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Abstract

It is shown that if {G,: n = 1,2,...} is a countable family of Hausdorff k ,-topological groups with a
common closed subgroup A, then the topological amalgamated free product + G, exists and is a
Hausdorff k -topological group with each G, as a closed subgroup. A consequence is the theorem of
La Martin that epimorphisms in the category of k -topological groups have dense image.

1980 Mathematics subject classification (Amer. Math. Soc): 22 A 05; secondary 20 E 06, 54 D 30, 18
A 20.

1. Introduction

Let {G,: n=1,2,...} be a countable family of k_-topological groups, each
having a fixed topological group A as a closed subgroup. We show that *, G, the
free topological product of {G,} with 4 amalgamated, exists, is a (Hausdorff)
k -group, and contains G, as a closed subgroup for each n.

Katz and Morris [2, 3, 4] have already shown that an amalgamated product G
« H of k -groups is k , whenever 4 is in a class of closed subgroups, including
those which are normal and those which are the product of a compact subgroup
and a central subgroup. Our theorem clearly contains these results, and moreover
yields another proof of La Martin’s theorem that epimorphisms in the category of
k -groups have dense range ([6]; see also [9] and [11}).
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The proof of our theorem has similarities to Ordman’s proof [10] that the free
k-group on a t, k-space exists and is a t, k-group, and more especially to the
proof of Brown and Hardy [1] that the universal topological groupoid on a
k -groupoid exists and is k .

2. The theorem

Recall that a Hausdorff space X is a k -space if it has the weak topology with
respect to some increasing sequence of compact subsets X; C X, C --- with
union X; then we say that UX,, is a k -decomposition of X. A topological group is
a k -group if as a topological space it is k .. The appendix of [1] contains a useful
list of the properties of k -spaces.

Let {G,: A € A} be a family of topological groups. Then we say that (4, {i,})
is a common subgroup of the G, if A is a topological group and, for each A € A,
iy is a topological isomorphism of A4 onto a subgroup of G,. We denote i,(A4) by
A,, and the isomorphism i,i5": 4, — A,, where A, p € A, is denoted by i
The common subgroup is closed if A4, is closed in G, for each A.

The above isomorphisms, of course, simply serve to identify the various copies
of A in the G,. In purely algebraic arguments involving the amalgamated product
it is often convenient to suppress these maps, and to regard A as a subgroup of
each G, (cf. Chapter IlI, 12 of [8]); this can be done with advantage in the lemma
below. In topological arguments, on the other hand, it is desirable to use the maps
explicitly.

DEFINITION (cf. [2, 3,4]). Let (A4, {i, }) be a common subgroup of the topologi-
cal groups G,, A € A. A topological group G = * G\ is the free product of {G,}
with A amalgamated if

(i) G, is a topological subgroup of G for each A,

(ii)) U, G, generates G algebraically, and

(iii) for any topological group H and any collection of continuous homomor-
phisms ¢,: G, — H which agree on A4 (thatis ¢,i) = ¢,i, for all A and p), there
exists a continuous homomorphism ®: G — H which extends each ¢,.

THEOREM. If (A4, {i,}) is a common closed subgroup of the k -groups G,,
n € N, then * G, exists and is a (Hausdorff) k -group, with each G, as a closed

subgroup.

Note that A4 is also necessarily a k -group.
The proof of the theorem occupies almost the remainder of the paper.
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Let U= U ,G, and W= U U"=U,W,, where W,= LU7_, U’ (here L
denotes disjoint union (or the coproduct in the category of topological spaces),
and U" denotes the Cartesian product U X --- X U of n copies of U). Clearly U
and W are k -spaces. Let G be the abstract amalgamated free product * G, of
the G, with the 4, amalgamated, and give G the quotient topology under the
map p: W — G which sends (g;,..., g,) to the product of g,..., g, in G. We
shall show that G has all the properties required by the definition. The key to
doing this is to show first that G has a (Hausdorff) k -topology, and for this we
need the definition and lemma below.

For convenience, first define @: U — N by setting £(g), for g € U, equal to
the (unique) n € N for which g € G,.

DEFINITION. An n-tuple (gy,...,8,) € W is reduced if g; € Goi, )\ Ag(, )
Jj=1...,nandif Q(g;) # Q(g;41), j=1,...,n - L

LEMMA. Let (gy,...,8,) and (hy,..., h,) be reduced elements of W. Then,
writing w(j) = w(g;) for j=1,...,n, we have p(g,,...,8,) = p(hy,.... h,) if
and only if

) n=m,
(i) @(h;) = w(j), j=1,...,n, and
(ii) hi'g, € A pay
h3Yi, )00 (R '81)82 € Auey
Ry i - 2,00-1(Bas2 *** 82=2)8n-1 € Au(u1y> and
h;liw(n—l),w(n)(h;l—l T 8n-1)8n = 1.
Moreover, (1), (ii) and (iil) together imply that p(g,,...,8,) = p(hy,--., h,),
whether or not (g,,...,8,) and (hy,..., h,) are reduced.

PROOF. Suppose p(g,,...,8,) = p(hy, ..., h,,). By Chapter I of [8], we see that
p(&.--,8,) and p(hy,..., h,) have lengths n and m, respectively, in G, so that
n = m, proving (i).

Let S, (k € N) be a complete set of left coset representatives for 4, in G,
with the representative of A4, always taken to be 1. Recall that for all k, / € N,
i,(a) and i/ (a) are identified as elements of G, for each a € 4. In the group
G, ) set

(1) & = 514y (51 € Sw(l)\{l}’ a € Aw(l))’

and in the group G, ), j = 2,...,n, set

(2) ivi-nen(@-1)8, =58, (5,€ S,,\{1},a,€4,,).
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Then from the well-known algebraic structure of G [8], we see that, in the group
G, 2.8, " 8, = 515, *** s,a,, and that the latter is the (uniquely-defined)

normal form of g,g, - - g,. Computing the normal form of Ak, --- h, simi-
larly, we see that (writing @'(j) = Q(h;), j =1,...,n) we have
(3) hy = sja; (s{ € Sw’(l)\{l}’ a € Aw’(l))

and, for j = 2,...,n,

(4) lwti-vwrn (G- = sja; (57 € Sy \(1}, a) € 4,,)),

so that hh, --- h, has normal form sis5 - - - s,a,. Since each element of G has
a unique normal form, we must have s; = s/, j=1,...,n, and a, = a,, and so
w(j) = &'(J) for each j, proving (ii).

Combining (1) and (3) then shows that hj'g, = (a})7'a; € 4, and from
repeated combination of (2) and (4) it follows that h;li, 1) ,,)(AL, <+
g,-1)8,=(a))'a; € A, j=2,...,n. Thus (noting that (a;) 'a, = 1) we see
that (iii) is true.

The remainder of the proof of the lemma follows along similar lines, again
using the normal form, and the details are left to the reader.

PROPOSITION. The graph T of the equivalence relation defined by p (that is, the
set {(w,w) € W X W: p(w)=p(w")}) isclosedin W X W.

PROOF. Clearly W X W has the weak topology with respect to the sets
W, X W, and it suffices to show that I, = I' N (W, X W,) is closed in W, X W,
for each n. The proof is by induction on n. We point out that the proof will not
make use of the fact that the G, are k ; Hausdorffness is the only topological
condition required.

Now W, X W; = UX U= U, ,G; X Gy, and it is clear that

{(2.8):2€ G}, j=k,

{(ij(a),ik(a)): ac A}, j*k,
which is closed for all j and k, as each G, is Hausdorff and 4, is closed in each
G,. Hence T'; is closed in W X W,.

Suppose that I,_, is closed in W,_;, X W,_, for some n > 2. We proceed to
show that T, is closed in W, X W,. This will be done by decomposing W, X W,
into a disjoint union of smaller subspaces, and by showing that the intersection of
T, with each of these is closed. To this end, we introduce some definitions.

For k,,...,k, € N define K(k,,...,k,) to be the set of
(8-> 8w hy-- - h)E G, X - XG, X G X --- XG, such that
81r---s8ns Ny - .-, , satisfy all the conditions listed in (iii) of the lemma. It is
straightforward to check that K(k,,...,k,) is a closed subset of the above
product.

I'n(G,xG,)=
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Also for k,, ..., k, € N, we define certain classes of functions from subsets of
G, X -+ XG, intoW,_, as follows. First, if for any p(1 < p < n — 1), k, and
k,., are equal, we define AJv--%) =\ by A,(g,...,8,)=
(81,---,(8,8p+1),---58,) € W,_, for each (g;,...,8,) € G, X -+ XG,, the
multiplication taking place in ka. And second, if (g, ..., g,) is such that g, lies
in A4, , we define pfr-k = p by

p‘p(gl’ (AR gn) = (gl’ e (ikp,kp+l(gp)gp+l)’ s gn)

forp=1,...,n—1,and pfkv-k) = v, by

v,(81,---,8,) = (gl,...,(gp_likp,kp_l(gp)),...,g,,) forp=2,...,n.

By means of these three classes of functions we can describe all possible
reductions of a non-reduced n-tuple in W, to a (reduced or non-reduced)
(n — 1)-tuple. Further, it is clear that, for each p (and each k,..., k,), each A ,,
p, and », has closed domain and is continuous.

Now we see easily from the definition of W, that W, x W, = Ll G, where
the disjoint union is over all i, j < n and (for each fixed i/ and j) all positive
integers /,,...,1;, m,,...,m,, and where G}, is shorthand for (G, X -+ XG))
X (G, X - o+ XG, ) (with / standing for (/},...,/;) and m for (m,,...,m;)). To
show that I, =T N (W, X W,) is closed in W, X W,, it therefore suffices to
show that I}/ =T N G} is closed in GjZ, for all i, j, I, m. We need to
distinguish four cases: (a) i, j<n; (b)i=n, j<n; (c)i<n, j=n; and (d)
i=j=n.

In case (a), G|}, in fact lies in W,_; X W,_,, so that I}/ =T N G/, =T, _;
N G}, which is closed in G}/, by the inductive assumption.

In case (b), we claim that I}/ = U (o X ¢)"}(T,_,), where « is the identity on
G,, X -+ XG, , and where o runs through all the functions of {p,: p=
1,....,n—1}, of {vp: p=2,...,n}, and of {7\p: p satisfies Ip = lpH} (with the
superscripts (/,,...,/,) assumed). For if (w,w’) € I}, (with i = n, j < n), then
w must be non-reduced, since p(w) and p(w’) have the same length; and then
one of the functions o just listed, when applied to w, gives w”’' € W,_,
satisfying p(w) = p(w”), so that (¢ X ()}(w,w’) = (w",w) €T, ;. Thus I}
C Wo x 1)"(T,_,). Conversely, if (o(w),w’) €T, | for some (w,w’) € G}J,
then we must have p(w)=p(o(w)), so that (w,w’) € I};/. Hence I)] =
U,(o X ¢)"T,_,), as claimed. Since all the functions ¢ X ¢ are continuous on
closed subsets of G}/, and since T, _, is closed in W,_, X W,_, by assumption,
it follows that I'/"/ is a finite union of closed sets, and is therefore closed in G|/,.
Case (c) is obviously dealt with similarly.

Finally, consider case (d). If (w,w’) € T}/, then since the lengths of p(w) and
p(w’) are equal, w and w’ are either both reduced or both non-reduced. If, for

any p (1 < p < n), wehave [, # m,, then it is clear from the lemma that [} can
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contain no pairs (w,w’) in which w and w’ are reduced. An argument like that for
case (b) then shows that I}/, =U, (6 X 7)"T,_,), where ¢ runs through the
functions specified in case (b), and 7 runs through a set of functions specified
analogously, with (assumed) superscripts (m;,..., m,). It follows (with the as-
sumption /, # m, for some p) that T}/, is closed. Now suppose that [, = m, for
p=1,...,n. We claim that under this assumption I}/ = K(/,...,[)U
U,..(6 X 7)7(T,_,), with o and 7 as above. To prove this, consider (w,w’) € I'}/.
If w and w’ are reduced, then the lemma shows that (w,w’) € K(/,,...,/,), while
if w and w’ are not reduced, then (w,w’) € (¢ X 7)"}(T,_,) for suitable ¢ and 7,
as earlier. Conversely, if (w,w’) € K(/;,...,1,), then the last part of the lemma
shows that (w,w’) € T}/, while (w,w’) € (6 X 7)"/([,_,) implies that (w,w’) €
[/J, much as in case (b). Therefore I}/ is again a finite union of closed sets, and
hence is closed.

Thus I}/, is closed in G}/, for all i, j, I, m, whence T, is closed in W, X W,.
The proposition now follows by induction.

From Proposition 4.25 of [7] (or Proposition A.1 of [1]), we may immediately

deduce the following result, using the fact that W is a k -space.

COROLLARY. With the quotient topology determined by p, G is a (Hausdorff)
k -space.

Continuity of the group operations in G now follows by a standard argument
(cf. [1], [7]) which uses the facts that p: W —> G and pXp: WX W > GXG
are both quotient maps of k -spaces ([1], [7]). It also follows routinely that G has
the universal property required of it by the definition. It thus remains only to
show that the restriction of p to G, is a closed embedding, for each j. This is
achieved by a simple inductive argument, modelled on that given above, which
shows that if C is a closed subset of G, for any j, then p Y p(C)) is closed in W,
so that p(C) is closed in G. The outline of this argument is as follows. Write
A=p Y (p(C). Now AnW,=U _ (ANG,), and clearly ANG, is C if
m =j, and is i; ,(C N A;) otherwise. Therefore A N W, is closed. We now
assume that A N W, _, is closed for some n > 2 and show that A N W, is closed.
To do this, it suffices to show that A N (G, X -+ XG, ) is closed for every
choice of ky,...,k, € N. But it is easy to see that AN (Gy X -+ XG, )=
U,0 (A N W,_)), with the functions ¢ as defined earlier, and so the result
follows.

This completes the proof of the theorem.

As mentioned in the introduction, we can now provide a new proof of the

following result of La Martin [6]; our proof is a topologized version of the
original proof ([5]; see also [9]) that epimorphisms of groups are surjective.
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COROLLARY. Epimorphisms in the category of (Hausdorff) k -groups have dense
image.

PrROOF. Let f: H — G be an epimorphism of k -groups, and let 4 be the
closure of f(H) in G; thus A4 is a k -group. Now let ¢,, ¢, be the two natural
topological isomorphisms from G into the topological amalgamated free product
G * G. Clearly ¢, and ¢, agree on, and only on, A. Hence ¢,f = ¢,f, and so,
since f is an epimorphism, ¢, = ¢,. This implies that 4 = G, that is, that f(H)
is dense in G.
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