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A MEAN ERGODIC THEOREM FOR
MULTIPARAMETER SUPERADDITIVE
PROCESSES ON BANACH LATTICES

FELIX LEE

Introduction. Let E be a Banach Lattice. We will consider E to be weakly
sequentially complete and to have a weak unit u. Thus we may represent E as a
lattice of real valued functions defined on a measure space (X, ¥, u). There is
a set R C X such that R supports a maximal invariant function @ for a postive
contraction T on E [5]. Let N = X — R be the complement of R. Akcoglu and
Sucheston showed that XN(% E;’;OI Tif) A g — O for any f,g € E,, where
E, is the positive cone of E. If in addition a monotone condition (UMB) is
satisfied, then the same authors showed [4] that XR(% Z:’:_OI T'f) converges
in norm. A sequence {f,},20 € E is called superadditive with respect to a
positive contraction 7 if for n,k 2 0,fu = TXf, + fi. A moderately superaddi-
tive sequence is one such that lim inf,||1 Y20 (fir — T)|| < oo. If {f,} is
moderately superadditive we have also XN(% fANg —O0forall g € E,, and
XR(ﬁ f») converging in norm. Millet and Sucheston [13] had expanded the the-
ory to general multiparameter cases. For k arbitrarily many positive commuting
contractions T}, T,,... , T, on E, there is also a set R C X such that it supports
a maximal invariant (under the 7;’s) function ®@. If N = X — R, then we have
Xy G S0 20 -+ iy Ti - TEf) Ag — 0, for all f,g € E,. For the
superadditive case, only L, results are known. Using a Markovian semi-group of
operators, Akcoglu and Sucheston [3] showed that a bounded superadditive pro-
cess converges in norm on the support of an invariant function; the convergence
is stochastically to zero on the complement of the support.

This paper will show the mean convergence theorems for multiparameter
superadditive processes.

In order to simplify the equations and notations involved all the theorems
and proofs will be stated in a two-parameter setting. The extension to general
multiparameter case is mostly obvious. It should be noted that the definition we
use for superadditive process here is due to Krengel and Derriennic [9].

1. Preliminaries
Definition 1.1. Let E be a Banach Space. Assume that F satisfy the following.
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(a) There is a partial ordering ‘=’ defined on E.

(b) For every pair of x,y € E,x Vy = sup (x,y) and x Ay = inf (x,y) both
exist in E. We will define: x* =xV0,x~ = —x VO0and |x| =x*+x".

(c) For any pair of x,y € E such that |x| = |y| we have ||x|| = ||y||. The
partial ordering ‘=’ is said to be norm compatible.

Such a FE is called a Banach Lattice. We denote its positive cone by E, and
its conjugate space by E*.

Example. All L, spaces are Banach Lattices. Simply consider the usual or-
dering of functions, the usual definition for sup and inf of functions and the L,
norms. Basic properties of Banach Lattices can be found in [12] and [14]. We
will only consider Banach Lattice that has a weak unit and is weakly sequentially
complete, that is they satisfy:

(A) There is an element u € E, such that if f € E, and if u Af = 0, then
f =0. Such a u is called a weak unit.

(B) Every norm bounded increasing sequence in E has a strong limit. This
implies order continuity, so every order interval [f,g] ={h : f Sh =< g}
is weakly compact ([12] p. 28).

If we consider L,[0,1] say, then u can be any function in L, having support of
measure 1. Note that if # is a weak unit, then lim 4 f A ku = f. For any
Banach Lattice satisfying (A) and (B), we may apply the following representation
theorem from [12] p. 25.

THEOREM 1.2. Let E be an order continuous (condition (B)) Banach lat-
tice which has weak unit (condition (A)). Then there exists a probability space
(X, F, ), an (in general not closed) ideal X (an ideal X is a linear subspace
for which x € X whenever |x| < || for some ¥ € X) of Li(X,F ,u) and a
lattice norm || - ||z on X so that

(a) E is order isometric to (X, || - ||3)-

(b) X is dense in Li(X, F ) and Loo(X , F , 1) is dense in X.

(©) I = £l = 201f oo whenever f € LuX , F , .

(d) The dual of the isometry given in (a) maps E* onto the Banach Lattice
X* of all u measurable functions g for which

g = sup { ILTE 1} <oo.

lle

The value taken by the functional corresponding to g atf € X is /. v fedu.

This says that we may assume our Banach lattice E to be a lattice of (equiv-
alence class of) real valued measurable functions on a o finite measure space

https://doi.org/10.4153/CJM-1990-054-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-054-x

1020 FELIX LEE

(X, F,p). Henceforth elements of E will be denoted f,g and A, etc, to sig-
nify the fact that E is a function space. We will consider two-parameter cases,
which means that we will consider two operators 7 and S on E. An operator
T : E — E is a contraction if ||T|| = 1, and is positive if T : E, — E,. In this
paper T and S will always denote two positive commuting contractions on E. For
a sequence {f} € E, (7) is actually a double subscript (n;, n2) with »; a non-
negative integer for i = 1,2. We write @ S to denote ﬁ S noy- 1iMa_oo fia)
means the limit of the sequence {fz } as each of the indices n; and n, tends to
infinity independently of each other. We will use ‘—’ for strong convergence,
““for weak convergence and ‘T’, ‘|’ for monotone convergence. We now
define an additive sequence.

Definition 1.3. A sequence {f,} € E, is called additive with respect to an
operator T if there exist some f € E, such that f, = Z::o] T'f. For two-
parameter case, fz is additive with respect to two commuting operators 7 and
Sif fmy = 30! ]'-261 T'S'f for some f € E,. In their paper [2] Akcoglu
and Sucheston introduced the notion of truncated limit.

Definition 1.4. Let {f,} be a sequence in E. A function ® is called a truncated
limit of {f,} if for each positive integer k we have lim, o f, A ku = @ exist
and limy_,,, @4 T @. We then write TLf, = ®. For weak truncated limit we only
require f, Aku —— ®;. We write WTLf, = ®. A sequence {f,} is called TL null
if TL|f,| = 0. For general multiparameter case we replace the single index n by
(ny,ny,...,n;) in the definition.

Definition 1.5. A non-negative sequence {f,} is said to converge stochasti-
cally to zero if for g € E,, we have f, A g — 0 or another way of saying this
is that TLf, = 0. Properties and theorems concerning 7L limit can be found in
[5] and [6]. We state the three following lemmas without proof.

LemMaA 1.6 ((1.2) of [13]). Let U be a strictly positive element in E* and let
{f.} be a sequence in E, such that lim,_, U(f,) = 0. Then

(a) TLf, = 0 and
(b) The strong limit of f, as n — o0 is O if sup,f, € E.

Lemma 1.7 ((1.9) of [S)). Let E satisfy (A) and (B). Let f,, g, € E,, WTLf, =
®, WILg, =T.

(a) If WTL(f, + g,) =V exist then ¥ = O +T.
(b) If T : E — E is a positive linear operator and Tf, = g, then T® = T.

Lemma 1.8 ((1.8) of [5]). If {f»} 2 0 is a sequence of functions in a Banach
Lattice E satisfying (A) and (B) and sup ||f,]| = M < oo, then there is a
subsequence { f,, } such that WTLf, = ® exists. If {f,} is not a TL null sequence,
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then this subsequence can be chosen so that ® # 0.

2. Two-parameter results. Let 7 and S be two positive commuting contrac-
tions on E. We will investigate the convergence of : {% fo}s fw an additive
sequence. In the one parameter case (one operator T), this is just the Cesaro
averages A,(T)f = % Z:’;Ol Tf for the operator T and the function f. We
write Agf for % fm) to be consistent with the one parameter notation. In [13]
Millet and Sucheston showed that if there exist non 7L null additive sequence
then subinvariant functions can be found. To obtain an invariant function for the
general multiparameter case we need to impose a monotone condition (C) [5]
on the lattic:

(C) For every @ € E, and for every number a > 0, there is a number
B = B(®,a) > 0 such that if g € E,,||g]| = 1,0 = f = ® and if
IfIl 2 e then [|f +¢|| = [lg]| + B.

With this Millet and Sucheston proved the following theorem.

THEOREM 2.1 (2.5 of [13]). Let E satisfy (A), (B) and (C). Let T and S be two
positive commuting contractions on E. Then there is a function ® with maximal
support such that @ is invariant under T and S. Moreover let R be the support
of ® and N be the complement of R. Then XyA)f converges stochastically to
zero for f € E,.

This gives us the existence of an invariant function on a (C) lattice. The
existence of invariant function is important because many useful results can be
deduced from it. First of all we have that for a function f having support on
that of an invariant function, A (T, S)f converges in norm.

Lemma 2.2 (2.1 of [13]). Let ® be a T,S invariant function in E,. T and S
are two positive commuting contractions on E. Let R be the support of ®. Let
f be a function in E, such that its support is included in R. Then A,(T)f —
Aco(T)f y An(S)f — Aco(S)f and A (T, S)f — Aco(T)Ax(S)f.

Another condition that we may impose on E is called (C,). [5]

(CO)Iff,g €E.and f#0, then ||f +g| > |12

This is readily seen to be a weaker condition than (C). If there is an invariant
function, however, (Cy) is sufficient to conclude the following lemma.

LEmMMA 2.3. Assume that the Banach lattice E satisfies the conditions (A), (B)
and (Cy). Given ® € E, with T® = ®, and S® = ®, and a number o > 0.
Then there is a number o = o(®, @) > 0 such that if 0 S f = ® and ||f|| 2 «,
then limg—oo|[A@f || 2 o.

https://doi.org/10.4153/CJM-1990-054-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-054-x

1022 FELIX LEE

Proof. The proof of this resembles that of lemma (2.3) of [S]. For g € E,
if limz—0Amg exists we will denote it be g. If the lemma is false then there
is an invariant function ® € E,, an a > 0, and a sequence {f,} in E, such
that for each n,f, £ @, ||f,|| > a,f, exists and lim, .|| f,]| = 0. Passing to a
subsequence, we may assume that || f,|| < €,, withe, —0and > €, < o0. Let
gn =V, fi and g = lim | g,. Then as each of the || f,|| > a; ||ga]| > «, and
lgll > o as well. For € > 0 it is possible to find a m such that g, = V{L, fi +hm
with ||k, = e Let g, ., = ViL,fi- Then g, — g(, ) = hm. By definition,
8ns g(’n’m) and A, all have support on that of ® so we may apply lemma (2.2),
then taking the norm to obtain

122 = 8umll = llmll <e.

Note also ||gzll | llz]l. Now g(, ., = ViL, i = 35=, fi So if we take
the average and then the limit as (F) — oo, we have lim(;)HOOA(;)g(’mm) <
M)y 00 D g A@fi» OF just simply g/, . < 3L, fi. Since € is arbitrary, we

then have
m o0 [e ¢]
gl =D A +e =D RIS D e <oo,
k=n k=n k=n

which is a decreasing sequence, so ||g|| = 0 as well. Consider
@] = |[Aa (@ +g — &Il = [[Aw @)l + |4 (@ — )|

The first term tends to zero as (7) — 0o as ||g]| = O; the last term is less than
||® — g|| as T,S are contractions. We are left with ||®| < ||® — g||. As g is
non-negative, (C;) forces g to be zero. This contradicts the fact that ||g|| = «,
$0 limgy—oo||Aw f| 2 0 > 0. =

We will now introduce yet a stronger monotone condition (UMB) (first intro-
duced by Birkoff in [8]).

(UMB) For every number o > 0, there is a number B = B(a) > 0 such that
If+gll 2 |lgl| +B whenever f,g € E.,||g|| = | and || f|| 2 «. For convenience
we also have that B(0) = 0.

The (UMB) condition is stated in many different forms. In an Orlicz Space it is
equivalent to the A; condition (see [7]). One very convenient form which will
be used is the following:

24) If 0OSY=Y and |®|=M,|¥|=2a then
I —¥l| < (|| — MB(a/M).

https://doi.org/10.4153/CJM-1990-054-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-054-x

MEAN ERGODIC THEOREM 1023

Clearly the (UMB) condition implies the condition (C), which in turn implies
the condition (C;). Condition (B) is also a consequence of (UMB). However,
for the sake of explicitness, these conditions will still be mentioned separately.
In [13] Millet and Sucheston proved the following theorem for a (UMB) lattice.

THEOREM 2.5. Let E satisfy (A), (B) and (UMB). Let ® be an invariant func-
tion under two positive commuting contractions T and S. Let R be the support
of ®@. Then for any function f € E,,XrAw)f converges strongly to an invariant
function.

3. Superadditive results. We adopted the definition of Krengel and Derri-
ennic [9] for a superadditive process. Let ‘C’ = {(a),a2) = a, a; non-negative
integer}. ‘I’ = {[a,b),aand b € C,a; £ b;,i = 1,2}. [a,b) = {¢|c € C,a; £
¢i < bj,i =1,2}. For it = (u1,us) € C, we write T* to denote T*'S*2. Since T
and S commute, T = {T" where & € C} is actually a semi-group of positive
bounded linear operators on E; ie, we have ToT" = T™" where ii,v € C. A
set function F' : I € I — F; € E is called a superadditive process (with respect
to T and S) if the following two conditions are satisfied.

(3.1) T*F; = F.;z whenever [ € I and @ € C. That is, let I = [a,b), then
I+ = [(a) +u,ar +up), (by +uy, by + up)).

(3.2) If I}, I, are disjoint sets in I and if ; U L is also in I, then Fj, 2
F[l + Flz‘

To simplify notations we write Fiz for Fi5 ;. We will consider non-negative
superadditive processes. Applying (3.1) in (3.2) we then obtain the following
useful form of (3.2):

F(,;H;,) = F(,;,) + T’hF(,-,).

for all (7) and (/). Let { F(z } be a non-negative superadditive process in E. We

(,'T) F ) to mean ZT]n? F for non-negative integers njny. Then the bound-
edness of % Fy for all () by an invariant function ® implies the convergence
of the sequence {(:T) F }. First we need a generalization of equation (3.2) so

that we can deal with more than two rectangles at a time.

write

LemMA 3.3. Let E be a Banach Lattice. Let { Fz)} be a superadditive process
on E, with respect to two positive commuting operators T and S on E. Let (i)
and (m) be given such that there exist ky,k, and that m; = n; - ky,my = ny - ky.
Then

Fo.m 2 T™ 8™ Fg -
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Proof. 1t is easy to see that

k=1 kp—1

U U tni, jna), @+ Dy G+ D)) = 10, anis kom))

i=0 j=0

= [0, m).

We have cut up the rectangle [0,/m) into kjk, smaller rectangles, it is then
possible to apply equation (3.2) to two of the rectangles at a time and obtain
Fiom Z Z Z;i_ol F (G o) (4 Dy G+ D)) However by condition (3.1) we
know that for each (&, 1) T™ S Fi 5y = Fliiny, jny) G+ Dmy G+ )my))> hence the lemma
is proved. n

LeEmMMA 3.4. Let E be a Banach lattice satisfying (A), (B) and (C). Let F be a
superadditive process on E, with respect to two positive commuting contractions
T and S on E. Let ® be an invariant function such that %F(,—,) < @ for all
(n). We define gm) = #F(,-,) and limg)A@&x) = &g, if it exists. Then
lim@y—oo |26 — 8 A 8| = O for any fixed (k).

Proof. With (C) we have the existence of invariant functions. Let ® be a T, §

invariant function. By lemma (2.2) gz, 8@ exists for all (k). For a fixed (k), consider
Z"‘_l E"z ! T'S'F 3, with () > (k). If (n) is sufficiently large, we may write

n=mki+ri 0=5r <k, nm=mk+rn 0=r <k.

To estimate 37" Zj'.';al T'S'F 3, we rewrite:

n— 1 nz— k] 1 k-) 1 my my

i Qj iky+u Qjko+v I
> > TiSIFg < > S rhugiepg
i=0 j=0 u=0 v=0 i=0 ;=0

By lemma (3.3), we have for (0,0) < (,v) < (ki, k), Yo7 Y272 TH+ S F g
= Fz,37)- Since there are k; - k of these inequalities in the above equation, it
can be rewritten as:
n—1 np—1
> TSIFg S (ki k) gy, O
i=0 j=0
(1 + 3k1)(n2 + 3k;)

1
A& S @ Flsiy = i 8(m+3k)-

If (71) is sufficiently larger than (k), one can replace (7 — 3k) for (7) to get
< (ny - mp)

"7 (m = 3k) - (m — 3ky)

3n1ky + 3n2ky — 9k 1k

B G Bk (2 — 3ka)

AG-3n8 8@)

https://doi.org/10.4153/CJM-1990-054-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-054-x

MEAN ERGODIC THEOREM 1025

as g = @ for all (7). By splitting up the sum appropriately we have

_ (n = 3k)(ny — 3k2)

Awg) = p— Aa-308®)

n —3k —1 ny—1 o
R Z Z T'S' g

=0 j=n—3k
1 n—1 ny—3ky—1
+— > > TS
nny ; 8
l:ﬂ1—3k| j=0
Il]—l nz—l

1 .
T 2 2 T

i=ny—3k; j=m—3k;

1
= A(iz—3l_c)g(fc) + nl—nz— [3kon; + 3kiny + 27k 1 ky 1D

1
< gi 6k 6k 18k k> ]D.
8w + o1 = 3y — 36) [6kyny + 6kyny + 18k k> ]

Now if a,b,c 2 0 and a < b +c, then a — (@ Ab) = c. Hence Amgg) —
Amgm N &m = %%ﬁ%ﬁd). Now as @ is fixed, letting (7)) — oo we get
limg) oo [|Am &) — A& N &l = 0. Therefore if € > 0 is given, it is possible

to write

lgx — 25 A emll = llgg) — Amgwll + 1A@egw — AmegAgam I
+ 185 AN 8w — Aw&w N &l
< €. ™

LemMma 3.5. Let E be a Banach lattice satisfying the conditions (A), (B) and
(C). Let {F} be a superadditive process on E, with respect to two positive
commuting contractions T and S. Let ® be a maximal invariant function under
T and S. If n—ll"; F = @ for all (n), and we define g, 8, as in lemma (3.4),
then lim infg, , lim SUP(y—oo|| ) — &y A %H =0.

Proof. Let a(k) = lim supm—owll8@a — &m A Egll- Assume that
lim infz, ,,a(k) > a > 0. Then there exists a (ko) such that if (k) 2 (ko)
then a(k) > a > 0. Let (n;) = (ko). For ¢ > 0 we have by lemma (3.4)
that there exists (V) such that for (7) 2 (N)), ||ga,) — gwAZay|l < €; since
a(ny) > a one can actually pick a large enough (#), calling it (71;) such that we
have

@) — &y A8anll > and || — e A Banll <e
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for any € > 0. To simplify notation we define for each index j,

0 =851 8w N&G— Pi=8a —8m NG

Choose a sequence of {e(i) > 0} such that ), e(i) < oo. Repeating the process
above we obtain a sequence of indices {(7i;), (7i2), ... , } and two sequences of
P;, Q; such that

il <el@) [IPl| >a ga)=2an+Pi—Qi

for each i. By construction P; and Q; are both less than or equal to ®. By
lemma (2.2) P; = limg—cAm)Pi, Qi = limg .0A@Q: both exist. By lemma
(2.3) ||Pi]| > o(®, @) > 0, and it is easy to see that ||Q;]| < (i). So by taking
the average we have g, = 8o + Pi — Q; with ||P;|| > o, ||0:]| < (). So

(350 g — 5ol = 1P — Qill > 0 — (i),

which does not converge to zero. Now ga) + 0 2 g5 as Pi 2 0. So

i S8+ 0 S8+ 02+ 03 <

The sequence {ga) + E;:Z Q;} is hence an increasing sequence in i. Now
g(;,i)+zj'.=2 Q; is a norm bounded increasing sequence in i. By (B), this sequence
converges strongly. The sequence {Z;zz Q,} is also a norm bounded increasing
sequence and converges as well. The sequence {gm} hence also converges
strongly, which contradicts (3.5.1). .

Combining lemma (3.4) and (3.5) we obtain that for any positive superadditive
process that is bounded by an invariant function, the average of the process will
converge in norm.

THEOREM 3.6. Let E be a Banach lattice satisfying (A), (B) and (C). Let
F be a superadditive process on E, with respect to two positive commuting
contractions T and S on E. If there exists a T, S invariant function ® such that
Fi) = © for all i where i = (ny, ny) then

F#) converges strongly.

1
ni nz np-np

Proof. Let € > 0 be given. Let g be as defined in (3.4). Using lemma (3.5)
and the definition of a(k) we can find (ky) such that a(ky) < e. For this (ko)
find (7ig) such that for (71) > (o), 18z, — (8@ A 8,)|l < € by Lemma (3.4).
By the definition of a(kg) it is possible to find (7)) such that for (7) > (7)),
llgm — (g@ A 8 ll < €. Let (2) = max((fip), (,)). Then for (i), () > (71z),

llgw — gomll < llgw — @Al + 127 N &m — Zi)
+ 185 — 8o A8l + 18 A 8y — 8ol
< de.
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By (3.5), € can be arbitrarily small by picking (ko) sufficiently large. Hence g
converges. "

CoRrOLLARY 3.7. Let E,T,S and @ be as defined in lemma (3.6). Let { Fz)} be
an arbitrary non-negative superadditive process on E, then 5 Fiy A converges
strongly.

Proof. Define F(;) = F@ A (niny®). Then 1/(mina)F(;, = ®. { F(;} can
be easily shown to be another superadditive process. Now just apply (3.6) to

!
F (n)°

| ]
Definition 3.8. Let { F} be a non-negative superadditive process on a
Banach lattice E with respect to two positive commuting contractions 7 and

S onE. Let

1
Fs1,je1) — TSF i j)-

n n

1

Dy, ) OF Py =
niny

i

1l
(=)
Il
)

J

{ F»} is said to be moderately superadditive if M = lim inf), .o ||®@;z]| is finite.
In the multiparameter case we would define for (7)) = (ny,n; ... ny),

ni—1 np—1 np—1
q’(n,,m,...n,,,) - n n E E E F(1|+l D+l ip+])
172 =0 =0  in=0

— Ty T,Fg iy, i)
and M is defined in the obvious way corresponding to the two-parameter model.
For i € C we write @y, to mean T4 5Dy, »,) and Diray S Py 4y ny+uy)-
LEMMA 3.9. If a,b and c are three non-negative elements in a Banach lattice
E then the following inequalities hold:

(39.1) a+b—(@+b)AN2c=(a—alAc)+(b—bAc),

(392) a—aAcZa+b—(a+b)Ac.

The proof of these are obvious and will be omitted here.

LemMA 3.10. Suppose {a,} is a sequence in E, such that there exists another
sequence {V,} in E, with o, <7, for all n. If the weak limit of {a,} exists and
is equal to «, then ||a| = lim inf,_||V.]l-

Proof. Let L = {aa, a is a complex number}. Define a functional f on L by
f(aa) = a||@]|. Then ||f|| = 1, and f(«) = ||«||. By the Hahn-Banach Theorem
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there is another functional F defined on the entire Banach Lattice E such that
|F|| = 1 and that F(a) = ||a|. As a, — @, we have

F(ay) — F(a) and || F(a,)|| — |||
But we also have |F(a,)| £ || F||llanll < ||an|| = ||7a]| for each n. Hence
lla]| = liminf || F(er,)|| £ liminf ||7,]]. .
n n
LemMA 3.11. Given two non-negative sequences {a(f)} and {Y(7)} that con-
verge weakly to o and 7Y respectively, then

() — Y(A)*F > (@ — M

Proof. The proof of this can be found in p. 51 of [14].

LemMA 3.12. Let E be a Banach lattice satisfying the conditions (A), (B) and
(UMB). Let {{)s)} be a sequence in E. such that there exists a number K with
Y@l S K for each (n). Let T and S be two positive commuting contractions
on E. Let () = (u1, up) be fixed, and assume
(3121) WTL’!ZI(,-,) =Y and WTL’(,ZJ(,-,)H[‘) = \P(,-‘)

both exist. Now let v be the weak unit and define
(3.122) o = lim (imsup || — e AW,
j—00  (A)y—00

(3.12.3) 0@ = lim (limsup |[Yae@m — @aya Av)I)-
Jj—00  (A)—00
Then we have o 2 o), and if ||¥@ — TS| > a > 0, then
(3.12.4) 0 — 0z 2 KB(a/K),
where B(a/K) is the factor derived from the (UMB) condition.

Proof. We shall use the symbol ¥ and Y. and these are defined in a
similar way as that of definition (3.8). Let k be a fixed integer, arbitrarily chosen.
Let

Sy = Yy Nkv - and 8y ) = Yy ny) — fimma)-
We substitute 7% S“2fz), T*' S*2 g and jv for a, b and c into lemma (3.9) to get
(3.12.5) TS g — (T' S gy A 2jv) = Yy — W A 2v)
S [TUS“fa) — T S“fm A jv]
+ [T"S"gm — TS gy Ajv].
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By definition we may find for sufficiently large j, a function A; such that kT <
Jv + hj, with ||h;]] — 0. Hence we can write:

lim (limsup ||7"' 8" fz — (T S"“*fm Ajv)|)) = 0.
j—00  (f)—00
Using this and (3.12.5), it is seen that by taking limits, we in fact have
(3.12.6) 0z = lim (limsup || T"gm) — (T*g@w Ajv)|))-
Jj—o0  (A)y—00

Assume that || —T*¥|| > a > 0. We will proceed to show that if k is chosen
large enough, there exists (7ig), jo such that ||T*g@, Ajv|| > « for all (7) 2 (7p),
and j 2 jo. Given € > 0, there exists k such that if k 2 ko,

w lim fm=w lim (e Akv) = ¥y exists satisfying ||V — Wi|| <e.
(A)y—00 (y—00

Let \P(ft),j = w lim(ﬁ)_.oo(Tﬁ’l/J(;,) A jv), then llmj_.oo \P(,})’j = LP(,-,). We also
have w limgy ool TP Ajv — T%m)] = Y@,j — T"Wk. It is easy to see that
(T™"pay Ajv — Tfm)* < T g Ajv. So by lemma (3.10) and (3.11) we obtain

(3.12.7) ||y, — T"¥0*|| < liminf || T%gg Ajv].
(n)—00

By the definition of ¥, there exists a j; such that for j > ji, ||V @ —Ya, || <e.
So

Wa — T < [Wa — Yl
W, — TPl +2¢

+ W@, — TVl + |1 T"¥, — T

It

IIA

for any j 2 j; and k = ko. Rewritting, we get:
(3.12.8) [[Payy — TVl > W@ — T"¥|| — 2¢.

The next step is to show that there exists a j, such that ||(W,;—T*Ws) || < € for
J 2 jo. As v is a weak unit, we can find j sufficiently large and a A ; such that
kT" < jv+h ;. Hence once k is chosen, we may write 7%z, = he j+T"f) Ajv
with ||h, || < e. We claim that hg, ; 2 [(T“Y@ Ajv) — T%x]". This can be

checked easily. Again applying lemma (3.10) and (3.11) we have

wolim (T Ajv = Tw) || = |(Pa,; — T"¥O ||

(n)y—o00
= liminf ||hg,
iminf {|ha,|| <e
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if j 2 j,. Now let jo = max (ji, j»). Combining this with equations (3.12.7) and
(3.12.8) we obtain

(3.12.9) liminf ||[T*gmAjv| > ||¥a@ — T“¥|| — 3¢
(R)—00

for j > jo and k > ko. First we will show (3.12.4), and here we assumed
W@ — T¥|| > a > 0. By equation (3.12.9) we have, for k sufficiently large,
(71p) and jo such that for (7) = (fip) and j = jo, ||[T"gm Ajv|]| > a as e > 0
is arbitrary. (Really we have ||T"gm Ajv|| > a —e = & > 0. € can be made
arbitrarily small by picking & sufficiently large.) Let

¥ =T'gm Njv 1|l > o for j, (7) Z jo, (i),
O=T% |[0]=leal= Vel =K.

By equation (2.4), ||T"gc — (T"gwm Ajv)| < |T" 8@l — KB(%), for j,(n) 2
Jo, (fip). By the definition of o, for ¢ > 0, one can find kj, (7i;) such that for
k, (1) Z ki, (i),

1Tl = llgmll = Y@ — @ Akv)]| <o +e.

So for k 2 ki, lim supg)—ool| T8 || < o + €. Taking limj .o lim supg) oo Of
this, and using (3.12.6) we get o) < o +¢€ — KB(%). As € is arbitrary, we
have 0 — 0@ 2 KB(F). (Again we really have o) S o +€ — KB(%). However
as k becomes much larger than ky and k; we will have ¢ — 0 and o — «a.
The important point is that there is a positive difference between the two.) To
complete the proof note that by definition | T"gm — T gwm Ajv|| < ||T @)l <
o+¢; if we have k 2 k; in defining g(. Taking limits as j and (71) go to infinity,
with e arbitrary, we get 0z = o as desired. .

LemMa 3.13. Let E be a Banach lattice satisfying the conditions (A), (B) and
(UMB). Let T and S be two positive commuting contractions on E. Let {1}
be a sequence in E, such that ||Y@|| = K for all (n) and some finite number
K. Assume that )\ j = WTL(TiSjw(;,)) exists for each pair (i, j) 2 (0,0). Let

€onm) = SUP I Xk rzksy — T S* Xy |

S
(ki k2

for each pair (nj,ny) 2 (0,0). Then lim), 0 €5 = 0.

Proof. If {em} does not converge to zero, then there exists a number a > 0
such that for infinitely many (7), the corresponding €, > . In any case, let
{(m1), (m2), ...} be a enumerated set of such (7i)’s. We can pick and a set of
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{(k;)} such that 0 £ (#;) < (7 + k;) < (7ir77) and 1A +i) — T’_"/\(;,i)H > « for
each i. Now define

oy = lim (limsup ||T'S/Y) — (T'S/4p@ A V)||)
l—o00  (A)—00

By the results of lemma (3.12), we see that o, ;,) Z 0, j,) Z 0if iy = iy, ji = jp.
So the sequence {a(i, j)} is non-increasing. Set ¥ = A, and Wz, = A\ .z1)-
Then we have for each pair of (ii;, k), |z, — T¥¥| > a. By (3.12.4) we
have oGy — 0,41, 2 KB(a/K) > 0. This means that o(i, j) will eventually
be negative as i, j — 00, this is a contradiction as by definition o5 cannot be
negative. .

In the one parameter case, Akcoglu and Sucheston in [4] introduced a se-
quence of asymptotic dominants. Basically it is a sequence of functions in E
such that their averages almost dominates the superadditive process in question.
We define for the multiparameter system a corresponding sequence of asymp-
totic dominants.

Definition 3.14. Let { F} be a non-negative superadditive process on a
Banach lattice E. A sequence A, in E will be called a sequence of asymptotic
dominants for { F5} if there are functions ‘P}n) such that:

1 _
(3.14.1) Fay S ApAg +¥G) and
np-ny

3.142) lim (limsup [[¥®RI) =0
( ) (k}_m( m sup (k2611

The extension to multi-parameter case is again obvious. We simply replace both
of the doubly indexed (7), (k) by any m-dimensional (77) and (k) in equations
(3.14.1) and (3.14.2).

Remarks 3.15. We will proceed to show that if Fz is moderately super-
additive, then it has a sequence of asymptotic dominants. Moreover, the sequence
A, will have support on that of the invariant function ®. By lemma (2. 2) then
the sequence A A, will converge. By picking (k;) large we will have - n P
dominated (up to € in norm) by a convergence sequence. Its own convergence
then follows.

Lemma 3.16. Let E be a Banach Lattice satisfying conditions (A), (B) and
(UMB). Let { Fs} be a positive superadditive process in E with respect to two
positive commuting contractions T and S on E. Let @y = 7-n m2 s >io !

(F(i*.]’j.,.]) e TSF(,‘J)). Then mymy E:l 2"2 ! TlS (I)(,,,h,,,2) = [(m; —n + 1)
(my — ny + DIF) for (my,my) Z (n1, my).
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Proof. First of all observe the following. Let {a,} and {b,} (n € I, a set of
indices) be two sequences in E such that a, = b, for all n. Suppose we would
like to show that »_ , (a, —b,) = f. Then

(a) as each term is non-negative in the summation, it is sufficient to show
that the sum over some of the indices will majorize f. That is, if we can
find a subset Iy € I such that Zne,o (a, — b,) 2 f we are done. The
reader should not be alarmed if many non-negative terms are discarded
in the proof.

(b) Suppose ag, ay, ... ,an € {a,} is identical to by, bis1y... s bxam € {bn}.
Then consider

Z (@n — by) = Z (an — bp) + Z (an — by).

n=0,..m 1£0,....m
n=k,....k+m n#k,...k+m

By (a) we will show that the first term is sufficient to give us the desired
inequality.

(c) From the definition of superadditivity we see that T"S/F, ., = TS/
Fu, v, if we have up = uy,vog 2 vi,up +ip 2 u; +1i; and lastly vy +jo =
Vi +j| .

In our proof, we will simplify the notation so that @} = T'S’'F,,). This is
translated to be a:g‘t’jv‘)" = a;‘]"jvl' if u;,v; etc satisfy the said conditions. We will

now look at which terms cancel out each other in the summation

n—1 np—1 n—1 np—1 m—1 my—1
mym; E E T'S ®, my) = E E E E T'S' Frusi v+
=0 j=0 i=0 j=0 u=0 v=0

_ Ti+lSj+lF(uJ)

We see that Z:" Z}Z‘l E;" Zv 2 au+lv+1 and 27]62 an—z Zmﬁl

Z:’ZTI a;}y j, cancel each other. Therefore using (b) we will consider only the

following:
n—2 n—2 m—1 my—1 n—1 np—1 m—2 my—2
utl,v+l a“
a;, J i+|,j+l .
i=0 j=0 u=l v=I i=1 j=1 u=0 v=0

We would like to write [kZ ][”] to mean Zu Tk E:?:rl‘ We will further partition
the sum into many blocks accordmg to the indices i, j. Consider the case when
i =0 and j = 0. We are looking at:
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(3.16.1) [mlo— 2:' [mz J( u+2,v+2 ag:;)

. n—3 n—3 n —3 u+2,v+2 u,v

o (A R e e
my — 2 ny — 3 my — 2 u+2,v+2 u,y
(| R | s e

The terms afij** — a4 are all non-negative. We will drop all of them except

the lower right block of (3.16.1), namely

(3 162) [ _22] |:m2 :'( u+2v+2_a22)
ny —

We will leave this momentarily and move onto i = 1 and j = 0. This block will
be cut up in a slightly different way.

(3.16.3) I:mlo_ 2] [m20 ]( u+2,v+2 ag:;)
_ m —2{{n—3 np—4|(m u+2,v+2 u,y
o (| R G
+ (|:ml —2:H:mz‘—2j| +|:m| —3]1:"12—2])( u+2,v+2 :\2’)
m1—2 n2—2 n1—3

Consider again only the lower right hand block of (3.16.3). We will com-
bine the positive part of this with the negative part of (3.16.2) getting

[ ][’:7242 laii? — | I':zz][’,’:f*zz la%} which can be rewritten as

mp —3 2 u+2,v u+l,v
[n1—3H ]( O azle -

We will drop these and all the other three summations in (3.16.3) as they are
easily seen to be non-negative. What we are left with is the positive term of
(3.16.2) and the negative term of the lower right block of (3.16.3). That is the
following:

-2 m2—2 m1—3 m2—2
16.4 u+2,v+2 Yy
Sl A T P [y
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From here we may try to move say from (i, j) = (1,0) to (i, j) = (1,1). We
can go through a similar procedure in cutting up this block appropriately. Then
combining part of it and (3.16.4) we will obtain the following:

m =2 my—=2| 2.2 m —=3||[my—3| ,,
L as3
n1—2 n2—2 n|—3 n2—3
where all other non-negative terms are again discarded. By a simple induction
it is possible to move from (i, j) = (0, 0) to (i, j) = (n; — 2,n, — 2). It does not
matter which path we take. We will eventually arrive at (i, j) = (n) —2,n; — 2)
and be left with the following terms:

mp =2\ my—2 u+2,v+2 my —ny m; —na| 4,y
a0,0 - Ayinye
n1—2 n2—2 ny —ny ny — np
We may now write it out in the origin notation and collect terms by making the
appropriate changes to get:

w R

my—n; mp;—np

(3165) Y Y (Fusmwamy — TS Fu):

u=0 v=0

By superadditivity, each of the difference terms in (3.16.5) is positive and is
greater than or equal to F(5. And there are a total of (m; —n; + 1)(m; —ny+ 1)
terms. Hence if we only consider the terms in (3.16.5) and drop off all the
others, we would have the inequality we desire. ]

THEOREM 3.17. Let E be a Banach lattice satisfying the conditions (A), (B)
and (UMB). Let { F} be a superadditive process in E, with respect to two
positive commuting contractions T and S on E. Let { Fz} be moderately su-
peradditive. Then F ) has a sequence of asymptotic dominants.

Proof. Since M is finite, it is possible to find a sequence {(77)} such that

M= sup | @] < 00
(my

where (i) < (Mger). We may assume that A(i, j) = WTLgn)—oo(T'S' @s,))
exists for each (i, j),i,j = 0,1,2,... (To get this use lemma (1.8); and if
necessary, by going to a subsequence of ®,).) We will also assume @, is
not TL null, so by (1.8) A(i, j) # O for each (i, j). We claim that A(i, j) is a
sequence of asymptotic dominants for { F(z }. To prove this, consider any fixed
() and a k such that (/) = (7). By lemma (3.16) we get for (imy) 2 (7),

m—1 ny—1

my, - my, Z Z T'S @, Z [(my, — ny + D(mg, — np + DIF
i=0 =0
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This can be rewritten to get:

nm—1 n—1

1 — 1
SN TSty 2 Wz mr Do mmr Dl p
i=0 j=0 My My

Taking the limit as (/7) — oo we obtain: 37" Yo "'\, j) 2 F@). By
lemma (1.7) we know that there exist non-negative functions P((k")k” for all
(k1, k) such that

(BAT.0) M +ki, j +kp) — THSHAG, j) = PSR

Lemma (3.13) concludes that for all ¢ > 0, there exists (ip, jo) such that
[P < € for all (i, j) Z (i, jo), (k) Z 1. Let () Z (i, j) Z (io, jo). We
have

m—1 np—1

1
mﬂhé—%gmv)
1 i—1 j—1 i—1 n—1
= m(;;m V)+:ZS Z_]: Au, v))
-1 n—1 ny—1
+n]—ln2—(z_:z AMu, v)+z Z)\(u v))

Changing variables for the last term and adding extra terms, the equation be-

comes:

1 j=1 i—1 np—1

1 1 [
m F(,-,) < m [g 24 )\(u V)+uz; ; )\(u V)
m—1 j—1 m—1 ny—1
+ 30 M, v)] +— D000 Mui, vj).
u=i v=0 u=0 v=0

By equation (3.17.1), Mu + i,v +j) = T“S*A(, j) + P{*}). So we may rewrite
the last equation as
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Jj—1 i—1 ny—1
;11721ah)§ [ZZ,\(u,v)+Z > A, v)

u=0 v=0 u=0 v=j
nm—1 j—1 n—1 ny—1
(
33 A v>] +AmAG, ,)+__ S e
u=i v=0 u=0 v=0

= AmAG, J)+W0,.

where

(t)
(n)

AMu,v) + z Z Au, v)

l:i—l j—1 i—1 ny—1

u=0 v=0 u=0 v=j
n—1 j—1 n—1 ny
uv)
+22A<uv>] D33
u=i v=0 u=0 v=0

It remains to show that lim, ., (lim supg)—oo||¥E)|) = 0. Consider each of the
first three terms of the last equation, as ||A(i, j)|| < M < oo for each pair of
(i, j) each of those terms tends to zero as (n) — o0. (Note that in the summation
of each of the terms, at most one but not both of the indices n;,n, appedrs‘)
As we had set (i, j) > (io, jo), each of the term in """2 I e Py
has norm less than or equal to €. So the sum is less than or equal to € as
there are a total of n; - ny terms. Hence, for any € > 0, it is possible to pick
(io, jo) such that limsup(,,)_.ooll‘{’fj})u < € for (i, j) Z (i, jo). As € is arbitrary,
lim(,»,j)_,oo(limsup(,—,)_.oo||‘I’8;)”||) = 0. So A(i, j) constructed this way is a se-
quence of asymptotic dominants for Fz. "

4. Multiparameter mean ergodic theorem.

THEOREM 4.1. Let E be a Banach Lattice satisfying the conditions (A), (B) and
(UMB). Let { F) } be a moderately superadditive process on E, with respect to
two positive commuting contractions T and S. Then let A be a maximal invariant
function and N = {x|A(x) = 0} and then (Xy -
each g € E*.

F@) N g = 0 strongly for

nynz

Proof. Given any € > 0, we use theorem (3.17) to obtain a A € E, and
\P(;,) (S E+ such that rlnzF(;,) < A(;,)A'F\P(ﬁ) and such that limsup(,—,)_.oo||‘l’(,-,)|| < e.
So

1
(XN _ F(;,)) A F4 é XN(A(,-,))\ + \l"(,-,)) A g
nyny

< XNA(FI))‘ ANg+ \‘P(;,).
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By theorem (2.1), XyAmA A g — 0, so as limsup(nHmI|W(n)|| < ¢, then for all
€ > 0 we have limg) oo ||(Xy == i Fa) A gll <e. Hence (XN mFa)Ng — 0
strongly for all g € E*. .

THEOREM 4.2. Let E be a Banach lattice satisfying the conditions (A), (B) and
(UMB). Let { Fz} be a moderately superadditive in E, process with respect to
two positive commuting contractions T and S. Let ® be an invariant function
under T and S. Let P be the projection onto the support S(®) of @, then
P(n. ) F @ converges strongly.

Proof. Once again we have

1

ny - np

F(;,) < A(;,)/\ + "P(;,)
with W) € E, for all (71), and limsupg) .|| W)l < €. Hence
1
P — F(,-,) < PA(;,)/\ + P“P(,—,) < PA(,-,))\ + "I"(,-,).
niny

By theorem (2.5), PA@ A in fact will converge to an invariant function £. By a
simple calculation PAiA A € — € as well. We can also prove that

1 1
P — Fu — P — F@A§ = PAgA — PAgpA N §+ ).
niny niny

We then write
1 1
11m sup HP F(,,) P — Fa AE|
niny
=< hm sup ”PA(,-,))\ — PA(,-,))\ A 5 + "P(;,)”
(R)—00
< limsup ||PA@p ) —
im sup [PAGA — €|
+ limsup ||PAGA A € —
imsup [PA@A A€ — €]
li Y
+ limsup el
< limsup ||¥a |l <e.
(hmp ¥l
As € > 0 is arbitrarily chosen,

1 1
P— F@—P— meé“ =0.
ninp niny

lim su
(ﬁ)—ooop

Now £ is an invariant function under the operators T and S. { Fz} is a super-
additive sequence and so is the sequence {PF }. So by corollary (3.7) we have
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P - F A€ converging strongly. Hence P L F) converges strongly as well.

We will now state the general multiparameter superadditive theorem:

THEOREM 4.3. Let E be a Banach lattice satisfying the conditions (A) (B)
and (UMB), Let {F} be a superadditive process in E, with respect to k
positive commuting contractions Ty, T,, ... Ty. Let R be the support of a maximal
invariant function ®@ in E, under T\, T,... T;. N is the complement of R. Let
the following condition be satisfied:

n—1 n—1

Z Z (Fis1,.ien — T "'TkF(ih.“ik))“ < 0.

i1=0 k=0

1

liminf || ———
nyny - - - Ny

(m)

Then

1
XR———-——‘-‘—F(;,)
niny - - - Ny

converges strongly, and for all g € E.,,

1
(XN _ F(,-,)> Ag — 0
niny - - N

In the one parameter case Akcoglu and Sucheston obtained further results
(theorem 4.6 of [4]) if one additional condition is satisfied — namely that the
convergence of the Cesaro averages for all f € E,.

LemMA 4.4. Let E be a Banach lattice satisfying the conditions (A), (B) and
(UMB). Let { Fm} be a moderately superadditive process in E, with respect
to two positive commuting operators T and S. Let T and S be chosen so that
Au(T,S)f converges in norm for every f € E,. Then
norm to an invariant function.

1 .
v Fay converges in

Proof. Let ®@ be the maximal invariant function with support R and N be the

complement of R. By theorem (4.2) we have Xp % F(# converging strongly.

mn
It is sufficient to show that Xy ﬁ F s also converges (to zero in norm). Once

again we obtain a sequence of asymptotic dominants for { F(z} such that
1

44.1) — Fi = Ap) + VW

(4.4.1) i Lo = Am @

with lim supg)—ool| P || < €. Now Az A converges as A is in E,. So XyAmA
converges strongly as well. From theorem (2.1) we get that TLXyAm A = 0. If
all the limits exist, then

liminf g = TLg; = lim: .
<l;.>Joo 8(7) 8(7) }znggop 8@
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So if a sequence has a limit, it is in fact the TL limit. So XyA@A converges to
zero. Going back to equation (4.4.1), we first multiply it with Xy and then take
lim sup()—.o Of the whole equation Note that lim Supgy—co||XvAmA|| = 0, and
lim supgy ool P || < €. So Xy n|_n F (s converges strongly to zero as well, as
€ is arbitrary. Rewriting equation (4.4.1) we obtain

1
XR —n n F(;,) < XRA(,-,)/\ +XR\P(,-,) < XRA(;,))\ + l{"(;,)
1n2

with R = X — N. Now let lim .0 Xr n%ﬂ F@a = Y. As € > 0 is arbitrary,

1 1
lim Xg — F =1l Xg — F
(n)l—voo k niny @ lm Sup k nyny @

= XRS\-Fh

where X = limg).oA@A, and [|4]| < e. Since Xy - Fz — 0 we have

1 1 - -
(442) lim — F(n) = lim Xg — F(,,) XR)\ +h=\+h.
(=00 NNy (Ay—00 niny

Since € > 0 is arbitrary, (,'!) Fi = X and by theorem (3.6) we know that
(") F converges in norm. Though not obvious, it is not difficult to show that
the limit of F(,,) is invariant as well. .

It can be shown and is known that for a reflexive Banach Lattice, Ay f
converges for all f € E, if T and S are contractions. Hence for a reflexive
Banach Lattice we have the following theorem in the multiparameter form.

THEOREM 4.5. Let E be a reflexive Banach lattice satisfying the conditions
(A), (B) and (UMB). Let { F)} be a superadditive process in E, with respect

to k positive commuting operators Ty, T, ... ,Ty. Let
1 n]—l nk—l
M inf ) ZO ZO (Fart,igen = T ‘TkFu.,...ik)} =M <oo.
= P

Then (’ll—) F) converges in norm to an invariant function.

The material of this paper is condensed from the author’s doctoral thesis at the Uni-
versity of Toronto, 1988.
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