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Smoothing of Limit Linear Series on Curves
and Metrized Complexes of
Pseudocompact Type

Xiang He

Abstract. 'We investigate the connection between Osserman limit series (on curves of pseudocompact
type) and Amini-Baker limit linear series (on metrized complexes with corresponding underlying
curve) via a notion of pre-limit linear series on curves of the same type. Then, applying the smooth-
ing theorems of Osserman limit linear series, we deduce that, fixing certain metrized complexes, or
for certain types of Amini-Baker limit linear series, the smoothability is equivalent to a certain “weak
glueing condition”. Also for arbitrary metrized complexes of pseudocompact type the weak glueing
condition (when it applies) is necessary for smoothability. As an application we confirm the lifting
property of specific divisors on the metric graph associated with a certain regular smoothing family,
and give a new proof of a result of Cartright, Jensen, and Payne for vertex-avoiding divisors, and gen-
eralize it for divisors of rank one in the sense that, for the metric graph, there could be at most three
edges (instead of two) between any pair of adjacent vertices.

1 Introduction

The theory of limit linear series has been developed by Eisenbud and Harris in [EH86]
for handling the degeneration of linear series on smooth curves as the curves degener-
ate to reducible curves (of compact type). It has been applied to prove results involving
moduli space of curves, such as the Brill-Noether theorem ([GH80]), the Gieseker—
Petri theorem ([Gie82]), and that moduli spaces of curves of sufficiently high genus
are of general type ([HMS82, EH87]), etc.

A complete generalization of Eisenbud-Harris theory has remained open. Earlier
approaches can be found in papers of E. Esteves such as [Est98, EM02]. Recently,
Amini and Baker [ABI15] introduced a notion of metrized complexes, which is roughly
speaking a finite metric graph I' together with a collection of marked curves C,, one
for each vertex v, such that the marked points of C, is in bijection with the edges of
I incident to v. This can be considered as an enrichment of both metric graphs and
nodal curves. The concept of limit linear series on a metrized complex is proposed in
[ABI5] as well as the specialization map. While the Amini-Baker limit linear series
satisfies the specialization theorem, it is unclear how to prove a general theorem about
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their smoothing behaviors. Related results can be found in [LM14], where a sufficient
and necessary condition for the smoothability (with respect to certain base field) of a
(saturated) limit linear series of rank one is given.

On the other hand, B. Osserman [Oss] developed a notion of limit linear series on
curves possibly not of compact type, which is a generalization of Eisenbud and Harris
limit linear series. He also proved the specialization theorem, as well as a smoothing
theorem for curves of pseudocompact type (see below for definition), which states
that a limit linear series is smoothable if the moduli space is of expected dimension at
the corresponding point. This improves the smoothing theorem in the compact-type
case in the sense that it applies for possibly non-refined limit linear series.

In this paper we investigate the smoothing of Amini-Baker limit linear series by
studying their connection with Osserman limit linear series.

Let X, be a curve of pseudocompact type, which is a curve whose dual graph G
is a multigraph obtained from a tree G by adding parallel edges between adjacent
vertices of G. A chain structure n on G is roughly an integer-valued length function
on E(G). This induces a metric graph I as well as a metrized complex Cx, , with
underlying graph T (see §2 for details). Given a chain structure n, let X, be the curve
obtained from X, by inserting a chain of n(e) -1 projective lines at the node of e for all
e € E(G). Let G be the dual graph of X. An Osserman limit linear series (which we
also refer to as a limit linear series on (X, n)) then consists of a certain line bundle .
on X, and a collection of linear systems on each component of X, that satisfies certain
(multi)vanishing conditions. An Amini-Baker limit linear series (which we also refer
to as a limit linear series on €y, ,) consists of a divisor on €y, , with a collection of
linear spaces of rational functions on each component of X, satisfying certain rank
conditions. The multidegree wy of a limit linear series on (Xp, n) is the multidegree
of . on V(G), which induces a divisor on T as we identify T with the metric graph
obtained from G by assigning length 1 to every edge. We also say a limit linear series
on €, , of multidegree wy if its underlying divisor on I is (up to linear equivalence)
induced by wy.

In the following we fix wy to be the multidegree of a limit linear series on (Xy, 1)
and €y, ,. Note that, by the definition of Osserman limit linear series, wy is assumed
to be “admissible’, namely, when restricting to each component of '\ V(G), the corre-
sponding divisor D of wy is effective and of at most degree one; see also Definition 2.1.

In [Oss17] Osserman constructed a map § from the set of limit linear series on
(Xo, n) to the set of limit linear series on €y, ,. It is also proved in [Oss17] that § can
be defined over the set of pre-limit linear series (a weakened version of Osserman limit
linear series); in this case we show in Section 3 that § is a bijection. This essentially
says that a limit linear series on €, , carries the same data as a pre-limit linear series
on (X, n). We also give a necessary condition for a pre-limit linear series (hence for
a limit linear series on €y, ,) to be lifted to a limit linear series on (X, n), called the
weak glueing condition.

In Section 4 we consider the smoothing of limit linear series on €y, ,. We show in
Theorem 4.7 that a necessary condition is the weak glueing condition. On the other
hand, it is proved in [Oss16] that for a special case of (X, n) the moduli space of limit
linear series (again of multidegree wy) is of expected dimension, hence every limit
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linear series on (Xy,n) is smoothable. We show in this case that the weak glueing
condition is sufficient for a pre-limit linear series to be lifted to a limit linear series,
and use the “equivalence” between pre-limit linear series on (X, #) and limit linear
series on €y, , to give a smoothing theorem for the latter (see also Theorem 4.8).

Theorem 1.1  Suppose (X, n) satisfies the conditions of Theorem 4.3. In other words,
the induced metric graph T has few edges, the edge lengths of T are general with respect
to a fixed degree d’, and the components of X are strongly Brill-Noether general. Then
a limit linear series on €y, ,, of degree not exceeding d’ is smoothable if and only if it
satisfies the weak glueing condition.

Additionally, for arbitrary n and X, with strongly Brill-Noether general compo-
nents we consider a family of w, such that the induced divisor D on I is “randomly
distributed” on T\ V(G), as in Theorem 4.4. More precisely, for any edge e € E(G), let
e7,..., e, be the components of T\V(G) corresponding to edges e, ..., e, € E(G)
that lies over e. Given a certain direction on G, the divisor Dl gives an integer
x; in [0,n(e;) — 1], and we consider wq such that x,...,x,, are distinct modulo
ged(n(er),...,n(em)). We show that a pre-limit linear series automatically lifts to
a limit linear series on (Xy,#), and the dimension of the moduli space of limit lin-
ear series on (Xo,n) is as expected. In this case, any limit linear series on €, , is
smoothable.

In Section 5 we consider the problem oflifting divisors on the metric graph I' to the
generic fiber X, of any regular smoothing family X (Definition 2.11) with special fiber

X, with rational components and dual graph G. When T is a generic chain of loops,
it is proved by reducing to the so-called vertex-avoiding divisors that every rational
divisor on T is liftable (see [CJP15] for details). For (X,,n) as in Theorem 1.1, again
since the weak glueing condition is sufficient for a pre-limit linear series to be lifted
to a limit linear series on (Xy, n), and the dimension counting shows that every limit
linear series on (Xy,n) is smoothable, we are able to prove the following theorem,
which gives an alternative approach to lifting (rational) vertex-avoiding divisors on a
generic chain of loops, by lifting the divisor on T to a pre-limit linear series on (X, n)
that satisfies the weak glueing condition.

Theorem 1.2 Let (Xo,n) be as in Theorem 1.1 and let X be as above. Suppose further
that X, only has rational components, and that G is a path graph. Then every rational
divisor on T of rank less than or equal to 1 lifts to a divisor on X,, of the same rank. In
addition, if T is a generic chain of loops, then every rational vertex-avoiding divisor lifts
to a divisor on X, with the same rank.

See Theorems 5.1 and 5.4 for more precise statements. Note that, ignoring the field
condition (see below), the first part of the theorem confirms [CDPR12, Conjecture
1.5] and [CJP15, Theorem 1.1] for divisors of rank one, and generalizes the conditions
in [CJP15, Theorem 1.1] for the graph T, in the sense that there could be at most three
edges (instead of two) between any pair of adjacent vertices.
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1.1 Conventions and Notation

All curves we consider are proper, (geometrically) reduced and connected, and at
worst nodal. All nodal curves are split. All irreducible components of a nodal curve
are smooth.

In the sequel we let R be a complete discrete valuation ring with valuation val: R —
Zsq and residue field «. Let K be the fraction field of R, which is a non-archimedean
field with the induced norm |x| = exp(-val(x)). Let K be the completion of the
algebraic closure of K and R the valuation ring of K. Note that K is still algebraically
closed, the valuation/norm extends uniquely to K, and K has residue field « if « is
algebraically closed (cf. [Con08, §1.1]).

Let X be a curve with dual graph G. For v € V(G) let Z, be the irreducible
component of X, corresponding to v. For e’ € E(G) that is incident to v let P, be
the node of X, corresponding to ¢’ and P}, the preimage (of the normalization map
of Xy) of P,/ in Z,. Let G be the graph obtained from G as follows: for each pair of
adjacent vertices v and v/, replace all edges connecting v and v’ by a single edge. For
e € E(G), we denote

A, =JP,, and A,=JA.,
e’ e3v
where in the first expression e’ runs through all edges of G that lies over e.

For a curve (graph, metric graph, metrized complex) .2~ denote by Div(.Z") the
space of divisors on 2. If 2" is a curve let K(.Z") be the space of rational functions
on Z;if 2" is a graph (metric graph, metrized complex), denote the space of rational
functions on £ by Rat(.2"). Given a rational function f on Z’, we denote by div( f)
the associated divisor.

Let C be a curve. Let O¢(D) be an invertible sheaf on C where D € Div(C) and
take a nonzero section s € H(C, 0¢(D)). We denote by div®(s) the effective divisor
associated with s that is rationally equivalent to D. For a divisor D’ € Div(C) and
P e C denote by ordp(D") the coefficient of P in D', denote ord(s) = ordp(div’(s)).
For a rational function f € K(C), let ordp( f) be the vanishing order of f at P. Hence,
if s is considered as a rational function, then we have ord}(s) = ordp(s) + ordp(D).

Let T be a metric graph with underlying graph G. For e € E(G) and v € V(G)
incident on e and f € Rat(T), let slp, ,(f) be the outgoing slope of f at v along the
tangent direction corresponding to e. For x € T, let ord, (/) be the sum of outgoing
slopes of f over all tangent directions of x.

2 Preliminaries

We recall some relative notions about Osserman and Amini-Baker limit linear se-
ries. Let G be a graph without loops. Recall that a chain structure on G is a function
n: E(G) — Zso. Let T be the corresponding metric graph with edge length defined
by 1, and let G be the graph obtained from G by inserting n(e) — 1 vertices between
the vertices adjacent to e for all e € E(G). Then T can also be obtained from G by
associating unit edge lengths to all of E(G). We use V(G) or V(G) instead of V(T')
for different choices of vertex sets of I'.
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2.1 Some Notions for Graph Theory

We recall some concepts about admissible multidegrees ([Oss16]) on a graph as well
as reduced divisors ([Luoll]).

Definition 2.1 An admissible multidegree w = (wg, ) of total degree d on (G, n)
consists of a function wg: V(G) — Z together withatuple (4(e))cer(G) € Hecr()Z/n(e)Z
such that d = #{e € E(G)|u(e) # 0} + X,cv(c) wa (V).

Correspondingly, we define the notion of (integral) edge-reduced divisor, which is
closely related to admissible multidegree, as follows.

Definition 2.2 A point x on I' is called a rational point (resp., integral point) if the
distance between x and any vertex of I' is a rational number (resp., integer).

Definition 2.3 A divisor D on T is edge-reduced if the restriction of D on each
connected component of I'\V(G) is either empty or an effective divisor of degree
one. We say that D is rational (resp., integral) if D is supported on rational (resp.,
integral) points.

Suppose G is directed. There is a natural bijection ¢ between the set of integral
edge-reduced divisors on I (of degree d) and the set of admissible multidegrees on
(G, n) (of degree d), as follows. Let D be an integral and edge-reduced divisor on T.
We set wg (v) = deg(D|,) for all v € V(G). For all e € E(G) with tail v, denote by é
the edge of T corresponding to e. If D|;o = &, we set p(e) = 0; otherwise, let (e) be
the distance between the point in D|zo and v. We set D,, = ¢~*(w) for any admissible
multidegree w. See Example 2.6 for an example of an admissible multidegree and the
corresponding integral edge-reduced divisor.

For each pair of an edge e and an adjacent vertex v, let (e, v) = Lif v is the tail of
e and -1 otherwise. We have the following definition of twisting.

Definition 2.4 Letw = (wg, p) be an admissible multidegree on (G,n) and v €
V(G). For each e € E(G) incident to v we perform the following operations:

(i) Ifu(e)+a(e,v)=0,increase wg(v') by 1 where v’ is the other vertex of e.

(ii) Ifp(e) =0, decrease wg(v) by L.

(iii) Increase p(e) by o(e,v).

The resulting admissible multidegree is called the twist of w at v. The negative twist
of w at v is the admissible multidegree w’ such that the twist of w’ at v is equal to w.

Let wo be an admissible multidegree. We denote by G(wy ) the directed graph with
vertex set consisting of all admissible multidegrees obtained from w by sequences of
twists, and with an edge from w to w’ if w’ is obtained from w by twisting at some
vertex v € V(G). Given w € V(G(wy)) and v,...,v, € V(G) (not necessarily
distinct), let P(w, vy, ..., vy, ) denote the path in V(G (wy)) obtained by starting at w
and twisting successively at each v;.
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Remark 2.5 In the case of an integral edge-reduced divisor D on T twisting at v
(where we choose V(G) as the vertex set of I') is the same as performing the follow-
ing operation on D: for all e € E(T) incident to v, if D|.. is nonempty replace the
point p € D|.. by the unique point on e whose distance to v is one more than the dis-
tance between p and v; otherwise, decrease deg(D|, ) by one and add to D the unique
point on e whose distance to v is one. Hence the definition of twisting is independent
of the direction of G, and we get a linearly equivalent divisor after twisting.

Example 2.6 Consider a graph G consisting of two vertices v and v’ connected by
three edges ey, e, and e3. Take a chain structure n with n(e;) = 4,n(e;) = 2,n(e3) =3
and a direction from v tov’. Letw = (wg, u) where wg(v) =3, wg(v') =0, u(ey) =1,
u(ez) =1,and p(es) = 0. Then D,, is as in the left of the following graphs, with each
number representing the coefficient of the corresponding node in D,,.

1

After twisting at v, we get w' = (wg, y') where wi(v) = 2, wg(v') =1, ¢/ (e1) = 2,
¢'(e2) = 0and y'(e;3) = 1. The induced D,,- is given in the right graph.

Let G denote the graph obtained from G by replacing parallel edges between any
pair of adjacent vertices by a single edge. We say that G is a multitree if G is a tree. Any
graph with two vertices is a multitree. For multitrees we also consider partial twists.

Definition 2.7 Let G be a multitree, let (e, v) be a pair of an edge e and an incident
vertex v of G, and let w be an admissible multidegree on (G, n). We say that an edge é
of G lies over e if the set of vertices of G incident on € is the same as the set of vertices
of G incident on e. The twist of w at (e, v) is the admissible multidegree obtained
from w by performing the operations as in Definition 2.4 only for all edges in G that
lies over e.

Again for an integral edge-reduced divisor on T, twisting at (e, v) is just perform-
ing the operation in Remark 2.5 only for all edges lying over e. Note that the twists
are commutative, and w remains the same after twisting at all vertices of G. Hence the
twists are invertible, as the negative twist at v is the same as the composition of the
twists at all v/ # v. In addition, multitree twisting w at (e, v) is the same as twisting at
all vertices v/ in the connected component of G\{e} that contains v. If v’ is the other
vertex of e, then twisting at (e, v) is the inverse of twisting at (e, v’).
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Definition 2.8 Let G be a multitree. An admissible multidegree w is concentrated
on v if there is an ordering on V(G) starting at v such that for each subsequent vertex
v', we have that w becomes negative in vertex v after taking the composition of the
negative twists at all previous vertices. A tuple (w, ), of admissible multidegrees is
tight if w,, is concentrated at v for all v € V(G) and for all e € E(G) incident to the
vertices v; and v,, we have that w,, is obtained from w,, by twisting b,, ,, times at
(e,vy) for some by, ,, € Zp.

If G has only two vertices v and v/, then w being concentrated on v is the same as w
being negative at v’ after twisting at (e, v'). An example of a tight tuple of admissible
multidegrees is given by the reduced divisors.

Definition 2.9  Given a vertex v € V(G), a divisor D on G is vo-reduced if

(i) Diseffective on V(G)\{vo};

(ii) for every nonempty subset S ¢ V(G)\{vo}, there is some v € S such that D(v)
(the coeflicient of v in D) is strictly smaller than the number of edges from v to
V(G)\S.

Given a point xo € T (recall that T is a metric graph), a divisor D € Div(T) is
xo-reduced if

(a) D is effective on T\{xo };

(b) for any closed connected subset A c T there is a point x € dA such that D(x) is

strictly less than the number of tangent directions of I'\(A\x) at x.

For every divisor D € Div(G) (resp., D € Div(T)) and vo € V(G) (resp., xo €
I'), there is a unique divisor D,, (resp., Dy,) such that D,, (resp., Dy,) is linearly
equivalent to D and vy-reduced (resp., xo-reduced). One easily checks that a divisor
D € Div(G) is vo-reduced if and only if it is vo-reduced as a divisor on T.

Proposition 2.10  Let G be a multitree. Let w'® € V(G(wy)) be the admissible

multidegree such that D, is v-reduced. Then wred is the unique admissible multidegree

in V(G(wy)) that is concentrated on v and nonnegative on all v’ # v, and (w'%), is a
tight tuple.

Proof The first conclusion follows directly from [Ossl7, Corollary 3.9]. According
to Dhar’s burning algorithm ([Luoll, Algorithm 2.5]), for v and v’ in V(G) adjacent
to e € E(G), we have that w's? is obtained from wi®d by twisting b times at (e, v),
where b is the largest number (possibly negative) such that the resulting multidegree
is effective on V/(G)\{v'}. ]

2.2 Limit Linear Series on Curves of Pseudocompact Type

In this subsection we recall the definition of limit linear series by Osserman in [Oss16]
for curves of pseudocompact type. Note that the notion of limit linear series for more
general curves is given in [Oss, Definition 2.21].
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Definition 2.11 We say that 7: X — B is a smoothing family if B is the spectrum of a
DVR, and

(i)  mis flat and proper;

(ii) the special fiber X of 7 is a (split) nodal curve;

(iii) the generic fiber X, is smooth;

(iv)  admits sections through every component of Xj.

If, further, X is regular, we say that X is a regular smoothing family.

Let X be a curve over k with dual graph G. For v € V(G), let Z, be the corre-
sponding irreducible component of X, and let Z; be the closure of the complement
of Z,.

Definition 2.12  ([Mai98]) An enriched structure on X, consists of, for each v «
V(G) aline bundle &), on X, the data satisfying

(i) foranyve V(G),wehave 0|z, = 0z, (-(Z;nZ,))and O,z = Oz (Z;NZ,);
(i) rev(c) Ov = OX,.

Note that an enriched structure is always induced by any regular smoothing of X,
(cf. [Oss, Proposition 3.10]).

Take a chain structure #n on G and an admissible multidegree wy. Let X, be the
nodal curve obtained from X by, for each e € E(G), inserting a chain of n(e) — 1
projective lines at the corresponding node, and G the dual graph of X,. We say that
a divisor on G is of multidegree wy if (considered as a divisor on I') it is equal to D,,,,
and a line bundle .2 on X is of multidegree wy if its associated divisor on G is.

Given an enriched structure (&) ) () on X, and a tuple of admissible multide-
grees (W, )yev(c) in V(G(wo)) such that w, is concentrated on v and a line bundle .
on X, of multidegree wy, we get a tuple of line bundles (-Z},, ) ,ev (c)- Roughly speak-
ing, suppose w,, as a divisor on G, is obtained from wy by firing chips (cf. [BS13, §4])
at a sequence S ¢ V(G) of vertices; then Z, is obtained from Z by tensoring with
0O, forallvin S. Note that .%,,, is of multidegree w,. See [Ossl6, §2] for details of this
construction.

Definition 2.13 A curve over x is of pseudocompact type if its dual graph is a mul-
titree.

Now suppose X is a curve of pseudocompact type and the tuple 7(w,,)v is tight. For
each pair (e, v) consisting of an edge e and an incident vertex v of G, let (D{"") ;> be
the effective divisors on Z, defined by setting Dg’* = 0 and

D{a,v _ Df’v — Z Vv

i+1 e’
e’eE(G),e’ lies over e
(e v uy(e')=—i (mod n(e"))

where p,: E(G) — Z/n(e)Z is induced by w,. Intuitively, D" records the chips we
lose (in every direction) at vertex v when twisting i times at (e, v) from w,.
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Example 2.14 In Example 2.6, let w,, = w and let w, be obtained from w, by twist-
ing three times at (e, v). It is easy to check that (w,, w,/) is a tight tuple. Straightfor-
ward calculation shows that

DS =0,P!, P! + P!, P! + P!, P! +2P) +2P),. ..

fori=0,1,2,3,4,....

For convenience we call D?"” the twisting divisors associated with (w, ),. In order
to define limit linear series, we have the following glueing isomorphism.

Proposition 2.15 ([Ossl6, Proposition 2.14]) Let X be a curve of pseudocompact
type and let Xo, (wy )y, £, %Ly, be as above. Denote £" = %, |z, Take vertices v and
v/ of G connected by an edge e. Then for 0 < i < b, ,+, we have isomorphisms

9;": L (-Dy)| L (-Di) » 27 (<D}, )L <Dy ).

i+1 b, ,—i b, s +1-i

Note that in the above proposition, if D} - D" = ¥ ,/; P}, then

i+1 e’

’ ’ ’
5% _ Nev — v
va yr—itl Dh‘, i - Z Pe"
' ’ e’el
7 ’
In particular, we have deg(D};}| - D{"") = deg(D;" .., - Dp" _.)foralli.
v,V v,V

Definition 2.16 (i) Let Z be a smooth curve and r,d > 0. Let Dy < --- < Dy g
be a sequence of effective divisors on X. We say j is critical for D, if Dj;, # Dj.

(ii) Suppose further that Dy = 0 and deg Dy > d. Given (£, V') a g}; on Z, we
define the multivanishing sequence of (£, V') along D, to be the sequence

ap<---<4a,,

where a value a appears in the sequence m times if for some i we have deg D; = a and
degD;;1 > a,and dim(V (-D;)/V(-Dj41)) = m.

(iii) Given s € V nonzero, the order of vanishing ordp, (s) along D, is deg D,
where i is maximal so that s € V(-D;).

One checks easily that j is critical for D¢” if and only if by, — j is critical for D",
We are now able to state the definition of limit linear series on a curve of pseudocom-
pact type (cf. [Ossl6, Definition 2.16]).

Definition 2.17  Suppose we have a tuple (-2, (V;),ev(c)) With £ a line bundle
of multidegree wy on Xy, and each V, a (r + 1)-dimensional space of global sections
of £V as in Proposition 2.15. For each pair (e,v) in G where v is a vertex of e, let
ag’s ..., ay" bethe multivanishing sequence of V,, along D"". Then (.2, (V, )yev(g))
is a limit linear series of multidegree wq with respect to (w,),cv(g) on (Xo, n) if for

any e € E(G) with vertices v and v’ we have
(i) forl=0,...,rifap" = deg D¢ with j critical for D", then af’_"l’ > deg DZ’V’”V',_].;

7
e,v

’
(i) there exists bases sg’", ..., 55" of V, and 5", ..., ¢

lowing conditions:

of V, satisfying the fol-
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(a) ordper sy = ay” and ord ../ sf"” = af‘”, forl=0,1,...,7;
(b) for all j critical with respect to D" and all [ such that a;*" = deg D} and
a;’) =deg Dg’:v,_j, we have " (s7") = 57"
Note that in part (b) s;*" (resp., sf’fl’) is considered as a section in VV(—D]‘i"’) (resp.,

Vyr (—DZ’V‘,’VI,_].)), and ¢?"" is as in Proposition 2.15.

Remark 2.18 Letg; = #{0 < | < rlaj"” = degD}" and af’_”l, = deg Dz’V’,_j}.
Using the identification of the two linear spaces induced by (p;f’v, Definition 2.17(ii) is
equivalent to the space

(V(=DE")/Vy(=D5) 0 (Var (=D5" )/ V(=D )

having dimension at least g;.

2.3 Limit Linear Series on Metrized Complexes

In this subsection we introduce Amini and Baker’s construction in [AB15] of metri-
zed complexes and limit linear series on them. Suppose for now that « is algebraically
closed. Recall that a metrized complex € of curves over « consists of the following
data: (1) a metric graph I with underlying graph G; (2) for each vertex v of G a smooth
curve C, over k; (3) for each vertex v of G, a bijection e — x) between the edges of G
incident to v (recall that G is assumed loopless in the beginning of this section) and a
subset A, of C,(x). For consistency of symbols we assume that I is of integral edge
lengths.

The geometric realization |€| of € is the union of the edges of I' and the collection
of curves C,, with each endpoint v of an edge e identified with x}. The following is a
geometric realization of a metrized complex which has rational C, for all v € V(G)
and whose underlying graph G is K;.

N N

Example 2.19  Given a curve X, with dual graph G and a chain structure n on G,
we can associate a metrized complex €, ,: let I' be the metric graph with underlying
graph G and edge lengths given by n, let C, be the component Z, and x} = P] (hence
A, = A,). If the edge lengths are all 1 we denote by €, instead.

A divisor D on € is a finite formal sum of points in |]. Letting D = ¥ ¢j¢| ax (%),
we can naturally associate a divisor Dr on T, called the I'-part of D, as well as, for
each v € V(G), adivisor D, on C, called the C,-part of D as follows:

Dy= > ay(x) and Dr= >  ac(x)+ Y deg(D,)(v).

xeCy (k) xel'\V(G) veV(G)
Note that we have degD = deg Dr.
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A nongzero rational function f on € is the data of a rational function f (the I'-part)
on I and nonzero rational functions f, (the C,-part) on C, for each v € V(G). The
divisor associated with f is defined to be

div(f):= 3 ord(f)(x)

x€|€|

where ord, (f) is as follows: if x € T\V(G), then ord, (f) = ord, (fr);ifx € C,(x)\A,,
then ord, (f) = ord,(f,); if x = P, € A,, then ord,(f) = ord,(f,) + slp, ,(fr). In
particular, the T-part of div(f) is equal to div(fy).

Similarly to the divisors on graphs we have the following definitions.

Definition 2.20  Suppose I has integral edge lengths. A divisor D on € is rational,
integral, or edge-reduced if Dr is. Similarly, let n be the chain structure on G induced
by I and w an admissible multidegree on (G, n). Then D is of multidegree w if Dy =
D,.

Definition 2.21 Divisors of the form div(f) are called principal. Two divisors in
Div(€) are called linearly equivalent if they differ by a principal divisor. The rank
re(D) of a divisor D is the largest integer r such that D — £ is linearly equivalent to
an effective divisor for all effective divisor € of degree r on €.

The definition of the rank of D can be refined by restricting the set of rational
functions on € that induce linear equivalence, as follows.

Definition 2.22  Suppose we are given, for each v € V(G), a non-empty «-linear
subspace F, of K(C,). Denote by F the collection of all F,. We define the F-rank
re,57(D) of D to be the maximum integer r such that for every effective divisor € of
degree r, there is a nonzero rational function f on € with f, € F, forall v € V(G) such
that D + div(f) - € > 0.

Note that by definition we always have r¢ 5(D) < re(D) < r(Dr). We are now
able to define limit linear series on metrized complexes.

Definition 2.23 A limit linear series of degree d and rank r on € is a (equivalence
class of) pair (D, H) consisting of a divisor D of degree d and a collection H of (r+1)-
dimensional subspaces H, c K(C,) for all v € V(G), such that r¢ 5¢(D) = r. Two
pairs (D, H) and (D', H") are considered equivalent if there is a rational function f
on € such that D’ = D + div(f) and H, = H,, - f, for all v € V(G).

Definition 2.24 A limit linear series on € is of multidegree wy if there is a represen-
tative (D, H) such that D is so.

Let X be a smooth curve over K. Recall that a strongly semistable model for X is
a flat and integral proper relative curve over R whose generic fiber is isomorphic to
X and whose special fiber is a curve in our setting (or a strongly semistable curve
over x as in [AB15, §4.1]). Given a strongly semistable model X, again there is an
associated metrized complex €X where the underlying graph G is the dual graph of
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the special fiber X, = X and C, is the component Z, of X, and x! = P!. Moreover,
the length I(e) of e € E(T) = E(G) is val(w, ) for some w, € R such that the local
equation of X at the node P, of e is xy — w.. Equivalently, consider the natural re-
duction map red: X(K) — X (x) induced by the bijection between X (K) and X(R);
this extends to a map red: X*" — X, and I(e) is the modulus of the open (analytic)
annulus red ' (P, ) in X", where X*" is the Berkovich analytification of X. Note that
any metrized complex with edge lengths contained in val(K) can be constructed from
strongly semistable models (cf. [AB15, Theorem 4.1]).
There is a canonical embedding of T into X*" as well as a canonical retraction map
7: X** — T, which induces by linearity a specialization map 7,: Div(X) — Div(T)
which maps X(K) to the set of rational points of I. For P € X(K), if 7,(P) = v €
V(G), then red(P) is a nonsingular closed point of X, in C,. We thus have the spe-
cialization map of divisors 7¥*: Div(X) — Div(€X) given by the linear extension
of
X (py {u(P) 7.(P) § V(G)
* red(P) 7.(P) e V(G).

On the other hand, let x € X*" be a point of type 2. The completed residue field %
of x has transcendence degree one over x and corresponds to a curve C, over k. Given
a nonzero rational function f on X, choose ¢ € K* such that |f(x)| = |c|. We denote
by f, the image of ¢! f in K(C,) m, which is well defined up to scaling by ™.
We call f, the normalized reduction of f. Note that the normalized reduction of a
K-vector space V is a k-vector space of the same dimension, whereas the normalized
reduction of a basis of V is not necessarily a basis of the normalized reduction of V.
See [AB15, Lemma 4.3] for details.

Definition 2.25 Given X and X as above, the specialization T$*(f) of 0 # f €
K(X) is a nonzero rational function on €X whose I'-part is the restriction to I of the
piecewise linear function F = log|f| on X*" and whose Z, -part is (up to multiplication
by k™) the normalized reduction f,, in which x,, whose completed residue field is
identified with the function field of Z,, is the image of v under the embedding I' -
X mentioned above. The specialization 7<* (V') of a linear subspace V of K(X) is
a collection {F, },cv(g) of space of rational functions on Z,, where F, = {f;,|f € V}.
We denote by 7%* the Z,-part of 7%, or equivalently the normalized reduction to
H(x,).

Note that 78X (V) is alinear space of the same dimension as V as mentioned above.
Similar to the classical case, we have that the specialization of a linear series is a limit
linear series.

Theorem 2.26 ([ABI5, Theorem 5.9]) Let X, X be as above. Let D be a divisor on X
and let (Ox (D), V) be a g, on X, where V c H*(X, Ox(D)) c K(X). Then the pair
(1$(D), X (V) is a limit g, on €X.

We end the section with the definition of smoothability of limit linear series on
metrized complexes.
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Definition 2.27 A limit linear series (D, J() of degree d and rank r on a metrized
complex € over « is called smoothable if there exists a smooth proper curve X over K
such that € = €X for some strongly semistable model X of X and (D, H) arises from
the specialization of a gJ; on X.

3 The Weak Glueing Condition

In this section we introduce the concept of pre-limit linear series on a curve X, of
pseudocompact type with given chain structure n (on the dual graph), and a forgetful
map from the space of pre-limit linear series on ( Xy, ) to the set of limit linear series
on Cx, », derived from [Oss17].

We show that this map is bijective onto the set of (D, H) with integral D. By this
we can extend the weak glueing condition on curves, which will be defined in the
beginning of this section, to metrized complexes, and transfer the smoothing prob-
lems on metrized complexes to those on curves. To be consistent with Section 2.3, we
assume in this section that « is algebraically closed. We use the following notation.

Notation 3.1 Let X, be a curve over k of pseudocompact type, G the dual graph of
X, and G the tree obtained from G as in §1.1. Let 7 be a chain structure on G and I the
induced metric graph. Take w, an admissible multidegree of total degree d on (G, n).
Choose also a tight tuple (wy ),cv(c) of admissible multidegrees in V/(G(wy)). Let
d, be the coefficient of D,,, at v. Let X, be the nodal curve corresponding to n as
constructed in Section 2.2 (after Definition 2.12) and G the dual graph of Xo. Let@ Xont
and g be the induced metrized complexes as in Example 2.19. Given an enriched
structure on Xj, for a line bundle . on X recall that & = %), |z, is constructed as
in Proposition 2.15.

With the notation above, we start by recalling pre-limit linear series on (X, n)
and the weak glueing condition.

Definition 3.2 A pre-limit linear series of rank r with respect to the admissible mul-
tidegrees (w, ), on (Xo,n) is a tuple (.Z,, V; )yev(g) of line bundles %, on Z, of
degree d, and linear spaces V, ¢ H°(Z,,.%,) of dimension r + 1 such that the mul-
tivanishing sequence ag"” of V, along the twisting divisors D" satisfies condition (i)
of Definition 2.17. Given an enriched structure, we say a pre-limit linear series lifts to
a limit linear series if there exists a line bundle .% on X, of multidegree wy such that
2, = £", and the tuple (.Z, (V,),) is a limit linear series as in Definition 2.17.

For an edge e € E(G) with incident vertices v and v’ and a j critical for D",
suppose D%y — DY = Py +--- + P; , where e; € E(G) lies over e. We have an
isomorphism

"z HO(ZV,ZV(—D;’V)/XV(—D;;"I)) — k"
given by y(s) = (s(P}),...,s(P; )), which is unique up to coordinate-wise scaling.

This induces an action of the m-dimensional torus on .%, (—D;’V )%, (—D]e.;rvl) that is
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independent of y. Similarly, we have a torus action on

Lo (- DZV/ 1)/$V'( DZV, ]+1)

and <p§"’ (as in Proposition 2.15) respects torus orbits.

Definition 3.3 We say thata pre-limitlinear series (%, V, ) ,ev (c) satisfies the weak
glueing condition if for all e € G with incident vertices v and v/, and for all j critical
for D", there exists subspaces

W,.j € Vi(=D$")[Vy(=D:))s

W/h,JCV(Devij)/V( b,]+1)
both of which have dimension gj, such that for all torus orbits
T, c L, (- D”)/X( D,+1)

T, :¢§’V(Tv) Cgv’(_Dz’V )/g ( D - ]+1)

we have
dim(Tv n Wv)j) = dim(va n Wvl,b”,_j).
Here g; is defined in Remark 2.18.

Remark 3.4 In the above definition it is enough to check that for all torus orbits
T, we have that T, N W, ; is nonempty if and only if T,y N Wy}, ,—; is nonempty: let
T, = {(x1,...,xm)|x; # 0ifand only if i € I} for some I c {1,...,m} and dim(T, N
W) = L. Fors = (an....am) € Z,(-D}")/Z,(-D3})), denote I, = {ila; #
0}. We can find s;,...,s; € T, n W, ; that are linearly independent. Taking linear
combinations of {s;} gives t;,...,t; € W, jsuchthatI, ¢ I;, ¢ --- ¢ I, = I. Now let
T = {(x],...,x,)|x} # 0 1fandonly1fz € I,,} c T,. We have that T/, = T,, and
Wb, =i N T!, #+ @ by assumption, which implies that dim(T,» n W, :)bm,_]) > =
dim(T, n W,,;), since W, _;is a k-vector space. The same argument shows that
dim(T,nW, ;) > dim(T,,nW,,, ,;),hencedim(T,nW, ;) = dim(T,,n W, p, ;).

Example 3.5 Note that g; < deg D%}'| —deg D", If g; = deg D%}'| — deg D", then
the weak glueing condition is trivial, since in this case we have

W, j = 2£,(=D;")/ %, (=Dj}}),

Wyb, o= Zu(=Dy )| % (=D}

b/] /]+1)

On the other hand, if g; = 1, then the weak glueing condition is equivalent to the
existence of

S, € Vu(=D5")/Vy(~D52) and sy € Vi (-D5 )/er( -Dy”

j+1 b, r—j e ]+1)

such that s, vanishes at P? if and only if s, vanishes at P}, where Pe runs over the

support of D7} — D"

V”

See also Example 4.11 for a concrete case of a pre-limit linear series (as well as a
limit linear series on Cy, ,) that does not satisfy the weak glueing condition.
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Proposition 3.6 A pre-limit linear series that lifts to a limit linear series must satisfy
the weak glueing condition.

Proof This follows directly from Remark 2.18. ]

Let P’ (Xo, n, (wy),) be the space’ of pre-limit g;s with respect to (w, ), on (X, 1),
and & (Cy, ) be the set of limit g/;s on Cx, ,. Given w, w’ € V(G(wy)), we denote
by D}, , the divisor on Z, obtained by twisting from w to w'. More precisely, if D,,» =
D,, +div(f) where f is a piecewise linear function on T then D}, ,, = ¥ slp, ., (f)P;
where the summation is taken over all edges in G that are incident to v. In other
words, if P(W,v1,..., V) = (Wi, p1)s -« o (Wis1, hme1) is @ path in G(wy) from w to
w',let S ¢ {1,...,m} consist of i such that v; (# v) is adjacent to v, and for i € § let
e; € E(E) be the edge connecting v and v;. Then ([Ossl7, Notation 4.7])

I EDINEDINN A PR 3

ieS ée E(G) overe; i2vj=v ¢ e E(G) incident on v
#is1(€) =0 ui(é) =0

Definition 3.7 We define a map §,,,),: Pj(Xo, 1, (wy)y) = &5(Cx, ) as follows:
given a tuple (.%,, V,), € Pj(Xo,n, (w,),), for each v € V(G), choose nonzero s, €
V,. Fix w € V(G(wy)). Take D € Div(€x, ) of multidegree w such that D, =
div®(s,) — Dy, . forall v and a collection 3 = (H,), of rational functions with

H, = {:s € V, }. Then we define §(,,,),((-£, V) = (D, H). We sometimes write
3 instead of F,,,), when (w, ), is specified.

Note that by [Ossl7, Propostions 4.12 and 5.9] the map §,,, ), is well defined; i.e.,
S, ((Z,Vy)y) is alimit g]; on Cx, , for all (L, V), € Pj(Xo,n, (wy),), and it
is independent of choices of s, and w. We next show that §,, ), is a bijection onto
the set of limit g/;s on €x, ,, of multidegree wy.

Given (D, ) alimit g, on €x, , with Dr = D,,,. Recall that w'*? € V/(G(wy)) is
the admissible multidegree such that D, is v-reduced on I'. We have that (wred), is
a tight tuple by Proposition 2.10. Let D¢ := D;o,wied' We have the following lemma.

Lemma 3.8 Foranyve V(G), we have H, c H(Z,, Oz, (D, + D'*?)).

Proof Takev, € V(G)andarational function f on T such that D,,rea = Dy, +div(f).
Take a rational function f on €y, , such that f; = f and f, = 1 forall v € V(G). Let
D’ = D + div(f). We then have D, = D,, + Di* and (D', H) is also a limit g];, and
Dr is the vo-reduced divisor on T that is linearly equivalent to Dr.

Take r general points Py,...,P, € Z,,; there is a j € Rat(Cx, ,) such that D’ +
div(h)-P,—--—P, > 0Oand thath, € H, forallv. It follows that D;+div(h)-rve isan

Here is a description of P} (Xo,n, (wy)v): take non-negative sequences ag”" for each adjacent pair
(e,v) in G satisfying condition (i) of Definition 2.17, let G', (Zy, (D", aZ"" ). ) be the space of g sonZ,
having multivanishing sequence atleast ag’” along Dg" for all e incident to v. Then P} (X, n, (wy)y) is the
union over all such (ag")e,v of [Tyev(c) Gy (Zy, (D", ag")e) in Tlyev(q) Gy, (Zy), where G} (Zy)
is the space of g;v sonZ,.
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effective divisor on I'. We denote this divisor by D and hence D} = D+div(-hr)+rvq.
We claim that slp, , (hp) < 0 forall e € E(G) incident to v,.

Suppose there is a ey € E(G) incident to vy and &, € E(G) lying over e, such
thatslp; , (hr) > 0 (or equivalently slp, , (=br) < 0). Let v; be the other vertex of
eo. Since D is vo-reduced, for all x € I'\V(G) we have ord, (-h) < 1. Therefore,
for all é € E(G) lying over e, either slp, , (~hy) > 0 or there is a point x € é° such
that ord, (—hr) > 0, where € € E(T) is the edge induced by é. Now Dhar’s algorithm
([Luo11]) implies that there must exist an edge e, € E(G)\{eo } incident to v; and ¢, €
E(G) lying over e, such thatslp; , (=br) < 0. Inductively we end up with a sequence
of distinct vertices vo, v1,... and edges é, é;,--- € E(G), lying over e}, e;,--- € E(G)
respectively, such that e; is incident to v; and v;4; and that slp; , (=hr) < 0. This
sequence must be finite, since G is a tree, which provides a contradiction.

It follows that D7, +div(h,,) — P, —--- = P, > 0. Now the generality of P; implies
that H(Z,,, Oz, (Dy,)) N H,, has dimension at least r + 1, hence we have H,, c
H(Zy, 07,,(Dy,)) = H(Zyy, Oz, (Dy, + D). L

Let & (Cx,,n» wo) be the set of limit g/;s of multidegree wy. We first show the
bijectivity of § for the tuple (w'e?),.

Theorem 3.9 The map § (e, is a bijection onto & (&x,n, Wo).

Proof It is easy to check that § is injective. We next show surjectivity. Take (D, H)
€ ®/(Cx, ). According to Lemma 3.8, we have H, c H*(Z,, 0, (D, + D'*?)). We
next show that (.%,, V,), = (07, (D, + D'*%), H,), is a pre-limit g/, on (Xo, n) by
extending the method of the proof of [ABI15, Theorem 5.4]. Note that afterwards
straightforward calculation shows that §((.%,, V,),) = (D, H).

We can assume that Dy = D,,,. Fix an edge e € E(G). Let ey, ..., e,, be the edges
of G lying over e and let v;, v, be the vertices of e. For simplicity let D; = D,,, D; =
Df,jd,Hj =H,,Zj=2,,%;=%,,and w; = wﬁ?d for j = 1,2. Denote by P/ = P;’
the points on Z; corresponding to e; and by A; = Ay the set of points P!. Suppose e
is directed by v; - v, and wy = (wg, ). Denote x; = u(e;) for1< i < m.

Suppose w; is equal to w; twisting b times at (e, v;). We show that the condition
about multivanishing sequences (Definition 2.17(i)) is satisfied for our fixed e, which
completes our proof.

Let a;"’,...,a,"” be the multivanishing sequences of H; along D,""” as in Defi-
nition 2.17. For | = 0,1,...,r we claim that there is an s such that a;"" > D{"' and

ae,vz > De,Vz.
r—1 b-s ) L
Take effective divisors

EuB)=( Y Qo ¥ Q) ez

1<k<r-1 r—l+1<k<r

where ZJ(.I) is the I-fold symmetric product. For v € V(G), denote by E(v) the set of
edges of G incident to v. Let Fg, g, be the set of divisors € on €y, , of the form

8 = Z Z SIPe’,vj(fl")P:’j’

j=L,2 e’€E(vj)
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where f is a rational function on € such that f, € H, forall v € V(G) and div(f) + D -
(E; + Ez) > 0}. Then the set
U Fg, .,

(E1,E2)
is finite. For Dy € F, let Sp, be the subset of Zl(rfl) X Zél) defined by all collections of
effective divisors (Ej, E;) such that Dy € Fg, g,. We have the following:

(i) Each Sp, is Zariski closed in Z(r D x Z(l) Indeed SD0 is ofthe form A; x Ay,
where A; (resp. A;) is the Zariski closed subset of Z (resp Z§ ) consisting of
all divisors E; (resp., E;) such that there exists f; € H; (resp., f» € H;) such that
div(f1) + (Do + D)|z, — E1 > 0 (resp., div(f2) + (Do + D)|z, — E» > 0).

(ii) Upyer Sp, = 2™ x Z0.

Therefore, we can find a Dy such that Sp, = ZI(H) x Zél). Now for any choices of
Q1,...,Qr 1 € Zyand Q,_1415 - - . » Qr € Z,, we find a rational function f on €x, ,, such
that

DO: Z Z Slpe’,vj(fl‘)P:’j

j=L.2 e’eE(vj)
and div(f) + D - ¥; Q; > 0 and f, € H, for all v. Restricting to each Z;, we have

Dj+Dj~(Dj~Dolz) +div(f,) - > Qx20
kel

for j=1,2,where [; ={1,...,r—1}and I, = {r - [ +1,...,r}. Moreover, we have
(3.1) (div(fr) + Dr)
Since §, € Hj, it follows that

0 > 0.

d1m(H1 ﬂHO(Zl,D%(—Dl +D0|Z1))) >r—-1+1
and that
dim ( Hy n H(Z,, % (~D5 + Dy|z,))) 2 1 +1.

Let A{ = —Slpe,-,vj(fr)- Since Hj c H(Z;, .%;), we have
dim(HlmHO(Zl,.fl(—DﬂAl —ZMP}))) Sr-l+1

and that
dim (Hy 0 H'( 25, £5(~Dala, - ZAZPZ) ))z1+1.

We claim that there is an a such that Dy|4, + ¥ A'P! > D%"* and D, |4, + ¥ A?P? >
D;"2, and hence a;"* > deg Dy and a"? > deg D", and the vanishing condition
is satlsﬁed

Note that Di|4, = D" and Dy|4, = D;'} for some A. Let n; = n(e;), let
F;:[0,n;] - R be the piecewise linear functlon such that F; = fp|,,. Without lost
of generality assume F;(0) = 0 and F;(n;) = y > 0. We have A} = -F/(0) and

= Fi(n;). Take F;: [0,7;] = Rsuch thatE(x) =0if0 < x < x; and F;(x) = x —x;
otherwise. According to (3.1), F;(x) is convex when x; = 0 and F;(x) + F;(x) is
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convex when x; # 0. We then have A} > —[;-| and A} > [,-] when x; = 0, and
Aj 2 —[ 225 [ and A7 > [£21] when x; # 0.
Now it is enough to find a such that

> [ Z]p+ 3 | FEE R <Dy - e

ig=0 -~ i ix; 20 n;
= X P;

and
b-a-1

> [£E P22 Dy - Dy = % 2 Py

i k=b-A ix;=M+b-k=0 (mod n;)
In other words we must have the following:
EAE

n; k:a<k<A-1
xi—A+k=0 (mod n;)

[£]> » Lif x; = 0,
ni k:b—-A<k<b-a-1
xi—A+b—k=0 (mod n;)

+n; — X;
[#J < L
ni kia<k<A-1
xi—A+k=0(modn;)
e '
[Q-I > Z lif x; £ 0.
ni k:b-A<k<b—a—1

xi—A+b—k=0 (mod n;)

It is straightforward to verify that a = A — | y| satisfies the inequalities above. [ ]

We next show that there is an isomorphism between
P;(X0>n> (Wv)v) and Ptg(XOJ/l, (Wf/ed)v)

that is compatible with §,,,), and §,ra), for any tight tuple (w, ). The bijectivity of
S (w,), then follows.

Corollary 3.10  For any tight tuple (w, ), of admissible multidegrees in V(G(wy)),
we have a natural isomorphism J: P(Xo,n, (w,),) = P5(Xo,n, (wre?),) such that
S(wy)y = B (wrea), ©J. Moreover, J induces a bijection between the sets of pre-limit linear
series that satisfy the weak glueing condition.

Proof Since §(,ray, is a bijection, we define J = Sazea)v © Swy,(w,),- 10 show that
this is an isomorphism, we construct an inverse £ of J.

We first claim for all v € V(G) that w, is obtained from w'®? by twisting vertices
in V(G)\{v}. Suppose there is a path P(w"*,v,,...,v,,) in G(wy) from w' to w,
such that {v; }1<i<m € V(G). Take an orderlng v = vy, i, v5,... of V(G) such that
w, becomes negative in v/ for i > 1 after taking the negative twists of vy, ..., v|_;. Let
j be the smallest number such that v; ¢ {vi}1ci<m. Then negatively twisting w, at
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red

/ . . A !
Vs - -.»Vi_y is the same as twisting w** at vertices in {v; hicicm\{v0, ..., Vi_;} (per-

haps with multiplicities) that cannot be negative at v} unless j = 0; namely, v; = v,

. red : . .
since wi¢ is nonnegatlve at all vertices except v. So v ¢ {Vv; }1<i<m-

It follows that D, = DWred W, I8 effective for all v. Let (.£,,V,), € Pj(Xo,n,
(w'd),). We define £((.%,, V, ) ) = (.i”v', V.)), where Z] = %,(D,) and V] is the
image of V, under the imbedding i,: H*(Z,, .%,) - H(Z,, %)). We next show that
(&), V,)y is contained in P} (Xo, n, (w,),) and satisfies the weak glueing condition
ifand only if (.%,, V, ), does.

Take e € G incident to v and v'. Suppose w'® (resp., w,) is obtained from

red (resp., w,s) by twisting b, . (resp., b, ,) times at (e,v'). Let D" (resp.,
(Df *)’) be the twisting divisors associated with (wi°?), (resp., (wy),). Let (a{"),
(resp.,((a;”")")1) be the multivanishing sequence of V, (resp., V) along D¢ (resp.,
(DE"Y).
Let vy,. .., v, be as above. Also, take a path P(w™$4, vy, ..., v], ) in G(wy) from
wred to War such that v/ ¢ {v!}1<i<m’. Suppose v appears a times in v},..., v/, and v’
appears a’ times in v, ..., v,,. One easily verifies that b;, , = by, ,, + a’ + a; and that

if a;” = deg D} for some j critical, then (ap") = deg((Dﬁa )") with j + a’ critical;

and if a,e"" = deg D} V' for some j critical, then (a}’ vy deg((D]+u) ) with j + a
critical. It then follows by definition that (.%,, V), is in P} (XO, n, (wy)y).

Moreover, for s € V, and s’ = i,(s) € V!, we have ord)(s) — ordp(D¢ ") =
ordOP(s ) —ordp((DZ),)") for P € A, and the same holds if we replace v by v and
a’ by a. In particular, if W, j c V, (- De V(- D;+1) and

Wi, - € Vo (= Dh ,,)/V( b ,]+1)

as in Definition 3.3 satisfies the weak glueing condition for (w'*%),, then we can take

Wy jear = iv(Wyj) € Viand W), . = iy (Wyp, ;) © V;, which fulfills the
weak glueing condition for (w,),, and vice versa. ]

Corollary 3.11  For any tight tuple (w,,), in V(G(wy)) the map
E(WV)V:PQ(XO) n, (Wv)v) - 6(rj(Q:Xg,n) WO)

is a bijection, the preimage of(@ H) with Dy = Dy, is (Oz,(D, + D,
particular, we have H, c H*(Z,, 07,(D, + D}, ., )).

),H,),. In

Wo,Wy

We are now able to define the weak glueing condition for limit linear series on €, ,
of multidegree wy by lifting to a pre-limit linear series on (Xy,7), and the definition
is independent of the choice of lifting by Corollary 3.10.

Definition 3.12  Let (D, () € &;(Cx, 4, wo) be a limit g/; on Cx, ,. We say that
(D, H) satisfies the weak glueing condition with respect to wy ifg(_vl\,v)v(('D, H)) sat-
isfies the weak glueing condition with respect to (w,), for a tight tuple (w,), in

V(G(wo)).
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Proposition 3.13 (i) Suppose (D, H) € &L (Cx, n,w) for w = wo and w = wy,
Then (D, H) satisfies the weak glueing condition with respect to wy if and only if it
satisfies that with respect to w.

(ii) Suppose wy = (wg, ). Take m € Zyg and n': E(G) — Zs such that n'(e) =
mn(e) for all e € E(G). Let (D', 3") be a limit gl; on Cx, v such that H, = H, and
D’ corresponds to w' = (wg, u') where wg, = wg and p'(e) = mu(e) for all e € E(G).
Then (D, ) satisfies the weak glueing condition if and only if (D', H") satisfies the
weak glueing condition.

Proof (i) Note that Definition 3.12 only depends on V(G (wy)). We have D,,, lin-
early equivalent to D,,s as divisors on I'. It is then easy to check that wy € V(G (wy))
and hence G(wq) = G(wy).

(ii) This is obvious; note that the scaling of a concentrated admissible multidegree
is still concentrated. ]

Now we define the weak glueing condition for arbitrary limit linear series on €x, ,.

Definition 3.14 We say that a limit linear series (D, ) on €y, , satisfies the weak
glueing condition if after scaling (by integer) of n there is a multidegree wo on (G, n)
such that (D, K) is contained in & (Cx, », wo) and satisfies the weak glueing condi-
tion with respect to wy.

Note that the definition above is independent of the choice of w( and scaling by
Proposition 3.13. See Example 4.11 for a limit linear series on a metrized complex that
does not satisfy the weak glueing condition.

4 Smoothing of Limit Linear Series on Metrized Complexes

In this section we use the same symbols as in Notation 3.1 and assume that « is alge-
braically closed. We consider special cases of wy and (X,,n) such that (1) the space
of limit linear series on ( Xy, 1) is of expected dimension, and (2) any pre-limit linear
series satisfying the weak glueing condition lifts to a limit linear series on (Xp, n).
This along with the forgetful map constructed in the last section will guarantee the
smoothability of certain limit linear series on Cx, ,.

In order to prove the main theorems, we first recall some results from [Oss] and
[Oss16] for convenience.

Theorem 4.1 ([Oss, Theorem 6.1]) If m: X — Spec(R) is a regular smoothing family
with special fiber Xy, and the space of limit linear series on (Xo,n) has the expected
dimension p = g+ (r +1)(d — r — g), then every limit linear series on (X,,n) can be
smoothed to a linear series on the generic fiber X,,.

Definition 4.2 Let X be a smooth projective curve of genus g, and fix integers
r,d,n > 0,and for i = 1,...,n fix also m; > 0. Choose distinct points P¥ on X
fori =1,...,nand k = 1,...,m;. Then we say that (X, (PF); ) is strongly Brill-
Noether general for r, d if, for all tuples of nondecreasing effective divisor sequences
Di, such that every divisor Di is supported on Pil, .. ,Pim“, and for every tuple of
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nondecreasing sequences a’ such that for each j we have a} = deg Dj for some €
critical for D, and the number of repetitions of a; is at most deg(Dy,, — D), the
space G1;(X, (Di,al);) of g;s on X having multivanishing sequence at least al along
D;, for each i has the expected dimension

n r b; ri
pegr (rend-r-9)- (2= + 3 (7))
i=1\ j=0 ¢

=0

if it is nonempty. In the above, D, is indexed from 0 to b; +1, and r} is defined to be 0
if £ is not critical for D}, and the number of times deg D} occurs in a} if € is critical.

See [Oss16, Theorem 3.3] for examples of strongly Brill-Noether general curves. In
particular, a rational curve is strongly Brill-Noether general for n < 2. This example
will be used in Section 5.

Theorem 4.3 ([Ossl6, Corollary 5.2]) Suppose (Xo,n) satisfies the following
conditions:

(i)  there are at most three edges of G connecting any given pair of vertices;

(ii) there exists a d’ such that for any adjacent vertices v,v' of G, connected by edges
(ei)i, and any integers (x;); with 3.; x;n(e;) = 0, if there is a unique j with
xj >0, then we have ;| xjn(e;)/n(e;)| > d';

(iii) each marked component of X, is strongly Brill-Noether general.

Then the space of limit linear series on (Xo,n) (of multidegree wg) of degree d with

d < d’ is pure of expected dimension p.

We first let n vary. For a family of wy, conditions (i) and (ii) in the beginning of
this section are satisfied for all X, with strongly Brill-Noether general components.
Moreover, the weak glueing condition is satisfied automatically.

Theorem 4.4  Let {e]’:}ls,-ikj be all edges of G over an edge e; € E(G) = {e;} jcj. Let
(D, H) be a limit gl; on Cx, , with rational and edge-reduced D. Suppose G is directed
such that the edges over the same edge of G have the same tail. Let x; e [0, n(e;))
correspond to the point in D N (e')° where we set xj’: = 0 if the intersection is empty.
Suppose that the following hold:

(i) There is a number m € Z such that mx; €Zforall jand1< i < kj, and for each j

the classes ofmxj’: where 1< i < kj modulo gcd(mn(e}), s mn(e;{j)) are distinct.

(ii) Each component of X is strongly Brill-Noether general.

Then the limit linear series (D, H) is smoothable.

Note that if D is of multidegree wy = (wg, ), then Theorem 4.4(i) says that, with
the given direction of G in Theorem 4.4, for each j the classes of y(e;) wherel < i < k;

modulo gcd(n(e}), cees n(e;c" )) are distinct.

Lemma 4.5 Let (Z,(V,),) bealimit gl; on (Xo,n) of multidegree wo with respect
to (wy),, and let (£, V,), be the induced pre-limit linear series. Let X — Spec(R) be
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a regular smoothing family with special fiber Xo. If (£, (V,),) can be smoothed to a
gl on X, then F((Z£", V,),) is smoothable in Amini-Baker sense.

Proof This follows directly from [Ossl7, Proposition 4.16]. [

Proof of Theorem 4.4 Up to scaling, we can assume that D is integral and of mul-
tidegree wy, hence we can take m = 1. Take a pre-limit linear series (.%,, V, ), with
respect to (w, ), that maps to (D, H() under §,,),. Then condition (i) implies that

deg(Dji;Vl) - deg(D;’V) = 1, and the morphism ¢§e’v) in Definition 2.17 is a linear
morphism between one dimensional spaces. Hence for any line bundle .2 on X, of
multidegree wy such that Z¥ = %, and any enriched structure on X, the condition
(ii) of Definition 2.17 is satisfied automatically. In other words (.%, (V,),) is a limit
linear series. By Lemma 4.5, it remains to show that (%, (V,),) is smoothable. Ac-
cording to [Bak08, Theorem B.2], there is a regular smoothing family X over B with
special fiber X, and Theorem 4.1 says that (., (V,),) can be smoothed to a g’; on
X, if the the space G}, (Xo,n,(0,),) of limit g/;s on (Xo, n) has dimension p, where
(0),), is the enriched structure induced by X. This is ensured by condition (ii) and
[Ossl6, Theorem 4.1], since there is no glueing condition imposed. [ ]

Theorem 4.4(i) is trivial when Xj is of compact type, whereas condition (ii) is still
necessary; see [AB15, Example 5.14] for a counterexample. As a result we have the
following corollary.

Corollary 4.6  Let X be a curve of compact type, and assume the marked components
of X, are all strongly Brill-Noether general. Let (D, H) be a limit linear series on the
metrized complex Cx, , with rational D. Then (D, H) is smoothable.

We next consider ( Xy, n) as in Theorem 4.3 and prove that the weak glueing condi-
tion is a necessary and sufficient condition for the smoothability of a limit linear series
on Cy, , (of certain degree). The necessity is actually valid for arbitrary (X,, n).

Theorem 4.7  Suppose (D, H) is a smoothable limit g/, on €x, ,. Then (D, H) sat-
isfies the weak glueing condition.

Note that in the following proof we do not assert that (D, H) is the image (under
8 (w,),) of a smoothable limit linear series on (Xo,n), as §((£",V,),) in Lemma
4.5. Tt is unclear whether a strongly semistable model (when the associated metrized
complex has identical edge lengths) over R is a base extension of a regular smoothing
family over R, and we do not know if the specialization of any g/} on the generic fiber
of a strongly semistable model can be lifted to the specialization of a g/; on the generic
fiber of a regular smoothing family.

Proof of Theorem 4.7 Since Dr is linearly equivalent to a rational divisor on I', we
can assume that D is integral and edge-reduced and Dy = D,,,. Suppose there is a
strongly semistable model X over R with associated metrized graph €X = €y, , and
a linear series (D,, H,) on X, of rank r that specializes to (D, J().
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Suppose the concentrated degrees (w, ), = (w'?),

We have H, ¢ H(Z,,0,,(D, + D,)). Consider v and v/ in V(G) connected by
e € E(G). Let {e;} c E(G) be the edges lying over e, let P; = P} and P] = P;’:.
Take h € H, ¢ H°(Z,,0,(D, + D,)). Choose g € H, such that 75, (g) = h up
to multiplication by x*. Let h’ = 75 (g). According to the Slope Formula [ABI5,
Theorem 4.4(3)], we have

(41) ordp,(h) = -slp, , ( fo(g)r) and Ordp'(h )=-slp, (7 Qx(g)r).
On the other hand, since D, + div(g) > 0, by [AB15, Theorem 4.5] we have
0<% ( D, +div(g)) =D +div( 5% (g)).

Restricting to e;, where e; is considered as an edge of I' (with vertex set V(G)), we
have

(4.2) Dleo + div(5* (g)r)les 2 0.
By (4.1), for each j we have (note that D, is supported on Z,\A,)
ordp, (h) - ordp,(D$™) =slp,, , (- 7¢*(g)r) - ordp, (DS - D).

are given. Let D, = D’

Wo,wred*

Let w) be the multidegree obtained from w, by twisting ] times at (e v) and A be the
piecewise linear function on I' such that div(1) = Dr - D, ;. Let Fy = —75% (g)r — A.

We then have ordp, (D" - D,) =slp,, (1) and

(4.3) ordOP,_ (h) —ordp, (D) = slp,, , (Fg).
A symmetric argument shows that

(4.4) ordy, (h') - ordp, (D)) = slp,, ,/(Fy).

According to (4.2) we have

(45)  div(=Fg)les = Dlee + div (75 (g)r)

Thus, the same argument as in the proof of Theorem 3.9 shows that there is an a such
that

(4.6) ordper(h) > deg DS and ord .. (h') > deng o

e? + (le(/\) - D) |e;’ 2 _Dw{; e?

Now let hy, ..., h, be a basis of H, such that ordper (h;) = a;*", where {a{""} is the
multlvanlshlng sequence of (0'z,(D,+D,), H,) along D" Let ]be a critical number
for D¢ It follows that b, , — j is critical for D", Assume H, (~D 741) is generated by

{his1s.. > hy}. Then ordper () < deg(De V) for £ € span(ho,...,h ). Let go,.... &
be rational functions in H, such that 75X (g;) = h;. Then L = span(go, cees gl) is an

(1+1)-dimensional subspace of H, such that‘r X(L) = span(hy, ..., h;) and 75 (L)
is an (I +1)-dimensional subspace of Hy.

X(g) e Hy(~ D” ) Now we
can pick the spaces W, j and W, p, ;i (of dimension g;) as described in Deﬁn1t10n

3.3. Note that g; < +1-dim(H, (- Db - ]+1)) Taking W,/ 5, ,—j to be an arbitrary
% (L) of dimension g; such that Wy ,—jn Hy(=Dp 0 and

It follows from (4.6) that for any g € L we have 7¢

v/

subspace of 7% h - ]+1)

*v/
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W,,; = 155 (W), where W is a g; dimensional subspace of L such that 755 (W) =
Wb, —i (which can be constructed in the same way as L), will complete the proof.
Indeed, for all s’ € W, ,j, taking t € W such that t8X(t) =" and s = 75X (¢) €

span(hy,...,h;) we have that ordper(s') = DZ’V"'V’,_J., and hence ordper(s) = D}Y
by (4.6). On the other hand, we have _Dw{|e? = @ and hence Fg is a concave func-
tion on e; by (4.5) for all i such that P; is in the support of Dj,; — D;. Therefore
for the same set of i we have that s vanishes at P; if and only if s’ vanishes at P!
by (4.3) and (4.4) where s (resp., s") is considered in H,(-D$")[H,(-D¢;)) (resp.,

H, (—Dz,:,v"_j) [H,yr (—D;’V,VV’,_J. .1))- Now the conclusion follows from Remark 3.4. m

We now focus on the case of Theorem 4.3.

Theorem 4.8 Let (Xy,n) and d’ be as in Theorem 4.3. Then for any limit linear series

(D, H) on Cx, , of multidegree wy with deg(D) < d’ the following are equivalent.

(i) (D,H) is smoothable;

(i) (D, H) satisfies the weak glueing condition;

(iii) (D, ) is the image under §,,,, of a pre-limit linear series on (Xo,n) that lifts
to a limit linear series.

Moreover we have (i) < (ii) when D is only required to be rational.

Lemma 4.9 Let (Xo,n) be as in Theorem 4.8 and d < d'. Then a pre-limit linear
series (£, V, ), with respect to (w, ), lifts to a limit linear series if and only if (£,, Vy, )y
satisfies the weak glueing condition.

Proof By Proposition 3.6 it remains to prove the “if” part. Take any line bundle .¥
on X, of multidegree wy such that .#” = .%,. For any adjacent vertices v,v' € V(G)
connected by e € E(G), according to the proof of Theorem 4.3 we have one of the
following:

(a) there is at most one j such that deg D7)} — degD7" = 3 while deg D
deg D" <1for j' # jand 0 < j < by,y1;

(b) there are at most two numbers {j; }1<i<u Where 0 < j; < b, ,» and m < 2

such that deg D" — deg D', = 2, and when m = 2 the supports of D'}, - D% and

e,V _
j'+1

DS, — D}." only overlap at one point.

For any given enriched structure (&, ), we check that Definition 2.17(ii) will be
satisfied after adjusting the glueing data of .Z" along the edges lying over e, which
has dimension ¢ = #{e¢'|e/ € E(G) lies over e} — 1. The nontrivial cases are when
deg DS}'| — deg D" = 3 and g; < 2, which impose codimension at most 2 (when
gj = 2 we can take basis of V(—D;t’"') / V(—D;fl) that vanish at different points, each
of which impose codimension at most one); or when deg D%}, — deg D}"” = 2 and
gj = 1, which impose codimension at most 1. Now the first case happens only if ¢ = 2

and the second case happens when m =land c > lorm =2and ¢ = 2. [ ]
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Proof of Theorem 4.8 We have (i) = (ii) according to Theorem 4.7. Lemma 4.9,
Theorem 4.3, and the smoothing theorem (Theorem 4.1) together show (ii)= (iii).
And (iii)=-(i) is Lemma 4.5. [ |

When p = 0, the weak glueing condition in Theorem 4.8 is trivial, since accord-
ing to the proof of Theorem 4.3, the space of pre-limit g/;s with extra vanishing has
dimension strictly less that p, which is empty. As a result we have the following corol-
lary.

Corollary 4.10  Let (Xo, n) be as in Theorem 4.8, and (D, 3() a limit g/, of multide-
gree wq such that d < d' and p = 0. Then (D, 3() is smoothable.

Example 4.11 We give an example of a limit linear series on a metrized complex
that does not satisty the weak glueing condition, hence is not smoothable. Let X, be
a nodal curve obtained by glueing two copies of P} along two points. Let V(G) =
{v,v'} and E(G) = {ey,e,}. Let n be the chain structure such that n(e;) = 2 and
n(e;) = 1. Let A, = {P,Q} and A, = {P’, Q’}. The metrized complex is as below,
where P is the midpoint of e;.

99

Consider (D, H) such that D, = 2R, Dr = 2v, D,» = 0, H, = (fo, f1), and H, =
(fs, f)> where div(fy) = P - R, div(fi) = P+ Q - 2R, div(fy) = R' - Q’, and
div(f) = 0 (namely f{ is a nonzero constant function), for some R € Z,\{P, Q} and
R" ¢ Z,\{P',Q’}. Choose admissible multidegrees wq and (w, ), such that D,,, =

D,, =2vand D, , = P +v'. Straightforward calculation shows that D, = Dyyw, =0,
and D, = D}, = Q. Ttfollows that by, = 1, fo, fi € H(Z,, 07,(D, + D,)), and

fo, i € H*(Zy, 07, (Dy + D,)). The tuple

((ﬁlv(gv + DV),HV), (ﬁZVI(DV, + Dvr),Hvl))
= ((02,(2R), H,), (07,(Q"), Hy)

is a pre-limit linear series on (Xp, n) with respect to (w,,w,) (by the calculation
below) that maps to (D, H) under §. Hence, (D, H() is a limit linear series on Cx, ,.
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Now we calculate the twisting divisors:
D' =0,P+Q,P+2Q,2P+3Q, ...,
D¢ =0,Q, P +2Q', P +3Q',....

We have div’ (folp.oy = P div’ (Mlpoy = P+ Q, divo(fo’)|{P,,Q,} = 0, and
div’ ()] (p,q@7y = Qs which satisfies the condition for pre-limit linear series. It is easy
to check that the weak glueing condition is not satisfied for j = 0, since div’ (fy))| (r.Q}~

DY = Pbut div’ (fliprary - Df’vl = 0. Thus (D, H) is not smoothable.

Note that the chain structure n and X in the above example satisfies the conditions
in Theorem 4.3. One can also construct non-smoothable limit linear series on €y, ,
with n(e;) =n(ey) = 1.

5 Lifting Divisors on Metric Graphs

Let X' — Spec(R) be a regular smoothing family with generic fiber X. Let G’ be
the dual graph with associated metric graph I” where each edge is assigned length 1.
M. Baker [Bak08] constructed a specialization map 7: Div(Xg) — Divg(I"), where
K denotes the algebraic closure of K and Divg(I”) is the set of rational divisors on I”,
with the property that #(D) < r(7(D)) for all D € Div(X5). The question of whether
a divisor D € Divg(I") of rank r(D) lifts to a divisor in X3 of the same rank is not
completely solved. A survey of partial results can be found in [BJ16]. The case when I’
is a chain of loops with generic edge length is proved liftable in [CJP15] by a thorough
examination of divisors on I'". In this section we provide a different approach to the
lifting problem via the smoothing properties of (pre-)limit linear series on curves with
chain structure, for an enlarged scale of I'" and certain divisors on I'". Note that we
do not require « to be algebraically closed, and both Definitions 3.2 and 3.3 remain
valid as well as the conclusions we use in this section (Lemma 4.9 and Theorems 4.1
and 4.3).

Let Xo,G,n,wo, (w,)y, T, Xo and G be as in Notation 3.1. Let (wred), be as in
Theorem 3.9.

Theorem 5.1 Let X be a smooth curve of genus g over K. Suppose there is a regular
smoothing family X' — Spec(R) with generic fiber X and special fiber X,. Suppose
further that X, only has rational components, and (Xo,n) is as in Theorem 4.3 with
d’ =min{2g - 2, g + 1} and that G is a chain. Then every rational divisor class D on T
such that r(D) < 1lifts to a divisor class of the same rank on X.

Proof After a finite base field exchange we can assume that D is a integral and edge-
reduced divisor of multidegree wy. We show that D can be lifted to a pre-limit linear
series on (X, n) with respect to (wd),, which lifts to a limit linear series with re-
spect to the induced enriched structure on X,. This limit linear series is smoothable,
and the corresponding g/, on X has underlying divisor specializing to D (up to linear
equivalence).
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Let v, v1,. ..,V be the vertices of G as in the following graph, and let e; be the
edge of G that connects v;_; and v;. Let e},...,e!" be the edges in G lying over e;
where 1 < a; < 3. We can assume for simplicity that w, = wf,zd, and hence it is

reasonable to denote w; = w

red
v *

Note that b,, | ,, is the maximal number 7 such that the admissible multidegree
obtained from w;_; (resp., w;) by twisting # times at (e;, v;_;) (resp., (e;,v;)) is non-
negative at all v € V(G). Let Zy, ..., Z,, be the (rational) components of X, corre-
sponding to vy, ...,V,. Let d; = deg(Dy,|y,). Since 7 is surjective ([Bak08, §2.3])
we can assume that r(D) = 1. Denote the the pre-limit linear series that we want to
construct by (&, V;); = (Oz,(D;),span(f?, f1)).

First take Do = P} + -+ + PJ* with P} € Zo\A%. If by, ,, > 0, let £ = 1and take £
such that ord po (f3) =ord po (DZIO""1 ). Ifb,, ., = 0,let f) = 1and take f; such that f;

1 1
has no zeros or poles at {P'?}; and that IT( fo (P'7) - f(}(P;’l,? )) # 0. Next assume
1 1

that (1, V) is given. Set f? = 1.
If bv,-fbv,- = bvi’vi“ = 0 we take Di = le oot P:ix with Plj c Zz\(-AZ: U‘AZ:H)
general. Take f} such that f/ has no zeros or poles at A} UA}! and that

(P - D) TP )~ 1P ) 0.

Ifb,,,., =0andb,, ,, >0,wetake D; asabove. Take f} such that f; has no zeros
or poles at Ayi  and that

(P ) = fi(P ) 20
i+1 i+
and that

Vi-1Vi

Ordpvj: (le) = orde; (DZ,',W )

Ifb,,,,, >0andb,,, ,, =0, we take D; as above. Take and f; such that f has no
zeros or poles at A}/ and that IT;..(f] (P"}) - f{(P')) # 0 and that ord,» (f}) =
e; €; j

it1
€it+1,Vi
ord, (D"
PE; ( b"i"’Hl)
i+l
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Ifby,y,, >0andb,,, ,, >0, we take

D; = Zordpv; (DZ’Vt’1 )P + D' = DZ’t‘” +D'
j ¢ !
with D" an effective divisor supported on Z;\(A;' U A} ) such that degD; = d;.
Take f} such that

ordp (f}) = —ordp (D" ) and  ordys (f}) =ordp (Dy*"")

Nowletl <i < g.Ifby, ., > 0, thenord yeivia £, =degDg""""' and ord pyei i fh =
deg DZlV'l"l ; we also have ord e f} = deg D‘e’,vl . and ord e f; = deg Dg""" when
by,viy > 0, whileord e f] = deg DZ"V""’;,V_ andord e f = deg Dg”" when by, ., =
0. Note that 0 and b,,_, ,, are critical for both D&vi-t and D¢""i, hence (%, V;);
is a pre-limit linear series with respect to (w;),,. Moreover, one checks easily that
(&, Vi)y, satisfies the weak glueing condition.

Now since r(D) = 1, the Riemann-Roch theorem for graphs [GK08, Proposi-
tion 3.1] shows that deg D < g+1. If deg D < 2¢g—2, Lemma 4.9 implies that (_%}, V;),,
lifts to a limit g, on (Xo,n), which is smoothable by Theorems 4.1 and 4.3. Thus D
can be lifted to a rank-one divisor on X. If degD > 2g — 2 we can take a divisor
D e Div(X) that specializes to D and the Riemann-Roch theorems (on curves and
graphs) would imply that (D) = r(D). |

Remark 5.2 If we set d’ = 2¢ — 2 in Theorem 4.3, then as described in [Ossl6,
Remark 5.4], this recovers precisely the general curves considered in [CJP15]. Thus
the Theorem above provides an alternative proof for [CJP15, Theorem 1.1] for divisors
of rank less than or equal to one (over a complete discrete valued field). Later we will
give another proof of [CJP15, Theorem 1.1] for vertex-avoiding divisors.

Combining this with the tropical Riemann-Roch theorem, we can prove Theorem
5.1 without requiring r(D) < 1 for X with small genus.

Corollary 5.3  In Theorem 5.1, suppose further that g < 5. Then any rational divisor
class D on T can be lifted to a divisor class on X4 of the same rank as D.

Proof We can assume that r(D) > 2 and, by the Riemann-Roch theorem, that
r(Kr — D) > 2. We have r(Kr) = g —1 > r(D) + r(Kr — D) > 4, hence it remains to
consider the case g = 5and (D) = r(Kr — D) = 2. Now the tropical Clifford theorem
[Facl0, Theorem 1] shows that deg D = 4 and D = 2D’ where r(D’) = 1. It follows
from Theorem 5.1 that D’ is liftable to a divisor of the same rank, hence sois D. m

We next show the lifting of vertex-avoiding divisors on a generic chain of loops.
Since only one proposition is needed in the proof, we refer to [CJP15] for the defi-
nition of vertex-avoiding divisors. The idea for the proof came from Sam Payne at a
workshop.
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Theorem 5.4  In Theorem5.1let d' = 2g—2 instead. Suppose further that every pair of
adjacent vertices is connected by at most two edges. Then every rational vertex-avoiding
divisor D on T lifts to a divisor class on Xz of the same rank as D.

Proof We use the same strategy as in the proof of Theorem 5.1. Suppose D is v-

reduced. Let v;, e;, ef, w; and d; be as in Theorem 5.1. According to [CJP15, Proposi-
tion 2.4], for each 0 < j < r there exists a unique divisor D; linearly equivalent to D
such that D; — jvo — (7 — j) v, is effective, which is obtained by taking a pile of dy — j
chips from vy and moving to the right (see the proof of [JP14, Proposition 6.3]), where
dy is the coefficient of D at v as in Theorem 5.1. ‘

Take rational functions f{ on I such that D; = D + div(f{). For 0 < i < m and
0<j<rlet

D} = ¥ slp,y,, (P and Bl =-Fslpu , (P
k ; k i+

be divisors on Z;. Hence D{ represents the chips we get when we try to move the pile

of r— j chips of vy from v;_; to v;, while Ef represents the chips we lost when move the
chips from v; to v;4; (note that the size of the pile of chips may change as it moves).
For each i, by construction we have
j _ €,V ej,Vi

T A
for some m{ critical and E{ = D" for some n{ critical such that n{ + m{H =b,,

i
The uniqueness of D; shows that the D7s are distinct for fixed i and so are the E/s.
Now we take D; = D" +Dj to be a divisor of degree d; on Z,, where D} c Z, \A,,

Vio1oVi

is effective and fij € 0z, (D;) such that

Vit1®

(f)) = —ord, (D’ v (f)=ord, (E!
ordPe!,( () ordPe!,( (D}) and ordpe{,ll () ordpe’_,;1 (E))
for all possible k. Note that the existence of f,.j follows from the effectiveness of D;. It
is easy to check that the tuple (%, V;)y, = (2, (D;),span({f]};))y, is a pre-limit
linear series on X, that satisfies the weak glueing condition, hence it lifts to a limit
linear series on (Xg,n). As a result, D can be lifted to a divisor of rank 7(D) on X. m
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