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Abstract

For a given inverse semigroup, one can associate an étale groupoid which is called the universal groupoid.
Our motivation is studying the relation between inverse semigroups and associated étale groupoids. In this
paper, we focus on congruences of inverse semigroups, which is a fundamental concept for considering
quotients of inverse semigroups. We prove that a congruence of an inverse semigroup induces a closed
invariant set and a normal subgroupoid of the universal groupoid. Then we show that the universal
groupoid associated to a quotient inverse semigroup is described by the restriction and quotient of the
original universal groupoid. Finally we compute invariant sets and normal subgroupoids induced by
special congruences including abelianization.
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1. Introduction

The relation among inverse semigroups, étale groupoids and C*-algebras has been
revealed by many researchers. Paterson associated the universal groupoid to an inverse
semigroup in [4]. He proved that the C*-algebras associated to universal groupoids
are isomorphic to inverse semigroup C*-algebras. Furthermore, Paterson showed
that the universal groupoid has a universal property about ample actions on totally
disconnected spaces (also see [9]). In this paper we investigate a relation between
inverse semigroups and universal groupoids. In particular, we focus on congruences of
inverse semigroups, which is a fundamental concept for considering quotient inverse
semigroups. Indeed, congruences of inverse semigroups induce closed invariant
subsets and normal subgroupoids of universal groupoids. Our main theorem is that
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100 F. Komura 2]

the universal groupoid of a quotient inverse semigroup is isomorphic to the restriction
and quotient of the original universal groupoid (Theorem 4.3).

This paper is organized as follows. In Section 1, we review the notions of inverse
semigroups and étale groupoids. In Section 2, we deal with some least congruences,
although some statements may be well known for specialists. We also show that
there is a one-to-one correspondence between normal congruences of semilattices
and some invariant subsets (Corollary 3.6). In Section 3, we prove that the universal
groupoid of a quotient inverse semigroup is isomorphic to the restriction and quotient
of the original universal groupoid. Then we deal with some special congruences. In
Section 4, we apply propositions and theorems obtained in Sections 2 and 3. We prove
that the number of fixed points of a Boolean action is less than or equal to the number
of certain semigroup homomorphisms (Corollary 5.17).

2. Preliminaries

2.1. Inverse semigroups. We recall basic facts about inverse semigroups. See
[3, 4] for more details. An inverse semigroup S is a semigroup where for every
s € § there exists a unique s* € S such that s = ss*s and s* = s*ss*. We denote the
set of all idempotents in S by E(S) :={e € S| e¢*> = e}. A zero element is a unique
element 0 € S such that Os = sO = 0 holds for all s € S. A unit is a unique element
1 €S such that 1s =s1 =5 holds for all s€S. An inverse semigroup does not
necessarily have a zero element or a unit. It is known that E(S) is a commutative
subsemigroup of S. A subsemigroup of S is a subset of S that is closed under the
product and inverse of S. A subsemigroup N of § is said to be normal if E(S) C N
and sns* € N holds for all s€ S and n € N. An order on E(S) is defined by e < f
ifef =e.

An equivalence relation v on § is called a congruence if (s,f) € v implies
(as,at),(sa,ta) € v for all s,t,a€S. The quotient set S/v becomes an inverse
semigroup such that the quotient map ¢: S — S/v is a semigroup homomorphism.
A congruence p on E(S) is said to be normal if (e, f) € p implies (ses™,sfs*) € p
for all e, f € E(S) and s € S. One of the typical examples of normal congruences is
E(S) x E(S). Assume that p is a normal congruence on E(S). Define an equivalence
relation v, min on S by declaring that (s, 1) € v, min if (s*s,7"t) € p and se = fe holds
for some e € E(S) with (e,s*s) € p. Then v, i, is the minimum congruence on §
such that its restriction to E(S) coincides with p. One can see that vg(s)xg(s)min 1S the
least congruence such that the quotient inverse semigroup becomes a group. We call
S/VE$)xE(S)min the maximal group image of S.

An inverse semigroup S is said to be Clifford if s*s = ss* holds for all s€ S. A
congruence v on S is said to be Clifford if S/v is Clifford.

2.2. Etale groupoids. We recall the notion of étale groupoids. See [7, 8] for more
details.
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A groupoid is a set G together with a distinguished subset G’ ¢ G, source and
range maps d,r: G — G and a multiplication

G? = ((@.f) e GX G |d(a)=r(B)} 3 (@.B) — af e G

such that:

(1) forallx € GV, d(x) = x and r(x) = x hold;

(2) forall @ € G, ad(a) = r(@)a = a holds;

(3) forall (a,8) € G?, d(af) = d(B) and r(a8) = r(e) hold;

@) if (@.B), (B,7) € G, we have (aB)y = a(By);

(5) forevery y € G, there exists ¥’ € G that satisfies (y’,7), (y,y") € G® and d(y) =
Yy and r(y) = yy'.

Since the element ¥’ in (5) is uniquely determined by 7y, ¥’ is called the inverse of y
and denoted by y~!'. We call G the unit space of G. A subgroupoid of G is a subset
of G that is closed under inversion and multiplication. For U c G, we define Gy, :=
d~'(U) and GY := r~}(U). We define also G, := Gy, and G* := GY for x € G). The
isotropy bundle of G is denoted by Iso(G) := {y € G | d(y) = r(y)}. A subset F c G©
is said to be invariant if d() € F implies r(e) € F for all @ € G. We say that x € G©
is a fixed point if {x} ¢ G© is invariant. If G satisfies G = Iso(G), G is called a group
bundle over G. A group bundle G is said to be abelian if G, is an abelian group for
all x € GO,

A topological groupoid is a groupoid equipped with a topology where the multipli-
cation and the inverse are continuous. A topological groupoid is said to be étale if the
source map is a local homeomorphism. Note that the range map of an étale groupoid is
also a local homeomorphism. The next proposition easily follows from the definition
of étale groupoids.

PROPOSITION 2.1. Let G and H be étale groupoids. A groupoid homomorphism
®: G — H is a local homeomorphism if and only if ®|go: G — HO is a local
homeomorphism.

2.2.1. Quotient étale groupoids. We recall the notion of quotient étale groupoids. See
[1, Section 3] for more details. Let G be an étale groupoid. We say that a subgroupoid
H c G is normal if:

e GY c H cIso(G) holds; and
e foralla € G, aHa! c H holds.

For a normal subgroupoid H C G, define an equivalence relation ~ on G by declaring
that @ ~ B if d(@) = d(B) and a8~ € H hold. Then G/H := G/~ becomes a groupoid
such that the quotient map is a groupoid homomorphism. If H is open in G, then G/H
is an étale groupoid with respect to the quotient topology. Moreover, the quotient map
is a local homeomorphism (see [1, Section 3.1] for these facts).

We have the fundamental homomorphism theorem. The proof is left to the reader.
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PROPOSITION 2.2. Let G and H be étale groupoids and ®: G — H be a continuous
groupoid homomorphism that is a local homeomorphism. Assume that @ is injective
on GO. Then ker ® := ®~'(H) is an open normal subgroupoid of G. Moreover,
there exists an isomorphism ®: G/ ker ® — O(G) that makes the following diagram
commutative:

()
G———mmH

Q _
P

G/ ker ®

where Q: G — G/ ker @ denotes the quotient map.

For an étale groupoid G, the author of [ 1] constructed the étale abelian group bundle
G®. We briefly recall the definition of G®.

We define Ggy := Gf, where F ¢ G© denotes the set of all fixed points. Then Gy
is a group bundle. Define [Gtix, Gex] = UxeF[(Gﬁx)x,(Gﬁx)xL where [(Gfix)x» (Grix)x]
denotes the commutator subgroup of (Ggy),. Then [Ggx, Gix] is an open normal
subgroupoid of Ggy [1, Proposition 4.9]. Now we define G* := Gy /[Gix, Gex].

The reason why we consider G is that the next theorem holds. We denote the
universal groupoid C*-algebra of G by C*(G). See [4] for the definition of the universal
groupoid C*-algebras.

THEOREM 2.3 [1, Theorem 4.12]. Let G be an étale groupoid such that G¥ is a locally
compact Hausdorff space with respect to the relative topology of G. Then C*(G™) is
the abelianization of C*(G) as a C*-algebra.

2.3. Etale groupoids associated to inverse semigroup actions. Let X be a topo-
logical space. We denote by Iy the inverse semigroup of homeomorphisms between
open sets in X. An action a: S ~ X is a semigroup homomorphism § 3 s — a; € Ix.
For e € E(S), we denote the domain of S, by DS. Then «; is a homeomorphism from
D¢ to D.. In this paper, we always assume that { J,egs) Dy = X holds.

For an action a: § ~ X, we associate an étale groupoid S =g X as follows. First, we
put the set § * X := {(s,x) € § X X | x € D, }. Then we define an equivalence relation
~on S * X by (s,x) ~ (t,y) if

x =y and there exists e € E(S) such that x € D§ and se = fe.

Set S <, X := § * X/~ and denote the equivalence class of (s,x) € S = X by [s, x]. The
unit space S %<, X is X, where X is identified with a subset of S =, X via the injection

Xox [e,x] € Sx, X, x€Dj.
The source and range maps are defined by

d([s,x]) = x, r([s, x]) = as(x)

https://doi.org/10.1017/51446788721000021 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788721000021

[5] Quotients of universal étale groupoids 103

for [s,x] € S <, X. The product of [s, a;(x)], [t,x] € S =, X is [st,x]. The inverse is
[s,x]7" = [s*, a;(x)]. Then S =, X is a groupoid with these operations. For s € § and
an open set U C D¢, , define

[s,U] :={[s,x] € S, X | x € U}.

These sets form an open basis of S, X. With this structure, S, X is an étale
groupoid.

Let S be an inverse semigroup. Now we define the spectral action 8: S ~ E/@).
A character on E(S) is a nonzero semigroup homomorphism from E(S) to {0, 1},
where {0, 1} is an inverse semigroup with the usual product. The set of all characters
on E(S) is denoted by E&). We view E(?) as a locally compact Hausdorff space with
respect to the topology of pointwise convergence. Define

Ng = (£ € E(S) | é(e) = 1,é(p) = O for all p € P)

for e € E(S) and a finite subset P C E(S). Then these sets form a basis for the topology
on E(S). For e € E(S), we define Df :={£ € E(S)| &) =1}. Foreach s € S and ¢ €
D’ . define Bs(é) € D[i by Bs(é)(e) = &(s¥es), where e € E(S). Then 8 is an action

s*s?

B: S~ E(S), which we call the spectral action of S. Now the universal groupoid of S
is defined to be G,,(S) := S =g E(S).

3. Certain least congruences

It is known that every inverse semigroup admits the least Clifford congruence and
the least commutative congruence. For example, see [5, Ch. III, Proposition 6.7] for
the least Clifford congruence and [6] for the least commutative congruence. In this
section, we reprove that every inverse semigroup admits the least Clifford congruence
and the least commutative congruence by a new method using the spectrum.

3.1. Invariant subset of ET(E). Let S be an inverse semigroup. A subset F' C E’(§) is
said to be invariant if S,(F N Dy) C F holds for all s € S. Note that F is invariant if
and only if F is invariant as a subset of the groupoid G, (S). We omit the proof of the
next proposition.

PROPOSITION 3.1. Let S be an inverse semigroup and F C EI(E) be an invariant subset.
We define the set pr C E(S) X E(S) of all pairs (e, f) € E(S) X E(S) such that &(e) =
E(f) holds for all ¢ € F. Then pr is a normal congruence on E(S).

Let S be an inverse semigroup and p be a normal congruence on E(S). Moreover, let
q: E(S) — E(S)/p denote the quotient map. For & € E(S)/p, we define g(&) € E(S) by
q(&)(e) = £(gle)), where e € E(S). Note that g(€) is not zero since g is surjective. Then

—

q: E(S)/p — E(S) is a continuous map by the definition of the topology of pointwise
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convergence. One can see that
GES]p) = () £ ES) | &) = &)
(e.f)ep

holds. In particular, F,, := G(E(S)]p) is a closed subset of E(S).

We say that F' C E©S) is multiplicative if the multiplication of two elements in F
also belongs to F whenever it is not zero.

PROPOSITION 3.2. Let S be an inverse semigroup and p be a normal congruence on
E(S). Then F, C E(S) is a closed multiplicative invariant set.

PROOF. It is easy to show that F, C E(E) is a closed multiplicative set. We show that
F, C E(S) is invariant. Take £ € F,, and s € § with £(s*s) = 1. By the definition of
F,, there exists 17 € E@p such that & = o g, where ¢: E(S) — E(S)/p denotes the
quotient map. Then

Bs(&)(e) = £(s™es) = n(q(s”es)) = By ((q(e)) =GBy (m)(e)
for all e € E(S). Therefore, it follows that 8,(£) = q(By5)(n)) € Fp. O

PROPOSITION 3.3. Let S be an inverse semigroup. Then p = pg, holds for every
normal congruence p on E(S).

PROOF. Assume that (e, f) € p. For all n € E(S)/p,

q(m(e) =n(g(e) =nlg(f) =qmf).

Therefore, (e, f) € PF,-
To show the reverse inclusion, assume that (e, f) € pr,. Define n,e) € E@)\/p by

1 (p=gq(e)),
0 (otherwise),

Ure) (p) = {

where p € E(S)/p. By (e, f) € pr,, we have 1n,)(q(f)) = n4e)(q(e)) = 1. Therefore,
q(f) = g(e). Similarly we obtain g(f) < g(e), so g(e) = g(f) holds. Thus, it follows
that (e, f) € p. m|

We say that F' C E/(§) is unital if F' contains the constant function 1.

LEMMA 3.4. Let S be an inverse semigroup and F C I:T(E) be a unital multiplicative
set. Assume that F separates E(S) (that is, for e, f € E(S), e = f is equivalent to the
condition that £(e) = £(f) holds for all ¢ € F). Then F is dense in E(S).

PROOF. For e € E(S) and a finite subset P C E(S), we define
NS = {£ € E(S) | £(e) = 1,&(p) = O for all p € P).

Recall that these sets form an open basis of E/(E). Observe that Ny, = N¢, holds, where
eP :={ep € E(S) | p € P}. Now it suffices to show that F N N}, # () holds for nonempty
N7, such that p < e holds for all p € P.
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In the case that P = 0, the constant function 1 belongs to F' N Nj. We may assume
that p < e holds for all p € P. Since N}, is nonempty, we have e # p for all p € P. Since
F separates E(S), there exists &, € F such that £,(e) = 1 and &,(p) = O for each p € P.
Define & := [[,ep §ps then £ € Ny N F. O

PROPOSITION 3.5. Let S be an inverse semigroup. Then I = F,, holds for every unital
multiplicative invariant closed set F C E(S).

PROOF. It is easy to show that F' C F,,.. Let g: E(S) — E(S)/pr denote the quotient
map. Then the set g !(F) is a unital multiplicative closed set which separates
E(S)/pr. By Lemma 3.4, (F) = E(S)/pr holds. Therefore, we have F 5 g(g ' (F)) =
GES)[pr) = Fpy. o

COROLLARY 3.6. Let S be an inverse semigroup. There is a one-to-one correspon-
dence between normal congruences on E(S) and unital multiplicative invariant closed
sets in E(S).

PROOF. Just combine Propositions 3.3 and 3.5. O

3.2. The least Clifford congruences. Let S be an inverse semigroup. Recall that
a congruence p on S is said to be Clifford if S/p is Clifford. For example, S X §
is a Clifford congruence on S. In this subsection, we prove that every inverse
semigroup admits the least Clifford congruence (Theorem 3.11). Our construction of
the congruence is based on the fixed points of I:T@).

DEFINITION 3.7. Let S be an inverse semigroup. A character £ € I::(E) is said to be
fixed if £(s™es) = £(e) holds for all e € E(S) and s € § such that £(s*s) = 1. We denote
the set of all fixed characters by E(S)y.

One can see that E(E)ﬁx is a closed subset of E(E). Moreover, E(E)ﬁx is a
multiplicative set. The fixed characters are characterized in the next proposition.

PROPOSITION 3.8. Let S be an inverse semigroup. Then & € ETE) is fixed if and only if
& can be extended to a semigroup homomorphism &: S — {0, 1}. In this case, £: S —
{0, 1} is the unique extension of &.

PROOF. If ¢ € E/(E) has an extension E: S — {0, 1},
&(s) = &(s)* = &(s"s) = £(s7s)

for all s € S. Therefore, a semigroup homomorphism extension of ¢ is unique if it
exists.

It is obvious that £ is fixed if £ has a semigroup homomorphism extension. Assume
that & € E/(—E) is fixed. Then define E(s): S — {0, 1} by E(sl:: &(s*s) for s € S. For
s, t € S, if &(t*t) = 1, we have &(st) = £(t7s™st) = £(s™s) = E(s)f(t). If&(r*t) = 0, we have
E(st) = E(s)g(t) = 0. Thus, :;?is a semigroup homomorphism. O
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DEFINITION 3.9. Let S be an inverse semigroup. We define the normal congruence
PClif = P, ON E(S). Furthermore, we define the congruence vciit = Vyqimin O S

and Sc“f = S/Vclif.

LEMMA 3.10. Let S be an inverse semigroup, v be a Clifford congruence on S and
q: S — S/v be the quotient map. Then a set

={§ogq e E(S)| & € ESV)
is contained in E(E)ﬁx. Moreover, E(E)ﬁx = E(_E) holds if and only if S is Clifford.
PROOF. Take & € E(/SF/) and assume that &(g(s*s)) = 1 for some s € S. For all e €
E(S),
q(s"es) = g(es)"q(es) = q(es)q(es)” = q(ess"e) = q(ss™)q(e) = (s s)q(e)
since S/v is Clifford. Now

§oq(s’es) = &(g(s"es)) = £(q(s™s)qle)) = &(g(s"$))é(g(e)) = & o qle).

Therefore, £ o ¢ is a fixed character.

Applying What we have shown for the trivial congruence v = {(s s)eSxS | s €S},
it follows that E(S)hx = E(S) holds if S is Clifford. Assume that E(S)f1X = E(S) holds
and take s € S. Define a character &+ € E(S) by

fs s(e) = { (e2 S*S)

0 (otherwise),

where e € E(S). Since we assume that E(?)ﬁx = b:(?) and &g5(s™s) = 1,
Es(587) = Egs(57(557)s) = &prs(s™s) = L

Then we have s*s < ss*. It follows that s*s > ss* from the same argument. Now we
have s*s = ss* and S is Clifford. O

Now we show that every inverse semigroup admits the Cliffordization.

THEOREM 3.11. Let S be an inverse semigroup. Then vcys is the least Clifford
congruence on S.

PROOF. First, we show that the congruence vcy¢ is Clifford. Take s € Sand & € E(?)ﬁx.
Then one can see that £(s*s) = &(ss™). Therefore, (s*s, s5*) € veyr and veye is a Clifford
congruence.

Let v be a Clifford congruence and ¢g: S — S/v be the quotient map. To show that
veiif C Vv, take (s, 1) € veyie. First, we show that (s*s, 1't) € v. We define nj € E@) by

n@%lwmm»

0 (otherwise).
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By Lemma 3.10, it follows that nog € E/(E)ﬁx. Since (s,1) € veyiir, we have 1 =no
q(s*s) = no q(t*t), which implies g(¢*t) > g(s*s). The reverse inequality is obtained
symmetrically and therefore g(¢*t) = g(s*s) holds.

LetneE (mlif) be the above character. Since 1 o g is a fixed character and (s, f) €
veiuif, there exists e € E(S) such that 7o g(e) = 1 and se = te hold. Since o g(e) = 1,
we have g(e) > g(s*s) = g(¢'t) by the definition of . Now we have g(s) = ¢g(s)g(e) =
q(t)g(e) = q(t). Therefore, (s,1) € v. ]
COROLLARY 3.12. Let S be an inverse semigroup, T be a Clifford inverse semigroup

and ¢: S — T be a semigroup homomorphism. Then there exists a unique semigroup
homomorphism @: S — T that makes the following diagram commutative:

¥
S—— T

@
SClif
where q: S — S denotes the quotient map.

3.3. The least commutative congruences. We say that a congruence on an inverse
semigroup is commutative if the quotient semigroup is commutative. In this subsec-
tion, we show that every inverse semigroup admits the least commutative congruence.

We denote the circle group by T := {z € C | |z = 1}. We view T U {0} as an inverse
semigroup with the usual products. By S, we denote the set of all semigroup
homomorphisms from S to T U {0}.

DEFINITION 3.13. Let S be an inverse semigroup. We define the commutative
congruence v,p on S as the set of all pairs (s,7) € § XS such that ¢(s) = ¢() holds
for all ¢ € S. We define S%° := §/v,p.

Let S be a Clifford inverse semigroup and e € E(S). We define H, := {s € S | s*s = e}.
One can see that H, is a group with the operation inherited from S. Note that the unit
of H, is e.

In order to show that v,, is the least commutative congruence, we need the next
lemma.

LEMMA 3.14. Let S be a Clifford inverse semigroup and e € E(S). Then a group
homomorphism ¢: H, — T can be extended to a semigroup homomorphism ¢: S —
T U {0}

PROOF. Define

B(s) = {w(se) (s*s > e),

0 (otherwise).

Then one can check that ¢ is a semigroup homomorphism extension of ¢. O
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THEOREM 3.15. Let S be an inverse semigroup. Then vy, is the least commutative
congruence on S.

PROOF. Assume that v is a commutative congruence. Let g: S — S/v denote the
quotient map. In order to show that vy, C v, take (s, f) € V.

First, we show that g(s*s) = g(¢*7). It suffices to show that £(¢(s*s)) = £(¢q(¢*1)) holds
for all £ € E(S/v) Note that § o g € E(S) is a fixed point by Lemma 3.10. Since £ o g
is a restriction of an element in S by Proposition 3.8, £(g(s*s)) = £(q(t*t)) follows from
(s*s, 1) € vyp.

In order to show that g(s) = g(¢), it suffices to show that y¥(q(s)) = ¥(gq(t)) for all
group homomorphisms : Hy5 — T since Hyys) = {a € S/v|a*a = g(s*s)} is an
abelian ian group. By Lemma 3.14, there exists a semigroup homomorphism extension
;l/ € S/v of . Since w oqe€ S and (s, 1) € vap, we have ¥(q(s)) = ¥(q(t)). Therefore,
q(s) = ¢(¢) holds. O

COROLLARY 3.16. Let S be an inverse semigroup, T be a commutative inverse
semigroup and ¢: S — T be a semigroup homomorphism. Then there exists a unique
semigroup homomorphism @: S® — T that makes the following diagram commuta-
tive:

S—— T

Al

Sab
where q: S — S denotes the quotient map.

4. Universal étale groupoids associated to quotient inverse semigroups

4.1. General case. Let S be an inverse semigroup and v be a congruence on S. Let
q: S — S/v denote the quotient map. Note that

= {£og e ES)| & € E(S))

is a closed invariant subset of G,(S) as shown in Proposition 3.2.
We omit the proof of the next proposition.

PROPOSITION 4.1. Let S be an inverse semigroup and H C S be a subsemigroup such
that E(S) C H. Then the map

Gu(H) 3 [5,¢] = [5,8] € Gu(S)

is a groupoid homomorphism which is a homeomorphism onto its image. Moreover,
the image is an open subgroupoid of G,(S).
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Via the map in the above proposition, we identify G,(H) with an open subgroupoid
of G,(9).

Let S be an inverse semigroup, v be a congruence on S and g: S — S/v be the
quotient map. Define kerv := g~'(E(S/v)) C S. Then ker v is a normal subsemigroup
of S. Although G,(kerv) is not necessarily a normal subgroupoid of G,(S), the
following holds.

PROPOSITION 4.2. Let S be an inverse semigroup and v be a congruence on S. Then
G(kerv)p, is an open normal subgroupoid of G,(S)F,.

PROOF. We know that G, (ker v)g, is an open normal subgroupoid of G,,(S)r,. We show
that G,(ker v)r, is normal in G,(S)F,. Let g: § — S/v denote the quotient map.

First, we show that G,(kerv)p, C Iso(Gu(S)/Fy\). Take [n, &] € Gy(kerv)r,, where
n € kerv. Since ¢ € F, holds, there exists € E(S/v) such that £ = 57 o g. Since g(n) €
E(S/v) holds, we have g(n*) € E(S/v) and

Bu(é)(e) = &(n”en) = n(g(n”)q(e)q(n))
= n(g(n")n(g(e)n(g(n) = n(g(n"n)n(g(e)) = &(e)

for all e € E(S). Therefore, 8,(¢) = € holds and it follows that [n, £] € Iso(G,(kerv)r,).

Next we show that [s, n][n, £][s, 7]~ € G.(ker v)r, holds for all [n, £] € Gy(kerv)p,
and [s, 7] € G,(S)F, such that n = 3,(£). One can see that

[s,nlln, E1Ls, ] ™" = [sns™, Bs()].
Now it follows that [s, 77][n, £1[s, n]™" € G.(ker V)r, from sns* € kerv. O

THEOREM 4.3. Let S be an inverse semigroup and v be a congruence on S. Then
G(S/v) is isomorphic to G,(S)r, /G, (ker v)F,.

PROOF. Let g: S — S/v denote the quotient map. Note that a map
G:ES[v)32émé0qeF,
is a homeomorphism. Define a map
Q: Gu(S)F, 3 5,91 - [q(s), &1 € Gu(S/v).

Using Proposition 2.1, one can see that ® is a groupoid homomorphism which is a
local homeomorphism and injective on GL,(S)ESV). Observe that @ is surjective.

We show that ker ® = G, (ker v)f, holds. The inclusion ker ® > G, (ker v)f, is obvi-
ous. In order to show that ker ® c G,(kerv)r,, take [s,g(¢)] € ker ®@. Since we have
[q(s), €] € G.(S/v)© and g(E(S)) = E(S/v), there exists e € E(S) such that [g(s), &] =
[g(e), £]. There exists f € E(S) such that £(g(f)) = 1 and g(s)q(f) = g(e)q(f). Now we

have sf € ker v, so it follows that

[s,q(E)] = [sf,q(é)] € G.(kerv)p,.
This shows that ker ® = G,(ker v)g,.
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By Proposition 2.2, @ induces an isomorphism @ that makes the following diagram

commutative:
(0]
Gu(S)FV — Gu(S/V)
Q _
d
Gu(S)FV/Gu(ker V)FV
where Q denotes the quotient map. O

4.2. Universal groupoids associated to special quotient inverse semigroups.

4.2.1. Minimum congruences associated to normal congruences on semilattices of
idempotents. Let S be an inverse semigroup. Recall that a congruence p on E(S) is
normal if (e, f) € p implies (ses*,sfs*) € p for all s € S and e, f € E(S). Note that one
can construct the least congruence v, min Whose restriction to E(S) coincides with p.
Recall that we can associate the closed invariant subset F, of G,(S) as shown in
Proposition 3.2.

PROPOSITION 4.4. Let S be an inverse semigroup and p be a normal congruence on
E(S). Then G,(S/vpmin) is isomorphic to G(S)F,.

PROOF. By Theorem 4.3, it suffices to show that G, (ker Vpmin)r, = G(S)" holds.
Let g: S — S/vymin denote the quotient map. Take [, 9(&)] € G, (ker Vp,min)]:':, where
n € kerv, min and ¢ € E(S‘/\p). Since n € ker v, min, there exists e € E(S) such that g(n) =
q(e). By the definition of v, min, there exists f € E(S) such thatnf = ef and (n*n, f) € p
hold. Observe that g(&€)(n*n) = £(g(n*n)) = £(g(f)) = &(g(e)) = 1. We have

[0,G&)] = [nf. 4] = [ef.4E)] € Gu(S)y-

Now we have shown that G, (ker v min)r, = G, (ker vp,min)?). O
P

THEOREM 4.5. Let S be an inverse semigroup. Then G,(SC) is isomorphic to
GM(S)ﬁX'

PROOF. Recall the definition of vciir = Vpe,min (see Definition 3.9). Since we have

i = I:T(E)ﬁx. By Lemma 3.10, we have
Fpo C I:T(E)ﬁx. To show the reverse inclusion, take & € E(E)ﬁx. By Proposition 3.8,
there exists a semigroup homomorphism extension E: S — {0, 1}. Since {0, 1} is
Clifford, there exists a semigroup homomorphism n: S — {0, 1} such that o g = £,
where g: S — SCIif denotes the quotient map. Therefore, we have ¢ = 10 glgs) € F,

Proposition 4.4, it suffices to show that F),

Clif *

Now we have shown that F,_.. = ﬁ)ﬁx- O

pclif
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4.2.2. The least commutative congruences. Let S be an inverse semigroup and v
be the least commutative congruence (see Proposition 3.13 and Theorem 3.15). Recall
that the abelianization of S is defined to be S := S/vp.

THEOREM 4.6. Let S be an inverse semigroup. Then G, (S™) is isomorphic to G,(S)™.

PROOF. By Theorem 4.3, it suffices to show that F, = E(E)ﬁx and G,(kervy)ax =
[Gu(s)ﬁxa Gu(S)ﬁx] hold.

Observe that v, is equal to veye on E(S). Indeed, this follows from the fact that
Ples) € I:T(E)ﬁX holds for all ¢ € S Therefore, we have F, = E/(\S)ﬁx.

Next we show that G, (ker v.p)ax = [Gu(Sfix, Gu(S)sx]. The inclusion

Gu(ker vap)iix 2 [Gu(S)fix> Gu(Ssix]

is easy to show.

Let g: S — S% and ¢’: S — SCIf denote the quotient maps. Since a commutative
inverse semigroup is Clifford, there exists a semigroup homomorphism o-: S — g2
such that g = o o ¢’. To show the reverse inclusion

Gu(ker yab)ﬁx - [Gu(S)ﬁXs Gu(S)ﬁx]’

take [n,9(&)] € G, (ker vy )ix, Where n € Ker vy, and £ € E@). Since n € ker vy, there
exists e € E(S) such that g(n) = g(e). Then we have g(n*n) = g(e). Since v, coincides
with v¢jie on E(S), it follows that ¢’ (n*n) = ¢’(e). Define

Hye = {s € S | s*s = ¢/ (e)};

then H () is a group in the operation inherited from SCIf. Observe that a unit of Hy ) is
q’'(e) and we have ¢’ (n) € Hy (. Fix a group homomorphism y : H ) — T arbitrarily.
By Proposition 3.14, y is extended to the semigroup homomorphism y: S — T U
{0}. Since T U {0} is commutative, there exists a semigroup homomorphism y: $%° —
T U {0} that makes the following diagram commutative:

’

S % §Clif
q X

§b ——— = T U {0}

N

Now

x(q'(n)) = x(q(n) = x(q(e)) = x(q'(e)).

Since we take a group homomorphism y: Hy ) — T arbitrarily, it follows that
q'(n) € [Hy ), Hy )], where [Hy (), Hy ()] denotes the commutator subgroup of Hy ().
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Therefore, there exist s1, 2, ..., 8u, 1,12, ..., € S such that

q'(n) =q'(s))qg' t)q' (s1)°q" (1) -+ q' m)q" tn) q' (5m)* G (tm)"
=g (s1t1871] -+ - SmbmSply,).

By the definition of vy, there exists f € E(S) such that

*
nf =sitisity - SmtmSpty f

and ¢’(n*n) = ¢’(f) hold. Then

[n,q(&)] = [nf,q&)]
= [si1878] - SmtmSpto, f, q(€)]
= [s1t1871] * - SmtmS s GE)] € [Gu(S)sixs Gul(S)six-
Thus, it is shown that G, (ker vap)six = [Gu(S)fix, Gu(Ssix ] O

5. Applications and examples

5.1. Clifford inverse semigroups from the viewpoint of fixed points. A 0-group
is an inverse semigroup isomorphic to I' U {0} for some group I'. For a group I', we
denote the O-group associated to I' by I'” := I" L1 {0}. It is clear that every O-group is a
Clifford inverse semigroup. Conversely, we see that every Clifford inverse semigroup
is embedded into a direct product of O-groups. We remark that this fact is already
known (see [5, Theorem 2.6]). Using fixed characters, we obtain a new proof.

Let S be a Clifford inverse semigroup and & € E(_E) Since {g} - E(_E) is invariant
by Lemma 3.10, we may consider a normal congruence p; := p(s on E(S) and a
CONgruence Vg := vy, min ON S. If £ =1, ps coincides with E(S) >< E(S) and S/vg is
the maximal group image of S. We define S(&) := {g:(s) € S/ve¢ | £(s™s) = 1}, where
ge: S — S/ve is the quotient map. Then S(¢) is a group.

Define the map ¢;: S — S(£)° by

oe(s) = {%(s) (") = D, 51)

0 (&Gs*s) =0
Then ¢; is a semigroup homomorphism.

PROPOSITION 5.1. Let S be a Clifford inverse semigroup. Then the semigroup
homomorphism

D: 8350 (@e)eey € | | 5&°
¢€E(S)
is injective. In particular, every Clifford inverse semigroup is embedded into a direct

product of 0-groups.

PROOF. Assume that s, t € S satisfy O(s) = O(¢). Since we have @:(s*s) = @(t*1) for all
& € E(S), it follows that £(s*s) = £(¢*t) for all & € E(S). Therefore, we obtain s*s = £*¢.
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Define &4 € E/(§) by

fs*s(e) = {1 (e2 S*S.)»

0 (otherwise).
Then we have &-(s*s) = &¢5(t*t) = 1. Combining with ¢, (s) = ¢¢. (), we obtain
Ge, () = g, (1). Therefore, there exists e € E(S) such that & (e) = &-,(s*s) = 1 and
se = te. It follows that e > s*s(= ¢'t) from &;-;(e) = 1. Thus, we have shown that s = ¢
and @ is injective. O

PROPOSITION 5.2. Let S be a finitely generated Clifford inverse semigroup. Then Ef(y)
is a finite set.

PROOF. Take a finite set F' C S which generates S. Let X denote the set of all nonzero
semigroup homomorphisms from S to {0, 1}. Then a map

X3¢ E(frer €10, 1)

is mJectlve since F generates S. By Proposition 3.8 and Lemma 3.10,themap X 3 ¢ —
Elges) € E(S) is bijective. Since E(S) is embedded into {0, 1}, E(S) is a finite set. O

COROLLARY 5.3. Let S be a finitely generated Clifford inverse semigroup. Then S is
embedded into a direct sum of finitely many 0-groups.

Let S be a Clifford inverse semigroup and & € E(_E). Recall that G,(S); is a discrete
group. In [2], the authors gave a way to calculate G,(S)¢. Then £71({1}) is a directed set
with respect to the order inherited from E(S). For e € E(S), define S(e) {seS|s*s=e}.
Then S(e) is a group. For e, f € E(S) with e < f, define a map ‘,oe. S(f) —» S(e) b Iy
Ve (s) = se for s € S(f). Then goe is a group homomorphism. One can see that (S(e), ¢, )
consists of an inductive system of groups. The authors proved the following theorem.

THEOREM 5.4 [2, Theorem 3.1]. Let S be a Clifford inverse semigroup and & € E/(E).
Then there exists an isomorphism

Gu(S)e = Tim S(e).
&le)=1
We give a way to realize h_n}lf(e):] S(e) as a quotient of S.
PROPOSITION 5.5. Let S be a Clifford inverse semigroup and & € b:(§). Then we have
the following isomorphism:
lim S(e) = S(€).
&le)=1

PROOF. Let ¢g: § — S(&)° denote the map in Proposition 5.1 and put I := li_n)lS(e).
For e € E(S) with £(e) = 1, we define o, : S(e) — S(&) by o.(s) := ¢:(s). We obtain a
group homomorphism o : I' — S(£). One can see that ¢ is an isomorphism. O

Combining Theorem 5.4 with Proposition 5.5, we obtain the next corollary.
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COROLLARY 5.6. Let S be a Clifford inverse semigroup and & € bf(E). Then G,(S); is
isomorphic to S(¢).

Let I be a discrete set and {I';};; be a family of discrete groups. Then the disjoint
union [ [;; I'; is a discrete group bundle over / in the natural way. Using Proposition 5.2
and Corollary 5.6, we obtain the next corollary.

COROLLARY 5.7. Let S be a finitely generated Clifford inverse semigroup. Then there
exists an isomorphism

G = | | s©.

eE(S)

For an étale groupoid G with the locally compact Hausdorff unit space G, we
write C*(G) (respectively C7(G)) to represent the universal (respectively reduced)
groupoid C*-algebra of G (see [4] for the definitions). Corollary 5.7 immediately
implies the next corollary.

COROLLARY 5.8. Let S be a finitely generated Clifford inverse semigroup. Then we
have isomorphisms

CGuS) = P C'5©).  CGuS) = P Cise.

£€E(S) £€E(S)

5.2. Free Clifford inverse semigroups. We investigate universal groupoids and
C*-algebras associated to free Clifford inverse semigroups on finite sets.
First, we recall the definition of the free groups.

DEFINITION 5.9. Let X be a set. A free group on X is a pair (F(X), ) consisting of a
group F(X) and a map «: X — F(X) such that:

(1) «k(X) generates F(X); and
(2) for every group I and a map ¢: X — I, there exists a group homomorphism
¢: F(X) — T such that ¢(x) = ¢(k(x)) holds for all x € X.

We define free inverse semigroups in a similar way.

DEFINITION 5.10. Let X be a set. A free inverse semigroup on X is a pair (FIS(X), ¢)
consisting of an inverse semigroup FIS(X) and a map ¢: X — FIS(X) such that:

(1) «X) generates FIS(X); and
(2) for every inverse semigroup 7 and a map ¢: X — T, there exists a semigroup
homomorphism @: FIS(X) — T such that ¢(x) = ¢(¢(x)) holds for all x € X.

It is known that free inverse semigroups exist and are unique up to isomorphism.
See [3, Section 6.1] for the existence of free inverse semigroups. The uniqueness is
obvious.
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DEFINITION 5.11. A free Clifford inverse semigroup on X is a pair (FCIS(X),t)
consisting of a Clifford inverse semigroup FCIS(X) and a map ¢: X — FCIS(X) such
that:

(1) «X) generates FCIS(X); and

(2) for every Clifford inverse semigroup 7 and a map ¢: X — T, there exists a
semigroup homomorphism ¢: FCIS(X) — T such that ¢(x) = ¢((x)) holds for
all x € X.

Free Clifford inverse semigroups exist and are unique up to isomorphism. Indeed,
for a free Clifford inverse semigroup (FIS(X), () and the quotient map ¢: FIS(X) —
FIS(X)“!f, one can see that (FIS(X)“!, ¢ o ¢) is a free Clifford inverse semigroup on X.
The uniqueness is obvious.

Let X be a set. For A C X, define a map y4: X — {0, 1} by

w1 e,
XAYZV0 (g A).

Since {0, 1} is Clifford, y4 can be extended to the semigroup homomorphism from
FCIS(X) to {0, 1}, which we also denote by y4. Every semigroup homomorphism from
FCIS(X) to {0, 1} is of the form y,4 for a unique A C X.

By Proposition 3.8, yalerciscx) is a fixed character if A is not empty. By Lemma
3.10, all characters on E(FCIS(X)) are fixed characters. Therefore, we obtain the next
proposition.

PROPOSITION 5.12. Let X be a finite set. Put S = FCIS(X). Then the map
PO\ (0} 3 A = xalies) € E(S)
is bijective, where P(X) denotes the power set of X.

We identify yalercisx)) With ya since we can recover y, from the restriction

XAlEFCIS(X)-

For a nonempty set A C X, define ey := [],e4 t(x)*t(x) € E(FCIS(X)). For e €
E(FCIS(X)), the condition that y4(e) = 1 is equivalent to the condition that e > ey4.
Using this fact, one can prove the next proposition.

PROPOSITION 5.13. The map
PX)\ {0} > A — ey € E(FCIS(X))
is bijective.

In order to apply Corollary 5.6 for free Clifford inverse semigroups, we prepare
with the next proposition.

PROPOSITION 5.14. Let X be a set and A C X be a nonempty set. Put S = FCIS(X).
Then S(xa) is isomorphic to the free group F(A) generated by A.
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PROOF. If X = A, S(ya) is the maximal group image of S. Therefore, S(ya) is
isomorphic to F(A).
We assume that A € X. Let ¢4: S — S(x4)° denote the map defined by

oa(s) = Q(s)  (xals™s) = 1),
0 (xa(s™s) = 0),

where Q: § — S/v,, denotes the quotient map. By the universality of F(A), define
a group homomorphism 7: F(A) — S(y4) such that 7(x(a)) = ¢4(«(a)) for all a € A.
We construct the inverse map of 7. Using the universality of S = FCIS(X), define a
semigroup homomorphism o: S — F(A) that satisfies

k(x) (x €A,

o(ux) = {0 (¢ A)

for x € X. We claim that (s, ) € v,, implies o(s) = o(¢) for 5,1 € S. If ya(s*s) =0,
we have o(s) = o(f) = 0. We may assume that y,(s*s) = 1. By (s,) € v,,, we have
seq = tey. Since o(ey) is the unit of F(A), we have o(s) = o(¢). Therefore, we obtain
a semigroup homomorphism : S(y4)° — F(A)° that makes the following diagram

commutative:
s—F L RAY
©®A ~
o
SOra)°
Now one can verify that olg,,) is the inverse map of 7. O

Now we have the following theorem.

THEOREM 5.15. Let X be a finite set. Then there exists an isomorphism

G.(FCIS(X)) ~ ]_[ F(A).
AeP(X)\{0}

PROOF. Put S = FCIS(X). By Proposition 5.12,
E(S) = {xa € E(S) | A € P(X) \ {0})
is a finite set. Therefore, we have an isomorphism

GuS)= || GuS),.

AeP(X)\{0}

By Proposition 5.14, we obtain the isomorphism in the statement. O
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5.3. Fixed points of Boolean actions. From [9, Section 5], we recall the notion of
Boolean actions. By a locally compact Boolean space, we mean a locally compact
Hausdorff space that admits a basis of compact open sets. Let S be an inverse
semigroup and X be a locally compact Boolean space. An action a: S ~ X is said
to be Boolean if:

(1) forall e € E(S), DY C X is a compact open set of X; and
(2) the family

{Dg U U(X \ DY) | e € E(S), P  E(S) is a finite set}
feP

forms a basis of X.
It is known that G,(S) has the following universal property for Boolean actions.

THEOREM 5.16 [9, Proposition 5.5]. Let S be an inverse semigroup, X be a Boolean
space and a: S ~ X be a Boolean action. Then S =, X is isomorphic to G,(S)r for
some closed invariant subset F C E(S).

COROLLARY 5.17. Let S be a finitely generated inverse semigroup and a: S ~ X
be a Boolean action. Then « has finitely many fixed points. More precisely, the
number of fixed points of « is less than or equal to the number of nonzero semigroup
homomorphisms from S to {0, 1}.

PROOF. Since we assume that S is finitely generated, the set of all nonzero semigroup
homomorphisms from § to {0, 1} is a finite set. By Proposition 3.8, there exists a
bijection between the set of all nonzero semigroup homomorphisms from S to {0, 1}
and b:(\S)ﬁx. Now Theorem 5.16 completes the proof. O

EXAMPLE 1 (cf. [4, Example 3 in Section 4.2]). For a natural number n € N, the Cuntz
inverse semigroup S, is an inverse semigroup which is generated by {0, 1, sy, ..., sy}
with the relation

* = P
s;8;=0;;1

for all i,j € {1,2,...,n}. Define ¢: S, — {0,1} by &(x) =1 for all x € S,. Then £ is
the unique nonzero semigroup homomorphism from S, to {0, 1}. Since 0 € S,,, £ is an
isolated point of b:(E). Therefore, every Boolean action of S, has at most one fixed
point, which becomes an isolated point.
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