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Marginals with Finite Repulsive Cost
Ugo Bindini

Abstract. 'We consider a multimarginal transport problem with repulsive cost, where the marginals
are all equal to a fixed probability p € P(R?). We prove that, if the concentration of pislessthan1/N,
then the problem has a solution of finite cost. The result is sharp, in the sense that there exists p with
concentration 1/N for which the cost is infinite.

1 Introduction

Consider a system of N unitary-charged particles of negligible mass under the effect
of the Coulomb force. We can describe the stationary states using a wave-function
¥(x1,...,xN), where x; € R via the Born interpretation, [y(xi, ... ,xy)|” can be
viewed as the density of the probability that the particles occupy the positions xi, . ..,
xn, and it is symmetric, since the particles are indistinguishable.

When the semi-classical limit is considered, as already proved in [2,7, 8,16], the
stationary states reach the minimum of potential energy;, i.e.,

(LD Vo = rnvjn V() = min /st (1 or xn) [W(1s - . oo x| oy dixy,
where c is the Coulomb (potential) cost function c: (R*)N — R defined as

1
c(xp,..xy) = Y, ——
1<i<j<N |Xi _xj’

This can also be viewed as the exchange correlation functional linking the Kohn-
Sham to the Hohenberg-Kohn approach; see, for instance, [13].

Given any wave-function v, define its single-particle density as

Vix) = 2 dx,---
p¥(x) = . [w(x,x2,...,x5)| dxp--- dxn,

which is quite natural from the physical point of view, since the charge density is a
fundamental quantum-mechanical observable.

It is a well-known result by Lieb [17] (see also Levy [15]) that the set of all possible
marginal densities is

R = {p e L'(R?)| p>0,,/p € H(RY), v/de(x)dx = 1}.
One can thus consider

C(p) = min{_/lZQSN c(x, . xn) |w(x, ... ,JCN)|2 dx1~~de| p¥ = p},

Received by the editors October 2, 2018; revised October 15, 2018.
Published online on Cambridge Core May 7, 2019.

AMS subject classification: 49J10, 49K10.

Keywords: multi-marginal, optimal transport, repulsive cost.

https://doi.org/10.4153/50008414X18000664 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X18000664

374 U. Bindini

and factorize the original minimum problem (1.1) as

Vo = minmin V() = min C(p).
peR p¥=p P

This is a well-known approach, which dates back to Thomas and Fermi, and was
later revised by Hohenberg and Kohn [14], Levy [15], and Lieb [17], whose questions
are still sources of ideas for this field.

In this paper, we first generalize the physical dimension d = 3 to any d > 1. More-
over, we adopt a measure-theoretic approach: instead of considering wave-functions,
we set the problem for every probability over (R¢)" and formulate the corresponding
relaxed minimum problem

C(P) = min ’/(Rd)N c(xt,. .., xn)dP(x1, ..., xN),

where P € P((R?)N) is a probability measure. In this fashion, the single-particle
density constraint gives rise to a multi-marginal optimal transport problem of the
form

(12) C(p) =inf { f

(e SO0 2) AP .,xN)|

PeP((RY)N),mP=p,i=1,...,N},

where p is a fixed probability measure over RY and 7' is the projection over the i-th
factor of (R9)N. It is a simple and well-known observation that the infimum (1.2) is
equal to

(1.3) C(p):inf{f(Rd)Nc(xl,...,xN)dP(xl,...,xN)‘

P e P((RM)N), P symmetric,, 7P = p,i = 1,...,N}.

In order to give an even stronger result, we take as a cost function a general repul-
sive potential, as in the following definition.

Definition 1.1 A function c: (R?)N — R is a repulsive cost function if it is of the
form :
c(xn,..xN) = Y, ————
1<i<j<N w(|x; = x;])
where w:R* — R” is continuous, strictly increasing, and differentiable on (0, +00),
with w(0) = 0.

Although there are many works about this formulation, and the multi-marginal
transport problem in general (see for instance [3, 5, 6, 9,10]), none of them gives a
condition on p that assures that the infimum in (1.3) is finite. We found that the correct
quantity to consider is the one given by the following definition.

Definition 1.2 If p € P(R?), the concentration of p is
u(p) = sup p({x}).

xeR4
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This allows us to state the main result.

Theorem 1.3  Let c be a repulsive cost function, and let p € P(RY) with

1
(14) ulp) < -

Then the infimum in (1.3) is finite.

Remark 1.4  After this paper was submitted, the author became aware of an inde-
pendent work in preparation by E. Stra, S. Di Marino, and M. Colombo about the same
problem. The techniques are different and the second result, although not yet available
in preprint form, seems to be closer in the approach to some arguments in [3].

Structure of the paper In Section 2 we give some notation and collect some defini-
tions, constructions, and results to be used later. In particular, we state and prove a
simple but useful result about partitioning R into measurable sets with prescribed
mass.

We then show in Section 3 that condition (1.4) is sharp; i.e., given any repulsive
cost function, there exists p € P(R?) with u(p) = 1/N, and C(p) = co. The construc-
tion of this counterexample is explicit, but it is important to note that the marginal p
depends on the given cost function.

Finally we devote Sections 4 to 6 to the proof of Theorem 1.3. The construction is
universal, in the following sense: given p € P(R?) such that (1.4) holds, we exhibit a
symmetric transport plan P that has support outside the region

D, = {(xl,...,xN) € (Rd)N| Ji #+ jwith |xi —xj| < (x}

for some « > 0. This implies that C(P) is finite for any repulsive cost function.
2 Notation and Preliminary Results

In the following, x and x; denote elements of R?, and X = (xq,...,xy) is an element
of (R?)N = RN We also denote by B(x;,) a ball with center x; € R? and radius
r > 0. Where it is not specified, the integrals are extended to all the space; if 7 is a
measure over R% we denote by |1] its total mass, i.e.,

|T|=f dr.
R4

We use the expression N-transport plan for the marginal p to denote a probability
measure P € P(RN?) with all the marginals equal to p € P(R?).
If P e M(RN?) is any measure, we define

1
Psym = 5 Z ﬁb;P:
N' SeSN
where Sy is the premutation group over the elements {1,..., N}, and ¢*: RN¢ — RN¢
is the function ¢*(x1,...,xx5) = (X(1)>--.>Xs(n)). Note that P, is a symmetric
measure; moreover, if P is a probability measure, then Py, is also a probability mea-
sure.
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Lemma 2.1 Let P € M(RN?). Then Py, has marginals equal to
1 &
— > mP.
N4

Proof Since Py, is symmetric, me can calculate its first marginal:

1 1
1 R Y s - 1 s
Ty Pyym = 77#( NI SZS:N ¢#P) Nl & m,(¢3P)
Ly mpe Ly
- — 1P,
N! seSy ! N j=1

where the last equality is due to the fact that for every j = 1,..., N, there are exactly
(N -1)! permutations s € Sy such that s(1) = j. [

For a symmetric probability P ¢ P(RN?) we will use the shortened notation 7( P)
to denote its marginals 71 P, which are all equal.

Ifo,...,on € M(R?), we define 0y ® --- ® oy € M(RN?) as the usual product
measure. In similar fashion, if Q e M(RW=) 5 e M(R?) and 1< j < N, we define
the measure Q ®; 0 € M(RN?) as

2.1) fRNdfd(Q ®;0) = fRNdf(xl,...,xN)da(xj)dQ(xl,...,yj,...,xN)
for every f € C, (RN).

Partitions of Non-atomic Measures

Let 0 € M(R?) be a finite non-atomic measure and let by, ..., by be real positive
numbers such that by + - -+ + by = |o|. We may want to write
RY = LkJE
=

where the E;’s are disjoint measurable sets with ¢(E;) = b;. This is trivial if d = 1,
since the cumulative distribution function ¢,(¢) = g((-o0, t)) is continuous, and
one can find the E;’s as intervals. However, in higher dimension, the measure o might
concentrate over (d-1)-dimensional surfaces, which makes the problem slightly more
difficult. Therefore, we present the following proposition.

Proposition 2.2 Let o € M(R?) be a finite non-atomic measure. Then there exists a
direction y € R \ {0} such that o(H) = 0 for all the affine hyperplanes H such that
H1y.

In order to prove Proposition 2.2, it is useful to present the following lemma.

Lemma 2.3 Let (X, u) be a measure space with y(X) < oo, and {E; } jer a collection
of measurable sets, such that

(i) u(Ei)>0foreveryiel;

(ii) u(EinE;)=0foreveryi# j.
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Then I is countable.

Proof Leti,...,i, beafinite set of indices. Then using the monotonicity of 4 and
the fact that u(E; nE;) = 0if i # j,

n

ux) 2 p(UE,) - kimm.

Hence we have that
sup{ Y u(E;) | J < L] finite} < p(X) < oo.
Jjel
Since all the u(E;) are strictly positive numbers, this is possible only if I is count-
able. ]
Now we present the proof of Proposition 2.2.

Proof Fork =0,1,...,d -1, we recall the definitions of the Grassmannian
Gr(k,R%) = {v linear subspace of RY | dimv = k}
and the affine Grassmannian
Graff(k,R?) = {w affine subspace of R?| dimw = k}.

Given w € Graff (k,R?), we denote by [w] the unique element of Gr(k,R¥) par-
allel to w. If S ¢ Graff(k, Rd), we say that S is full if for every v € Gr(k, Rd), there
exists w € S such that [w] = v. Forevery k = 1,2,...,d — 1, let S* ¢ Graff(k,R¢) be
the set

sk = {we Graff (k, R?) | o(w) > 0}.

The goal is to prove that $¢~! is not full, while by hypothesis we know that S° = &,
since ¢ is non-atomic.

The following key lemma leads to the proof in a finite number of steps.

Lemma 2.4 Let1<k<d—1 IfS*"is not full, then S* is not full.

Proof Letv e Gr(k —1,R?), such that for every v/ € Graff (k — 1, R?) with [v'] = v,
it holds o(v') = 0. Consider the collection W, = {w € Graff (k,R?) | v ¢ [w]} If
w,w' € W, are distinct, then w nw’ < v/ for some v’ € Graff (k — 1, R?) with [v'] = v,
thus o(w nw') = 0. Since the measure o is finite, because of Lemma 2.3, at most
countably many elements w € W, can have positive measure, which implies that S is

not full. |
This concludes the proof of Proposition 2.2. ]
Corollary 2.5 Given by, ..., by real positive numbers with by + --- + by = ||, there

exist measurable sets Ey, ..., Ex € RY such that the following hold:
(i)  The E;’ form a partition of R, i.e.,

k
RY=JE;, EnEj=gifizj;
j=1

https://doi.org/10.4153/50008414X18000664 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X18000664

378 U. Bindini

(ii) o(E;)=bjforeveryj=1,...,k.

Proof Let y € RY\ {0} be given by Proposition 2.2, and observe that the cumulative
distribution function

F(t) :0({xeRd|x-y< t})
is continuous. Hence we find E, ..., Ej each of the form
Ej:{xeRd| tj<X'ySfj+1}

for suitable —co = t; < t; <--- <ty < tgy = +00, such that 0(E;) = b;. [

Corollary 2.6  Given by, ..., by non-negative numbers with by + --- + by <|0|, there

exists measurable sets Eq, Ey, . ..., Ex € R? such that the following hold:
(i)  The E; form a partition of R, i.e.,

k
Rd:UEj, EiﬂEjzgllfl‘ij;
j=0

(i) o(Ej)=bjforeveryj=1,...,k;
(ili) the distance between E; and E; is strictly positive if i, j > 1, i # j.

Proof If k = 1, the results follows trivially by Corollary 2.5 applied to b1, |o| — b;. If
k > 2, define
ol =by—--- by
- k-1

As before, letting y € R?\ {0} be given by Proposition 2.2 and considering the cor-
responding cumulative distribution function, we find Fy, ..., F5x_; each of the form

€ > 0.

Fi={xeR?|tj<x-y<ti}
for suitable —co = #] < t5 < -+- < typ_; < by = +00, such that
0(Fpj)=b; Vj=1,...,k
o(Fj)=€¢ Vj=1,...,k-1L
Finally, we define

Ej=Fy. VYj=1...k

k-1
Eo = J B
j=1

Properties (i) and (ii) are immediate to check, while the distance between E; and
Ej, for i, j>1, i # j, is uniformly bounded from below by

min{t2j+1—t2j|1£j£k—1}>0.
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3 Condition (1.4) is Sharp

In this section we prove that condition (1.4) is the best possible; i.e., given any repulsive
cost function there exists p € P(R?) with u(p) = 1/N such that C(p) = co.
Fix w as in Definition 1.1, and set

wl
-/ gy
By
Note that k is a positive finite constant, depending only on w and the dimension
d. In fact, integrating in spherical coordinates,

) agr®ldr = ag0(1),

where a4 is the d-dimensional volume of the unit ball B(0,1) ¢ R,
Now define a probability measure p € P(R9) as

(3.1) Adfdp = %f(o) + % f( ) (|x|

B(0,1) |

“dx VfeCy(RY).

This measure has an atom of mass 1/N in the origin, and is absolutely continuous
on R \ {0}. Hence the concentration of p is equal to 1/N, even if for every ball B
around the origin one has p(B) > 1/N.

We want to prove that any symmetric transport plan with marginals p has infinite
cost. Let us consider, by contradiction, a symmetric plan P, with 7(P) = p, such that

[z

dP(X) < 00.
1<i<j<N w(|

Then one would have the following geometric properties.

Lemma 31 (i) P({(x1,....xn)|3i# j,xi=x})=0;
(ii) P is concentrated over the N coordinate hyperplanes {xj = 0}, j=1...,N,ie,

supp(P) € E := Clj{xj = 0} .
j=1

Proof (i) Since w(0) = 0, recalling Definition 1.1, the cost function is identi-
cally equal to +oo in the region {(x;,...,xy) : 3i # j,x; = x;}. Therefore, since by
assumption the cost of P is finite, it must be

P({(x1,-. o xn) | 3i % joxi = x;}) =
(ii) Define

=P({x;=0})
p2=P({x1=0}n{x,=0})

pn=P((0,...,0)).
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Note that p; = P({x; =0}) = n(P)({0}) = p({0}) = 1/N. We claim that p, =
.-+ = pn = 0. It suffices to prove that p, = 0, since by monotonicity of the measure P,
we have p; > pj;1. Since P has finite cost,

f dpP
R’V @(|x; — x3])
must be finite. However,

f dp N f dp
RY w(|x; — x2|) — J{xm=0}n{x=0} w(|x1 — x2])
80(X1)60(X2)

dx1 dXZ,
R w(|x; — x3])

=2

and hence p, must be zero.
By inclusion-exclusion, we have

P(E) - §<—1)f“(7 Jos=Npi=1,

and hence P is concentrated over E.

|
In view of Lemma 3.1, letting H; = {x; = 0} for j=1,..., N,
N
P=>"Ply,
j=1
For every j = 1,..., N, there exists a unique measure Q; over R™-D9 such that,

recalling equation (2.1), P|x; = Q;®; 8o, with Qj(R(N‘l)d) = % Since P is symmetric,
considering a permutation s € Sy with s(j) = j, it follows that Q; is symmetric; then,
considering any permutation in Sy, we see that there exists a symmetric probability
Q over RN-D4 gych that Qj= %Q foreveryj=1,...,N,ie,

1 N

pP=— Z Q ®j do.
N4
Projecting P to its one-particle marginal and using the definition of p in (3.1), we

get that 77( Q) is absolutely continuous with respect to the Lebesgue measure, with

dn(Q) _ xB(o,1) (%)@’ (x)
dcd k|x|d_1 :

Here we get the contradiction, because

1 1
fc(X)dP(X)ZNfm&g(xl)dxldQ(xz,...,xN)

1 1 1 1
- Nf T dQ(xz, .o oxy) = 5 | ) dn(Q)(x)
1 o' (lx)) 1 Clag [la'(r)

dr = +oo.

" N Json w(|x[) kx| TN Jo w(r)
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4 Non-atomic Marginals

This short section deals with the case where p is non atomic, i.e., u(p) = 0. In this case,
the transport plan is given by an optimal transport map in Monge’s fashion, which we
proceed to construct.

Using Corollary 2.5, let Ey, ..., By be a partition of R such that

p(E;) = % Vj=1,...,2N.
Next we take a measurable function ¢: R — R?, preserving the measure p and
defined locally such that
$(E})=Ejsy  Vj=1,...,N-2,
¢(Ean-1) = Ey,
¢(Ean) = Es.

The behaviour of ¢ on the hyperplanes that separate the E;’s is arbitrary, since they
form a p-null set. Note that |x — ¢(x)| is uniformly bounded from below by some
constant y > 0, as is clear by the construction of the E;s (see the proof of Corollary
2.5). A transport plan P of finite cost is now defined for every f € C; (RN?) by

fap= [ S8 ¥ ' (x)) dp(x),

RNd

Jowetr=G) e aom 00 = (g

5 Marginals with a Finite Number of Atoms

since

This section constitutes the core of the proof, as we deal with measures of general form
with an arbitrary (but finite) number of atoms. Throughout this and the next section,
we assume that the marginal p fulfills condition (1.4).

5.1 The Number of Atoms is Less than or Equal to N

Note that, if the number of atoms is at most N, then p must have a non-atomic part
0, due to the condition (1.4). From here on we consider

k
p =0 + Zbi(?x,.,
i=1

where by > by >--- > by > 0.
We begin with the following definition.

Definition 5.1 A partition of g of level k < N subordinate to (x1, ..., x; by, ..., bx)
is

where the follwing hold:
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i 0;; are non-atomic measures;
(ii) for every i and every h # k, the distance between supp o/ and supp o is strictl
Y y PP oy, PP 0y y
positive;
(iii) for every i, h, if j<i, then x; has a strictly positive distance from supp o;;
(iv) forevery i, h,|of| = b;,and |7] > 0.

Note that such a partition can only exist if

k
(5.0) lo| > > (N -i)b;.
i=1

On the other hand, the following lemma proves that condition (5.1) is also sufficient
to get a partition of ¢.

Lemma 5.2 Let (by,...,by) withk <N, and

k
lo] > Z(N —i)b;.
i=1
Then there exists a partition of o subordinate to (xy,...,xk; b1, ..., by).

Proof Fix (x,...,x) and for every € > 0, define

k
Ae=UB(xj,¢) and o0, =0)a,.
in1

Then take ¢ small enough such that

k
lo = 0] > > (N -1i)b;,
i=1

which is possibile because (o) = 0 (¢ has concentration zero), and hence || — 0
as ¢ - 0. Due to Corollary 2.6, the set R4 A, can be partitioned as

with 0(E},) = b;, and dist(E} , E} ) is uniformly bounded from below.
Finally, define o}, = oy, 7= 0. + 0 ). [

Proposition 5.3  Suppose that k < N and (by, ..., by) are such that

k
(5.2) lo| > Nby = > b;.
j=1

Then there exists a transport plan of finite cost with marginals

k
o+ Z bj(ij.
=1
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Proof In order to simplify the notation, set by,; = 0. First of all we shall fix a par-
tition of ¢ subordinate to (x1,...,xk; b1 — ba, ..., bg_1 — by, by). To do this we apply
Lemma 5.1, since

k-1 k
Z(N— 1)(19, - bi+1) + (N— k)bk = (N—l)bl - Zb’ < |U| .
i=1 i=2
Next we define the measures 1; = 8y, ® -+ ® 8y, ® 0/, ® -+ ® 0/, € M(RN?). Let

i+1
us calculate the marginals of A;. Since |0,§| =b;-bjnforallh=i+1,...,N, we get

(bi = b))V "ol ifi+1<j<N.

o {(bi—bi+1)Ni8xj if0<j<i,
#/Vi
J

Let us define, fori = 1,.. ., k, the measure

N

ECEOLEN

where P; = 0if b; = b;;;. By Lemma 2.1, the marginals of P; are equal to

1 N

) i N
n(P;) = W Z ”iAi = Z(bi - bi+1)5x,- + Z 0y
i~ i+1) j=0 j=1

h=i+1

so that

i=1 1 i=1 h=i+1

k k k N )
Zﬂ(Pi):ij6xj+Z Z O'Ii.
j=

It suffices now to take any symmetric transport plan P; of finite cost with marginals
7, given by the result of Section 4, and finally set

As a corollary we obtain the following theorem.
Theorem 5.4 If p has k < N atoms, then there exists a transport plan of finite cost.
Proof Let

k
p=0+ bds,

=
Note that, since b; < 1/N,

k k
lo]=1-3"b;>Nb; - > b,
j=1 j=1

hence we can apply Proposition 5.3 to conclude the proof. ]
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5.2 The Number of Atoms is Greater than N

Here we deal with the much more difficult situation in which p has N + 1 or more
atoms, i.e.,

i
=1
with k > N + 1 and as before b, > b, > --- > by > 0. Note that in this case it might
happen that ¢ = 0.
The main point is to use a double induction on the dimension N and the number of
atoms k, as will be clear in Proposition 5.6. The following lemma is a simple numerical
trick needed for the inductive step in Proposition 5.6.

Lemma 5.5 Let (by,...,by) withk >N +2and
k

(5.3) (N-1)by <) b;.
=

Then there exist t, . . ., ty such that
(i) ta+--+tx=(N-1)by;
(ii) foreveryj=2,...,k 0<t;<bj and moreover,
ty> >ty
by—ty >2by—t3 > > b —ty;

(i) (N-2)t, <35t
(iV) (N - 1)(b2 - tz) < 25:3(11] - tj).

Proof Forj=2,...,k define
k

pi=2.b)

h=j
and let j be the least j > 2 such that (N — j + 2)b; < pj; note that j = N + 2 works,
hence j < N + 2. Define

~(N-1
thbj—W fOI‘j:2,...,]-—1,
b'pz—(N—l)bl - -
ti=b - 22 " JA(N-j+2 forj=1j,...,k.
=0 »; N ( j+2) orj=Jj
Next we prove that this choice fulfills conditions (i)-(iv).
Proof of (i)
N-1)b N-1)b _
th P2 _#( -2)- %(N_JJJ)
B j-2 N-j+2 —2 N-j+2
—pz(l—T—T) (N—l)b( +T)
:(N—l)bl.
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Proof of (ii) In view of the fact that (N —1)b; < p, and j < N + 2, it is clear that
tj<bj.If j < j,we have (N - j+2)b; > pj, and hence
pr=by+-+bj+p;i<(j—2)by+ (N —j+2)b;j.
Thus, since2 < j< N +1,
, _Nbj=pat (N=Dby Nbj— (N = j+2)b; = (j=2)bi + (N =Dy

/ N N
_(G=2bj+ (N-j+Dbr
N
To show that ¢; > 0 for j > j, we must prove that [p, — (N -1)b;J(N - j+2) <
Npj, which is trivial if j = N - 2. Otherwise, it is equivalent to
—(j— 2)[1)2 - (N - l)bl] + N[bz + e+ b]’_l - (N - l)bl] <0.
Since 2 < j < N + 1, the first term is negative and b, + --- + bj_; — (N - 1)b; <

—(N —]_+ 1)b1 <0.
Using the fact that by > --- > by, itis easy to see that t, > --- > t; jand t; 2 -+ > #y;

note that for j > j we have t; = abj, for some 0 < a < 1. As for the remaining

inequality,

J 2% (N - 1)b1

ti1>t: < b:_1—b;:>
=14 j-1 ] =
Np;

[pj - (N = j+2)bj],
we already proved that
P2 - (N - 1)b1 < 1 .
Np; TN-j+2
moreover, by definition of j, we have (N — j + 3)bj.; > pj1, or equivalently
(N = j+2)bjy > pj. Thus,
p2—(N-1)b

%_bj< bj—l_bj’

[pj- (N =+ 2)by] < -

as wanted.
It is left to show that by — t, > -+- > by — t;. It is trivial to check that b, — t, =--- =
bj—l -t and b]' —tjz-e2 bi — tx using b]' > -+ > by as before. Finally,

pz—(N—l)bl >ﬁp2—(N—1)b1

bj—ti12bj—t; == N oy N (N-j+2),
which is true, since (N - j+2)b; < pjand p, — (N —1)b; > 0.
Proof of (iii) 'The thesis is equivalent to
k
(N-Dt <> tj <= (N-1)t < (N-1)by,

=2
and this is implied by ¢, < b, < b;.
Proof of (iv) The thesis is equivalent to

N(bz - tz) <p2— (N - 1)b1,

which is in fact an equality (see the definition of t,). [
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We are ready to present the main result of this section, which provides a transport
plan of finite cost under an additional hypothesis on the tuple (by, . . ., b ). The result
is peculiar because it does not involve the non-atomic part of the measure; it is in fact
a general discrete construction to get a purely atomic symmetric measure having fixed
purely atomic marginals.

Proposition 5.6 Letk > N and (by,...,by) with
(54) (N—l)h1Sb2+'+bk.
Then for every x1,...,x; € R? distinct, there exists a symmetric transport plan of

finite cost with marginals p = 18y, + -+ + by,

Proof For every pair of positive integers (N, k), with k > N, let (N, k) be the
following proposition.

Let (x1,...,xk3b1,...,b) with (N = 1)b; < by + -+ + by. Then for every
(x1, ..., xx) there exists a symmetric N-transport plan of finite cost with marginals
b8y, + -+ + by Oy,.

We will prove P(N, k) by double induction, in the following way. First we prove
PB(1, k) for every k and B(N, N +1) for every N. Then we prove

P(N -1,k) AP(N, k-1) = P(N, k).
Proof of B3(1, k) This is trivial: simply take b; 8y, + -+ + by dy, as a “transport plan”

Proof of B(N, N +1) Let us denote by Ay the (N +1) x (N + 1) matrix

01 ---1
ay=[10
110
whose inverse is
~(N-1) 1 - 1
e
1 o1 =(N-=1)

Also define the following (N + 1) x N matrix, with elements in R?:

X2 X3 ©+r XN+1
X1 X3 " XN+1
(xif) =1: - )

X1 X3+ XN

where the i-th row is (x1,...,%i-1, Xi41, - - - > XN+1). We want to construct a transport

plan of the form
N+1

P=N)> a;i(8x; ® - ® Oy )sym>

i=1
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where a; > 0. Note that, by Lemma 2.1, the marginals of P are equal to
N+1  N+1

n(P) = Z ( Z ai)(ij.
A

Thus, the condition on the a;’s to have 7(P) = p is

a by
An : = : ,
an+1 by
ie.,

a b
. a1 .
: =Ay :

AN+1 by

Finally, observe that condition (5.3) implies that a; > 0, while the fact that b; >
by >--- > byiileadsto a; < a; < --- < ayyy, and hence a; > 0 for every i, and we are
done.

Inductive step Let (by, ..., by) satisfy (5.3), with k > N + 2 (otherwise we are in the
case B(N, N + 1), which we have already proved). Take t,,..., t; given by Lemma
5.5, and apply the inductive hypotheses to find the following:

* asymmetric transport plan Q; of finite cost in (N — 1) variables, with marginals
k
m(Q1) = Y ti0x;;
=2
* a symmetric transport plan R of finite cost in N variables, with marginals
k
TT(R) = Z(bl - tj)(?xj.
=2

Define

1
QN1

M=

(Qi ®; 0x,).

-
Il
—_

Since Qy is symmetric, Q is symmetric. Moreover, using Lemma 5.5(i),

1 k k k
ﬂ(Q) = ﬁgxl Z tj + Z tj(?xj = b18xl + Z tj6xi'
=2

=2 =2
The transport plan P = Q + R is symmetric, with marginals 7(P) = b;0,, +--- +
bk axk . ]

In order to conclude the proof of this section, we must now deal not only with
the non-atomic part of p, but also with the additional hypothesis of Proposition 5.6.
Indeed, the presence of a non-atomic part will fix the atomic mass exceeding the in-
equality (5.4), as will be seen soon.

Definition 5.7 Given N, we say that the tuple (by, ..., b,) is fast decreasing if
(N_j)bj>zbi Vi=1,...,¢-1L

i>j
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Remark 5.8 Note thatif (by,..., b,) is fast decreasing, then necessarily £ < N. Asa
consequence, given any sequence (by, by, ... ), even infinite, we can select its maximal
fast decreasing initial tuple (by, ..., by) (which might be empty, i.e., £ = 0).

Theorem 5.9  If p is such that

k

p=0+ ij(?xj
=1

with k > N atoms, then there exists a transport plan of finite cost.

Proof Consider (by,...,by) and use Remark 5.8 to select its maximal fast decreas-
ing initial tuple (by,...,b,), £ < N. Thanks to Proposition 5.6, we can construct a
transport plan Py,; over RN-04 yith marginals by, 8 -+ by 6y, , since

xe+|
k
(N-t-1)bp1 < . b;
j=0+2

by maximality of (by, ..., be), and this is condition (5.3) in this case. We extend Py,
step by step to an N-transport plan, letting

1 N
- S (P ®; b)),
N—j;( 1 81 0n)

forj:£,€—1,...,1
Let pp = by + -+ + by, and g, = 1. We claim that |P | = (N - j+1)q. In fact,
by construction |Pg+1| = pp,and 1nduct1vely

N - ]+1

|Pj‘—N7JIZ [Pja] = == (N = )ae = (N = j+1)ge.

Moreover,

k k
ﬂ(Pj) = qu(sx,- + Z b,~6x,..

i=j i=0+1

This is true by construction in the case j = £ + 1, and inductively

1

N
n(Pj):ﬁaxj |Pj+1|+N_j. Pjy) = qu,ﬁ ;b O,
i=l+

Note that, for every i =1,...,¢, b; > by > q,. We shall find, using Proposition 5.3,
a transport plan of finite cost with marginals

11
+ Z(bl - qe)axi’
i=1

since condition (5.2) reads

e ¢ k
N(bi—q¢) =Y (bi—q¢) =Nby = > bi = (N-£)ge <1-> b; =o]. [

i=1 i=1 i=1
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6 Marginals with Countably Many Atoms

In this section, we finally deal with the case of an infinite number of atoms, i.e.,

oo
p=0+ Z b j é Xj
=1
with b; > 0, bj,; < bj for every j > 1.

The main issue is topological in nature: if the atoms x; are too close each other (for
example, if they form a dense subset of R?) and the growth of b; for j — oo is too slow,
the cost might diverge. With this in mind, we begin with an elementary topological
result in order to separate the atoms into N groups, with controlled minimal distance
from each other.

Lemma 6.1 There exists a partition RY = E,u---UENy; such that the following hold:

(i) foreveryj=2,...,N+1 x; el%j;
(ii) foreveryj=2,...,N +1, 0E; does not contain any x;.

Proof For j=3,...,N +1,letr; >0 small enough such that
xi ¢ B(xj,r;) foreveryi=1,...,N,i# ]

Fixing any j = 3,..., N + 1, by a cardinality argument, there must be a positive
real t; with 0 < t; < r; and dB(xj, t;) not containing any x;, i > 1. We take E; =
B(xj,t;) for j = 3,...,N + 1. Note that this choice fulfills conditions (i) and (ii) for
j=3,..., N +1 Finally, we take

N+1

E2=Rd\( UE])
j=3

Clearly x; € E,, and moreover the condition (ii) is satisfied, since

N+1
JE; = | oE;.
j=3 =

Consider the partition given by Lemma 6.1, and define the corresponding partition
of Ngivenby N = A, u--- U Ay,y, where

Ajz{i€N|Xi€Ej}.

Next we consider, for every j = 2,...,N +1, a threshold n; > 2 large enough such
that, defining
€= bis

ixn;
i€A;
then
. 1
(6.1) ez+--~+6N+1<m1n{bN+1,N—b1}.
This can be done, since the series Y. b; converges, and henceforeveryj=2,...,N +1,

the series >, 4. b; is convergent.
i€A;
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For every j = 2,..., N +1define the transport plan

Pj:N[( » b,-éx,.)®6x2®---®§xj®~--®6,¢ml ,

i€Aj,izn; sym

and note that, by Lemma 2.1,

N+1
H(P]) =€j z é‘xh + Z b,»(?xi.
h=2 i>n;
h#j i€A;
Then let P, = ¥ 5" Pj, and observe that
N+1 , N+1 N+1
1(Po) = Y ( Do€r) 8+ Y Y bide,,
=2\ i=2 =2 izn;
i#] ieA;
Now let
bi-Yh e, if2<i<N+1,
~ h#i
bi=1o0 ifi>njandi€Ajforsomej=2,...,N+1,
b; otherwise.

We are left to find a transport plan of finite cost with marginals
o+ Z E,‘ é Xi»
i=1

which has indeed a finite number of atoms. Note that b; > 0 for every i, thanks to
condition (6.1). Moreover, since b; = by and b; < bj, by > b; for every j € N, as is used
in what follows. If

3

(N-1)b, <> b;
i=2

we can conclude using Proposition 5.6. Otherwise, we proceed as in the proof of
Theorem 5.9, with {b;} replacing {b j}. At the final stage, it is left to check that

o~ k ~ el
N(bl _qk+1) - Z(b, _Ekaﬂ) <l- Zbi = |0|
i=1

i=1

Indeed this is true, since using the condition (6.1) one gets
i=1

- ko oo )
N(bl_’qvk-kl)_z(bi_’qk-#l) :Nbl_zbi +N(62+"'+€N+1) <1—zbi.
i=1 i=1
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