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ON THE COMMUTANT OF CERTAIN AUTOMORPHISM 
GROUPS 

P. K. TAM 

1. Introduction. Let s/ be a 1/p*-algebra, A ( J / ) the group of all auto­
morphisms of s/. In this paper we have determined the commutant G' of a 
subgroup G of A (s/) for certain classes of G and s/. The main results are 
as follows. 

THEOREM 1. If G is a locally compact abelian group acting by translation on the 
W*-algebra U°(G), then the commutant of a dense subgroup of G is G itself. 

THEOREM 2. Consider a W*-algebra s/, a topological group G with a dense 
subgroup D and a continuous faithful representation g\-^> ag of G as an ergodic 
group of automorphisms of s/ (the topology on A(s/) being pointwise con­
vergence in the strong topology). Suppose that: 

(1) K is a topological group; 
(2) & i—> U(k) is a strongly continuous representation of K as a unitary group 

generating s/ ; 
(3) For each g G G and k G K there is a constant c(g, k) such that 

*,(U(k)) = c(g,k)U(k); 

and 
(4) If x is a continuous character of K then there exists g G G such that 

xik) = c(g,k) for all k G K 

or 
(4') Ifpe A(s/) and 

P(U(k)) = x(k)U(k) forallk^K 

then there is a g G G such that %(&) = c{gyk) for all k G K. 
Then we can conclude that 

{ad:de D}' = {ag:ge C} 

where C is the centralizer of G. 

THEOREM 3. If Gt is an ergodic group of automorphisms of the abelian W*-
algebra ^é t (i = 1, 2), then (G\ ® Gz)f = G\ ® G2

r as groups on ^ i ® <JK 2. 
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THEOREM 4. (For notations, cf. [3].) Suppose that for each i G 7, <J£ t is an 
abelian W*-algebra, œt a normal state on <J£ t with co*(l) = 1, and Gt an ergodic 
group of automorphisms of ^ im Then 

( I I (G , f co , ) ) ' = ( ® (G, f « , ) ) ' = (x) (G/, co,) 

as groups on 0i£i (^ u «i), where 

(x) (d, <at) = \a £ A\ (x) (^tf i9 œt)):a = ® gt for some (gt)tei G I~I GM> 
z£Z v \ Ï 6 J / i€I i£I / 

and 

JLiCG^coi) = -{a G ̂ 4l ® ( ^ * , coOJra = (ggi /or seme (g«)<€/ G i l ^ f • 
f € 7 v. \ i£I ' i£I i£ I J 

A few words about the organisation of this paper are in order. In § 2 we give 
the proofs of a preparational lemma and Theorem 2, which are independent of 
Theorem 1. In § 3 we apply Theorem 2 to establish Theorem 1. In § 4 we 
present some applications of Theorems 1 and 2. In § 5 we prove Theorem 3. 
Finally in § 6, as an addendum, we indicate a proof of Theorem 4. 

Acknowledgement. The results of this paper are partly contained in, and 
partly inspired by, the author's doctoral thesis written under the very helpful 
supervision of Professor Donald Bures at the University of British Columbia. 
The author is also grateful to the referee for his many valuable suggestions; in 
particular, the statements and the proofs of Theorems 1 and 2 are suggested 
by him. 

2. Proof of Theorem 2. We first establish the following preparational 

LEMMA. Given a W*-algebra s/, a group G and a representation g i—» a9 of G 
as an ergodic group of automorphisms of s/, suppose that a unitary U in s/ 
satisfies 

<*ç(U) = c(g)U for all g G G 

for some function c : G —> C. If A G stf satisfies 

<*0{A) = c(g)A for all g G G, 

.hen A = \U for some X G C. 

Proof. By a direct calculation (and the fact that a0(l) = 1), 

ag(U-lA) = U~XA for all g G G. 

Proof of Theorem 2. Suppose that /3 G A (s/) commutes with all ad for 
d G D. Then by continuity ft commutes with aQ for g G G so that 

*g\fi(U(k)) =c(g,k)\fi(U(k))]. 
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The lemma then implies tha t 

HU(k)) = x(k)U(k) for all k G K. 

By condition (2), x is a continuous character of K. Hence condition (4) or 
(4') proves the existence of g G G such tha t 

P(U(k)) = c(g, k)U(k) for all k G K\ 

hence 

HU{k)) = a,(U(k))-

As { U(k) : k G K] g e n e r a t e s ^ , p = a0. As the representation of G is one-to-

one, g belongs to the centralizer of G. This completes the proof. 

3. Proof of T h e o r e m 1. L e t j / = Lœ(G) acting on L2(G) by multiplication. 
Define a : G -> A (s/) by 

ag{MF) = MffF, 

where MF G S$ is the multiplication by F G Lœ(G), and g F is the t ranslate of 
F by g (i.e., gF(x) = F(x — g), x G G). Then a is a continuous faithful 
representation of G as an ergodic group of automorphisms of s/ as required in 
Theorem 2. To meet the other conditions of Theorem 2, let K be G, the dual 
group of G, and let Uik) £ s/be the multiplication by the continuous character 
k. Then by well-known theorems in harmonic analysis it is not difficult to 
check t ha t all conditions ( l ) - ( 4 ) of Theorem 2 are satisfied. T h e proof is 
thus completed by an application of Theorem 2. 

4. A p p l i c a t i o n s . T h e following applications of Theorems 1 and 2 are not 
only interesting on their own right, bu t also useful in the problem of uni ta ry 
equivalence of operators [7]. 

Let X be [0, 1) with addition mod 1 (i.e. the circle group) , or R with usual 
addition (and in both cases, with usual topology and Lebesque measure) , and 
let D be a dense subgroup of X. For each x ^ I , denote by Tx the automor­
phism of<^# ( = Lœ(X) acting by multiplication on L2(X)) induced by t rans­
lation by x. Then by Theorem 1, {Td : d G D}r = \TX : x Ç X}. 

PROPOSITION 1. Let^ be L œ ( R ) acting by multiplication on L 2 ( R ) . For each 
non-zero real number r, let sr be the automorphism oj^é given by: 

(srf)(x) = f(r-lx), x G R, 

for any f G Lœ(R). Then for any set D of strictly positive real numbers with 
\n(D) a dense subgroup of R, we have: 

{sT : \r\ G D}' = {sr : r non-zero real}. 

Proof. Suppose a G {sr : \r\ G D}'. By ergodicity it is easy to see t ha t either: 
for every measurable subset A of R + (the positive reals), a(TA) = TB for 
some measurable subset B of R+, or: for every measurable subset A of R + , 
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a(TA) = TD for some measurable subset D of R_ (the negative reals), where 
TA denotes the multiplication by the characteristic function 1A on A. It then 
follows that a can be identified to an automorphism â of ̂ # , which commutes 
with automorphisms of*Jt induced by translations by a certain dense subgroup 
of R. Theorem 1 implies that a is induced by translation, and the identification 
shows that a = sr for some non-zero real number r. The proposition then 
follows immediately. 

Let Z2 be the additive group of two elements 0 and 1, S0 the ring of all 
subsets of Z2, Mo the measure on (Z2, So) assigning q to 1 and 1 — q to 0 where 
<Z £ [2» !]• For each n G Z, let Xn = Z2, Sw = So, and /*n = JU0. Let X = 
Xnez-̂ n» S' = XnzzSn, and let (X, S, /*ff) be the completion of XnezV>n on 
(X, Sf). Let A = Y[nezXn. Le t~#be Lœ(X, S, /xff) acting by multiplication on 
L2(X, S, nQ). For each ô G A the translation in X by ô induces an automor­
phism as oiJf [5; 9]. When q = \, Kakutani's theorem [4] implies that trans­
lation by each x G X induces an automorphism ax ol<Jé. For simplicity we 
w r i t e r instead of a§n, where bn G A (n G Z) is such that hn(m) = 0 if m ^ w, 
= 1 if m = w. 

PROPOSITION 2. PFÏ/& /fee a&oye notations we have: 
(i) TFAew g > i {a, : » 6 Z}' = {a5 : 6 G A}, 

(ii) "R^n 5 = I, jaM : w ^ ZJ' = {ax : x £ X}. 

Proof. Let Xn have the discrete topology, X the product topology, and A the 
relative topology. Let G = A in case (i), and G = X in case (ii). Let D — 
K = A in both cases. For g G G, let o^ be the automorphism of ,^# induced by 
translation by g. For n G Z let £4 be the multiplication by the function Un( • ), 
where £/w(#) = — 1 when #(w) = 1, and = 1 when x(n) = 0 (xÇ X). For 
ô G A, let £7 5 be the multiplication by the function UB( • ), where UÔ(X) = 
Il8n=iî7w(x), x G X. Condition (4) of Theorem 2 is verified in case (ii) by 
direct calculation. Condition (4') of Theorem 2 is verified in case (i) by similar 
calculation and Kakutani's theorem [4]. Other conditions of Theorem 2 are 
also satisfied by well-known theorems [5; 9] or by simple calculations. The 
proposition then follows from Theorem 2. 

5. Proof of Theorem 3. We shall need the following result of [2]; for the 
sake of completeness we include an indication of a proof. 

LEMMA [2]. Let *J? 1, *Jif 2 be abelian W*-algebras, and H an ergodic group of 
automorphisms of Je 2. Then 

{M G ^ i 0 ^ # 2 : (1 ® h)(M) = M for all h G H} = Je x (g) C. 

Proof. R e p r e s e n t ^ 2 as maximal abelian on a hilbert space J^f . Then each 
automorphism h oiJé 2 is induced by a unitary operator onJ^f . The lemma 
then follows from the commutant theorem. 
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Proof of Theorem 3. Suppose a G (Gi ® G2)'. For any Mi G ^ i, M2 G ^ 2, 
g\ G Gi, g2 G G2 we have 

(1 ® g2)[a(JWi 0 1)] = a ( i f i ® 1), 

(gi (8) l ) [a( l ® M2)] = a ( l ® M2). 

By the preceding lemma there are gi G G/ and g2 G G/ such that 

a = gi ® g*. 

The theorem then follows immediately. 

6. Addendum. As a generalization of Theorem 3 to the infinite tensor 
product algebra, we have Theorem 4. For technical reasons we shall only sketch 
the proof briefly. First it is obvious that 

(x) (G/,co,) C ( ® (G„co , ) ) ' c 111 (Gu co,))'. 

Let a G (Qie/(G*, coj)'. Then by the associativity of the tensor product [5] 
and the ergodicity of ] J<E/ (G*, CÔ ) (cf. [1]), a induces an automorphism 
gi G Gi for each z G / such that 

« = ® gi € ® (G/, Wi). 
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