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ON THE COMMUTANT OF CERTAIN AUTOMORPHISM
GROUPS

P. K. TAM

1. Introduction. Let .2/ be a W*-algebra, A(%/) the group of all auto-
morphisms of 27. In this paper we have determined the commutant G’ of a
subgroup G of A (%) for certain classes of G and .%/. The main results are
as follows.

THEOREM 1. If G is a locally compact abelian group acting by translation on the
W*-algebra L”(G), then the commutant of a dense subgroup of G is G itself.

THEOREM 2. Consider a W*-algebra &7, a topological group G with a dense
subgroup D and a continuous faithful representation g — o, of G as an ergodic
group of automorphisms of &/ (the topology on A (.2/) being pointwise con-
vergence in the strong topology). Suppose that:

(1) K 1s a topological group;

(2) k> Ul(k) is a strongly continuous representation of K as a unitary group
generating A ;

(38) For each g € G and k € K there is a constant c(g, k) such that

a,(Uk)) = c(g, k) U(k);

and
(4) If x ts a continuous character of K then there exists g € G such that

x(B) = c(g, k) forallk ¢ K

or

) IfB € A(H) and
B(Uk)) = x(R)U(k) forallk € K

then there is a g € G such that x (k) = c(g, k) for all k € K.
Then we can conclude that

{ag:d € D} ={a,:g € C}
where C is the centralizer of G.
THEOREM 3. If G; is an ergodic group of automorphisms of the abelian W*-

algebra M ; (i =1, 2), then (G1 ® G2)' =G\ @ Gy as groups on M 1 Q@ M ».
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Tueorem 4. (For notations, cf. [3].) Suppose that for each i € I, M ; is an
abelian W*-algebra, w; a normal state on M ; with w;(1) = 1, and G; an ergodic
group of automorphisms of M ;. Then

(UGo0) = (@ Guwd) = & Grren

i€l

as groups on Qicr (M 5, w;), where

® (G wi) = {0‘ € A( i@ (Jﬁ iy w,-)):a = ® g: forsome (g:)ics € I;IIGi},

el €I

and

H(G,-, wy) = {a € A( i(?l &4 i,wi)):a = i@gi for some (g:)icr € HG,-}.

i€r i€l

A few words about the organisation of this paper are in order. In § 2 we give
the proofs of a preparational lemma and Theorem 2, which are independent of
Theorem 1. In § 3 we apply Theorem 2 to establish Theorem 1. In § 4 we
present some applications of Theorems 1 and 2. In § 5 we prove Theorem 3.
Finally in § 6, as an addendum, we indicate a proof of Theorem 4.
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2. Proof of Theorem 2. We first establish the following preparational

LEMMA. Given a W*-algebra 7, a group G and a representation g+ o, of G
as an ergodic group of automorphisms of A, suppose that a unitary U in o
satisfies

a,(U) =c(@)U forallg € G
for some function ¢ : G — C. If A € o satisfies
a,(A) = c(g)A forall g € G,
[Jren A = \U for some \ € C.
Proof. By a direct calculation (and the fact that ,(1) = 1),
a,(U4) = U4 forall g € G.

Proof of Theorem 2. Suppose that 8 € A(2) commutes with all a, for
d € D. Then by continuity 8 commutes with «, for g € G so that

o, [B(U (k) = c(g, B)B(U(K))].
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The lemma then implies that
B(U)) = x(k)U(k) forallk € K.

By condition (2), x is a continuous character of K. Hence condition (4) or
(4’) proves the existence of g € G such that

B(U(k)) = c(g,k)U(k) forallk € K;

hence
B(U(k)) = ay(U()).

As {U(k) : k € K} generates %/, 8 = a,. As the representation of G is one-to-
one, g belongs to the centralizer of G. This completes the proof.

3. Proof of Theorem 1. Let.2/ = L*(G) acting on L2(G) by multiplication.
Define o : G — A () by

aﬂ(MF) = -ZL[ﬂpy

where M, € &7 is the multiplication by F € L®(G), and g is the translate of
F by g (e, gr(x) = F(x —g), x € G). Then « is a continuous faithful
representation of G as an ergodic group of automorphisms of .27 as required in
Theorem 2. To meet the other conditions of Theorem 2, let K be G, the dual
group of G, and let U(k) € .o be the multiplication by the continuous character
k. Then by well-known theorems in harmonic analysis it is not difficult to
check that all conditions (1)-(4) of Theorem 2 are satisfied. The proof is
thus completed by an application of Theorem 2.

4. Applications. The following applications of Theorems 1 and 2 are not
only interesting on their own right, but also useful in the problem of unitary
equivalence of operators [7].

Let X be [0, 1) with addition mod 1 (i.e. the circle group), or R with usual
addition (and in both cases, with usual topology and Lebesque measure), and
let D be a dense subgroup of X. For each x € X, denote by 7', the automor-
phism of A4 (= L. (X) acting by multiplication on L.(X)) induced by trans-
lation by x. Then by Theorem 1, {T3:d € D} = {T,:x € X}.

ProrosITION 1. Let A be L, (R) acting by multiplication on Ly(R). For each
non-gero real number r, let s, be the automorphism of M given by:

(sif )(x) = f(r'x), x € R,

for any f € L,(R). Then for any set D of strictly positive real numbers with
In(D) a dense subgroup of R, we have:

{s,: |r]| € D} = {s,: r non-zero real}.

Proof. Suppose & € {s,: |r| € D}'. By ergodicity it is easy to see that either:
for every measurable subset 4 of R, (the positive reals), «(T,) = T'p for
some measurable subset B of Ry, or: for every measurable subset A of Ry,
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a(T,) = Tp for some measurable subset D of R_ (the negative reals), where
T 4 denotes the multiplication by the characteristic function 1, on A. It then
follows that « can be identified to an automorphism & of .#, which commutes
with automorphisms of # induced by translations by a certain dense subgroup
of R. Theorem 1 implies that & is induced by translation, and the identification
shows that @ = s, for some non-zero real number ». The proposition then
follows immediately.

Let Z, be the additive group of two elements 0 and 1, Sy the ring of all
subsets of Zs, uo the measure on (Zs, Sy) assigning ¢ to 1 and 1 — ¢ to 0 where
g € [% 1]. For each n € Z, let X, = Z5, S, = Sy, and u, = po. Let X =
KuezXn, S = XuezS,, and let (X, S, u,) be the completion of X zu, on
(X, S").Let A = [JnezX, Let# be L, (X, S, u,) acting by multiplication on
L.(X, S, u,). For each 6 € A the translation in X by § induces an automor-
phism a; of # [5;9]. When ¢ = %, Kakutani’s theorem [4] implies that trans-
lation by each x € X induces an automorphism a, of . For simplicity we
write «, instead of «;,, where 8, € A (n € Z) is such that§,(m) = 0 if m # #n,
=1lifm = n.

PRrROPOSITION 2. With the above notations we have:
(i) When ¢ > %, {o, :m € Z} = {as : 6 € A}.
(ii) When g = %, {lan: m € Z} = {a, : x € X}.

Proof. Let X, have the discrete topology, X the product topology, and A the
relative topology. Let G = A in case (i), and G = X in case (ii). Let D =
K = Ain both cases. For g € G, let a, be the automorphism of .# induced by
translation by g. For n € Z let U, be the multiplication by the function U, (- ),
where U,(x) = —1 when x(#) = 1, and = 1 when x(n) = 0 (x € X). For
8 € A, let Us be the multiplication by the function U;(-), where U;(x) =
I1;,_,U,(x), x € X. Condition (4) of Theorem 2 is verified in case (ii) by
direct calculation. Condition (4’) of Theorem 2 is verified in case (i) by similar
calculation and Kakutani’s theorem [4]. Other conditions of Theorem 2 are
also satisfied by well-known theorems [5; 9] or by simple calculations. The
proposition then follows from Theorem 2.

5. Proof of Theorem 3. We shall need the following result of [2]; for the
sake of completeness we include an indication of a proof.

LemMA [2]. Let M 1, M 5 be abelian W*-algebras, and H an ergodic group of
automorphisms of M 5. Then

(MecM,@My: 1) (M) =Mforalih € H =M, C.

Proof. Represent.# , as maximal abelian on a hilbert space . Then each
automorphism & of A& , is induced by a unitary operator on . . The lemma
then follows from the commutant theorem.
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Proof of Theorem 3. Suppose & € (G1 ® Gs)'. For any M, € M 1, M, € M »,
21 € Gy, g2 € G; we have
(1 ® g)a(M:®1)] =a(M:®1),
(g1 ® DNe(1 ® Mo)] =a(l @ M,).
By the preceding lemma there are g,/ € Gy’ and g’ € G’ such that

a=g'Q®g.

The theorem then follows immediately.

6. Addendum. As a generalization of Theorem 3 to the infinite tensor
product algebra, we have Theorem 4. For technical reasons we shall only sketch
the proof briefly. First it is obvious that

® G, w) C ( ® @ wi))' C (g G, wi)),.

€1
Let a € (JT (G4 wi))’. Then by the associativity of the tensor product [5]
and the ergodicity of [J::(Gs wi) (cf. [1]), a induces an automorphism
g/ € G/ for each 7 € I such that

a= ®g € ® G/ w).
€1

i€l
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