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Piecewise contracting maps on the interval:
Hausdorff dimension, entropy, and
attractors

Alfredo E. Calder6n® and Edgardo Villar-Sepulveda

Abstract. We consider the attractor A of a piecewise contracting map f defined on a compact interval.
Iff is injective, we show that it is possible to estimate the topological entropy of f (according to Bowen’s
formula) and the Hausdorff dimension of A via the complexity associated with the orbits of the system.
Specifically, we prove that both numbers are zero.

1 Introduction and statements

A map f ona (non-degenerate) compact interval X c Ris called piecewise contracting
interval map (PCIM), if there exists a finite collection Z of pairwise disjoint open
subintervals of X such that X = U,., Z and f|Z : Z — X is a contraction (with respect
to Euclidean metric) for all Z € Z. It suffices to define f on X* := ,., Z and study the
dynamics of f on X := N f ~J(X™*), the set of points for which all iterates of f are
well defined; therefore, there is no problem when considering the orbit of points in
X. It is not difficult to see that X is dense on X when f is piecewise monotonic (i.e.,
f|Z is strictly monotone for all Z € Z).

We consider the attractor A of f, which is defined as the asymptotic set that attracts
all orbits of points in X (a formal definition of A will be provided in the next section).
It is known that the w-limit set of any point in X is nonempty, compact, and is
contained in A (see Lemma 2.1 in [1]), but it is not necessarily invariant if it contains
points of the finite set A := X\X* (as usual, for every x € X, we denote by w(x) its
w-limit set). For this reason, it is convenient to work with a concept of invariance
that does not depend on how f is defined on A. We say that a set A c X is f-pseudo-
invariant if, for every x € A,

ylinx{f(y) €A or lim f(y) € A.
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Note that if A c X is f-pseudo-invariant, then A n X is invariant by f, i.e., f(An X) c
An X. As we will see next, it is possible to guarantee that every pseudo-invariant set
intersects X provided that the collection of one-sided limits of points in A — which
we denote by D - is contained in X.

Lemmald Suppose that D c X. If A c X is a nonempty f-pseudo-invariant set, then
A n X is a nonempty f-invariant set.

Proof If Ac X, the result follows. Otherwise, let y € A\X # & and consider the
smallest integer ¢ > 0 such that ¢ := f*(y) € An A. Since A is a pseudo-invariant set,
we have that at least one of the one-sided limits of f at ¢ belongs to A. Thus, as D c X,
we deduce that An X # @. |

Lemma 1.1 is also useful for redefining other concepts in dynamics such as
minimality. If D c X, we say that a compact and pseudo-invariant set A c X is X-
minimal if the orbit of every point in A n X is dense in A. In fact, if D c X, then it is
also possible to completely describe the attractor of f.

Theorem 1.2 [1]  If f is piecewise monotonic and D c X, then there exist two natural
numbers N1, N, > 0 such that Ny + N, > 1 and the attractor A of f can be decomposed
as follows:

Ny N,
(11 A:(UO,-)u(UK-),
i=1 j=1

where 01, 03,...,0n, C X are pairwise disjoint periodic orbits and Ky, K, . . ., Ky, are
different pseudo-invariant and X-minimal Cantor sets of X. Moreover, for any x € X,
either there exists i € {1,..., N1} such that w(x) = O; or there exists je {1,...,Ny}
such that w(x) = K;.

To establish our main result, we will require a global injectivity condition that does
not depend on how f is defined on A. We say that f satisfies the separation property
if f is piecewise monotonic and f(Z) n f(Z') = @ forall Z, Z’' € Z such that Z + Z'.
A PCIM that satisfies the separation property is injective on X*, but not necessarily
on the whole set X (consider the case in which f is not injective on A). Also, not
every injective PCIM on X* satisfies the separation property. However, every injective
PCIM on X* such that its set A contains only jump-discontinuities satisfies it. Our
main result is the following.

Theorem 1.3 Suppose that f satisfies the separation property and D c X. Then, the
Hausdorff dimension of A and the topological entropy of f|(A n X) are equal to zero.
The concept of topological entropy in Theorem 1.3 refers to the quantity:
logr, (e, AnX)

uop (F1(8 0 %)) = Ly lim sup 8728 2020,
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where r,, (¢, A n X) denotes the smallest cardinality of every (n, £)-spanning set for
A n X with respect to f (see Definition 7.8 in [12]). Although the number r,, (&, K) is
defined for a compact set K in the continuous context, it will be shown that r,, (e, A N
X) is well defined for all # >1and & > 0. Also, note that if D c X and f is piecewise
monotonic, then Theorem 1.2 implies that A is an f-pseudo-invariant set. Thus, using
Lemma 1.1, we deduce that A n X is a nonempty and f-invariant set.

Remark 1.4  The results presented in Theorem 1.3 are also proven in [6] under the
hypotheses of global injectivity and assuming that the map is strictly increasing on
each continuity piece. Another difference is that the authors work with the concept
of singular entropy, which was introduced in [11] as an alternative for calculating the
entropy according to Bowen’s formula for continuous piecewise monotone systems of
the interval.

Paper organization: In Section 2, we set the notation that we will use throughout this
work. Section 3 is devoted to defining the concept of complexity and its relationship
with the atoms of the system, which allow us to characterize the attractor of f. Finally,
in Section 4, we prove Theorem 1.3.

2 Convenient notation

In what follows, we always assume that f : X - X is a PCIM and that the topology
on X is the one induced by the Euclidean metric. Then, there exist A € (0,1) and

a collection of N > 1 open nonempty disjoint subintervals Xj, X, ..., Xy such that
X =UN, X, and
(2.1 [f(x)=f(»)]<A|x -y Vx,yeX;, Vie{l,2,...,N}.

The real number A is called contraction rate of f, and the elements of the collection
{X;} ¥ are called contraction pieces. We will consider them to be sorted. In particular,
let ¢y, cy denote the extreme points of X and A = {¢; < ¢; < -+ < cy_1} the set of the
boundaries of the contraction pieces of f; that is,

Xl = [CO) Cl) > XZ = (Cla CZ) > e XN = (CN,], CN]'

For notational convenience, we assume that X; and Xy are half-closed, but one may
also consider the case where one or both pieces are open by adding ¢y and/or cy to
A. In other words, A must contain all the discontinuity points of the map.

As we said before, the attractor A of f is nonempty, compact, pseudo-invariant, and
X-minimal provided that f is piecewise monotonic and D c X. The formal definition
of the attractor A is given by

A:=()A,, where A; = f(X\A) and A,i = f(A,\A) foralln>1.

n>1

We are interested in computing the topological entropy of f|(A N X) and the Haus-
dorff dimension of A. For the latter, it will be necessary to recall some concepts. If
6 >0and E c X, a §-cover of E is a countable collection of subsets of X that covers E
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and the diameter of each of which is smaller than or equal to §. Thus, for any E c X,
and every s > 0 and & > 0, we consider the numbers

S(E) = inf{ > (diam(C))S : Cisa §-cover ofE}
CeC

and
H*(E) == %III(I) H;(E).

It is known that {5 and H* define an outer measure and a measure on X, respectively.
Furthermore, J{* is called s-dimensional Hausdorft measure on X. The Hausdorff
dimension of a set E c X, which we denote by dimg(E), is the critical value s > 0
where H*(E) jumps from infinity to zero. This number satisfies, for example, that
dimgc(E) = 0 for every E c X such that #E < R(. Moreover, if sy := dimg¢(E) > lisa
positive integer, then J{* coincides with the Lebesgue measure on R®. If 55 = 0, then
it is known that E is totally disconnected (the reciprocal is not true!). In practical
terms, the Hausdorff dimension provides a general notion of the size of a set in a
metric space.

Additionally, we can consider another fractal dimension that allows us to describe
the “size” of sets. Given E c X and ¢ > 0, let £(E, ¢) be the smallest number of intervals
with diameter at most ¢ covering E. Then, we can define the box dimension of E to be

dimg(E) := liminf M.
>0 log(1/¢)
Here, we use the lower limit to avoid problems with the convergence. Strictly speaking,
this is usually called the lower box dimension and the box dimension is usually said
to exist when the limit lim,_, ¢+ exists. Next, we give the existing comparison between
the Hausdorff and box dimensions.

Lemma 2.1 (Inequality (3.17) in [4])  For every E c X, dimg¢(E) < dimg(E).

We recall that the previous result is valid in a general metric space, after adapting
the definitions accordingly.

3 Complexity and atoms

Let N be the set of natural numbers starting at 0. We say that the sequence 0 =
(0/)1s0 € {1,...,N}" is the itinerary of a point x € X if, for every t e N and i €
{1,..., N}, we have that 0; = i ifand only if f'(x) € X;. Also, the complexity function
of a sequence 6 = (0;)0 is the function py(n) := #L,(0) defined for every n > 1,
where

Ly(0):={6:0ps1...0un1€{L,...,N}" : t>0}.

Thus, pe(n) gives the number of different words of length n contained in 6. The
complexity function of any sequence is a non-decreasing function of n. Also, if there
exists ng > 1 such that pg(ng +1) = pg(no), it can be shown that pg(n) = pg(ny) for
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all n > ng. Theorem 1.2 is the result of classifying the orbits of points in X according
to the complexity associated with their itineraries.

Note that it is possible to associate the concept of complexity with each point of X
via its itinerary. It could happen that the complexity associated with orbits of a PCIM
grows exponentially. However, when a PCIM satisfies the separation property, the
complexity growth is at most affine for each itinerary of the system and » sufficiently
large. Specifically, we have the following result.

Theorem 3.1 [2]  Suppose that f satisfies the separation property. Let x ¢ X and
0e{l,...,N}N be its itinerary, then there exist mo >1, a € {0,...,N -1}, and B ¢
{1, conl+emg(N-1- oc)} such that

3.) pe(n)=an+p V1> mg.

Under the assumptions of Theorem 1.2, it can be proved that, for every x € X, w(x)
is a periodic orbit if and only if the complexity associated with x is eventually constant;
that is, & = 0 (see Theorem 2.2 in [1]). Furthermore, w(x) is an X-minimal Cantor
set if and only if the complexity associated with x is eventually affine with « # 0 (see
Theorem 2.3 in [1]). One of the important tools that allowed the establishment of these
results is the so-called atom.

Let P(X) be the power set of X. Foreveryi € {1,...,N},let F; : P(X) — P(X) be
defined by F;(A) = f(An X;) for Ae P(X).Letn >1and (i1, ..., i) € {L,...,N}".
We say that

A F; oF;  o--0oF;(X)

ipig...iy "= in_1

is an atom of generation n if it is nonempty. We denote A, the set of all atoms of
generation n. Every atom of generation n > 2 is contained in an atom of previous
generation. Precisely, forall n > 2 and (i1, ...,i,) € {1,..., N}", we have that

Aj i, €Ay, i, CcCA;L

Also, each atom of any generation is a compact interval contained in X. Moreover,
note that the attractor of f can be defined in terms of atoms as

(3.2) A=()A,, where A,=|J A Vnx1l
n>1 AeA,

We are interested in relating the code associated with an atom to the itinerary of
points in X. The following result is relevant for this purpose.

Lemma 3.2 (Lemma 2.3in [2])  Suppose that f satisfies the separation property. Then,
foreveryn > 1,

(1) the collection of atoms of generation n is pairwise disjoint. Precisely, if A, B € A,
are such that An B # &, then A = B;

(2) if Ai.i,»Aj..j, €An are such that A; . =A;j ., then (i,...,i,)=
(jis-- > jn)-
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Next, we list some basic properties of atoms. The proof of each property is straight-
forward and is left as an exercise to the reader. Recall that A € (0, 1) is the contraction
rate of f.

Lemma 3.3  Each one of the following statements holds:
(1) Foralln>1,

max diam(A) < A max diam(A).
AeA AeA,

(2) For all € >0, there exists ng > 1 such that diam(A) < ¢ for every A € A, with
n2ng.

(3) Forallx € A, there exists a decreasing sequence { B } x> of atoms (i.e., By D By
for all k > 1) such that x € By € Ay forallk >1and
(3.3) () Br = {x}.

k>1

(4) If f satisfies the separation property, the sequence {B,}»1 defined in item 3 is

unique for each x € A.

Note that the existence of the sequence of atoms { By } »1 in Lemma 3.3 is guaranteed
by (3.2). Besides, the uniqueness in item 4 of the same lemma follows directly
from Lemma 3.2. Finally, the relationship between atoms, orbits, and itineraries is
established in the following result.

Lemma 3.4 (Lemmas 2.4 and 2.5 in [2]) Let x € X, and let 0 € {1,...,NY be its
itinerary, then f'*"(x) € Ag,,,,...0,,,, Jor every t >0 and n > 1. Moreover, if f also
satisfies the separation property and f**"(x) € Aj,i,. i, for some t >0 and n > 1, then
(il, PP ln) = (Qt, ey 6t+n71)~

i1iz...

Remark 3.5 In a more general setting, atoms also allow defining the attractor of
a piecewise contracting map (PCM) on a compact subset of R¥, k > 1. In [3], the
authors use a condition on the growth of the number of atoms of generation n
with respect to the contraction rate establishing, in that case, that the attractor of a
PCM has zero Hausdorff dimension. Furthermore, an example of a PCM on R? with
positive topological entropy is exhibited in the same article. Moreover, in [5, 6, 8 -
10], the authors study the asymptotic dynamics of parametrized families of piecewise
affine contractions on the interval and circle using different approaches, without
considering the concept of atom. Specifically, the authors of [5, 6, 8, 9] prove that
certain sets of real parameters for which those families admit non-periodic asymptotic
dynamics have zero Hausdorff dimension. For the 3-parametric family studied in [10],
the computation of the Hausdorff dimension for the set of parameters associated with
non-periodic dynamics was not carried out.

4 Proof of Theorem 1.3

We say that C is a basic piece of A if C is an X-minimal component of the attractor
of f; that is, C € {Oy,...,0n,, K1, ..., Ky, } (see Theorem 1.2). Also, if C is a basic
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piece of A, we denote by A, (C) the set of all atoms of generation # that intersect C.
Because of (3.2), for every n > 1, every basic piece is contained in the union of atoms
of generation n.

Lemma 4.1 ~ Suppose that f satisfies the separation property and D c X. IfK is a non-
periodic basic piece of A and 0 the itinerary of a point x € K n X, then

An(K)={A;.i, = i1...in€L,(0)} Vn>1
In particular, #A,(K) = pg(n).

Proof Let n>1. Consider A€ A,(K) and let y € A. By the separation property,
there exists € > 0 such that € < min{dist(Al,Az) : A, Ay e A, and A; # Az},where

dist denotes the Euclidean metric on X. Next, by the X-minimality of K, there exist
m > nand x € K n X such that

ly = f"(x)| < min{diam(A)/2, ¢}.
Thus, we deduce that /™ (x) € A. If 6 is the itinerary of x, from Lemma 3.4 and item
(1) of Lemma 3.2, we deduce that

F(x) = U (x) € Ay, 00 = A

Then, we conclude that y € Ag,,_, a,_,» where 8,_, ... 0,1 € L,(6). Thus, we have

that
(41) .An(K) C {A,l," : llln GL,,(G)}
In addition, the reciprocal contention of (4.1) is clearly valid. [ |

Remark 4.2 Note that Lemma 4.1 is also valid for periodic basic pieces. In this case,
the number of atoms that contain the periodic orbit is eventually constant equal to its
period, which also coincides with its complexity.

Lemma 4.3 Suppose that f satisfies the separation property and D c X. Then, there

existk >1and xy, ..., x; € AN X such that
k
AcUl U Ay Vnxl,
j=1 \weL,(6;)
where 0 is the itinerary of x; for every je {l,...,k}. In particular, we have that

#‘Aﬂ = pgl(”) +e +p9k(”)'

Proof By Theorem 1.2, there exist a finite number k := N; + N, of different basic

pieces of A, which we sort by Cy,..., Cy. For every i € {1,..., k}, we choose a point
x; € C; n X. If 6; is the itinerary of x; for every i € {1,..., k}, from Lemma 4.1 and
Remark 4.2, we obtain the result. [

We want to have a notion of the attractor size of a PCIM. For this purpose, we will
compute the Hausdorft dimension of A using the comparison given in Lemma 2.1.
Also, we will need the following elementary inequality.
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Lemma 4.4 (log-sum inequality, Theorem 2.3in [7]) Letk >1, andlet ay, ..., ay be
nonnegative real numbers, then

k 1k k
(Z a,-)log(k Za,-) < Za,-logai.
i=1 i=1 i=1

The previous lemma will allow us to establish an upper bound for the box
dimension and, therefore, for the Hausdorff dimension. With this idea, we can prove
the following result.

Theorem 4.5 Suppose that f satisfies the separation property and D c X. Then,
dimgc(A) =dimp(A) = 0.

Proof Thanks to Lemma 2.1, it is enough to prove that dimg(A) = 0. By (3.2), we
have that

(4.2) Ac | A Vn>l
AeA,

Letn > lande, := A" diam(X). From item 1 of Lemma 3.3, we deduce that diam(A) <
e, for every A € A,. Next, from (4.2) and Lemma 4.3, there exist x;,...,xx € AnX
such that

k
(A, e,) <HA, = Zpgj(n),
=

where 0; is the itinerary of x; for every je {1,...,k}. Now, applying the log-sum
inequality to the nonnegative numbers k pg, (1), ...,k pg, (), we obtain

lee (n)log(k pe,(n))
logl(A,e,) < log( Ekpg (n)) p < Zlog(kpgj(n)).
Y. po,(n) =
j=1

Thus, we deduce that

log ¢(A, sn) k (kpe (”)) log(kpgj(n))

k
(43) log(1/e,) ~ 5 log(1/en) ; nlog(1/1) +1log(1/ diam(X))"

M

By Theorem 3.1, we have that pg, (1) is at most an affine function for n sufficiently
large. Therefore,

log(k Pej(n)) oo ’
nlog(1/1) + log(1/ diam(X)) 0 Vje{l....k}.

Thus, from (4.3), we deduce that liminf,_ o+ lf;g;((ll/\e«;) <0, concluding that
dimg(A) = 0. Thus, by Lemma 2.1, we have that dimg¢(A) = 0. |

Theorem 4.5 corresponds to the first part of Theorem 1.3. Now, we are going to
prove the second and final part. Recall that A n X is a nonempty and f-invariant set
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whenever f is piecewise monotonic and D c X. Given n > 1and ¢ > 0, we say that a
set Ec A n X is an (n, £)-spanning set for A n X if, for every x € A n X, there exists
y € E such that

() -fl()|<e  Vje{o,....n-1}.

Thus, we define r,,(e, AN X) as the smallest cardinality of every (n, ¢)-spanning set
for A n X with respect to f. The number r,, (&, K) is well defined when K is a compact
set over which f is continuous; however, this is not the usual case for PCIMs.

Lemma 4.6  Suppose that f is piecewise monotonic and D c X. Then, for every n > 1
and € > 0, r,(&, A n X) is a finite number.

Proof Letn >1and e > 0.From item 2 of Lemma 3.3, there exists n¢ > n such that
(4.4) diamA<e¢ VAeAy,.
Next, denote by C(A,,, ) the collection of all connected components of

A\(Auf T (A)u-uf(A)) withAeA,,.

Since f is piecewise monotonic, the collection C(A,,,#) is finite. Furthermore,
from (3.2), we can consider the subcollection C*(A,,,n) c C(A,,,n) of connected
components that intersect A n X, whose union covers said set. Thus, for every
BeC*(Apy,,n), we can take xp e BN AN X # @. It is clear that E,, , = {xp : Be
C*(Any»n)} ¢ An X is a finite (1, €)-spanning set. This implies that 7, (e, A n X) <
o0, concluding the proof. |

Next, we establish and prove the last part of Theorem 1.3.
Theorem 4.7  Iffsatisfies the separation property and D c X, then Biop (f| (An )?)) =0.

Proof Letn >1,andlet &> 0 be such that
e <min{[c—¢| : ¢,c’ € A suchthatc # '}.

Consider ny > n such that (4.4) holds. Note that every atom of generation n¢ or higher
has at most one element of A. Since f satisfies the separation property, we deduce, from
(3.1) and Lemma 4.3, that

no+n—1
#FAping = #Ang = > (#Apar —#A4,) <n(N-1).
m=ny

Next, noting that #C(A,,, n) = #A,.1,,, we have the following inequalities:

ra(e, AN X) <#C(Ap,,n) <n(N-1) +#A,,.
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Thus, we obtain that
~ o log (n(N -1) + #A,,)
htop(f|(AmX))§£1_r)13hﬂsip - 2 =,
which concludes the proof. ]

Remark 4.8 From Lemma 4.3, we know that the number of atoms of generation
n > 11is directly related to the complexity of the system. In fact, it can be said that the
eventual affine linear growth of the complexity associated with f allows us to prove
Theorem 4.7. If f is not injective, the relationship between topological entropy and
the complexity is not clear. Still, it is common to define the topological entropy of
piecewise continuous maps of the interval using the complexity associated with the
orbits of the system.
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