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Abstract  This paper deals with the problem of constructing multidimensional biorthogonal periodic
multiwavelets from a given pair of biorthogonal periodic multiresolutions. Biorthogonal polyphase splines
are introduced to reduce the problem to a matrix extension problem, and an algorithm for solving the
matrix extension problem is derived. Sufficient conditions for collections of periodic multiwavelets to
form a pair of biorthogonal Riesz bases of the entire function space are also obtained.
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1. Introduction

One of the important problems in wavelet analysis is the construction of biorthogonal
wavelets or multiwavelets from a given pair of biorthogonal multiresolutions. Here, we
consider this problem for the space L?([0,27)%), s > 1, of 2m-periodic square-integrable
complex-valued functions over [0, 27)°.

For the space L%(R), it is well known that biorthogonal wavelets with dilation 2 can
be constructed from multiresolutions generated by biorthogonal scaling functions with
the use of simple alternating flip formulae. The problem of constructing biorthogonal
multiwavelets is much more complicated. The paper by Goh and Yap [9] contains an
algorithmic approach for the construction of biorthogonal multiwavelets with arbitrary
dilation from multiresolutions generated by several biorthogonal scaling functions. How-
ever, such an algorithm is unavailable for L?(R?), s > 1, with arbitrary dilation matrices.

This paper presents such an algorithm for the space L2([0,27)%), s > 1. Periodic
wavelets and multiwavelets were studied in one or more dimensions in [1,2,4,8,11-13],
but there is still no work done in the biorthogonal setting. To fix notation, let M be an
s X s matrix with integer entries such that all its eigenvalues lie outside the unit circle.
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For k > 0, let £ denote a full collection of coset representatives of Z*/M k73, Then

z° = | J e+ Mze),

LeLy

and, for any distinct £;, £, € Lx, (b1 + M*Z%) N (b + M*Z*) = §. Similarly, we let R
denote a full collection of coset representatives of Z°/D*Z?, where D = MT.

For k > 0, consider S(M*)™*?, the class of periodic sequences of r x p complex matri-
ces of period M*, that is, Hy (£ + M*p) = Hy(€) for all H, € S(M*)*?, ¢£,p € Z°. For
H;, € S(MF)™*?, we define its finite Fourier transform by

H(G) = 3 Hi(0e @M e Ry
eLy

Then Hj € S(D*)"*#, and the sequence Hj, can be recovered from Hj by

H(6) = Z Hi(j)e 27" g e .
In addition,
2 2 k
Z 2 ()1 = D [H(O)?, Hy € S(M*), (1.1)
JER lely,

where S(M*) := S(MF*)1*1,

We say that a sequence of subspaces {V; : k > 0} of L?([0,2n)*) is a periodic mul-
tiresolution of L%([0,27)°) with multiplicity r and dilation matriz M if it satisfies the
following conditions.

(MR1) For k = 0,1,..., dimV; = r|det(M*)], and there exist functions ¢7* € V4,
m = 1,2,...,r, such that {T{¢T : m = 1,2,...,7, £ € L}} is a basis for Vi,
where TEf := f(- — 2n M k).

(MR2) For k = 0, 1, ey Vk - Vk+1.
(MR3) Uk;O Vi = L?([0, 2m)°).

The functions ¢7*, k>0, m=1,2,...,r, are called scaling functions. Suppose that
{Vk : k > 0} is another periodic multiresolution of L?([0,27)*) with multiplicity r and
dilation matrix M generated by scaling functions q;z‘, k>20,m=1,2,...,7r. The two mul-
tiresolutions {Vj : k > 0} and {Vi : k > 0} are said to be biorthogonal if the collections
{Tfe7 :m=1,2,...,r, £ € L} and {T,f&}cn :m=1,2,...,7, £ & Ly} are biorthogonal
for every k > 0, that is,

(T2 TEPL) = 600 mpu, k=0, €Lk, mp=12,...,7 (1.2)
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The scaling functions ¢} and 4.5;", k=20, m=1,2,...,r, satisfy the periodic matriz
refinement equations

ok = Z Hi1 (0T Mkt bk = 2 Her (OTE 1 brrr, (1.3)

€Ly 2eLp4

where ¢ := (8}, 80T, ¢k = (8}, $7)T, and Hipr, Hiwr € S(MF1)", for
every k > 0. Writing in terms of Fourier coefficients, (1.3) is equivalent to

$i(n) = Hepr(Mdeii(n),  dr(n) = Hipr (n)bria (n),

for all n € Z°. )
In this paper, we seek functions ¥, ¥ € L2([0,27)%), k > 0, m = 1,2,...,7(d — 1),
where d = | det(M)|, called multiwavelets, satisfying the biorthogonality relation

{TLUR TEdk) = 8jebmp, (1.4)
for k20, mpup=12,...,r(d—1), j,€ € Lk, with the sets

Wi = ({TE :m=1,2,...,7(d— 1), £ € Li}) (1.5)
and
Wi o= ({TAP :m=1,2,...,r(d - 1), £€ L)), (1.6)
satisfying the direct sums
Vitr = Vi & Wy, Virr = Vi ® W, (1.7)
and the orthogonality properties
Wi L Vi, Wi L Vi, (1.8)

for k > 0. Since dim Vi = rd*, (1.7) will imply that each of the collections {T,fq,b,’c" :
m=12,...,7(d—-1), £ € L} and {T,fgl.;,'c" :m=1,2,...,7(d—1), £€ L} is linearly
independent.

In [8], a polyphase spline approach was proposed for the study of multiresolutions and
multiwavelets in L2([0, 2m)*) for the orthonormal and semi-orthogonal settings. Here, we
extend it to the biorthogonal setting. In § 2, we characterize the biorthogonality relation
{1.2) in terms of polyphase splines. In §3, this characterization is used to reduce the
biorthogonal multiwavelet construction problem to a matrix extension problem, and a
constructive solution is provided. The paper concludes in §4 with sufficient conditions
for collections of biorthogonal multiwavelets to form a pair of biorthogonal Riesz bases
of L2([0,2m)*).
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2. Characterization of biorthogonality

For k > 0, let ¢}, ~L", m = 1,2,...,r, be functions in ~Lz([O, 2m)*). Consider the sets
Sk = {Tf¢P : m =1,2,...,1, £ € Li} and Sk = {T¢¢T : m = 1,2,...,7, £ € Lt}
Define polyphase splines vi*; in L*([0,2r)°) by

S . (4 k .z
v(e) =D $(j + Drp)elU+Lip=,
pEZ®

for m = 1,2,...,7, 7 € R, where the (ﬁZ‘(n) denote the Fourier coefficients of ¢}.
Similarly, we define 7’; using #7(n), the Fourier coefficients of 7.

The polyphase splines v;*; were first introduced in 8], and they were used to char-
acterize the linear independence of the set Si. Here, we shall use the two collections of
polyphase splines {vf; : j € Rk, m=1,2,...,r} and {37, : j € Rk, m=1,2,...,7} to
characterize the biorthogonality of Sy and Sj.

Theorem 2.1. For k > 0, the sets S and Sy are biorthogonal, that is,
(TP TEdh) = Opgbmpy, Pra € Lk, mup=1,2,...,m,

if and only if
(<vg,lj7ﬁ;:,j))rm,u=1 = (l/dk)ITv .7 € Rkn
where I, denotes the r X r identity matrix.
Proof. First, we note that it suffices to establish the theorem for any chosen collections

of coset representatives £ and Ry. Thus, we shall select the particular collections of L

and Ry described in [8, §3]. The procedure is as follows. Choose bases {e,...,e}

and {ef,...,eJ} of the free abelian group Z°, and sets of generators {fi,..., f.} and
{gs---,g.} of M*Z® and D*Z?*, respectively, such that

fl=mel, gi=mel, i=1,2,...,s.
Here, n,,...,n, are positive integers such that
d* = |det(MF)| = | det(D¥)| = nyny - - - n,.
Thus, if we set
Li={miel+---+mee,:0<m; <n;, i=12,...,s}
and
Ri = {mel + - +psel :0< ps <ny, i=1,2,...,s},

then Ly and Ry are sets of all coset representatives of Z°/M*Z* and Z°/D*Z*, respec-
tively. With this particular choice of £, we can order L as in [8], and let us denote
ﬁk = {21, - ,de}.
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For each m,p = 1,2,...,r, consider the d* x d* matrix
m ~ K m —e, = 3
Py = (T 9T T B)pamt = (8 Ta ™ "0 pqmts
which is a circulant of level s and type (n,,...,n;). By [7, Theorem 5.8.4],

ny—1 ns—1 _

Py = F* ( o DB B —2eM R (e + - + 7se§)))m) F. (2.1)
7n=0 vs=0

Here, F = F,,, ® --- ® F,,, is the Kronecker product of the Fourier matrices F,,, v =
1,2,...,s (see [7] for the definitions), and 27 = 21! ® - -- @ 2], where

0, = diag(l,wnu,w,zlv,...,w,’l;"l), wn, = exp(2wi/n,).
As in [8, § 3], we deduce that the eigenvalues of @, can be written as
Mo = d* Y~ 87(j + D*p)dli(j + D*p), j € Re.
pEZs

On the other hand, since

(W, ;) = Y &7 + D*p)dh(j + DFp), j € Ry,
p€EZs

we have
N, =d"(uT, % ), § € Ry (2.2)

Now, if m # u, then (T,fq&;",T,Z(Z)Z) = 0 for all p,q € L; amounts to $,,, = 0; and it
follows from (2.1) that &,,, = 0 if and only if M}, = 0 for all j € Ry. By (2.2), this is
equivalent to (vi;, ¥ ;) = 0 for all j € R.

If m = p, then (2.1) implies that

o im b T *
Bmm = (TS0 T S8 =1 = Lo
if and only if MJ,,, = 1 for all j € Ry (since F is unitary). By (2.2), this is equivalent to
(v;:j’ﬁk,j) = (l/dk),

which completes the proof of the theorem. ]

3. Algorithm for multiwavelet construction

Let {¢f* : k>0, m=1,2,...,7} and {J)L" :k>0, m=1,2,...,7} be two sets of scaling
functions that generate a pair of biorthogonal multiresolutions {Vj : k > 0} and {V; :
k > 0} of L?([0,27)*) with multiplicity = and dilation matrix M. We shall find functions
Y9 € L*([0,27)°), k = 0, m = 1,2,...,7(d — 1), satisfying the biorthogonality
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relation (1.4), with the sets Wy and Wy, k > 0, in (1.5) and (1.6) satisfying (1.7) and
(1.8). Our strategy is to construct appropriate polyphase splines in L2([0,27)*) of the
form

. i(4 kpy.
ug(@) = Y b(j + D*p)eli+ e,
p€EZ®

~rm Ty . i(d kny.
api(z) = Y b(j + DFp)elitP ez,
peZ®

form=1,2,...,7r(d — 1), j € Rk, and then define

Y= Wy, = Y apy,

JER: JERE
for m=1,2,...,r(d — 1). Here, b, b € £2(Z°) are sequences such that

BEM), -, 5 )T = Crar(0)(Bh s (), - -, Fopr ()T,
B (n), ..., 5 V()T = Crpr (M) (Phyr (), - ., pa ()T, neZ?,

for some Gry1, Gy € S(DFH1)(@=DXT Thjs is equivalent to

Yk = Z'Gk+1(z)Tlf+1¢k+17 P = Z ék+1(2)T,f+1q3k+1,
€Lyt €Ly

where ¥ := (¥1,... ,qp;(d_l))T, Ur = (P}, ... ,ﬁ;(d_l))'r. Note that the sets W), and W;
in (1.5) and (1.6) can be expressed as

Wi = ({ui;:m=12,...,7(d—-1), j € Ri})
. and
Wi = ({ig; :m=1,2,...,r(d - 1), j € Ri}).

(See (8] for details on the above general approach of constructing multiwavelets via
polyphase splines.)

The desired polyphase splines, and, hence, multiwavelets, will be obtained by construct-
ing matrices Gy11,Gry1 € S(DFH1)7@-1XT 55 that (1.4), (1.7) and (1.8) are satisfied.
For each k > 0, j € Ry, we define the following matrices:

Mi(5) = (W Ve M=t Mi(5) == (575, T ) m1s

. m r(d— Y ~m o~ r(d—
Ni(g) = ((uy ue WIS, Ni() == (@, al ),
Mi(5) = (5, 3 Wity Na() o= (@l e,
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By the arguments in [8], for j € Ry, we have

Mi(5) = > Hip1(j + D*O)Myyr (5 + D*0) Hisa ( + D*8)",
eR,

Ne() = Y GG + D*OMsa (5 + D*O)Grr (5 + D*0),
2eR,

as well as the corresponding identities for M(j) and Ni(j). Since {Vi : k

{Vi : k > 0} satisfy (MR1), by [8, Propositions 3.1 and 3.2], we obtain
det(Mi(5)) >0, det(Mi(j))>0, k>0, j€ R

Analogous to (3.1) and (3.2), we can derive the following identities:

M () = Z Hi1(G + DMy (j + DFO) Hiyr (5 + D*0),

eER,

Ni(d) = Z Gr1(j + DMy 41 (5 + D¥€)Gry1(j + DFE)*.

LER,

By Theorem 2.1, (1.2) is equivalent to
Mk(]) = (1/dk)1r, k> 0, ] € Ry.

Therefore, (3.4) implies that

> Hip1(G+ D*OHy i ( + D*)* = dI..
eER,

By Theorem 2.1 again, we see that (1.4) is equivalent to
Ne(G) = (1/d*) o aory, k20, jER,

which, by (3.5) and (3.6), amounts to

Z Grt1( + D*OGCrt1(j + D*0)* = dl,(a_1y-
LER,

639

(3.1)

(3.2)

> 0} and

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

As for the direct sums in (1.7), note that it suffices to establish the linear independence

of the sets
{v,'c”‘j,u;:’j tm=12,...,1, u=12,...,7(d-1), j € Re}
and

{t'z,'c"‘j,ﬁ;:’j m=12...,r, p=1,2,...,7(d-1), j € Re}.
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Writing

. rr(d— D [ ~m o~ rr(d— .
Py(j) == ((vZ,‘j,UZj))m:(l,,f:)l, Pi(j) := ((vk,j1ulli,j>)m=(l,pl=)1’ k20, jé€ Rk,
(3.9)

we claim that the desired linear independence is equivalent to
M,.(5) | Py(j) Mi(5) | Pi(5)
>0, det|— -
Pe(4)" | Ni(5) Pe(5)* | Ne(4)
Indeed, observe that

det

My(5) | P:(j)

Pe(5)* | Ne(j)
isjust the Gram matrix of B; := {v,'c”‘j,ufc‘,j :m=12...,r, u=12...,r(d -1}
Hence, (3.10) implies that B; is linearly independent for each fixed j € R. As

(Ukm,j’ulli,» = (v%,v&) = (“ﬁ,jf“;:,e) =0
for all m,m' = 1,2,.A. oy =1,2,...,7(d - 1) if j # £, we see that B; is orthogonal
to Be if j # ¢, j,€ € Re. It follows that
U B; = {v,’c’,‘j,u’,:,j :m=12...,7, u=12,...,7(d-1), 7 € R}
JER

is a linearly independent set. Similarly, we obtain the result for the other set of polyphase
splines.

As a consequence of the linear independence condition characterized by (3.10), each
of the collections {uf’; : m =1,2,...,7(d— 1), j € Ri} and {4}, : m =1,2,...,7(d -
1), j € R} is linearly independent. In this case, the orthogonality of W}, and Vi trans-
lates into

Wl o) =0, m=1,2...,r(d=1), p=12...,r, j,L€Ry,
which is equivalent to

(u;c'fj,f)f’j)=0, m=12,...,7(d-1), p=12,...,1, j€ERy (3.11)
Proceeding as in [8], we deduce that (3.11) can be written as

Z Gr41(j + D*OMicy1(G + DO Hp1(G + DF0)* = 0,0a—1yxr»
LER,

which, by (3.6), is equivalent to

> Gis1(G + DO Hi1 (G + D*O)* = 0ria—yxr- (3.12)
ER,
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Similarly, W}, being orthogonal to Vi amounts to
Z G’k+1(j + Dkf)ﬁk.*.l(j + Dkf)* = Or(d—l)xr- (3.13)
LER,

Hence, the multiwavelet construction problem can now be formulated as a problem of
constructing matrices Gry1, Gry1 € S(DFH1)T(@-DXT satisfying (3.8), (3.10), (3.12) and
(3.13), under the assumptions of (3.1), (3.3) and (3.7). Our main theorem, Theorem 3.1,
shows that such matrices can always be constructed.

Theorem 3.1. Suppose that d)}c",q;}c” € L%([0,27)%), k > 0, m = 1,2,...,r, generate
a pair of biorthogonal multiresolutions of L%([0,2w)*) with multiplicity v and dilation
matrix M, so that (3.1), (3.3) and (3.7) hold. Then there exist

ék—(»l;ék-f—l e S(Dk+1)r(d—l)xr

such that (3.8), (3.10), (3.12) and (3.13) are satisfied.
Before we prove the theorem, let us establish a useful technical lemma.

Lemma 3.2. Suppose that A and A are r x n complex matrices, where r < n, satis-

fying
AA* =1, (3.14)

Then there exist n X n complex matrices C and C of the form

A L, (A
°-(3) °-(5)
for some (n — 7) X n complex matrices B and B such that

cC* =1I,.

Proof. Let v,,...,v, be the rows of A. Since AA* = I, it follows that the rank of
A is 7. Thus, there exist (n — r) linearly independent vectors w1, ...,%W,—, that form a
basis of the orthogonal complement of the linear span of {v1,...,v,} in C". Define an

n x n complex matrix C by _
c-3)
B

where B is the (n — ) X n matrix formed by the vectors @y, ..., Wp—r.
We claim that the matrix C is invertible. Indeed, if

oty + -+ oy + B1W + - + PprWn—r = O1xn

for some ay,...,a,, B1,...,Bh—r € C, then, taking inner products with v, ..., v,, respec-
tively, yields a3 = --- = @, = 0. Since {w,...,%Wn—,} is linearly independent, it follows
that 8, =--- = B = 0. Thus, {#1,...,0,W1,...,Wn_r} is linearly independent.
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Now, set Cy := (C*)~L. Writing Co = (Ao/B), where Ap and B are r xn and (n—r1) xn
matrices, respectively, the relation CoC* = I,, implies that

BA* =0(n-ryxr»  BB*=1I._,. (3.15)

Define C := (A/B). By (3.14), (3.15) and the fact that the rows of B form a basis of the
orthogonal complement of the linear span of the rows of A in C™, we have CC* = I,,.
(This also shows that C = (C*)~! = Cj.) Hence, the proof of the lemma is complete. O

Proof of Theorem 3.1. Fix k > 0, j € Ry, and let ¢1,45,...,¢; denote all the
elements of Ry. Set

Ax(§) = (1/vVd)(His1(j + D01 | -+ | Hey1 (G + D*ea)), 116
Au(G) = (VA Hpr (G + D) | -+ | Higa (5 +Dkfd))-} 0
Then (3.7) is equivalent to )
Ar(7)Ac()* = I
By Lemma 3.2, there exist rd x rd matrices Cx(j) and Cy(j) of the form
co-(89) eo-(B) e
for some 7(d — 1) x rd matrices By(j) and Bi(j) such that
Ch()Cu(G)" = Lra. | (3.18)
Now, define r(d — 1) x 7 matrices Gy41(j + D*8), ék+1(j + D*¢), £ € Ry, by
Bi(j) == (1/Vd)(Gr41(G + D*&1) | -+ | Gry1(§ + D*ea)), 210
Bi(j) == (1/v/d)(Crs1(G + D*61) | -+ | Giya (j + D¥4a)). } .

By (3.17) and (3.18), we have
(Ak(j)fik(j)* Ak(j)Bk(j)*) ( L orx,(d_1)>
Bl)AG) | Be)B) ) \Oamvyer | Trany )
and it follows from (3.16) and (3.19) that the conditions (3.8}, (3.12) and (3.13) are
satisfied.

It remains to show that (3.10) holds. Note that the matrix Py (4) defined in (3.9) can
be written as

Pe(j) = > Hep1(j + D*OMysr (5 + D*O)Gria(j + DF)*.
LER,
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Then, by (3.1) and (3.2), we see that

Ci(j) diag(Mi+1(j + D¥1), ..., Mey1(G + D¥€4))CL(5)* = =

1 [ Me(G) | Pe(d)
d

Pe(5)" | Nk(9)

Since Ci(j) is invertible and (3.3) holds, the determinant of the product of matrices in
the above identity is a positive real number. Consequently, we have

(Mk(j) Pk(j))
det | ——— > 0.
Pe(5)* | Ni(j)

A similar argument shows that
Mi(5) | Ped)
det | ——— >0,

Pi(5)* | Ne(d)

and this completes the proof of the theorem. O

The proof of Theorem 3.1 is constructive, and it gives an algorithm for the construction
of biorthogonal multiwavelets from a pair of biorthogonal multiresolutions.

Algorithm 3.3. For k > 0, suppose that Hy.,, Hk+1 € S(D*+1)*" are the matrices
in the periodic matrix refinement equations (1.3).

Step 1. Fix j € Ry and form the r x vd matrices A(j) and Ax(j) as in (3.16).

Step 2. Find a (rd — ) x rd matrix Bi(j) whose rows formed a basis of the orthogonal
complement of the linear span of the rows of Ax(j) in C™2.

Step 3. Set Byx(j) to be the (rd — r) x rd matrix formed by the last (rd —r) rows of the
rd x rd matrix (A(5)* | Br(5)*)!

Step 4. Define r(d — 1) x r matrices Gr41(j + D*8), ék+1(j + D*¢), £ € Ry, by (3.19).

Step 5. Repeat steps 1-4 with all the elements j in Ry.

Step 6. Wite i = (¥}, ..., ;" )T and i = (B}, #;“"")T, and set
(@) : Z Gri1(n)( ¢k+1(n), ..,$Z+1(n))Tein-z’
nezs
V() : Z Gk+1 (¢k+1(n) ,_,¢§;+l(n))Tein.x’
nezs

to obtain the biorthogonal multiwavelets in L2([0,2m)*).

In the following two examples on the special case of r = 1, different values of d are
considered.

https://doi.org/10.1017/50013091500021246 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500021246

644 S. S. Goh and K. M. Teo

Example 3.4. Let d = 2. Then
(a) s=1, M =2; and

1 1 1 -1 0 2
(b)s=2,M=<1 _1>or<1 1)01‘(1 O)’

are some examples of the cases included under this setting. Without loss of generality,
we may assume that £; = {0,¢.} and R, = {0,¢}.
For k > 0, j € Ry, define

Grs1(g) = —(1/y2)e 7 2mM ™ Do fr (7 Dkgy), (3.20)
Cra1(j + DFey) = (1//2)e 72 M~ " Ma g ().

As shown independently in [3] and [10], e~*¢22"™ "2 — _1_ This implies that the two
equations in {3.20) can be combined together as

Grn1(G) = —(1/y2)e™ 9 2mM Ve f L (U DRG), j € Ry (3.21)

Now, for k > 0, j € Rk, the matrix Cx(4) in (3.17) is given by

1 f:Ik+1(j) IfIk+1(j + D*¢,)
V2 '

ék(J) =N k . 14~ k41) T~ =
_e—-ij-27rM"( +1)q2Hk+l(j + Dkfz) e—ij-21rM'( + )quk-i-l(j)
Then the matrix Cx(j) = (Cx(§)*)~! in (3.17) yields
Gin(§) = —(1/v2)e 92 M P Pa 1 (5 + DR),  j € Riya. (3.22)
Note that (3.21) and (3.22) are equivalent to
Grr1(Q) = e @™ UL (g =0, Grn(f) =e @M UEL L (gr - 0),
for all £ € Li41. In the special case of s =1 and M = 2, this becomes

Get1(8) = (1) Hr1(1-8),  Gra(9) = (-1)*Hea(1 - 9),

for all £ = 0,1,...,2¥*! — 1. These expressions are periodic analogues of the familiar
alternating flip formulae for the construction of wavelets in L?(R).

Example 3.5. Let d > 2, and fix k£ > 0, j € Ry. Without loss of generality, suppose
that ¢4, 45,...,2, are all the elements of R, with

|Hy11(j + D*y)| = max |Hye41(j + D*0)].
Define the (d — 1) x 1 matrices

Gr+1(j + D*8) == (Ghy1 (5 + D*0),..., G (G + D*e)T, Le Ry,
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by
~(/VHe1(G + D¥myr),  ifv=1,
(G + D*8,) = S (1/d) e (G + D*Ey), ifv=m+1,
0, otherwise,

wherem=1,2,...,d— 1, v=1,2,...,d. Then the matrix Ci(4) in (3.17) is given by

- . 1

Ci(J) Wz X
Hi1(j +DFty)  Hiya(+ D*03) Hiqa(5+ DF3) -+ Hiq1(j + D¥ea)
—Hyp1(G + DRy)  Hip1(j + DY) 0 e 0
—Hy11(j + D¥e3) 0 He41(G + D*ey) - 0 ,
—Hi11(j + D¥ea) 0 aE 0  Hip1(j+ DFey)

and a direct calculation yields

d -
) Hew1 (G + Dkfl) Z Hi1(G + D*€,)He 11 (G + D*E,).

v=1

et G = (73

Consequently, it follows from (3.7) that

. . d-2
det(Cr(j)) = '~ Hyp1(j + D*0)  #0,

since |Hk+1(_7 + D’“él)l = maxgeRr, |Hk+1(] + D’°£)| > 0.
The (d — 1) x 1 matrices Gi41(j + D*£), £ € Ry, are obtained from the matrix Ci(j)
in (3.17), which is given by

_ 1
d'=(4/2) Hyy1(j + Dkey)d-2

Ce(j) = (Cr(5)") ™ adj(Cr(j)*),

where adj(Ck(j)*) denotes the transpose of the matrix of cofactors of Ci(4)*.

4. Biorthogonal Riesz bases

For k > 0, suppose that {Tfy : m = 1,2,...,7(d — 1), £ € Li} and {T,fz/;,’c" m =
1,2,...,7r(d—1), £ € L} form a pair of biorthogonal bases of W), and Wy, respectively.
Since L?([0,2m)®) has the direct sum decompositions

L2([0:27r)8) = ‘/‘Q)@WO@WIGB =%$WO@W1® 3
it i1s natural to ask whether the two collections of functions

{o5r :m=1,2,...,r}U{TAP: k>0, m=1,2,...,7(d - 1), £ € L} (4.1)

https://doi.org/10.1017/50013091500021246 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500021246

646 S. S. Goh and K. M. Teo
and

(¢ :m=1,2,...,7}U{T¥7" : k20, m=1,2,...,r(d - 1), £ € Lk} (4.2)

form a pair of biorthogonal Riesz bases of L?([0, 2m)*). In this connection, the following
theorem, which is a multidimensional periodic analogue of results in [3,5,6], on a general
sequence of functions Y*, k > ko, m =1,2,...,7(d — 1), is useful.

Theorem 4.1. Suppose that there exist positive constants Cy and C; such that

o0 T(d—l)
Z Z I\/d_k’kz;l’::n(n)le < Cla n e Zsy (43)
k=ko m=1
and
S VAT G + D)< Cyy k2 ke, m=1,2,...,r(d—1), jERk (44)
pEZ®

for some ko 2 0 and € > 0. Then there exists a positive constant By such that, for every
f e L*([0,27)°),

oo r(d-1)

S 5 S HATER) < Boll I (4.5)

k=ko m=1 €Ly
Proof. First, fix k > ko. By Parseval’s identity,

r(d—1) r(d—1) o L
S ST AT = D YD fr)p(n)e~ @M
m=1 eeLk m=1 eeLk TLEZ’

r(d-1) | . .

= Z Z ZZfJ-{-Dk (]+Dk)l]~(21rM £)
m=1 LELy jERk pEL®
(4.6)

Let

&) = Y f(G+D*p)dir(i + D*p), j € R
pEZ®
Then &7 € S(D*), and its inverse finite Fourier transform o is a sequence in S(M*).
Furthermore, &* and o} satisfy the relation (1.1). Consequently, it follows from (4.6)
that

r(d—1) r(d—1)
Yo S KATRIE= >
m=1 fE€Ly m=1 ¢€Ly

r(d—1)

Z IRel> > lof (@)

eely

2

Z el (2 M k)

JERK

r{d—1)

Z Ril D & ()%

JERK

https://doi.org/10.1017/50013091500021246 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500021246

Multidimensional biorthogonal periodic multiwavelets 647

This implies that, for € > 0,

r(d-1)
> TR
m=1 (€L
r(d-1)
<d Y, D <Z |G + D¥p)| - 9 (5 + D*p)|</2 - | (j + D*p)|*~ (e/2))
m=1 jERy ‘pel®
r(d-1)
<dt Z Z (Z If(j+ka)|2|¢L"(j+ka)|E> <Z [+ ka)|2-e)
m=1 jERy ‘peZs peZe
r{d—1)

<C Y Y D 1fG+ DEp)PIVaR (i + D)l

m=1 jERy p€Z*

where the assumption (4.4) is used in the last inequality.
Hence,

oo T(d—l) o0 T(d—l)

S YT S S S PV @)

k=kg ™m=1 £cLli k=ko m=1 neZ®
00 T(d 1)

=Cy Y Ifm)IP Y. Y VaR ).

n€z® k=ko m=1
Then (4.5) follows from the assumption (4.3). O
Theorem 4.2. For each of the collections of functions (4.1) and (4.2), suppose that
there exist positive constants C and C, such that (4.3) and (4.4) are satisfied for some

ko > 0 and € > 0. Then (4.1) and (4.2) form a pair of biorthogonal Riesz bases of
L%([0,2m)*)

Proof. By a standard argument (see [5] or [14, pp. 32-36]), it suffices to establish

the existence of a positive constant B such that the inequality

d fo'e) T‘(d 1)

STUAHEMIE+D D ST KA TR < BIFI?,  f € LA([0,2m)°)
m=1

k=0 m=1 £eLly

holds for both collections (4.1) and (4.2). Indeed, it follows from the Cauchy-Schwarz
inequality and Theorem 4.1 that, for the collection (4.1),

o0 T(d 1)

Z|<f S+ Y S KATHTP

k=0 m=1 feLly

ko—~17(d-1)
(Z||¢'"||2+2 S S Tt ||2+Bo)llf||2

k=0 m=1 L€l
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where the constant By is as in (4.5). Similarly, the collection (4.2) satisfies another such
inequality. Thus the proof of the theorem is complete. O

For the special case of r = 1 and d = 2 on the space L?(RR®), the compactly supported
biorthogonal wavelets ¥ and 1 in (5, 6] satisfy the conditions

o0
sup Z [h(D*w)|e < oo, sup Z w)| < o0 (4.7)
wER* k=—o0 weR? k=—o00
and
sup > [9h(w +2mp)[*7 < oo, sup, S W+ 2mp) i <o,  (48)
weR® ez R® pezs

where ¢ and € are positive constants. For k > 0, let v and 9 be biorthgonal wavelets
in L2([0, 27)*) obtained from periodizing ¢ and 4 with the formulae:

J_qu(——:m_Mk) zzk(x)=\/ﬁzzz<];4—:x+mp).

pEZ® peZ*

Then it follows from the conditions (4.7) and (4.8) that 1, and ¢ satisfy (4.3) and (4.4)
for some kg. On a related note, suppose that ¢, and gﬁk, k > 0, are biorthogonal scaling
functions in L?([0,27)%) obtained by periodizing the compactly supported biorthogonal
scaling functions of L?(R?) in [5,6]. Then the matrix extension procedure in Example 3.4
also yields the same biorthogonal wavelets ¢, and 9, k > 0, which satisfy (4.3) and (4.4).

There are still many open problems in the topic of multidimensional biorthogonal
periodic multiwavelets. For instance, for the space L?(R®), the study of biorthogonal
scaling functions and multiwavelets can be formulated in terms of transition operators
and cascade algorithms. It would be interesting to derive such an approach for the space
L2([0, 27m)®).
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