
Gross—Zagier formula.

In order to prove Theorem 1.1, we will replace the diagonal restriction of the incoherent
Eisenstein series in [BY06] with another real-analytic modular object of weight 2. This is
constructed from F,(z) by applying the Shimura lift to its product with the classical theta
function of weight 1/2. In [Coh77], Cohen observed that applying this construction to a cusp
form of weight k yields the diagonal restriction of its Doi-Naganuma lift. This suggests that
the incoherent Eisenstein series in [BY06] could come from the Doi-Naganuma lift of a modular
object of weight one. We plan to address this in the future.

Another crucial observation en route to prove Theorem 1.1 is that the restriction of p,
to Gal(Q/F}) is isomorphic to the representation induced from an unramified character 1 of
Gal(Q/K,). This special feature enables us to relate an ideal counting function with the coeffi-
cients c,(n) in Proposition 4.1 and construct the automorphic Green’s function from the non-
holomorphic part of F,. Furthermore, the character v is the composition of ¢ and the type
norm map (see Proposition 3.4). This explains how the left-hand side of (1.6) depends on p,,.

Combining with the theory of complex multiplication [Shi98], Theorem 1.1 suggests that
certain linear combinations of the ¢ (n) are logarithms of algebraic numbers.

When n < 0, these algebraic numbers are units in the real quadratic field F. This is a
particular case of Stark’s conjecture for the adjoint representation ad(p,), which was proved
by Stark [Sta7l, II] as ad(p,) is an Artin representation with rational character. In this case,
it is essentially a consequence of the analytic class number formula for F. When n > 0,
numerical calculations suggest the following conjecture in the spirit of Stark’s conjecture [Sta77a,
Conjecture 2].

CONJECTURE 1.3. For any rational prime ¢, there exist ure(f), urm(¢) € Op[1/€]* such that
Nm(uge(¢)) = Nm(umm(¢)) = 1 and

c:g(ﬁ) = log |ugre ()] + ilog |urm (¢)|.

Remark 1.4. Tt is very intriguing to compare this with the p-adic overconvergent modular form
of weight one studied in [DLR15], whose nth Fourier coefficient vanishes whenever () = 1.
When n = £ is an inert prime, the ¢th Fourier coefficient is the p-adic logarithm of an /-unit,

which is the Gross—Stark unit studied in [DDO06].

Since c,(n) = 0 whenever () = —1, Conjecture 1.3 is interesting for those primes £ that split
or ramify in F'. In the last section, we will provide precise numerical evidence to support and
refine this conjecture. Together with Theorem 1.1, we have the following conjecture concerning
the CM-value U(CM (K4, 12)).

CONJECTURE 1.5. Let ¥ be a Hilbert modular function as in Theorem 1.1 with divisor

> 1<memg €(—m) T Then there exists a € Op such that
a

V(CM(Ky,1p2)) = "

and the norm of any prime ideal in OF containing « is a rational prime dividing (Dm? — pk?) /4 >
0 for some 1 < m < mg and k € Z.
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Remark 1.6. Factorization formulas of CM-values of modular functions have appeared in both
proven and conjectural forms before. When the Hilbert modular surface is the product of two
modular curves, the values of ¥ at small CM points are the norms of differences of singular moduli
studied by Gross and Zagier [GZ85]. When the values of ¥ are averaged over all CM points, a
precise factorization formula is given in [BKY12, BY06]. When ¥ is replaced by the twisted
Borcherds product, a conjectural factorization formula is given in [BYO07]. In the case of Siegel
modular forms, bounds for the primes appearing in the denominator of the CM-values of Igusa
invariants are given in [GL12].

The structure of the paper is as follows. In §2, we will give the necessary facts of the field
extension M/Q, the Galois representation p, and the newform f,, including its Petersson norm.
In §3, we will recall the construction of the big CM 0-cycle and Hilbert modular functions on
X, following [BY06], and then introduce the twisted CM 0-cycle. In §4, we present the proof
of the counting argument. Section 5 contains basic facts about harmonic Maass forms and the
proof of existence and uniqueness of F, (Theorem 5.6). Finally, we give the proof of Theorem 1.1
in §6 and some numerical evidence towards a conjectural form of c{;(n) in §7.

2. Number fields and Galois representations

This section describes certain ray class fields of real quadratic fields and the complex Galois
representations induced from the corresponding ray class group characters. These facts will be
crucial when we study the twisted CM points on Hilbert modular surfaces in §3 and prove the
counting argument in § 4.

2.1 Number fields
Fix an embedding Q < C throughout. Let F' C Q be the real quadratic field with discriminant
D satisfying

D =1 (mod 4) is prime and F' has class number one. (2.1)

Let Op be the ring of integers of F and up € O the fundamental unit satisfying up > 1. Denote
the non-trivial element in Gal(F/Q) by 7. Then 7(ur) < 0, since D =1 (mod 4) is prime.
Let p be a rational prime that splits into pp’ in F, p’ = 7(p), such that

p =5 (mod 8) and o1rdp(ugffl)/4 —-1)>0. (2.2)

Notice that the primes p and p’ are distinguished by this condition. If ur = (a + bv/D) /2, then the
condition above is equivalent to the polynomial X® —aX* — 1 having a root modulo p. For fixed
D, this happens for a positive proportion of primes p by the Chebotarev density theorem. Since
p =5 (mod 8), the second condition in (2.2) is equivalent to (“?F) = 1. This is then equivalent to
(%)4(%)4 =1 by Scholz’s reciprocity law [Sch34], where (-)4 is the quartic residue symbol.

Let m = p(1,0) be a modulus and P(m), respectively Py, the group of principal ideals in
F with a generator a such that («) is relatively prime to p, respectively ordy(a — 1) > 0, and
a > 0. Since F has class number one and Op/p = Z/pZ, the ray class group with modulus m
is just P(m)/Py and there exists cp € (Z/pZ)* such that ordy(ur — cp) > 0. Let P(F') be the

group of principal ideals in F'. Then, under the map

F —s P(F) x {1}
a > ((@),sgn(a)),
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whose kernel is generated by up, the ray class group P(m)/Py is isomorphic to (Z/pZ)* x {£1}
modulo the subgroup generated by (c¢p,1) and (—1,—1) and hence is cyclic. By condition (2.2),
the order of cp in (Z/pZ)* divides (p — 1)/4. So, there exists a unique surjection

P(m)/ Py — 7/AZ.

Let L C Q be the ray class field of F with modulus m and Kg, Fy the subfields of L
corresponding to the quotient groups Z/4Z and Z/2Z of P(m)/Py, respectively. Notice that
7(L) C Q is the ray class field of F with modulus m’ := p’(0,1). Then we can apply [CDO9S,
Theorem 3.3] to compute the discriminants and signatures of Kg, F as

disc(Kg/F) =p3, [Kg:Q =8=4+2-2,
disc(Fy/F)=9p, [F1:Q=4=4+2-0,
disc(Kg/Q) = D*p?, disc(F;/Q) = D?*p.
By Lemma 2.2 below, p is totally ramified in Kg and p’ is unramified. So, neither Kg/Q nor

F,/Q is Galois. Let M C Q be the Galois closure of Kg/Q; we have the following result about
Gal(M/Q).

PROPOSITION 2.1. The Galois groups Gal(M/F),Gal(M/Q) are isomorphic to (Z/4Z)? and
G := (Z/47)* X\ Z./27, (2.3)
respectively, where the non-trivial element in Z/27 acts on (Z/4AZ)? by
(Z./AZ7)* — (Z./AZ)*
(a,b) — (b,a).

Proof. Fix Kg = F[X]/(g1(X)), where g1(X) = X* + 37_,a, X" € Op[X]. Denote go(X) :=
X4+22:0 7(ax)X* and K} := F[X]/(g2(X)), which is then the unique subfield of 7(L) satisfying
Gal(t(K3)/F) = Z/AZ. Since Kg N K} is Galois over Q and Fy/Q is not Galois, the two fields
Kg and K} are disjoint over F. Let M3y C Q be the composite of Kg and K}. It is Galois
over Q and Gal(Msy/F) = Gal(Kg/F) x Gal(K}/Ks N K}) = (Z/AZ)?. So, we can write Mzy =2
F[X,Y]/(g1(X), g2(Y)) and naturally extend 7 € Gal(F/Q) to an involution 7 € Gal(M32/Q).
Thus, the following short exact sequence splits:

Gal(Msg/F) — Gal(M32/Q) — Gal(F/Q)

and Gal(M32/Q) =2 (Z/AZ)? x /27, where Z /27 acts on (Z/4Z)? by switching the coordinates.
g

From now on, we will write M = M3 to signify its degree and use a triple (a, b, ¢) to represent
an element in the group Gal(Mss/Q) = G. Define 0,7 € G to be!

o:=(1,0,0), 7:=(1,0,1). (2.4)

The group G is generated by ¢ and 7. Using their corresponding subgroups in Gal(Ms2/Q), we
can define some subfields of Mss. The subscripts of these fields indicate their degrees over Q.
For convenience, we also include the character table of the group G and the field extension
diagrams in the appendix.
Now, we will justify the ramifications and discriminants of these number fields. First, we will
require the following standard lemma.

! This is compatible with, albeit a slight abuse of, the earlier notation 7 € Gal(F/Q).
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TABLE 1. Field extensions.

Mgg Subgroup of H < G Normality  Discriminant  No. of real embeddings
Fy ((2,0,0),(1,1,0),(0,0,1)) Yes p 2
F ((1,0,0),(0,1,0)) Yes D 2
Fy <(27070)7(17071)> Yes Dp 2
K4 (1,1,0), 0,0,1)) No Dp? 0
I§—4 <(27070)7(17170)> Yes D2p2 4
K4 ((1,0,1)) No D?p3 0
Fy <(17070)7(07270)> No D2p 4
M,y ((3,1,0),(0,0,1)) Yes p’ 0
MS <(1a 130)> Yes D4p6 0
MS <(27070)7 (07270)> Yes D4p4 8
Mg ((1,3,0)) Yes D*pS 0
Ky ((1,0,0)) No DYy 4
F8 <(0307 1)?(25270» No D2p6 0
Mg ((2,2,0)) Yes D8p'? 0
Kig ((2,0,0)) No D3pt0 0
Fig <(07 0, 1)> No D6p12 0
M3 ((0,0,0)) Yes D16p24 0

LEMMA 2.2. Let L/K be an extension of a number field and * a prime in K with characteristic
p, ramification indices ey, . . ., e, and residue field extensions of degrees f1, ..., f.. Then the order
of B in the relative discriminant of L/K is at least

T

Z(ei - 1)f17

i=1
with equality if ged(e;,p) =1 for all 1 <i < r.
Proof. This follows from the factorization of the relative different ideal [Lan94, §III.2,

Proposition 8] and the formula relating the norm of the relative different to the relative
discriminant [Lan94, §II1.3, Proposition 14]. a

From the construction, we know that Msy is totally imaginary and ramified only at D
and p. To calculate the discriminants and signatures of various subfields of Mz, it suffices
to find the inertia subgroups in Gal(M32/Q) = (Z/4Z)? x Z/27. Let ¢ € Gal(Q/Q) be complex
conjugation. Suppose ® and P are prime ideals in M3o lying above D and p, respectively. Let
Ip < Gal(M32/Q), respectively Iy < Gal(Mzz/F), be the inertia subgroup of D, respectively .
Then we have the following result concerning the discriminants and the inertia subgroups.

PROPOSITION 2.3. The discriminant of Mss/Q is D6p24 and

¢~ (2,0,0), Ip~{(0,0,1)), Iy~ ((0,1,0)). (2.5)
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Proof. Since F, and 7(F}y) are both totally real, so is their composite Mg and
c€((2,0,0),(0,2,0)).

The fields Kg/F and K}/F ramify at different infinite places of F. So, the conjugacy class of ¢
in Gal(M33/Q) consists of at least two elements, both fixing Mg, which means that ¢ ~ (2,0, 0)
in G.

Since Kg/F and Kg are unramified at primes above D, the same holds for their composite
Mss. So, the intersection of Ip and Gal(Mszg/F') is the identity and Is = ((a, —a, 1)) for some
a € 7/47. This means that the ramification index of a prime in M3y above D is 2. By Lemma 2.2,
the power of D dividing disc(M32/Q) is exactly 16.

Since p is totally ramified in Kg/F and unramified in Kg, the ramification index of p in
M3y is exactly 4 and any prime in Kg lying above p is unramified in M3o. This means that
Iy ~ ((0,1,0)) in Gal(Msy/F). Applying Lemma 2.2 to M32/Q and the prime p then finishes
the proof. O

From the proposition above, we could also deduce Athe discriminant and infinity type of
each subfield of Mss. For example, the fields Fy, F5, F, K, are totally real, and the extensions
K,/Fy, K4/ Fy, Mg/ K, are CM extensions. Since Fj is fixed by~(0, 0, 1), it is unramified at D and
isomorphic to Q(,/p). By similar reasonings, M3a/My, M33/Ky and M3y /Ky are unramified at
primes above p and M,/Q only ramifies at p and infinity. Thus, My is the unique quartic subfield
of Q(¢p), where (, is a pth root of unity and disc(M,/Q) = p®. Also, M3s/K, and Fy/K, are
abelian and unramified with 3

Gal(Mgg/K4) = Z/SZ
The other discriminants in Table 1 can be verified by the same procedure. .
Let up, € (’); be the fundamental unit and p the unique prime in F, above p. Since
B 2
disc(F,/Q) = Dp is composite, the norm of up, is either 1 or —1. Here, we record a result
concerning its effect on p in the class group of Fb.
LEMMA 2.4. If U, has norm —1, then p is not principal in Fy and ﬁOK4 is not principal in K.
Before stating the proof, we need the following general lemma.

LEMMA 2.5. Let k be a real quadratic field and K /k a CM extension such that:

(1) £1 are the only roots of unity in K;
(2) there is a place v of k not above 2 such that K /k is ramified at v.

Then O} — OF is an isomorphism.

Proof. Let ug be a generator of the infinite part of O and write ux = fu}l. We are done
if wxg = ug. Since every complex embedding of Wu;(l = iu%_l has absolute value 1, it is a
root of unity and m = 1. If ux = —ug, then ug is purely imaginary and K = k[X]/(X? + u),
where u := ugug € k is a totally positive unit, and K /k is unramified at places away from 2.
This contradicts the second assumption in the statement of the lemma. Thus, we must have
UK = UK. O

Proof of Lemma 2.4. Suppose p = (&) with & = (pa + by/Dp)/2 > 0 in Fy; then both & and
&' = (pa — b\/Dp)/2 are generators of p. So, there exists an integer r such that

a
U2~T = =
F> Oé/

= (a\/p + bVD)>.
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The exponent of up is even, since up has norm —1. But ay/p + WD ¢ F,, which is a
contradiction. 3 3 3

Suppose pOf = (B) with 8 € O ; then (B)? = pOfg,- By Lemma 2.5, there exists € € {1},
t € Z such that 3

B2 —c- u%’z P
and K4 = Fy[X]/(X? —¢- U%Q -p). Since K, is totally complex, ¢ = —1,2 | t and
B[X)/(X? = e-uy -p) = B[X]/(X* + p).

However, K, does mnot contain a subfield isomorphic to Q[X]/(X2? + p), which is a
contradiction. )

Remark 2.6. By the same reasoning, the unique prime in K4 above p is not principal either.

2.2 Genus field and genus character
Given a finite extension of number fields K/k, the genus field Kjey is the composition of K and
the maximal subfield of the Hilbert class field of K that is abelian over k. The case when k£ = Q
and K/k is imaginary quadratic was studied by Gauss. For any prime in K, its factorization in
Kgen is determined by its relative norm in k. In [Sta76], the notion of relative genus field was
introduced to study a similar phenomenon.

Let K/k be a finite extension of number fields and M /K, k1 /k, M, /k normal extensions such
that M contains k1 and M. Also, let

K =Kk, Ko:=MNKy, ko:=KoNki=MnNEk.

They all fit into the following field extension diagram.

The field K5 is called the genus field of M /K relative to ki /k. If ko /k is normal, then K is the
composite of K and the maximal subfield of k; contained in M. For any character x of Gal(M;/k),
denote its restriction to Gal(M;/K) by x. Then yx is called a genus character of M /K relative
to k1/k if x factors through Gal(ks/k). Let p be a prime in k& and 8 be any prime in K lying
above p. Then part of the main theorem in [Sta76] gives us the following theorem.

THEOREM 2.7 [Sta76, Theorem|. Suppose p does not ramify in M.
(1) For any character x of Gal(M;/k),

X(PB) = x(Nmg /. (B)).
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(2) Suppose Nmp/,(B) = p/ for some positive integer f. Then the splitting behavior of p in ky
and f determines the splitting behavior of '3 in the genus field K>.

The picture simplifies significantly if M contains k; and is normal over k, in which case
M = My, K9 = K7 and ks = k;. In the cases we are interested in, let

() k=Q, K=Ky k=k=F K=K=M, M=DM =Ms;,
(ii): k=F, K=Kj, ki=ky=DM;, K =Ky=F, M=M = Mss.

The field extension diagram simplifies as follows with x; the non-trivial quadratic characters.

M32 M32
|
M,
K*4 X2
Xl/F K,y My
0 s

Fy

Theorem 2.7 now gives us the following simple consequence.

PROPOSITION 2.8. Let £ be a prime ideal in K, lying above a rational prime ¢ unramified in
Mg. Then £ is inert in Mg if and only imefQ/Q(i}) = { and (%) = (f;) = —1. In this case, the
ideal ¢Op, is a prime ideal and splits completely in Mg. Furthermore, any prime ideal £ in Ky
lying above such ¢ is inert in Fg.

Proof. Applying Theorem 2.7 to case (i) gives us

X1(8) = x1(Nmg, 08) = xa(¢),

where f is the residue class degree of £. Then £ is inert in Mg if and only if )21()3) = —1, which
happens if and only if f =1 and x;(¢) = (%) = —1. In this case, ¢ splits in F» C K}, which implies
that (Dip) =1 and (f;) = —1. Also, the prime in Mg above £ has residue class degree 2. Thus, ¢
is inert in F5 and there are four primes in Mg above it.

Recall that M,/Q is the quartic subfield of the cyclotomic field Q((p). Since £ is inert in F5,
its decomposition group in Gal(Q(¢,)/Q) is the whole group and it is inert in Q({,). Applying

Theorem 2.7 to case (ii) gives us

X2(£) = xe(Nmg, /r, (L)) = x2(0) = —1
and £ is inert in Fg. O
2.3 Galois representation and modular forms

In this section, we will study the complex Galois representations attached to the number fields
in §2.1 and calculate the Petersson norm of the associated holomorphic weight-one newform.
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Let ¢ be a character of P(m)/Py of order 4. Then, by class field theory, one can view it as
a character of Gal(Msz/F') defined by

(Yol Gal(Mgg/F) —> CX

. 2.6
(a,b,0) — e™/2, (26)

Denote the induced representation and the associated projective representations by p, and p,,
respectively. In Gal(M3,/Q), complex conjugation corresponds to the conjugacy class (2,0,0).
Thus, p, is odd as

det(p,(2,0,0)) = —1.

By the conductor formula for induced representation, we know that the conductor of p, is
disc(F) - Nmpgq(p) = Dp.

From the character table of GG in the appendix, we see that p, = pg is irreducible. An element
(a,b,c) € G is in the kernel of p,, if and only if @ = b and ¢ = 0. Thus, the subfield of M3, fixed
by the kernel of p, in G is Mg and

Im(ﬁw) = Gal(Mg/Q) = Dg.

The kernel of det(p,) contains the commutator subgroup of G, which is generated by (1, 3, 0).
So, det(p,) factors through Gal(M32/Mjg) and is a character of

Gal(Mg/Q) = Gal(M,/Q) x Gal(F/Q) = Z/AZ x Z./2Z
Notice that the first isomorphism above is canonical, and we can use it to write

det(py) = XDPps (2.7)

where xp : Gal(F)/Q) — C* is the quadratic Dirichlet character and ¢, : Gal(M4/Q) — C*
is a character of order 4 satisfying

e(Np(l) if (¢) =l in Op,
{SD(K) if (¢) is inert in Op (2.8)

for all primes ¢ { Dp. The following result shows that p, is the only odd, irreducible Galois
representation with such conductor and determinant.

PROPOSITION 2.9. Let D, p be primes satistying conditions (2.1), (2.2) and x p, ¢, the characters
as above. Then any odd and irreducible representation p : Gal(Q/Q) — GLa(C) with conductor
Dp and determinant x p¢, is isomorphic to p,. Equivalently, the spaces of cusp forms Si(Dp,
Xxp®p) and S1(Dp, xp,) are both one dimensional over C.

Proof. For a prime £, let I; be the inertia subgroup in Gal(Q/Q). Since cond(p) = Dp is square
free, the representation p is unramified at £ 4 Dp and tamely ramified at ¢ | Dp. This implies that
there exists xy : [y —> C* non-trivial for ¢ | Dp such that

p 1= o= 1@ Xxe,

where j: Gal(Q/Q) —> PGLy(C) is the projective representation associated to p. Since det(p) =
X D®p, the order of xy is divisible by 2 for ¢ | Dp and the image of p contains two distinct subgroups
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of index 2. They correspond to the two real quadratic fields F = Q(vD) and Fy = Q(,/p)

contained in @k 2 . This rules out the possibilities of im(p) = Ay, Sy or As. So, p is isomorphic
to an induced representation. From the conductor formula and its determinant, we know that
p could only be isomorphic to Ind%(gp’ ) for some ray class group character ¢’ having the same
modulus as ¢. Thus, the characters ¢’ and ¢, which differ by some character of CI(F), are the
same, since CI(F') is trivial by condition (2.1).

The equivalent result is an immediate consequence of the theorem of Deligne—Serre [DS75]
and that the map f(z) — f(Z) is an isomorphism between S (Dp, xp¢,) and Si(Dp, xpop). O

We denote the weight-one newform associated to p, by f,, which was defined in (1.2). Its
Fourier coefficients c,(n) are multiplicative and given by

o= Y o).

aCOp,Nm(a)=n
With this, it is easy to check that c,(n) satisfies the conditions

xp(n)cy(n) = cy(n) for all n relatively prime to D, (2.9)
dp(n)cy(n) = cp(n) for all n relatively prime to p. .

Let pgz : Gal(Q/Q) —> C be the representatmn induced from @, the complex conjugate of .
Then it is 1somorph1c to the dual representation p@ and the tensor product p, ® pg is isomorphic
to 1 @ ad(p,), where ad(p,) is the adjoint representation. From the character table, we have

ad(py) = xp & IndF, 2 = xp ® Ind}, &, (2.10)

where ¢y and @y are the non-trivial quadratic characters of Gal(K4/F3) and Gal([ﬁ/ﬁb),
respectively. This means that the L-function associated to p, ® pg factors as

s Lz (s
L(py @ pg,s) = Lr(s) ?;4((8)) = Lp(s) ()

where L,(s) is the Dedekind zeta function of the number field .
By the standard Rankin—Selberg method (see e.g. [DL15, Proposition 3.1]), we have

D
(for o) = 27];3685:1 L(pe @ pg, 5)- (2.11)

Since K4 and R’4 are non-Galois quartic fields, we have wg, = wz = 2. Furthermore, p is totally
ramified in both K, and K. So, Lemma 2.5 implies that OX = OX ; O, = OF,. Combining
this with the analytic class number formula yields the followmg propos1t10n

PROPOSITION 2.10. Let f, € S1(Dp, xp$p) be as defined in (1.2). Then we have

2h 2hyg
(fo, fo) = h—K“loguF = K logur, (2.12)
F 7

where h, is the class number of the number field * and up > 0 is the fundamental unit of F.
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3. Twisted CM 0-cycle and Hilbert modular functions

In this section, we will first review the definition of CM 0-cycles on Hilbert modular surfaces
following [BY06]. Then, using the character ¢ defined in (2.6), we will construct twisted CM
0-cycles. Finally, we will recall the Hilbert modular forms studied in [BY06], which are Borcherds
lifts of elliptic modular functions. The factorizations of their values at the CM 0-cycles, which
are defined over Q, are given in [BY06]. We will express their values at the twisted CM 0-cycles
as an infinite sum in the same way as in [BY06]. This will be used in proving the main theorem
in §6.

3.1 CM 0-cycle

For a number field L, let I(L) and P(L) denote the groups of fractional ideals and principal
ideals, respectively. Then CI(L) := I(L)/P(L) is the class group of L. If L is totally positive, let
P*(L) < P(L) be the subgroup consisting of principal ideals with a totally positive generator
and C1" (L) := I(L)/P*(L) be the narrow class group. For a subset S C L, let ST be the subset
of totally positive elements in S. Given an extension L'/L, define the subgroups Io(L’) < I(L')
and Cly(L") < CI(L') by

Io(L) = {b' € I(L') : Nmy, ,,(b') € PH(L)},
Clo(L') := Io(L')/P(L).

From now on, we will resume the notation from § 2 and recall the construction of CM points
on Hilbert modular surfaces in [BY06, §3]. Let Op, C F» be the ring of integers, I'(Op,) <
SLo(F3) the principal congruence subgroup and Xp, = X (Op,) := I'(Op,)\H? the open Hilbert
modular surface. It is one component of the moduli space classifying abelian surfaces with real
multiplication by Op,.

Recall that 0,7 € G are defined in (2.4). We will use the same letters to denote the
corresponding cosets in Gal(Msz2/Q)/Gal(Ms2/Q) = Gal(Mg/Q). Let ¥ = {1,0} be a CM type
of K4/F, with values in Mg. Fix a non-zero, totally imaginary element &y € K4 such that
Y(és) = (€,0(€x)) € H?. Let g, /p, C Ky be the relative different of Ky/F, and define

fax = &0k, maan Fy

for any fractional ideal a C K4. When [a] € Cly(K4), the ideal fo 5; = (74,5) is principal. By [BY06,
Lemma 3.1], the data (a,r,x) gives an abelian surface of CM type ¥ and hence a CM point in
the space X (Op,).

Two pairs (a,74,x) and (@', ry 5) are equivalent, i.e. give isomorphic abelian surfaces, if there
exists o € K4 such that
a = (a)a, Te/ s = FaxOQ.
Let [a, 7, x] denote the equivalence class of such pairs. The kernel of the forgetful map from the
set of such equivalence classes to Cly(Ky) is O;j’ /Nmg, 5, (O, ). Since disc(F3) is a prime and
K,/ F5 is non-Galois, the fundamental unit of F» has norm —1 and Lemma 2.5 implies that this
forgetful map is bijective. For A = [a] € Cly(Ky), write a = Op,a + Op, 8 such that o/ € K4

satisfies
o) (3e(2)) o

Then the SL2(OF,)-orbit of X(a/3) depends only on the class of a and gives the corresponding
point on X, (C). By the theory of complex multiplication, this point is defined over Q and we

1171

https://doi.org/10.1112/50010437X15007770 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X15007770

Y. L1

denote it by Z4 5, € X, (Q). Define the untwisted CM 0-cycle CM (K4, Op,) by

CM(K47270F2) = Z ZA,Z:
A€eClo(Ky)

3
CM(K4,0p,) = CM(K4,07%,08,),
=0
where the set 0/ := {07,071} is another CM type for 0 < j < 3.

Under the CM type 3, the CM extension K4/F; is the reflex field of K4/ F and >={1,07}
the reflex CM type. Let Nmg be the type norm defined on I(Ky) by

Nmg : I(Ky) —> Io(Kq),
b ((bo™1(b))Mg) N Ky.

Notice that Nmp, g, (Nmg(b)) = NmK4/Q(b)(9F2 € Ip(Ky). The type norm Nmy : I(Ky) —

IO(I~(4) is defined similarly. They induce the following maps on class groups:

Nmj : Cl(Ky) —> Clo(K4),

- (3.3)
Nmy : Cly(Ky) —> Clo(Ky).

Ezample 3.1. Let £ be an unramified prime in Mg such that the associated Frobenius element
Frob, is conjugate to 7. Then the subfield of Mg fixed by the decomposition group of L is a
conjugate of K4. So, £ lies above a prime £ in Ky, which has residue field degree 1 and is inert
in Mg. Denote its norm in QQ by ¢. By Proposition 2.8, ¢ is inert in F' and F5 and (Op, splits
completely in Mg. In this case, the type norm of £ is one of the two prime ideals in K4 above
the inert prime /¢ in F5.

Concerning the images of the type norm maps, we have the following results, which are
analogues of [BY06, Lemma 5.3].

PROPOSITION 3.2. The type norm maps in (3.3) are surjective. Furthermore, the sizes of their
respective kernels are hyp, and h;% /h Py

Proof. By [BY06, Lemma 5.3], the composition Nms, o Nmy,, respectively Nmy; o Nmy,, is the
square map on Cly(Ky), respectively Clo(f(4). So, it suffices to prove the surjectivity of Nmsg,
respectively Nmy, onto the 2-part of Cly(Ky), respectively Clo(f(4).

By [Oka00, Lemma 17], given a CM extension K/k with the 2-rank of Cl(k) being zero, the
2-rank of CI(K) is one less than the number of primes in k that ramify in K. Since disc(F») = p
is an odd prime, the 2-part of CI(F3) is trivial and the 2-part of Cly(K4) is isomorphic to the
2-part of C1(K}). Since disc(K4) = Dp® and D is a prime, there are two primes in F that ramify
in K4. So, the 2-rank of Cl(K}) is 1 and the 2-part of Cl(K4) is isomorphic to Z/2!Z for some
positive integer ¢. Recall that Fg/K, is unramified. So, ¢t > 1 and

Gal(Fy/Ky) 2 Cl(Ky)/2CL(Ky) = Clo(K4)/2C1 (K4).

Let £ be a prime in K, as in Example 3.1. Then £ := Nmi(g) is a prime in Ky lying above
the inert prime (¢) in F, and hence inert in Fg by Proposition 2.8. This means that [£] €
Cl(K4)/2Cl(K4) is non-trivial. Set

b:= £"m e Cl(Ky).
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Then Nmg (b) € Io(K4) and the class [Nmg (b)] is non-trivial in Cly(K4)/2Clo(Ky), since hp, is
odd. Together with Nmy;, : Clo(Ky4) — 2Clo(K,4), we know that Nmy, in (3.3) is surjective. The
size of the kernel can be calculated from

Clo(K,) - -T2 = Ko _ K (k) - L2 3.4
#Clo(K4) he, b hr #Clo(Ky) hr, (3.4)

and the fact that hp, = h}Q

For Nmy, let uj, be the fundamental unit of F5. Since the 2-part of Clo(K4) is isomorphic
to Z/2'Z and NmZ oNmy; is the square map, the image of Z/2!Z under Nmy; in Clg (f(4) and the
2-part of Cly(K4) both have size at least 2¢~'. When the norm of up, is 1, we have h,“f = 2hp,
and the size of the 2-part of Cly(Ky) is 2t~ by (3.4). This means that the 2-part of CIO(K4) is
isomorphic to Z/2!~'Z and Nmy : Cly(Ky) —> Clo(Ky) is a two-to-one surjection. When the
norm of ug is —1, we have #Clp(K4) = #Clo(K4). Let p, respectively B, be the unique prime
in Fy, respectively K4, above p. Since p is totally ramified in F5 and Ky, we have

Nmg () = pOg,

By Lemma 2.4, the class [pO, | is non-trivial, which implies that [B] is non-trivial in Clo(K4).
Since P? = Nmp, /g, (B) = /POr,, the classes [POg,] and [B] have order 2 in Clo(K,) and

Clo(K3), respectively. Then the image of the generator of Z/2'Z has order 2* in Clo(K4) and the
map Nmy is an isomorphism between the 2-parts of Clo(K4) and Cly(Ky). O

Via the type norm Nmg, the group I(I~(4) acts on [a,ry x| by
ogla,rax] = [aNmEB, o Nb]. (3.5)

In the same way, it acts on Z4 5. Let H(K4) < I(Ky) be the subgroup containing the fractional
ideals b satisfying 3 R

Nmg(b) = pOk,, Nb=pf
for some pu € K, where Nb := #(Om/ﬁ) The CM ideal class group CC(Ky4,¥) is defined

by (K4)/H(K4) Notice that it is a quotient group of CI(K4) By Proposition 3.2, the group
CC(Ky, ¥) acts on the set {[a,rqx] : [a] € Clo(K4)} transitively and faithfully.

Let M C Q be the Hilbert class field of K4 and Mee < M the subfield corresponding to the
subgroup H(Ky) /P(K4) < CI(K4) For any A € Clo(K4), the CM point Z4 5 is defined over
Mee. Given a class A € H(K,)/P(K,), let £ be a prime in Oj, representing it. Suppose £ lies

above the rational prime £ not dividing Dp. If Nmz /Q(S) = ¢f with f > 2, then £ splits in Mg by

Proposition 2.8. If f = 1, then we can write Nmz(ﬁ) (p) with p = a+bv/—A € Fo(vV/—A) 2 Ky
satisfying
a? + VA = ¢,

since £ € H(K,). From the discriminants of F» and Ky, we know that A/\/p € Of,. By
considering the equation above in Op,/\/pOr, = Z/pZ, we see that (%) = 1. Again, by
Proposition 2.8, the ideal £ splits in Mg. Thus, the element o i€ Gal(M / I~(4) associated to
A via the Artin map is contained in Gal(M /Mg) and we have proved the following lemma.

LEMMA 3.3. The field M¢c contains Ms.
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3.2 Twisted CM 0-cycle

Now, we are ready to construct the twisted CM 0-cycle using the character ¢ in (2.6). The group
Gal(Msy/Fy) = (1,02) is a generalized dihedral group with the relation

8 = (0?)% = PPo?ro? = 1d.

Since Ky / Fy is a CM extension, the action of o2 is complex conjugation. Recall that
Py = Ind%(cp) is the odd, irreducible representation in §2.3. Since Mso/K, is abelian with
Gal(Msa/Ky4) = (1) =2 Z/8Z, the restriction pwleal(MSQ/fQ) is a reducible representation and can
be written as

D&Y, (3.6)

12

p‘P’Gal(Mgg /K1)
where 1[1(7') is an eighth root of unity (g and
- - B -
D7 (1) = Yo (0?) ) = ().
The characters ¢ and p are closely related as follows.

PROPOSITION 3.4. The restriction of 1) to Gal(Msg/Mg) has the following decomposition:
Gal(Msy/Mg) — Gal(Msy/F) — Gal(Kg/F) —> C*. (3.7)

Proof. Let (a,a,0) € Gal(Mszz/Mg) for some a € Z/AZ. Then its image under Gal(M3zy/Mg) —
Gal(Ms32/F) — Gal(Kg/F) is a. Also, the matrix p,(a,a,0) = (“"(a) @(a)) is a constant multiple

of the diagonal matrix and hence is stable under conjugation. On the other hand, since 1/;(0,, a,
0) = 97 (a,a,0), (3.6) tells us that

pola,a,0) = (Q]Z)(a’a?()) ¥(a,a, 0)> .

Thus, we have ¥ (a, a,0) = ¢(a). O
Define the character 1/72 by
~ =] g2 s g2
by =77 = (7)), (3.8)

which is the quadratic character with kernel Gal(Ms/Msg). Since M3y /K is unramified, we can
treat ¢ and o as characters of Cl(K4). The composite of the type norm maps Nmy; o Nmg,
measures the difference between the classes of an ideal a and its complex conjugate a. Thus, it
is natural to expect the following result.

ProposITION 3.5. The character zﬂg has the following decomposition:

~  Nmg¢ m ~
CUK1) —2 Clo(Ky) ¥ Cly(Ky) -5 €. (3.9)

Proof. Let [£] € CI(K,) be a class with £ a prime in K. Then we have
Nmy o Nmi(’é) = (E2O'(£~:OM8)O'_1(EOM8)) N f(4

from the definition of type norm. Since #(O, /8) = QEU(Q)J_I(Q), the class of Nmy, oni(E)
- =1 - -
in Clg(Ky) is [££ ], which depends only on the class of £ in CI(Ky). Let Frobg, Frobz €

1174

https://doi.org/10.1112/50010437X15007770 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X15007770

REAL-DIHEDRAL HARMONIC MAASS FORMS

Gal(Msz/ I?4)~be the Frobenius elements associated to £ and E, respectively. Then, as elements
in Gal(M3y/Fy), they are conjugates under 2. So, we have

¥ o Nmy; o Nmi([f}]) = 1[)([@@ ) = i(Frobg)@E(FrobE)_l
= (Frobg )9 (Frobg) ™! = ¢ ([£]). O

Now, we view 9 as a character of C1(K) and define 15 : Cly(K,) — C* by

)9 := 1) o Nmy. (3.10)

Then Proposition 3.5 is equivalent to 1[12 = 1) 0Nmy;,. Since the type norm Nmy is surjective and
#CU(Ky)/#Clo(Ky4) = hJIEQ is odd, one can extend 2 to a unique quadratic character of Cl(Ky),
which we also denote by 2. Then it has kernel Gal(Mss/Fy), since Fg/K, is unramified and the
2-part of Cl(Ky) is cyclic.

Let CM (K4, X, 1p2) be the twisted CM 0-cycle defined in (1.4). For an arbitrary class Ay €
Clp(Ky), the surjectivity of Nmg in Proposition 3.2 enables us to write

h]; Z 1;2("21)0:,4{(2./40,2)-

2 feciky)

CM(K47 Ea ¢2) =

By Lemma 3.3, the character 1, factors through CC(I~(4, f}) So, CM (K4, X, 1p2) is defined over Mg
and not trivially zero. Remark 3.5 in [BY06] then implies that CM (K4, 12) is defined over F,
the real quadratic subfield of Mg fixed by o.

3.3 Hilbert modular forms

Now we will recall some results on Borcherds lifts and Hilbert modular forms following [BY06].
In the notation of the previous section, let x;, be the quadratic Dirichlet character modulo

p. Define the rational quadratic space V by

i S )

which the Hilbert modular group SL2(OpF,) acts on via

V- A= o(y) Ay

T

where 0, = \/pOF, is the different of F5. For a positive integer m, denote

a,be@,/\ng}, (3.11)

Consider the lattice

a,beZ,/\eaFQ} cV,

Ly, ={A € L:det(A) =m/p}.
The subset

T, = U {(21,22) € H? | az129 + Az1 + 0(N) 20 + b = 0} (3.12)

(ofs) b)) €Lm/{x1}
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defines an SLy(Op, )-invariant analytic divisor on H#? and descends to an algebraic divisor on the
Hilbert modular surface Xp,. This is the Hirzebruch—Zagier divisor of discriminant m, which
was first studied in [HZ76]. Notice that L,, = ¢ and T}, = 0 whenever y,(m) = —1.

Let M(!)’+(p, Xp) C Mp(p,xp) be the subspace consisting of modular functions f(z) =
Y s —oo C(f;m)q™ satisfying c(f,m) = 0 whenever x,(m) = —1. Let §, be the function defined
in (1.9) (with D replaced by p). If 6,(m)c(m) € Z for all m < 0, then there exists a meromorphic
Hilbert modular form W¢(z1, z2) for SLa(OF,) with weight ¢(f,0) and divisor

Ty =" dy(m)e(f, —m) T,

m>1

by [BB03, Theorem 9]. This Hilbert modular form W¢ (21, 22) is called the Borcherds lift of f.
It is normalized integral and its Fourier expansion is given in [BY06, Theorem 2.4(iii)]. Suppose
c(f,0) = 0; then ¥ (21, 22) is a Hilbert modular function and its value can be expressed in terms
of an automorphic Green’s function as follows.

For s € C with Re(s) > 1 and (z1, 22) € H?\T}», define the automorphic Green’s function for

T by
lazizo + Aza + 0(A)z1 + b|2>
D,,(21,20,5) := s—1| 1+ , 3.13
o= X0 ( et (3.13)
(o‘(/\) »)€ELm
where z; = z; + 1y; and Qs—1(¢) is the Legendre function of the second kind defined by
Qs—1(t) = / (t+ V2 —1coshu) “du, Re(s)>1, t>1,
0 (3.14)

Qo(t) = ;log<1 + t—21>

As s approaches 1, the Green’s function ®,,(z1,22,s) has a simple pole with residue R(m)
independent of z; or z3. Define the regularized Green’s function ®,,(z1, 22) for the divisor T,, as

D, (21, 22) := ll_r)ri <<I>m(z1, 29,8) — f(_ml)> (3.15)

By [BY06, Theorem 2.8], the logarithm of [¥¢(z1, 22)| is related to the regularized automorphic
Green’s function by

210g [Wf(z1, 22)| = C(f) — 3 Sp(m)e(f, —m) @y 21, 22). (3.16)

m>0

Here, C(f) is an explicit constant depending only on f and both sides are invariant under the
action of SLa(Op,). Since M(!)’Jr (p, xp) has an integral basis, (3.16) can be extended to hold for
any f € My™ (p, xp)-

For A € Cly(Ky), let Z 45 be the associated CM point on Xp,. Using a relationship between
the lattice L,, C L and the number field K4, we can express the value ®,,(Z45,s) in terms of
the arithmetic of .f(4 and Ky. First, choose a representative a C Ok, in the class of A and write
a = Op,a + Op, [ such that a/f satisfies (3.1). Then define two Q-quadratic forms on Ky by

Q) ="Trp g Jp=r QV0) = Trp g (3.17)
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and the map p,5:V —> K4 by
Pa,B - V — K4

A (ola).a(@)a().

A key fact here is that p, g is a Q-isometry between the quadratic spaces (Ky, —(Nfo/Na)Q™)
and (V,det) by [BY06, Proposition 4.3]. The image of L,, under p, g could also be described
precisely. Since disc(K4) = Dp® and D = 1 (mod4) is a split prime in F, [BY06, condition
(4.20)] is satisfied and [BY06, Proposition 4.8] implies that
. pp_pk—myDp 4

pas(m) ={ 9 € 0L Nuus): 22— PEZIVER ¢ g 3.19
where 0z /5 C Ok, and di, /i C Op, are the relative different and relative discriminant of
K4 / Fy, respectively. Since dlsc(K4) D?p? and dlSC(FQ) Dp, the relative different 0 Ra)Fo is
&B, the unique prime in K, above p, and dK4/F2 = Nmm/FQ (Dfﬁ/ﬁz)‘

For A = (g()\) b) €V and z := o/ € Ky, define

p = pa,B(A)7
_ P _ Q(p) +vDpQ (p)
e A)i= e = 5Na !
o lazo(2) + Ao (2) + o(N)z + b 20D
da(z0(2) = 14 o o (o)) det(A) L T TTm(2) Tm(o(2)) det(4)
_Qf(p 1
VDp Nadet A

Then we can write

P, ZAE; Z Qs— 1 dA Z U( )))

A€Lm,

_ Z Q81(m3];7> Z L (3.19)

k— oped bt A€l
p=(pk—m/Dp) 2 Ak

Since K4 /Q is non-Galois, £1 are the only roots of unity in K. Thus, the following map is a
two-to-one surjection:

pa(Lm) —> {b C oz p, : [0] = P%, 7 /[Nmz(a)] 7'}
p > %, (Nmy(a) ™!
From this, we can deduce that
H#{A € L+ u(z, A) = uy = #{p €0 /F Nms(a) : pp = pNa}
=2-#{b e % /F][Nmz(a)]_ integral : Nmy 7 b = pp}.

Let P C Ok, be the unique prime above p. Then [J]? is the identity in C1(Ky), Nmy(B) = P2 =

Di( JFy and we have

#{A€ Ly, : u(z,A) = i/p} = 2- #{b € [Nmx(Pa)] ! integral : Nmk4/p2[~) = [} (3.20)
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for any fi = (pk — m+/Dp)/2 € D;f( JEy Summing these together with a twist by 9 over all the
4 2
[a] € Clp(K4) gives us

> D dafa)=2 > Ya(a) =202(B) D (4o Nmy)(o)

[a]eClo(Ks) A€Lm [a]€Clo(K4) [a/)€Clo (K1)
w(z,A)=p/p 6oz, /5, b0y,
[6]=[Nmx (Ba)] ! [b]=[Nmy (a’)]

Nmpg, /p,b=h Nmpg, /m,b=h

ht t
=2a(P); 2 D d(0) = 5 a(P)ey(h)
F2 F2
bCOf{4

The last two steps follow from the surjectivity of Nmy : Clg(K4) —> Clo(Kj), whose kernel
has size h;g /hf,, and the definition of ¢;(f) in (4.1). Thus, the value of the Green’s function
2

D, (21, 22, s) at the twisted CM 0-cycle CM (K4, 3, 1) is

2ht
B, (CM(Ky, 2, 102),8) = —2405() > Qs—1 (1”“)%(&>-

- /Dp
P i=(pk—m/ D) 264 mvep

4/Fy
This is the analogue of [BY06, Theorem 5.1] for the twisted CM 0-cycle. Similarly, for another
CM type ¥/ := 038 = {1,07 '}, the value of ®,,(21, 22, s) at CM (K4, X/, 1) is

2nt
P (CM (K4, X' 0h2), 8) = ——21h2(B) > Qs-1 <mpk)c¢(ﬂ’)

h ~
E i'=(pk+m/Dp)/2€d’;

= (I)m(CM(K47 2, 1/12)7 5)'

4/F2

The second equality follows from Proposition 4.1, which implies that ¢; (i) = ¢;(o(f)). Since
)9 is a non-trivial character, the value of the regularized Green’s function ®,, (21, z
defined in (3.15), at the twisted CM 0-cycle CM(Ky, ¢2) can be expressed as

2), which was

8ht k
By (CM (K4, 1p2)) = ——24p(P) lim 3 QH( P )cl,;m).
hg, s—1 . m +/Dp
p=(pk—my Dp)/2€dk4/ﬁ2

Combining this with (3.16) yields

log | s (CM (K4, 12))|

44pn () 5
— R Y g mtn Y Qe )
f2 m>1 fi=(pk—mv/Dp)/2€d}, -

(3.21)

Note that log [(C'- V) (CM(K4,12))| = log |¥ (CM (K4, 12))| for any non-zero constant C, since
12 is a non-trivial character.
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4. Counting result

Recall that 1) is the character defined in (3.6) and can be viewed as a character of CI(Ky). For
any integral ideal Z in F, define the ideal counting function c - ( ) by

)@= > P(b). (4.1)
ECOle
Nmg z (0)=T

Notice that if Z = 71T, with Z;, Z, relatively prime in F5, then
c3(T) = ¢ (Tr)ey(Ta). (4.2)

For Z = (i) principal, the quantity ¢ w(ﬂ) can be thought of as the jith Fourier coefficient of a
Hilbert modular form with parallel weight one associated to the Galois representation

Pi.b, —IndFQw Gal(Msy/Fy) —> GLo(C). (4.3)

On the other hand, we can compare characters to obtain

p1Z'7F2 = ’Ocp’Gal(M32/F2)’ (44)

where the right-hand side is related to the Doi-Naganuma lift of f,. The goal of this section
is to establish a precise relationship between ¢ & and c, through Proposition 4.1, which will be
crucial in proving Theorem 1.1.

PROPOSITION 4.1. For any totally positive element fi = (k — m+/Dp)/2 € F5", we have

e ordg (1) +1 . k*> —m?Dp
cyl) = ordp(ged(k,m)) + 1 d|g%m) w( 4d? >¢p( ) (45)

where DOy, = ©2. In particular, when ordp(k) > ordp(n),

- k? —m?2Dp
SUEEED DI e (46)
d|ged(k,m)
Proof. First, we can factor (1) as
2 M Mo
D100 RO 2
Jj=1 Jj=3 j=Mi+1

where [; = ]3,~[2 = . Each ~[] is above a distinct rational prime ¢;, which is split in Fy for
3 < j < M and is inert in Fy for My +1< j < M. In this notation, the norm of ji factors as

2 My M
=1 1™ T 67 gcdk,m) Hétj
j=1  j=3

j=M1+1

The exponents ¢; satisfy

L73/2], 1<j<2,
tj = { min(a;,b;), 3 <j < M, (4.7)
Tjs Mi+1<j<M.
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By (4.2) and the multiplicativity of c,, the two sides of (4.5) can be expressed as

My M
es() = [T ea@) [T ea@enlo@®) T es@): (4.8)
J=1 Jj=3 J=Mi+1
kz — 2D N = y Ti—2ViN\ VN
Z cv(zk:;p>¢p(d) = H( Ccp(gj] ? J)¢p(€jj))
d|ged(k,n) j=1 ‘v;=0
My t;
. ( C¢(€?j+bj_yj)¢p(€?j)>
j=3 “v;=0
M t;
H <Z C@(g?(rj—vj))d)p(g;(j))' (4.9)
J=Mi+1 ‘=0

Thus, it is enough to prove~(4.5) by considering each prime ¢; separately. For convenience, we
will drop the subscript j in [;,¢;,7;,v;,a; and b; from now on.
When ¢ 1 Dp, let £ be a prime in M3y above [ and Frob . P € Gal(Mgg/Fg) be the associated
Frobenius element. By (4.4), the following identity between power series in Q[X] holds:
> ep(NXT = det(1 = py g, (Frob, 5 )X) ™! = det(1 — py(Frob, 5 )X) ™" (4.10)

r=0

There are three cases depending on the splitting behavior of ¢ in F.

Case 1: € is inert in Fy. Let Frobs € Gal(Msy/Q) be the Frobenius element associated to L.
Then, for all b € M3o,
FrobZ(b) = b* (mod L).

Since ¢ is inert in Fb, Frob% is conjugate to Frob, 7 in Gal(M32/Q) and hence also in
Gal(Msy/F»). Then (4.10) implies that

Z%(W)Xr = det(1 — p&ﬁQ(FrobLﬁz)X)*l = det(1 — p,(Frob%)X) 1. (4.11)

r=0

Let o, 3 be the two eigenvalues of p,(Frobz). Then o2, 3% are the eigenvalues of Py i, (Frob, £ )

wnd af = det(p,(Frobg)) = xp()ép(¢) = <12p> (5) 490 = =0n(0)

So, we can write

r r o 2(r—v) r 2r—v
2090(521%21/)@” — Z( Z aj62r2uj> (—aB) = Z(_l)u Z aw62r7w
v=0 v=0 7=0 v=0 w=v

2 min(w,2r—w) 2
_ Z awg?r—w Z (_1)V _ Z awBZT—w
w=0 v=0 ww;(e)n

= 3 (@B = ey (€7).
u=0

The last step follows from the first equality in (4.11).
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Case 2: { splits in Fy. In this case, Frob ch € Gal(Msq /Fg) is also the Frobenius element
associated to £ in Gal(M32/Q) and (4.10) 1mphes that for any r > 0,

ey (1) = cz(o()7) = cp (7).
Recall from (4.7) that ¢ = min(a,b). Then Lemma 4.2 implies that

e;(@)es(0(0) = co(t™ 0 en(0) = 3 ep (6726, (0)" .

v=0

Case 3: { ramifies in Fy. If £ = p, then pO 7 = B2 ramifies. Let Frobg € Gal(Ms/Ky4) be
the Frobenius element associated to 3. Since (%) = 1, the ideal ‘}N3(’)M8 splits and Frobgi3 €

Gal(Msy/Mg). Write pOp = p7(p) with 7(p) unramified in Kg/F. Since the norm of P is
p, the element Frobg is sent to the Frobenius element of 7(p) in Gal(Ks/F) under the map
Gal(M3a/Mg) — Gal(Ms2/F) — Gal(Kg/F). Combining this with Proposition 3.4 yields

C@(ﬁr)::'&(FTOb@) '—'@(FTObTm) = cp(p j{:cw ") ép(p )

If £ = D, then [ = D splits _completely in Mg, since there are four primes in Mg above
D. So, we can write @O& = Q,@, DOp = ©? with corresponding Frobenius elements Frobg,

Frobz € Gal(Ms/Msg) and Frobg € Gal(Kg/F). Notice that o%(£) = £ and
FrobE =: Frobg o2 = Frobg .

By the same reasoning as in the case ¢ = p, we have l/NJ(FI'ObE) = p(Frobp) = ¢, (D) and

Z¢ (Frobg) Frob Zz/} (Frobg)"4(Frobg)™~

= (7’ + )w(FrobE) =(r+ l)w(Frob@) = (14 1)c,(D").

On the other hand, ¢,(D) = (D) = p(D?) = c,(D?) € {1} and

D ep(D")gy(D) = (t+ 1)cy(D").

v=0

Notice that » + 1 = 2(¢ + 1) when ordp(k) > ordp(n), since

)2, ordp (k) < ordp(n),
~|2t+1, ordp(k) > ordp(n).

Finally, combining the three cases together and comparing (4.8) with (4.9) produces (4.5). O

LEMMA 4.2. Let £ be a prime that splits in 13'2. Then, for all 0 < 2t < r,

co(01) e () = ch 2y &, (0) . (4.12)
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Remark 4.3. When r =2 and ¢t = 1, (4.12) follows from the fact that the eigenvalue of f, under
the ¢th Hecke operator is ¢, ().

Proof. Let Froby, € Gal(M32/Q) be an element in the conjugacy class of the Frobenius element
associated to ¢, and a, 5 be the eigenvalues of p,,(Froby). Since ¢ splits in F5, we have

= det(p(Frobe)) = xo(O0p() = () (£ ) ntt) = 50

So, the left- and right-hand sides of (4.12) become

r—t t
LHS = (Z aj1ﬁrtj1> . <Z aj2/3tj2> Z Z a]1+]257“ J1—J2 _ Zauﬂr uCL

J1=0 J2=0 J1=052=0
r—2v t r—2v
RIS - z(z B Y = 33 T = St )
v=0 j=0
Cr(u) :=#{(z,y) €Z*: 0<x <t,0<y<r —t,x +y = u},
Cr(u) =#{(z.9) €Z*: 0< s <0<y <r—2z,2+y=u}.
y“ yl
r
r—t (t,r) r—t
t t
(t,r —2t) (t,r —2t)
n g n T
When 0 < u < r—t, it is clear from the picture above that Cr,(u) = Cr(u). When r —t 41 <

u < r, we also have Cr(u) = Cr(u), since the involution

switches the two shaded regions while preserving = + y. Thus, (4.12) holds. O

5. Harmonic Maass forms

In this section, we will review some background information on harmonic Maass forms
following [BF04]. Then we will prove Theorem 5.6 concerning the properties of a unique preimage
of f, under the differential operator &; defined in (1.1).

Let k € Z, N € Nand v : (Z/NZ)* — C* be a character. It is also a character of the
congruence subgroup I'g(N) viav(( &, %)) := v(d). Recall that the weight-k hyperbolic Laplacian
Ay and differential operator & are defined in (1.1). We call a real-analytic function F : H — C
a harmonic Maass form of weight k, level N and character v if the following are satisfied:

1182

https://doi.org/10.1112/50010437X15007770 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X15007770

REAL-DIHEDRAL HARMONIC MAASS FORMS

(i) (F e 7)(z) = v(7)F(z) for all v € To(N);
(if) Ax(F) = 0;
(iii) the function F(z) is only allowed to have polar-type singularities at the cusps of I'g(V).

Let Hy(N,v) be the space of harmonic Maass forms of weight k, level N and character v,
whose image under & is a cusp form. Denote by M (N,v), Mi(N,v) and Si(N,v) the usual
subspaces of weakly holomorphic modular forms, holomorphic modular forms and cusp forms.
Every F € Hp(N,v) can be written canonically as the sum of a holomorphic part and a non-
holomorphic part

F(2) = f(z) + [ (2),

where f(z) has the following Fourier expansion at the cusp infinity:

n>—oo

If the cusp form f(2) := §x(F(2)) € S2—x(NV,7) has Fourier expansion ), -, ¢(n)¢” at infinity,
then the non-holomorphic part f*(z) looks like

F1(z)==>_cn)Bu(n,y)g ™"

n=0

at the cusp infinity, where, for n > 0,
o0
Br(n,y) ::/ e~ Atk (5.1)
y

is the incomplete Gamma function after a suitable change of variables.
Property (ii) and (1.1) give the following map:

& e Hk(N, V) —> SQ,k(N,ﬁ), (52)

whose kernel is M (N, v).
PROPOSITION 5.1. The map (5.2) is surjective.

A proof of this proposition for vector-valued modular forms on a congruence subgroup of
SL2(Z) is given in [BF04] using Serre duality. The same argument is also applicable to the weight-
one case. Using the relationship between vector-valued and scalar-valued modular forms (see
e.g. [BB03]), the surjectivity of £ can be translated to the setting of scalar-valued modular forms.
Since &, commutes with the slash operator, one could add nebentypus character by imposing
conditions on harmonic Maass forms on the congruence subgroup I';(N).

In [BF04], Bruinier and Funke introduced a pairing between F = f + f* € Hy(N,v) and
g € So_k(N,7), which is given by the Petersson inner product (g, &x(F)). Using Stokes’ theorem,
they expressed this pairing in terms of the Fourier coefficients of g and the principal parts of f
at various cusps of I'g(N) (see [BF04, Proposition 3.5] for vector-valued modular forms). When
N is odd and square free, the cusps of I'g(N) are indexed by the divisors of N. For d | N, let
o4 € GL2(R) be a scaling matrix sending the cusp oo to the cusp 1/d. Then this pairing can be
expressed as

{9, F} := (g, &x(F)) = Constant term of <Z( f-9) o 0d>. (5.3)

dIN
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PROPOSITION 5.2. The pairing defined in (5.3) is a perfect pairing between Ss_i(N,V) and
Hy(N,v)/M}(N,v).

Proof. By Proposition 5.1, the pairing is non-degenerate in g € So_(/N,7). On the other hand,
suppose there exists {aq(—n) € C:n > 1,d | N} such that az(—n) = 0 for n sufficiently large

and
>3 elg la—k 0a,n)ag(—n) =0 (5.4)
d|N n>1

for all g € So_(N,7). When k < 1, one could use Poincaré series to explicitly construct F €
M} (N,v) such that

(F [k 0a)(2) = > aa(-n)g "+ O(1)
n>1
for all d | N, and the pairing is perfect, since So_j (N, 7) is a finite-dimensional vector space.

Let A(z) € Si2 be the unique cusp form of Welght 12 on SLy(Z). When k = 1, let S3(N,7)
be the image of the map

Sl(N,P) — Slg(N,ﬁ)
9(2) = g(2)A(2),

which is a subspace of S13(N,7). The coefficients {ag(—n) : n > 1,d | N} satisfy (5.4) for all
g(z) € S1(N, V), which can be written as

% <h’130d z) n>ad(_n):0

d‘N n=>1

for all h € S{(N,7). Since h € S13(N,7) is in the subspace S{(N,7) if and only if
c((h 13 04)(2)/A(2),n) = 0 for all n < 0,d | N, we could find {aq4(n) € C:n > 0,d | N}

such that
DI ( (s "d ),n)ad(—n) =0

d|N nezZ

for all h € Si3(N,7). By the perfect pairing for k = —11, there exists G(z) € M' ,;(N,v) such

that 5 (n)
_ nez @1 qn
(G -1 04)(2) = AR
for alld | N. Then F(2) := G(2)A(z) € M{(N, v) has the desired principal part Y ons1 ad(—n)g "+
O(1) at the cusp 1/d for all d | N. O

For certain characters v, one could use various projection operators to decompose the space
Hy(N,v) into various eigenspaces under the Atkin-Lehner involutions. The pairing on these
eigenspaces can then be expressed in terms of the Fourier coefficients at the cusp infinity. For
a prime ¢ | N, let W, = (i\o; g) be the Atkin-Lehner involution and U, := Z§:1(1 ’2) the
U-operator.

Write N = N’/ and v = vys1y, where vy and v, have conductors N/ and £, respectively. If
vn+ is a quadratic character, define

w5, (7)) o= 5 (240D (7 vy ) + 7)) (55)
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for e = £1 and F(z) = Y,z c(F,n,y)q" € Hi(N,v). Here, G(vy) is the Gauss sum associated
to the character vy. Then, as a generalization of [BB03, § 3], we have the following lemma.

LeEmMMA 5.3 [Lil3, Proposition 2.4.1]. Using the same notation as above, the following are
equivalent:

(1) for all n € Z relatively prime to ¢,

VZ(n)C(]:a n, y) = _50(]:’ n, y)’ (56)
(2) pry,(F)=0;
2)" pr, (F)=7F;
(3) ¥
7
=— F i Up. 5.7
Flp We=—¢ Gn) Ik Ue (5.7)
If vy has order greater than 2 and v/ is a quadratic character, there is a similar result. Let
1( vn(€)ve(—N")
£ — S ¢
bz, (F)e) = g (G ER F  vawg ) + ) 6.9

for ¢ = £1. Here, F¢(2) := F(2) € H1(N,7) and vy’ being quadratic are necessary, since W,
sends Hq(N,v) to Hi(N,7). Then we have the following analogue of Lemma 5.3.

LEMMA 5.4 [Lil3, Proposition 2.4.2]. Using the same notation as above, the following are
equivalent:

(1) for all n € Z relatively prime to ¢,

ve(n)e(F,n,y) = —ec(F,n,y); (5.9)
(2) pry,(F) =0;
(2) pr, (F)=F%
(2)" pr, (iF) =0;
3) v
Fle We = _512((1/4; F |k Us. (5.10)

Note that the subspace of forms in H;(N,v) satisfying one of the conditions in Lemma 5.4
is a real vector space. When vy and vy are both quadratic, the definitions (5.5) and (5.8) agree
when F € Hy(N,v) satisfies F = F€. Since the projection operators are defined using slash
operators, they commute with each other and & as follows.

LEMMA 5.5 [Lil3, Proposition 2.4.4]. Let ¢,¢' | N be distinct primes and e, € {£+1}. Suppose
vy (r) = (W) and vy has order greater than 2. Then the projection operators satisfy the
following properties:

—€ g __ —£ g
prlje o prl/e - er © prl/{/ - 0’

€ e _ e €
prl/g ° prl/e/ - prllé/ ° prl/g7
£ eve(—1
prl/[ © é-k = é-k © prl/ge( )7
€ _ evy(—1)
prs, o & = &oproe Y.

(5.11)

Let D,p,xp, ¢p and f, be the same as in § 2.3. In this setting, there are two Eisenstein series
in M, (Dp, xp¢p) linearly independent over C given by [DS05, §4.8]
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EM0% () = 00, xpop) 123 (2 wlm >>q”,

n=z1l “mln, m>0

@)= (X xolnfmibgtm >>q"'

nzl “mln, m>0

Here, L(s, xp¢p) is the Dirichlet L-function associated to the character x p¢,. Since x p¢,, is odd,
the special value L(0, xp¢p) is a non-zero multiple of L(1, xp¢,) via the functional equation and
hence it does not vanish [Was97, Theorem 4.9]. Define E1(z) € Mi(Dp, xpdp) by

Ei(2) i= E{ P (2) + EXP%(2) = L(0, xpoy) + 49 + O(g%). (5.12)
From its explicit Fourier coeflicients, one could verify that
pry, (E1) = pr;p(El) = 0. (5.13)

Proposition 2.9 tells us that the space Si(Dp, xp¢p) is spanned over C by f,,. Together with
Lemmas 5.3 and 5.4, (2.9) implies that

priy, (fo) = pri-(f5) = fo (5.14)
So, for any F = f + f* € Hy(Dp, xpd,) satisfying
pry, (F) = pro(F) = F,
the pairing {f,, F} becomes
(for &1(F) = {fos F} = D _(cp(n)et (=n) + cp(pn)c (—pn))dp (n), (5.15)

neL

where f(z) = Y ns—o00 €7 (n)g™ and dp(n) is defined in (1.9). Note that the sum on the right-hand
side is a finite sum. Since the pairing is perfect, any non-trivial solution of the ¢ (n) to the
equation

> (ep(n)ct(=n) + c,(pn)ct(—pn))ép(n) = 0
nez
forms the principal part of a modular form F € M{(Dp, xp@p)-
By the perfect pairing in Proposition 5.2, the space H1(Dp, x pé,)/Mi(Dp, xpdy) is spanned
over C by a harmonic Maass form F,(z) satisfying & (F,) = f,. Using the projection operators,
we can choose a unique representative F, € Hy(Dp, xp®,) to study.

THEOREM 5.6. There exists a unique harmonic Maass form F, € Hi(Dp,xp¢p,) with
holomorphic part

n=2

Xxp(n)#—1
(1) = (for fo) = F log u,
for f
FO = Toa

such that & (F,) = f, and |(F, | W},)(2)| has exponential decay as y — 0.
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Proof. Given two such harmonic Maass forms, denote their difference by D(z). It is holomorphic
and O(q?) at the cusp infinity. Furthermore, it satisfies pry,(D(2)) = 0. By Lemma 5.3 and
the exponential decay of (F, | Wp)(2), the form D(z) vanishes at the other cusps of I'o(Dp)
and hence is a cusp form. Proposition 2.9 tells us that the only cusp form in Sy (Dp, xp¢p) is
f+(Z) = ¢ + O(¢?), which implies that D(z) = 0.

To show the existence of such F,,, we begin with any F(z) € Hy(Dp, xp®,) satisfying & (F) =
[ by Proposition 5.1. Applying Lemma 5.5 and ¢,(—1) = —1 to (5.14), we can replace F with
(pry, © pry )(]—"C) to make sure that

iy, (F) = pr(F) = 0.

Suppose the holomorphic part of F, denoted by f , has the Fourier expansion

= Y o

xp(n)#-1

at the cusp infinity. By the perfect pairing between the one-dimensional C vector spaces Hy(Dp,
Xpbp)/Mi(Dp,xp¢p,) and S1(Dp,xpdp), we can take ng = 1. Equation (5.15) then reduces
to

" (=1) = (fo fo)-
By (5.13) and (5.14), we know that

pry, (ES) = pry, (f2) = 0.

Since the constant term of EY is non-zero, subtracting appropriate multiples of ET and f¢ from
F guarantees that the holomorphic part of F | W), is O(q) and ¢t (1) = 0. Since S1(n,y)g "
decays exponentially for all n > 1, the form (f | W,)(2) also decays exponentially. Finally, (5.15)
with f, replaced by E; becomes

4c¢t(=1) + 2L(0, xpop)cT(0) = 0,

which yields ¢ (0) = —=2(f,, f,)/L(0, XD Pp).- a

6. Proof of Theorem 1.1

In the same notation as §5, let F,(2) € H1(Dp, xp¢p) be the unique harmonic Maass form in
Theorem 5.6 with Fourier expansion

z) :Zéw(n,y)qn:cg(—l) +ZC n)q" _ch )B1(n,y)g "

nez n>2 n>1

To prove Theorem 1.1, we will first construct a modular form Z,(z) € Ma(p,x,p) from F,
and calculate its Fourier expansion. This will be the replacement of the cusp form in [BY06,
Theorem 8.1].

Let 0(2) = > ,czq" * be the Jacobi theta function. For v = (2%) €To(4), let 7 = [v,4(7, 2)]
€ Ty(4) be the element in the metaplectic cover of T'g(4), where j(v, z) := 6(yz)/0(z). Define the
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character X' : (Z/4p)* — C* by
0= (a0 (6.1)

Let Wp := [(430 °B), D~Y/4\/ADpz+ D], W, := [(}p %), p~'/*\/ADpz + p] be the Atkin-
Lehner involutions. Consider the real-analytic function F,(42)60(pz). It is a modular form of

weight 3/2, level 4Dp and character x'(-)(5)-
Define the function Q,(2) by

Qp(2) = DTVA((Fp(42)0(p2)) |32 Wb + (Fp(42)0(p2)) |32 Up)(2)
_ Z C(Qw, n, y)qn. (6.2)

ne”

By [Lil3, Lemma 2.3.6], it is a real-analytic modular form of weight 3/2, level 4p and character
X'. Using the calculations

(020020 by o)) =7 (5,1 (52 00 ) )@ (01 | (7)o i) o

one can write ¢(§y,,n,y) as

~ [ Dn —pk? 4y N
C(Q(p,n,y) = ZQP <47 D> 6D(k) = a’%@(”) + ago(nmy)a
keZ

2 _ 2
ag(n,y) = _chp <pk 1 Dn)ﬁl (pk DDn47ry>5D(k)

keZ

with a,(n) defined in (1.8).

Since D,p =1 (mod 4), the coefficient ¢(Q, n,y) vanishes whenever n = 2,3 (mod 4). This
means that Q,(2) is in the Kohnen plus space of weight 3/2, level 4p and character \/. By [Lil3,
Lemmas 2.3.3 and 2.3.4], the function Qw |3/2 Wp equals

((Fy | WoUp)(42)8(Dz) + ((F,, | Wp)(42)8(p2)) |32 Up

up to a non-zero constant factor. Similar calculations and the exponential decay of F, | W,
imply that Qp 3 /2 Wp is contained in Kohnen’s plus space and has exponential decay at the
cusp infinity. Since 8, decays exponentially, the function Qeo is 20;(0) + O(q) at the cusp infinity
and O(q) at all other cusps of To(p). Let E3/s, € Msz/o(4p, ') be the unique Eisenstein series
in Kohnen’s plus space such that E3/s,(2) is 1+ O(q) at infinity and O(q) at all other cusps.
Its existence follows from the dimension formula of half-integral weight Eisenstein series [COT77].
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Then Q,(2) — 2¢5(0)E3)5,(2) is O(q) at all cusps of Ig(4p) and we can apply the holomorphic
projection operator 7, to it and obtain

Qu(2) 1= Thol(Qp(z) — 2¢5(0)E32,(2)) € S/2(4p, X') (6.4)

in Kohnen’s plus space.

In [Koh82], Kohnen studied the space of half-integral weight cusp forms satisfying Kohnen’s
plus space condition and showed that the Shimura lifting maps it isomorphically to the space of
cusp forms as Hecke modules when the character is quadratic and the level is odd and square
free. After many people’s work [MRV90, Pei82, Tsu99, Ued93, van83], the Shimura lifting has
been generalized to modular forms of weight k+1/2 for all integers k& > 1, odd level and arbitrary
character. In our situation, we can apply the Shimura lifting to Q,(z) (in the notation of [Koh82,
Theorem 2]) and define

Ep(2) 1= L1100, (Ao (2) + 205 (0) Bz 2(2)) € Ma(p, Xp)- (6.5)

The following lemma calculates the Fourier coefficients of =Z,,.

LEMMA 6.1. The modular form E,(z) has the Fourier expansion Zy(2) = Y, - ¢(Ep, m)q™ at
infinity, where
- L(0, ¢p)ct (0), 0,
C(:w,m): b( p) <p( ) b/
p(m) — cy(p) (p(m)7 Lpfm,
(6.6)

me1
’m)z—@Z( > ¢p ( 4;2po2> D<k’>)2Qs_1<¢%m>,

k'€Z “d|ged(k',m
by(m) is defined in (1.7) and Qs—1(t) is the Legendre function of the second kind in (3.14).

Proof. Let ¢(Q2,,n) and c(E3/5 5, n) be the nth Fourier coefficients of ), and Es, ,,, respectively.
By the definition of holomorphic projection [Stu80], the coefficient ¢(€2,n) comes from the inner
product between 2, — 2¢5(0)E3/5, and the nth Poincaré series of weight 3/2, level 4p and
character X’ defined by taking the limit of the following function:

Palzs)i= 30 X1 2) e m(yz) oD/
v=(2 b)ere\ro(4p)

as s approaches 1. Since Qw — 20$(0)E3/2’p decays exponentially at all cusps of I'g(4p), one
can switch the limit in s and inner product. After applying Rankin—Selberg unfolding, we obtain

)2 / - .
c(Qp,n) = (11(1/)2)<Qs0 = 2¢5(0)e(E3/2,p, ), limy an5>
. ot (47rn)1/2 > * —4rny 5/2@
- il_)nll <a90(n) 20(,0 (O)C(E?)/Z,p’ n) + F(1/2) 0 aﬂa(n7 y)e Y Y

= ap(n) — 2c£(0)c(Ey2,5,1) — cp(p)ag(n),
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where a;,(n) is defined by

(= [ w0
gstit) = 1 (uu+1)(1+s)/2u’ p=> 0.

Here, we have used the multiplicative property c,(pn) = c,(p)c,(n) for all n € N. With the
following comparisons (see [GZ85, § 7] for similar arguments):

( ) _2Q0(\/ +1)7

Qs F D) = 01 = O/,

we can substitute gs_1(pk?/Dm — 1) with 2Qs_1(pk/v/pDm) in the limit as s goes to 1 and
obtain

c(Qp,n) + 2¢5 (0)c(Eya,p, 1) = ap(n) — cp(p)aj,(n),

ag(n) = lim c@(W)éD(k)QQS_I(%) (6.7)

keZ

Now, given g(2) = Y, c(g,n)q" € Mso(4p, X') satisfying Kohnen’s plus space condition,
its Shimura lift .#1 1 ¢, (g) € Ma(p, xp) has the shape (see [Koh82, Theorem 2(ii)])

A 1ps(9)(2) = L{0.9p)cl9.0) | > (Z dp(d (g, Zf))qm. (6.8)

m>1

Applying this to (6.5) yields ¢(Z,,0) = L(0, ¢p)a,(0)/2 = L(0, ¢,)ct (0) and

oZm) = oo(5 )~ cotwar (%)) = bolon) — oty P2 drlde ()

2
= by(m) = cp(p) lim >~ >~y (d %<pkd) dpo >5D(’“)ZQ51<\/%Zm>

dlm k€Z

ez d|ged(k' ,m)

= by(m) — cp(p)by(m)
when p t m. O

Proof of Theorem 1.1. Let W(z1,22) be a normalized integral Hilbert modular function with

divisor
Z c(—m)T,,.
m>=1
ged(pD,m)=1
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By [BY06, Theorem 2.8], there exists a modular function f(z) = >, -, c(—=m)g™™ + O(q) €
M(!)’+(p, Xp) such that ¥ = C'- ¥ for some non-zero constant C. By Proposition 4.1, we know that

o(BPEY = S e (PP Y

d|ged(k',m)

when D { k' and k' > m+/Dp/p. Furthermore, 12(P) = »(p')> = c,(p)?. Thus, we can
rewrite (3.21) as

log [W(CM(Ky,12))| = log|(C - W) (CM(Ky,1p2))| = log |V (CM(Ky,19))
Cgo(p)2hJE

= _7hﬁ £ Z c(=m)bl,(m).

m>1

Using the perfect pairing between Sa(p, x,) and M(!)’Jr (p, Xp), we can deduce that

0= c(-m)e(Ep,m) = Y c(=m)by(m) — co(p) Y c(—m)bl,(m).

m>1 m>1 m=1

Putting together the two equations above gives us (1.6). O

7. Numerical calculations and conjectures
When D =29,p =5 and ¢5(2) = 7, the newform f, € S1(145, x29¢5) has the Fourier expansion
fol2) = q+ig* +ig® + (=i — 1)¢" —ig® + (=i + 1)¢** — ¢'® + O(¢*).
In this case, we have

Up = 5+§/@7 L(O7XD¢p) =—-2- 227 p= ( 2 ) Cg@(p) = ia
hﬁ = h% ) hF2 =1, hK4 =2, <f<,07fso> 4logup.
2 F>

Let F, be the harmonic Maass form in Theorem 5.6 and c;f(n) the nth Fourier coefficients of its
holomorphic part.

Using the modularity of F,(z), one could substitute in various z € H and numerically
compute the coefficients c;f (n) using linear algebra. This idea goes back at least to Hejhal [HD83]
and has been implemented in [BSV06] to compute the Fourier coefficients of Maass cusp forms.
Using the computer program SAGE [Stel2], we have numerically computed c; +(n) for n < 1000
with precision at least 1072°. The numerically computed coefficients

ch(—1) = 6.588924585484 ..., ¢} (0) = 1.64723114637110. .. — i - 1.64723114637110. ..

agree with the values given by Theorem 5.6

¢y (1) =4logup, ¢;(0)=(1—1i)logur.

Let W(z1, z2) be a normalized integral Hilbert modular function on Xp, with divisor Tg —277.
It is the Borcherds lift of a weakly holomorphic modular function of level 5 and nebentypus
character (%), whose Fourier expansion has the form ¢~%—2¢~1+242¢+0(¢?) (see [BB03, BY06]).
Its value at the untwisted CM 0-cycle CM (K4, OF,) is an integer and has the factorization

U(CM(Ky,Op,)) =204.3% . 1711811 . 2414
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Y. L1

In comparison, its numerical value at CM (K4, 19) is an algebraic number in F' and seems to
have the factorization

BCM(Ko, v2)) = (7”81)4 - (m)4 e, (1)

/ /
T181 To41

where 781 = (1 +5v/29)/2, m241 = (35 + 3v/29)/2 each generate a prime ideal in F' above 181
and 241, respectively.
The other side of (1.6) is

RHS of (1.6) = — i(by(6) — 2b,(1)) = —i(ay(36) +iay(9) —iay(4) + ax(1)) + 2iay(1)
= — 2i(c}(261) 4 ¢} (256) + ¢} (241) + ¢} (216) + ¢} (181) + ¢ (136)
+ c$(81) + c:g(lﬁ)) + 2(0:2(64) + 62(54) + c:g(34) + c$(4)) — 2(6;(29)
+ 5 (24) + ¢} (9)) + 2ict (6).
Numerically, the coefficients cz(n) appearing in the sum above are given by

5 (4) = ¢ (6) = ¢ (24) = ¢£(29) = ¢ (34) = ¢} (81) = ¢ (261) = 0,
16) = ¢ (54) = ¢} (64) = —ic} (136) = ic}(216) = ic (256) = 4logur,
18

1

@ @
F0) — ot
5 (9) = —ic(

241

¢ (181) = 2ilog +4dilogup, ¢} (241) = 2ilog

/

/
181

To41

This agrees with Theorem 1.1.
Let Ap :=Z[i] -logur C C be a lattice. For a rational prime ¢, let [ be a prime in F' above ¢
and m € OF a generator. Define the quantity €} (¢) € C/A by

Gy (0) = (@() — B(V) log| —| + A. (7.2)

e
0
Ll

Note that a choice of m corresponds to a lift of CKJ (¢) to C. Numerical calculations suggest the
following refinement of Conjecture 1.3.

CONJECTURE 7.1. For all rational primes ¢, the image of ¢ (¢) in C/A is €} (£).

Under this conjecture, there should exist b(m() € Z[i] such that

T
I

+ b(m) log up.
i

e () = (2(1) = B(I')) log

In the following table, we have listed the values of 7, and b(my) for all primes ¢ < 100 satisfying

(%) # —1.
7 5 7 13 23 29
(mob(m)) || (B2,-2) | (6+v29,0) | (232,0) | (Y2 0) | (v/29,0)
7 53 59 67 71 83
(71, b(m0)) || (13 +2v/29,0) | (28 +5v/29,8) | (22£3Y29 ) | (10 ++/29,0) | (12£Y2 0)
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Applying the ¢th Hecke operator T to j}, yields the following relationship:

ko (Tefp = co(O)fp — ¢} () f2) € Ar(()),

where kp, := |L(0, Xp¢p)|> € Z. From this relationship, one could deduce the following formula

for ¢ (n) from Conjecture 7.1:

KDp - c;(n) =Kpp - Z Cyp (Z) Jo(er=1) - CKJ(Z) € C/Ar, (7.3)
r|n

where 37, Jy(n)n™* = (32,5 cp(n)n ")
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Appendix. Field extension diagrams and character table

M32 MSZ
ur \ / \
M16 F16 K16 M16
ur \ \ CM
MS FS Kg Mg
y Cl\\ ur / ur
K4 f{4 K4 F4 Kél
CM / ur\ CM / ur
Fy F Fy F B
Q Q
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