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Let S be a bisimple semigroup, let Es denote the set of idempotents of S,
and let g denote the natural partial order relation on Es. Let ^ * denote the
inverse of ^ . The idempotents of S are said to be well-ordered if (Es, :g *) is a
well-ordered set.

The structure of bisimple semigroups with idempotents well-ordered is
described modulo group theory and ordinal arithmetic in [4]. These semi groups
are precisely the aV-bisimple semigroups where a is an ordinal number and a> is
the order type of the natural numbers under the usual order.

In this paper we describe the homomorphisms of an aAbisimple semigroup
into and onto an a/-bisimple semigroup and we describe the congruence relations
on an ftZ-bisimple semigroup. Any congruence relation R on an aZ-bisimple semi-
group S is a group congruence (S/R is a group), an a/-bisimple congruence
(S/R is an a/-bisimple semigroup) for some ordinal number ft such that 0 < /? < a,
an coa-bisimple congruence which is idempotent separating (S/R is an oZ-bisimple
semigroup and each R-class contains at most one idempotent), or an aAbisimpIe
congruence which is not idempotent separating.

We generally follow the notation and terminology of [1] and [2]. Extensive
use is made of the results in [4].

1. Introduction

In this section we present some introductory items and review pertinent
material.

Let X be a right cancellative semigroup with identity and let P(X) denote
the collection of principal left ideals of X. Let a,beX and let (a) and (b) denote
the principal left ideals of X generated by a and b respectively. We choose to

1 This research was sponsored in part by the Benedum Foundation administered by The
Marshall University Research Board.
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442 J. W. Hogan [2]

write (a) ^ (b) if and only if (a) 2 (b) and to call the partially ordered set
(P(X), ^ ) the ideal structure of X. If U denotes the group of units of X, a (normal)
subgroup V of U is called a right normal divisor of X if aV c Va for every

Let a be any order type. A right cancellative semigroup with identity whose
ideal structure has order type a is called an a-right cancellative semigroup and
a bisimple semigroup S such that (Es, ^ *) has order type a is called an a-bisimple
semigroup [10].

Let a be any ordinal number. Let co denote the order type of the positive in-
tegers with the usual order. Let Hx be the set of ordinal numbers less than of and
let + denote usual ordinal addition. For ordinal numbers p and y we define 0 by
y 0 P = P + y. Then, (Hx, 0 ) is an a/-right cancellative semigroup [4, Example].
Using this operation and [5, Theorem 2, p. 323], each non-zero element ft of Hx

may be uniquely expressed in the normal form

p = fcX"0 • • • 0 b2a>B2Qb1col)l

where k and bub2,---,bk are positive integers and Pi,P2,---,Pk is a decreasing
sequence of ordinal numbers with /? ^ a / 1 2: pt. Note that we use usual ex-
ponential notation for ordinal numbers and that we write Su>y in place of the
usual coy5. The semigroup (Hx, ©) is called the semigroup of ordinal numbers
less than of. We have displayed the normal form of y 0 P for /?, y e Hx [4, (1.1)].
For non-zero elements /? and y of Hx having normal forms

P = bkcofik 0 ••• 0 fc2c</20 foX1 and 7 = cma>y™O ••• 0 c 2 « n 0

we make the following definitions:

fO if / ? ! < ? ! ,
(1.1) ^

L ^ . ^ 7 l } if ^ ^

= degree y = yt.

Now let Wx = Hax Hx. Define an operation on Wx by

(1.2) {P,y){d,n) = {p + (max{)>,<5} - y), t, + (max{y,«5} - 8)).

Then, under this operation, Wx is a semigroup which we call the a-bicyclic semi-
group. It is not difficult to show that Wx is a bisimple inverse semigroup with
identity (0,0) whose right unit subsemigroup is isomorphic to (Hx, ©). Thus, Wx

is an cw*-bisimple semigroup. Note that Wl is the bicyclic semigroup, and for
positive integers n, Wn is isomorphic to the 2n-cyclic semigroup of Warne [10].
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[3] of bisimple semigroups 443

If G is a group, X is an element of G, and 6 is an endomorphism of G, we
write 0° indicating the identity mapping and we write YCX = XYX'1 for Y eG.

THEOREM 1.1. (Hogan [4]) Let P be a right cancellative semigroup with
identity whose ideal structure is well-ordered. Then P is an of-right cancellative
semigroup for some ordinal number a.

THEOREM 1.2. (Hogan [4]) P is an of-right cancellative semigroup if and
only ifP ^ G x Hx, where G is a group and (H,,, 0 ) is the semigroup of ordinal
numbers less than of, under the multiplication given as follows:

For(X,y),(Y,P)eGxH.,

(1.3) (X,y)(Y,P)= {X,cmco^ 0 ••• 0 c ^ 1 ) ^ V ^ " © ••• 0 bxafl)

ify 5^0, j6#0, and M(yJ) ^ 0,

IY f[ 0?], y Q p\ otherwise,

where {9a: 0 ^ a < a} is a collection of endomorphisms of G and {z(d,a):
0 ^ <r < <5 < a} is a collection of elements of G such that

(1.4) z{5,a)dp = z(p,o-)CZ(P,S) f o r Q ^ o < d < p < t x

and

( 1 . 5 ) 0 , 0 , = 0 a C l ( f f > , ) f o r 0^3 < (7 < a.

COROLLARY 1.3. (Hogan [4]) Let P be a right cancellative semigroup with
identity. Then the following are equivalent:

(1.6) P has well-ordered ideal structure.

(1.7) P is an of-right cancellative semigroup for some ordinal number a.

(1.8) =S? is a congruence on P and P\££ = Hafor some ordinal number a.

Moreover, P s Hafor some ordinal number a if and only if P has trivial unit
group and satisfies one of (1.6), (1.7), and (1.8).

As a consequence of Theorem 1.2, we use the notation

P = (G,Ha,{0c},{z(8,o)})

to denote an aAright cancellative semigroup. The collection {6a: 0 ^ a < a} of
endomorphisms of G is called the collection of structure endomorphisms of P,
and the collection

{z(c5,<7):0 ^ o- < .5 < a}
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of elements of G is called the collection of distinguished elements. A normal
subgroup N of G is called {6a}-invariant if N9a c N for each structure endo-
morphism 0a.

Note that P is a Schreier extension [7, p. 1117] of G by Pj^C £ tfa and that
the function pair of this extension is given by

(n ^-'(vuh-mr1 FK;
\V \ —S if y # 0, P # 0, and M(y,j?) ^ 0,

£, the identity of G, otherwise,
and

(1.10) A1 = ^ f n 0y,') for

\ i = 1 /

where y and )5 have the normal forms

y = c m c o y m Q ••• 0 c 1 Q j y t a n d fi = ^ c o " " 0 ••• 0 ^ a / 1 .

Let us now review the main result of Clifford [3]. Let P be a right cancellative
semigroup with identity such that the intersection of two principal left ideals is a
principal left ideal. For each class of Jf-equivalent elements of P pick a fixed
representative. Define a V b to be the representative of the class containing c
where Pa nPb = Pc. Define the operation * for a, b e P by

(1.11) (a* b)b = av b.

Let P " 1 o P denote the set of ordered pairs (a, b) of elements of P. Define equality
on P~l o P by

(1.12) (a,b) = (a',b') if a' = ua and b' = ub where u is a unit of P.

Define a p r o d u c t in P~1oP by

(1.13) (a, b)(c,d) = ((c * b)a, (b * c)d).

THEOREM 1.4. (Clifford [3]) Starting with a right cancellative semigroup
with identity P having the property that the intersection of two principal left
ideals is a principal left ideal, equations (1.11), (1.12), and (1.13) define a
semigroup] P~x oP which is a bisimple semigroup with identity in which any
two idempotents commute.

Conversely, if S is a bisimple semigroup with identity in which any two
idempotents commute, then its right unit subsemigroup P is a right cancellative
semigroup with identity having the property that the intersection of two principal
left ideals is a principal left ideal and S is isomorphic with P " 1 o P. The semi-
lattice of principal left ideals of P under intersection is isomorphic with the
semi-lattice of idempotent elements ofS.

https://doi.org/10.1017/S1446788700028809 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700028809


[5] of bisimple semigroups 445

As a result of Theorem 1.4, we may identify S and P~l o P if S is a bisimple
semigroup with identity in which any two idempotents commute.

THEOREM 1.5. Hogan [4]) Let S be a bisimple semigroup with idem-
potents well-ordered. Then S is a bisimple inverse semigroup with identity and
S is an <x>x-bisimple semigroup for some ordinal number a.

THEOREM 1.6. (Hogan [4]) A bisimple semigroup S with idempotents
well-ordered is an of-bisimple semigroup if and only if 3? is a congruence on
S and S\JF ^ Wx.

COROLLARY 1.7. (Hogan [4]) A bisimple semigroup S with trivial unit group
and idempotents well-ordered is an of-bisimple semigroup if and only if

In the material which follows, we observe the notational conventions of
N(P,8) being replaced by 0 if 8 = 0 and of a product of the form Ylfifi

0'
S) being

replaced by the identity of G if 8 = 0 or if M(P, 8) < 0.

THEOREM 1.8. (Hogan [4]) S is an of-bisimple semigroup if and only if
S = G x Wx, where G is a group and Wx is the a-bicyclic semigroup, under the
multiplication

(1.14) (X,(y,p))(Y,(8,p)) = (X,(cma>^Q- 0 c^\bk^ 0 - 0 6ltB''))

(Y,(dncos"Q ••• 0 d^6\ry 0 ••• © rlQ>")) = (Z,(y,P)(8,p))

where Z is given as follows:
Z = XY if p = 8,

7 — v /11 rrz - A \\\ i l
I L \ j = o

rM(a,p) \ -i p \n *"-'(*!,*>,-.,) k r ' n q
V J = 0 /J 1=2 )

if P > 8 and a — P — 8 has normal form

SpCO°" O • " 0 SiO)'1,

z =

(Af(<r,/i)

if P < 8 and a = 8 — P has normal form

s co*' 0
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Juxtaposition denotes multiplication in G and Wx, {9a: 0 ^ a < a} is a collection

of endomorphisms ofG, and {z(d,a)\ 0<^o<d<<x}isa collection of elements

of G such that

(1 .15) Z ( 5 , < T ) 0 P = z ( p , f f ) C l ( p > , ) forO^<j<8<p<«

and

(1.16) 9 A = daCAa,6) /or 0 :S <5 < <r < a.

As a consequence of Theorem 1.8, we use the notation S = (G, ^ ,{0, ,} ,
{z(<5, a)}) to denote an c</-bisimple semigroup. The collection {9a: 0 ^ <r < a}
of endomorphisms is called the collection of structure endomorphisms and the
collection {z(5,o)\ 0 g a < 5 < a} is called the collection of distinguished
elements.

2. The Homomorphism Theory

In this section we describe the homomorphisms from an aAbisimple semi-
group into and onto an a/-bisimple semigroup.

Let S = (G,Wa,{9a},{z(d,(7)}) be an aAbisimple semigroup. The right unit
subsemigroup of S is

P = (G,Hx,{ea},{z(S,a)}).

In the proof of Theorem 1.8, we have shown that the mapping $>s from P " 1 o P

to S given by

(2.1) ((E,y),(X,d))0s = (X,(y,8)),

where E is the identity of G, is an isomorphism.

THEOREM 2.1. Let S = (G, Wx,{9a), {z(5,o}) be an co'-bisimple semigroup
and let

be an (xfi-bisimple semigroup. Let n be any ordinal number such that 0 ^ \i ^ a
^)x + P and let {Xa: 0 ^ a < a - fi} be any subset ofHfi with

(2.2) Xo > 0 and

(2.3) O^a < p <a-fi implies D{Xa) < D(Xp) satisfied.

Let {Ui:0^5<a.}be elements of G*, let z be an element ofHfi, and let f be
a homomorphism ofG into G* such that

(2.4) a

(2.5) UXAff"-^ = (A9J)Uafor 0 ^ / i g u < a and AeG,
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[7] (ox bisimple semigroups 447

(2.6) [ / , ( [ # * - " ' ) | ^ | = (z(o,5)f)Ua for 0 ̂  n ^ 6 < a < a,

(2.7) U^Uf-^) = {z{a,5)f)Ua for 0 ̂  3 < n ^ a < x,

and

(2.8) UaUd = {z{a,d)f)Ua f o r 0 ^ 5 < a < n ^ « .

For each

(X,(y,5)) = (X,(cma)^ 0 ••• © dtf'.dico'* 0 - 0 d.to'
let

(2.9) (X,(y,3))F =

O TU\(Y0Y\-lW-WK8h)\(Sgy\,(8g) 0

where 3>s. is gi'uen foy (2.1), ^ is a homomorphism of (Ha,Q) into (Hfi,Q)
given by

(2.10) Og = 0, cop# = 0 for 0 g p < \i, and

and h is a function from Hx into G* given by

(2.11) (yh) = f 'n ' [ ( C / ^ ) |GV-0)*"*"" | ]
I o

ri
j=O

Then F is a homomorphism from S into S*. Conversely, every homomorphism of
S into S* is obtained in this fashion.

PROOF. Assume the conditions of the theorem. Utilizing [4, Theorem 2.5],
we have

(X,y)N = ((Xf)(yh),yg)

as a homomorphism of P into P* where P and P* are the right unit subsemi-
groups of S and S* respectively, g is given by (2.10), and h is given by (2.11).
By use of [4, Theorem 2.9], N is a semi-lattice homomorphism. Thus, utilizing
[7, Theorem 1.1] , if (£*,x)eP* where E* is the identity of G*, then
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((X,y),(Y,5))M = ((X,y)N(E*,z),(Y,8)N(E*,r))

is a homomorphism of P" 1 o P into P*"1 o P*. Hence, if (X,(y, 8)) e S, we have

M = ((E,y), (X,5))M = ((E,y)N(E*,z),(X,d)N(E*,r))

= ((yh, yg) (E*, x), ((Xf) (dh), dg) (E*, z))

= (((yh)|(ygY\,(yg) 0 x),((Xf)(5h)\(5gy\,(Sg) 0 r))

= ((E*,yg 0 T

Consequently, F = O^M^g. is a homomorphism of S into S* as desired.
For the converse, let F be any homomorphism of S into S* and define M

by M = ^jF^J.1. By use of [7, Theorem 1.1], there exists a semi-lattice homo-
morphism N of P into P* and (Z, T) e P* such that M is given by

((X,y),(Y,S))M = ((X,y)N(Z,T),(Y,5)N(Z,r)).

Define N*: P^P* by (X,y)N* = (Z-SOXCX^JVXZ.O). Thus,

= ((X,y)N*(E*,?),(Y,S)N*(E*,?)).

Since N* is given by [4, Theorem 2.5], we have the conditions of that theorem
satisfied so the conditions here are satisfied. From F = <^s1M<Ps., we get (2.9)
as desired.

THEOREM 2.2. Let a and fi be ordinal numbers such that 0 < /? ̂  a. Let

S = (G,Wa,{9a},{z(d,a)})

be an of-bisimple semigroup and let

be an a>p-bisimple semigroup. Let fi be an ordinal number such that a = fi + p.
Let {Ud:0^5<a}be elements ofG* and let f be a homomorphism of G onto
G* such that

(2.12) fCVa = 0Jfor0^o<n,

(2.13) (TP.-JCOa = 6affor0^n^a<a,

(2.14) ((U^^Xa - n,d - »))CUa = z(<J,5)f

for 0 < ; / z : g ( 5 < ( 7 < a ,

(2.15)

and
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[9] of bisimple semigroups

(2.16) UdCUa = z{a,d)f for 0^8<a<fi^a.

For each

(X,(y,8)) = {X,{cnfo'm 0 - 0 c1<o7l,dlfi)'- 0 ••• 0 dl(o''))eS,

let

(2.17) (X, (y, g))F = ((yh)- KXf)(8h), (yg, 8g))

where g is a homomorphism of(Ha, ©) onto (Hp, 0 ) given by

"Oify = 0,

cmcoy '" 0 ••• © c ^ 1 - " if y ^0 and n^ ym.

cscoy'~" 0 ••• 0 Cio/1'* ify¥=0 and

s is such that 1 ^ s ^ m — 1

and ys+1 < fi£ ys>

0 i/ y # 0 and ft > yl>

and h is a function from Ha into G* given by

E* if y = 0,

n u wJ 11 n c/ *PJ F̂""1

449

(2.18) yg = J

(2.19) y/i =
-j-i

fff
II

ff
= o

( FI ^ y : :

' s yn,. . . . j

„¥"_„••• ¥£"_,, I ify¥>0 and s is such that

^ s ^ m — 1 and ys+1 < n ^ ys,

j ) if y T* 0 and fi > yt.

T/ie«, F JS a homomorphism of S onto S*. Conversely, if F is any homo-
morphism of S onto S*, then there exists an ordinal number y. such that
a = n + /?, elements {11$: 0 g 5 < a} of G*, and a homomorphism f of G into
G* such that (2.12), (2.13), (2.14), (2.15), and (2.16) are valid and F is given
by (2.17).
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PROOF. Assume the conditions as given. Thus, by [4, Theorem 2.6],

(X,y)N = ((Xf)(yh),yg)

is a homomorphism ofP onto P* where g is given by(2.18)andfc is given by (2.19).
By [4, Theorem 2.9], AT is a semi-lattice homomorphism. From [7, Theorem 1.1],

((X,y),(Y,d))M = ((X,y)N,(Y,5)N)

is a homomorphism. It is clear that M is onto. Thus, if we let F = $s~
 1MQ>S,, then

(X,(y,d))F = {(E,y),(X,8))M^s. = ((yh,yg),((Xf)(8h),5g))®s.

= ((E*,yg),((yh)-\XfXSh),5g))^s. = ((yh)-\Xf)(5h),(yg,5g))

as in (2.17).

Conversely, let F be any homomorphism of S onto S* and define M by
M = OjfOJ.1. By [7, Theorem 1.1], there exists a semi-lattice homomorphism
JV of P into P* and (Z, T) e P* such that M is given by

Let
((A,p),(B,a))M = ((£*,0),(£*,0)) = {{A,p)N{Z>x),{B,a)N{Z,z)).

Thus, (A,p)N(Z,t) = (W,0) for some WeG*, whence ( Z , T ) = (F,0) for some
V e G*. If we define JV*: P -> P* by

(X,?)N* = (V-\0)((X,y)N)(V,0),
then

= ((V,0)((X,y)N*),(V,0)((Y,5)N*)) = ((X,y)/V*,(y,«

We use the fact that JV* is given by [4, Theorem 2.6] to complete the proof.

REMARK. Theorem 2.10 of [4] describes the isomorphisms of an aZ-bisimple
semigroup S onto an coa-bisimple semigroup S*.

THEOREM 2.3. There exists no homomorphism of an cox-bisimple semigroup
S onto an a^-bisimple semigroup S* for a < ft.

PROOF. Suppose F is a homomophism of S onto S*. Then, M = <bsF$>s'
is given by [7, Theorem 1.1]. That is,

((X,y),(Y,5))M = ((X,y)N(Z,z),(Y,3)N(Z,z))

for some (Z, T) G P* and some semi-lattice homomorphism JV of P into P*. As in
the proof of Theorem 2.2, we get
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[11] co" bisimple semigroups 451

{{X,y),{Y,5))M = ((X,y)N*,(Y,S)N*),

where AT* is a homomorphism of P into P*. We note that N* is given by [4, Theo-
rem 2.5]. Thus,

(X,y)N* = ((Xf)(yh),yg),

where/is a homomorphism of G into G* and g is a homomorphism of (#,,,©)
into (//,,©) given by [4, (2.3)], [4, (2.4)] and [4, (2.5)]. However, if peHfi,
there exists (A, a)eP and (K,0) e P* such that

(A,a)N* = ((Af)(ah),ag) = (F,0)(£*,p) = (V,p).

That is, # must be onto. By [4, Theorem 2.4], g cannot be onto when a < /?.

THEOREM 2.4. Lef S = {G,Wa,{6)T},{z(5,a)}) be an of-bisimple semigroup
and let So be a group. Let {Ud:0^5<a}be elements of So and let f be a
homomorphism of G into So such that

(2.20) fCUa = OJfor 0 ^ a < a

and

(2.21) UdCUa = z{a,d)ffor 0 ^ 5 < a < a.

Then

(2.22) (*,(}>,<5))F
= (X,(cmcor 0 ••• © Clcoy\dkoiSkQ--- © d ^ F

\ J = O /

is a homomorphism ofS into So.
Conversely, every homomorphism of S into So is obtained in this fashion.

PROOF. The proof is essentially contained in the proof of Theorem 2.1.

3. The Congruence Relations

In this section we study the congruence relations on an oAbisimpIe semi-
group. As mentioned previously, we show that any congruence relation on such a
semigroup is a group congruence, an a/-bisimple congruence for some ordinal
number /? such that 0 < /? < a, an a/-bisimple congruence which is an idempotent
separating congruence, or an aAbisimple congruence which is not an idempotent
separating congruence. A description of the idempotent separating congruences
and of the a/-bisimple congruences for 0 ^ fi < a is presented.

THEOREM 3.1. Let S = (G, ^ ,{0 ,} , {z(S,a)}) be an of-bisimple semigroup.
Let E denote the identity of G and let R be a congruence relation on S. Then,
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R is an cof-bisimple congruence for 0 < /? ̂  a if and only if there exists an
ordinal number \i such that a = ji + P and the following condition is satisfied:

(E,(y,y))R(E,(d,dy) if and only if n = r whenever

y = noo" + v, 0 ^ v < co", and 8 = xaf + a,

0 ^ a < co".

Moreover, if \i > 0, then R is not idempotent separating.

PROOF. Suppose R is an ct/-bisimple congruence on S with 0 < ft ^ a. Let
F: S -»S/R be the natural mapping. Note that F is described by Theorem 2.2.
Thus, there exists an ordinal number (i such that a — u + P and F is given by
(2.17). Next, suppose (E,(y,y))R(E,(5,d)) with y = nm" + v, 0 ^ v < co", and
5 - xuf + a, 0 ^ a < a>". Hence,

(£,(y,y))F = (£,(5,5))F,(£*,(r a , r a)) = (E*,(5g,5g)),

and ygr = 5g. It follows that ?7 = T using (2.18). If >; = T with 7 = rjco" + v,
0 ^ v < a>", and 5 = TCO" + CT, 0 ^ u < a/, then ygf = 5gr. Hence, by reversing
the steps above, we get (E,(y,y))R(E,(d,5)).

Now suppose R is a congruence relation on S, suppose there exists an ordinal
number n such that a = fi + ft, and suppose the condition is satisfied. The semi-
group S/R is a bisimple inverse semigroup with identity. The set of idempotents
of S/R is a kernel normal system of S [2, Theorem 7.48]. These facts, along with
the information that for any ordinal number % where 0 ^ 1 < a/ we have

(£,(Tco",Ta/))K(E,(Tcu" + ff, W + a))

when 0 ^ < 7 < a/, produce the result that S/R is an aZ-bisimple semigroup. It is
clear that R is not idempotent separating when /1 > 0.

THEOREM 3.2. Let S be an co*-bisimple semigroup and let R be a congruence
relation on S. Then, R is a group congruence, an o/-bisimple congruence
for some ordinal number fi such that 0 < /} < a, an of-bisimple congruence
which is not idempotent separating, or an <x>lx-bisimple congruence which is
idempotent separating.

PROOF. Let R be a congruence on 5 which is not a group congruence. Let
(£,(<5,(5)) be the largest idempotent of S such that (£, (d, 8))R(E, (0,0)). We wish
to show that there exists an ordinal number fi such that 0 ^ JX < a and 5 = OJ".
To that end, let y < 5. Assume 8 — y < S. Hence,

(E,(O,O))R(E,(5-y,5-y)),

(E, (5,5))R(E, («5,0)) (£, (S-y,5- y)) (E, (0,8)), and

(E,(8,8))R(E,(8 + (5-y),S + (d- y)).
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We let x = (E,(y,5)) and utilize [1, Lemma 1.31] to show that (x, x'1 > is the
bicyclic semigroup W1. By [1, Corollary 1.32], it follows that R <x,x- 1> is
idempotent separating. However,

x~lx = (E,(8,8))R(E,(8 + (8 - y),8 + (8 - y)) = x'^'^x,

is contradictory. We conclude that 3 - y = 6 and y + 8 = d. From [5, Theorem 1,
p. 282] and [5, Theorem 1, p. 323], we conclude that 8 = of for some fi where
0 S /J < a. Next, let /? = a -fi or a = fi + /?. Let y = ^co" + v where 0 ^ v < of
and <5 = nco" + a where 0 g <r < co". We wish to show (E,(y,y))R(E,(8,8)).
To this end, suppose y < 8. Then, y + (a — v) = 8 and (5 — y = <r — v < a/.
Hence,

(£,(O,O))K(£,(<5-y,<5 -y)\

(E, (y, y))R(E, (y, 0))(£, (5 - y, 5 - y))(£, (0, y)), and

Finally, suppose (£, (y, y))7?(£, (^, <5)) where y = r\of +v,0 ^ v < co", 8= rco" + a,
and 0 ^ a < co". We wish to show that r\ = T. TO this end, assume /? < T. Then,
5 > y and 5 — y = (T — t])af + a. Hence, by previous considerations, we have

(E,(S -7,3- y))R(E,((r - t,)co",(x- r,)^)).

Now, (E,(y,y))R(E,(8,8)) implies

(£, (y, 0)) (£, (0,0)) (£, (0, y))*(£, (y, 0)) (£, (5 - y, 5 - y)) (£, (0, y))

and we get (£, (0,0))J?(£, (5 - y, 5 - y)). Thus,

( £ , ( 0 , 0 ) ) K ( £ , ( ( T - / / )^ ,( t - tiW)), and

(T - IJ)O^,(T - «/)©*)), or

But, here we have (£, (0,0))/?(£, (co", co")) contrary to the choice of of. We con-
clude that t] = T. At this stage, we utilize Theorem 3.1 to conclude that R is an
aAbisimple congruence for 0 < /? ^ a which is not idempotent separating in
case ^ > 0. The conclusion of the theorem is now immediate.

REMARK. If a is not a limit ordinal, it is impossible for a congruence relation
on an aAbisimple semigroup to be an fiAbisimple congruence which is not
idempotent separating.

The following two theorems are straightforward generalizations of results
o Warne[l l ] .

THEOREM 3.3. Let P = (G,Ha,{6a}, {z(8,cr)}) be an of-right cancellative
semigroup. The right normal divisors ofP are the {Qa}-invariant subgroups ofG.
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PROOF. Let Fbe a right normal divisor of P and let X e V. Then, if 0 g a < a.
and E denotes the identity of G, we have

,0) = ((X6a),co°) = (7,0) ( £ , O = (7,0)")

where Ye V. Hence, X9ae Fand V is {^-invariant.
Conversely, let V be an {0o}-invariant subgroup of G. Let YeV and let

(X, y)eP where
y = cmcoy- © ••• 0 c^a/'.

Then,

Consequently, F is a right normal divisor of P.

THEOREM 3.4. Let S = (G, Wa, {0,}, {z(<5, a)}) be an co*-bisimple semigroup.
There is a one-to-one correspondence between the idempotent separating con-
gruences of S and the {Qa}-invariant subgroups of G. If Rv is the congruence
relation corresponding to the {6a}-invariant subgroup V, then the congruence
class containing (X.(y,5)) is the set {(YX,(y,d)): YeV}. If V and W are
{Qa}-invariant subgroups of G, then V £ W if and only if Rv £ Rw. tf is the
maximal idempotent separating congruence on S. The idempotent separating
congruences on S are those congruences such that the congruence class con-
taining the identity is a group, and they are uniquely determined by this class.

PROOF. This result follows from Theorem 1.6, Theorem 1.8, Theorem 3.3,
[8, Lemma 1.2], [9, Theorem 2], and (2.1).

We now describe the congruence relations on an aAbisimple semigroup
which are a/-bisimple congruences where 0 < /? ^ a.

THEOREM 3.5. Let S = (G, Wa,{Qa},{z(d,cj)}) be an of-bisimple semi-
group and let R be an co^-bisimple congruence on S wiih 0 < /? 5S a. Then,
there exists an ordinal number /x such that a = n + ft and an {9a}-invariant
subgroup V of G with the following satisfied:

(3.1) If for each ordinal number v such that 0 ^ v < a / we let

Av = {(X,(y,8)): (X,(y,d))R(E,(vco^vco"))},

then the collection A = {Av: 0 ^ v < a/} is a kernel normal system and

R = {(a,b)eS x S: aa~1,bb-1,ab-1 eAv for some v}.

(3.2) / / x = va/ + y, Z = v(o"+p, r = Kof + 5, and X = KCO" + a

where 0 ^ y < m", 0 g p < of, 0 ^ <5 < co", and 0 ^ a < co", then
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(X,(x,i))R(Y,(£,X)) if and only if (X,(y,8))R(Y,(p,<j)).

(3.3) Suppose n = 0. Then, (X,(y,8))eA0 if and only if y = 8 = 0 and
XeV. Also,

(X,(y,8))R(Y,(p,a)) if and only if y = p, 8 = a,

and

(3.4) Suppose p. > 0 is an ordinal number of the second kind. Then,

(X,(y,8)) = (X,(cmco'~Q - 0 C lo/ ' , dkco3kQ- 0 dxm

if and only if 0 ^ max {ylt S x} < fi and

X8r(yid)eV (fi zc"-'(r(y,8),ym-j))ti
\j = 0 /\j=0

•where r(y,8) = max {yi,^} + 1. Also, ifO ^ y^ < \i, 0 ^ 81 < n, 0 ^ px < n
and 0 <; o-! < /i,

if and only if
/m-ln

j = o

- 1

(,(cmcoy~ © ••• © C l c o y i , dkcodk 0 ••• 0 d x o

(Y,(rqa>p © ••• 0 r i c o P i , s n ( o a " Q ••• 0 s t c

rf
\j=0

(
\j = o /

wheres(y,8,P)(j) =

(3.5) Suppose n is an ordinal number of the first kind. Let n be defined by
n + 1 = p.. Let a non-negative integer p and an element B of G be specified as
follows: (a) 1/ (Y,(qof,G)) $A0 for every YeG and every positive integer q,
then p = 0 and B = E; (b) If there exists YeG and a positive integer q such
that (J,(qof,0))eAo, then p is the smallest positive integer with this property
and B is such that (B,(poj",0))eAo. Then,

(x>(y,8)) = (X,(cm(oy~ © ••• 0 CiG/'^CfA 0 ••• 0 d^1))eA0

if and only if 0 ^ max{yu81} < p and

n fm-j<n,Ym-j>)Br( n
J=o I \ j=o
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where rp = clN{(o",i)-dlN{(o",§). Also, if Q> ^ yx < ft , 0 g <5j < fi,0 ^ pt < \i,

and 0 ^ (?! < /i, then

(X,(cm(0y~ 0 ••• 0 Cl(O
y\dk(a

dk © ••• 0 d.co^R

{Y,{rq(o" 0 ••• 0 r1co''i,snco''"Q ••• 0 s^* 1 ) )

if and only if

{[( fl ' "M

(
,ff) - rlN{a>\p).

PROOF. Let F-.S^S/R be the natural mapping where S/R = S* = (G*, Wp,
{•P^}, {r(<5, a)}). Note that F is described by the converse in Theorem 2.2. Thus,
there exists an ordinal number n such that <x = fi + p, elements {Ud: 0 g 8 < a]
of G*, and a homomorphism / of G into G* such that (2.12), (2.13), (2.14), (2.15),
and (2.16) are valid and F is given by (2.17). If V is the kernel of/, then V is
{0o}-invariant by use of (2.12) and (2.13).

Let A = {At: i e A} be the set of idempotents of SjR. From [2, Theorem 7.48],
A is a kernel normal system and R = {(a,fc)eS x S: a a ~ \ bb~1,ab~1 e/lj for
some f eA}. Next, let (X, (y, 8)) e At where

y = cm«T~ 0 ••• 0 c^co71 a n d 5 = rfta/k 0 ••• 0 ^ a / 1 .

Then, ((X, (y, 8)) (X, (y, 8))) F = (X, (y, 8)) F. Hence,

(Z,(y,5)(y,d))F = (X,(y,8))F

where Z = X2 if 5 = y, and

z = x ( [ ( .n z*-'(ffi,y»-.,)) (̂ 0.,)

j = 0 /J i = 2 J

if 8 > y and cr = 8 — y has the normal form a = spofp © ••• 0
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Since F is given by (2.17), we have

(X,(y,5))R(E,(y,y)) ifS = y,

(yh)~\Zf) {8 + (8 -y))h) = (yh)-\Xf){8h) and {8 + (8 - y))g = 8g if 8.> y,

and

«7 + (7 - 8))h)-i(Zf)(8h) = (yh)-\Xf){8h) and (y + (y- 8))g = yg if <5 < y.

Note that yg = 8g in any case. If 8 > y, we utilize [4, (2.11)] to produce

((| (8 - 7)s|)fK(8 + (8- y))h) = ((8 - y)h)(8h)

since (8 - y)g = 0. Hence, (Z/)(( | (.5 - y)a\)f)-\{8 - y)h) = Xf and

•M(a.S)

We utilize (1.9) to get

n ^-(ffl,^_;) c^n^; /•
Using these results and (1.10), it follows that

[ ( I f zCm-^i,ym-,))~ V r \ f l C / ] (XV) ((8 - y)h) = E*.
That is, ( I t T ' l / ) " 1 ^ / ) ^ ) = £*. From [4, 6, 2.18)] and the fact that og = 0,
this becomes

Then, from [4, (2.17)], we get

(\^\f)(8h) = (ah)(yh) so (X/) = {yh)(8hyl.

This means that

(^,(y,5))F = {{yh)-\Xf){8h),{yg,8g)) = (E*,(yg,yg)) = (E,(y,y))F,

or that (^ .^^^(^.(y,) ; )) . If 8 < y, we begin with

((? + (y - S))hY\Zf) = {yh)-\Xf)

or (Z- 1 / )^^) = (Z-lf)((y + (y~ 8))h). As before, we have
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^ - S)K) = ( X - 1 / )

and ((| a'^D'^X'/)-1^) = E*. Hence,

(.(\oi\f)-K°h)(X-1f) = E*

and (X/ ) = {yh)(5hy\ Again we get (X,(y,<5))K(E,(y,y)). Thus, in all cases we
have (X,(y,5))R(E,(y,y)). From Theorem 3.1, we conclude that A is given by (3.1).

Next, we consider (3.2). Then ( X , ( Z , T ) ) R ( Y , ( ^ , A)) if and only if

By utilizing [4, (2.17)], (1.9), and (1.1), we see that (T/I) = (5h) Qcafh), (Xh)
= (ahXKco^^xh) = (yh)(vco"h), and (£h) = (ph)(ya>»h). It is now clear that
(3.2) is valid.

Now suppose n = 0. Let (X, (y, S)) e Ao. Since F is given by (2.17), it follows
that y = 5 = 0 and X e V. Conversely, if y = 5 = 0 and Z e V, then (Z, (y, 5)) e Ao.
Since ^ is the identity mapping when ft — 0, it is clear that (X,(y,5))R(Y,(p,a))
if and only if y = p, 5 = a, and XY'1 e V. This completes the proof of (3.3).

Next, a brief outline of the proof of (3.4) is presented. We use the notation
of (3.4). Thus, (X, (y, <5)) e Ao if and only if

m - l \ ,k-l \ — 1( m - 1 \ /k-l \

and 0 ̂  maxlyu^j} < p. We use (2.12) and (2.16) to show that the condition
on X is equivalent to

/m- JO<y,S),vm-j)) (ljo z'" My, S), K-))

If 0 ^ yt < n, 0 ̂  <?! < n, 0 ̂  px < ix, and 0 ̂  al < \i, then

{X,(cmc6>- 0 ••• 0 C i f f l ' V X * © ••• © ^ i » a ' ) ) ^

(y,(rgcop 0 ••• 0 r.co^s^-Q ••• © 5l(u
ff1))

if and only if

(
m - l x - 1 / 4 - 1 v , q - \ \ - l / n - 1 \

n c i (*/)(ntfc =(nE#:,' w) n :̂:i)-
j = o / \ j = o / \ ; = o / \j = o /

By (2.12) and (2.16), this condition is equivalent to the condition stated in (3.4).

Finally, we present an outline of the proof of (3.5). Let tj, p, and B be as
specified in (3.5). We use the notation of that result. Thus (X, (y, 5)) e Ao if and
only if 0 ^ m a x ^ , ^ } < p. and
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( m— 1 \ /k— 1 \ — 1

U^Z-j iK:j or

j = o I \j = o J

n u;::Y\Uneit

j=0 /

Following the procedure of prior work in utilizing (2.12) and (2.16) we show that
this condition on X is equivalent to the condition

where rp = CiN(co",y) - d^iw"^). If 0 ^ yt < \i, 0 ^ 5X < \i, 0 ^ Pi < n,
and 0 g (?[ < /J, then

(X,(cmcoy~ 0 ••• 0 c1cou,dkai''- 0 ••• 0 d j f f l * 1 ) ^

(y,(r ,o/" © -• © ' • i«" . s X " 0 ••• 0
if and only if

( m-l \ - l / t - 1 \ /9-1 \ - l / n - 1 \

n t̂ :j (*/) n :̂:j = n "?->) m n ^:^[
7 = 0 / \j = 0 1 \j=0 I \j=0 I

We use (2.16) to show this condition to be equivalent to

,M(<o'l,S)

- l

( ( )
no z-^,(xn_

Then, (2.12) is used to complete the proof of (3.5).
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