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PARTIALLY INFORMED INVESTORS:
HEDGING IN AN INCOMPLETE MARKET
WITH DEFAULT

P. TARDELLL* University of L’Aquila

Abstract

In a defaultable market, an investor trades having only partial information about the
behavior of the market. Taking into account the intraday stock movements, the risky
asset prices are modelled by marked point processes. Their dynamics depend on an
unobservable process, representing the amount of news reaching the market. This is a
marked point process, which may have common jump times with the risky asset price
processes. The problem of hedging a defaultable claim is studied. In order to discuss
all these topics, in this paper we examine stochastic control problems using backward
stochastic differential equations (BSDEs) and filtering techniques. The goal of this paper
is to construct a sequence of functions converging to the value function, each of these is
the unique solution of a suitable BSDE.
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1. Introduction

This paper deals with the problem of hedging a defaultable claim. On this topic a large
literature can be found; see, e.g. Bielecki ef al. [1], Jeanblanc ef al. [13], and the references
therein. A defaultable contingent claim maturing at time 7' consists of a triplet (Z, Z, 7). The
random variable T models the time of default. The random variable Z is the payoff received
by the owner of the claim at 7 if the default does not occur before maturity. The so-called
reCOVery process Z; is such that Z, is the payoff received at the time of defaultif t < T.

Most of the standard literature in finance is based on the assumption that the prices of
the underlying assets follow a diffusion behavior. However, empirical evidence from various
studies show that such models are inadequate for different reasons, e.g. the mispricing that they
might induce; see Runggaldier [18]. As already observed in Geradi and Tardelli [10], on very
small time scales actual prices do not really change continuously over time, but rather at discrete
random points in time in reaction to trades and/or to significant new information. Moreover,
the advent of intraday information on financial asset price quotes and the increasing number of
studies on market microstructure leads us to describe the prices as processes that are piecewise
constant and jump at irregularly spaced random times in reaction to trades or to significant new
information. Therefore, pure jump processes may be more suitable for modelling the observed
price or quantities related to the price; see, e.g. Prigent [17].
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In this paper the prices are studied by introducing a model similar to that presented by
Tardelli [20], [21], and Gerardi and Tardelli [10]. In particular, the dynamics of the underlying
asset price S is described by a pure jump process driven by two point processes and by the
default indicating process. Many authors (e.g. Zariphopoulou [22], even if in a continuous
behavior) claim that it is sensible to assume that the price dynamics depend on an exogenous
process. According to this idea, the dynamics of the price is assumed to depend on a pure jump
process X. Moreover, S and X may have common jump times and X is unobservable by the
market agents.

Taking into account the presence of the unobservable process X, in this paper we consider
a market with an investor who does not have complete information about the dynamics of the
market. He/she just observes the price behavior and the default time. The common way to
solve this problem is to use filtering theory so as to reduce a stochastic control problem with
partial information to one with complete information. Thus, a technique of projection is needed
that leads to a filtering problem with marked point process observations. This latter topic is
discussed in a way similar to that used in Ceci [5] and Tardelli [20].

Due to the presence of a pure jump price process, the market is incomplete. In such cases,
there is always some residual risk and so one may want to choose a strategy so as to minimize
a criterion related to this risk. This means that perfect replication is not possible and a suitable
alternative approach must be found. Here, the procedure consists of maximizing the mean value
of a utility function from the terminal wealth and choosing an exponential utility function;
see, e.g. Hu et al. [11] and Mania and Schweizer [16]. The problem becomes a stochastic
control problem and to deal with it many techniques can be used ranging from the dynamic
programming method, Hamilton—Jacobi—Bellman partial differential equations, and backward
stochastic differential equations (BSDEs), to duality methods. The approach followed here is
related to dynamic programming, as in Tardelli [20], [21], and it allows us to characterize the
value function as the largest solution to a suitable BSDE.

The main contribution of this paper is in Section 4, which is devoted to the construction of a
sequence of functions converging to the value function. Each of these functions is the unique
solution of suitable BSDEs, not only the largest one, as in a large part of the existing literature.

Let us note that many techniques used in this paper are inspired by the procedure followed
by Lim and Quenez [15], even if a diffusive model is investigated in that paper.

2. The market model

Let us consider an economy defined on a complete real-world probability space, (2, F, P)
for a finite time span [0, T'], T € (0, +00), equipped with {#;};¢[0,7], a filtration satisfying the
usual conditions and on which all stochastic processes are defined. In this setup, let us consider
a financial market in which two assets are traded: one risk-free asset, whose price process is
assumed for simplicity to be equal to 1 at any date, and one risky asset. The price S of the risky
asset, discounted with respect to the price of the bond, is a process evolving according to the
following model:

S; = Spexp{Y;} with Sy € R*.

The marked point process Y, called the log return price, is assumed to be nonexplosive R-valued
with initial condition Yy = 0. The dynamics of ¥ depend on another exogenous marked point
process X, which, in general, is not directly observable by the agents and which represents the
amount of news reaching the market. Let us assume that X is nonexplosive, taking values in R
with initial condition X¢ = 0.
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Let t be a positive random variable which models a default time. This default can appear
at any time, i.e. P(z > f) > O forany ¢ € [0, T]. For ¢t > 0, let the default indicating process
be defined by D; := 1{;<;) and, consequently, let the filtration generated be D := {D; };¢[0, 7]
with O, := o{D;,0 < s < t}. Let O := {Os}sej0,77 and § = {Gs}se[0, 7] be the filtrations
defined by

Oy =0{Ys, D5, 0 <s <t}, G, :=0{X;,Ys,Ds, 0 <5 <t}.

All the filtrations satisfy the usual hypotheses of completeness and right-continuity.
Let 7 admit a positive §,-predictable intensity. This means that there exists {y; };>0 bounded,
nonnegative, §,-predictable process such that

O<y=A (D

for a positive suitable constant A € R™ and, setting )Lg’ =1 — Ds_)ys,
INT t
Mf::D,—/ ysds=Dl—/Afds fortr >0
0 0

is a §,-martingale. Consequently, T is a totally inaccessible §-stopping time (see, e.g. Del-
lacherie and Meyer [6, Section VI78]).
Let N°, N, and N? be nonexplosive counting processes defined as

Ny = Z Lix,—x,_ 20} Liy,—v,_=0}(1 — D),

s<t

N' =Y 1y v, =Dy, NP=D 1y, v, <01 = Dy).

s<t s<t

Fori = 0, 1,2, let us assume that the process N’ admits a §,-predictable intensity. This
means that there exist A?, Atl , and AtZ bounded nonnegative §;-adapted processes such that

0<Al<A )

and M! := N/ — fé Al ds is a §,-martingale. Thus, by definition, we deduce that the jump
times of the processes N°, N!, N2, and D are §-stopping times.

As in Tardelli [20], the intensities of N 0 N! and N? can take into account the arrival of
news reaching the market that produces a sudden increase in the trading activity followed by
a progressive normalization. By adequately choosing the form of these intensities, we are
able to describe also deterministic features such as seasonalities. Note that the intensity of the
jump times of Y; is assumed to be §,-measurable in order to take into account the role of the
unobserved process X. In this setting, the dynamics of X and Y can be given by assuming the
following representation:

t t t t
X, ;:/ g}}deH/ £ dNL}—i—/ sdeer/ & dD,, 3)
0 0 0 0
I " a2 '
Y ::/0 um dNu _[) My dNu +/ PudDy, “)
0

where S,i fori =0, 1,2,3 are §,-predictable stochastic processes and ntl, 77;2, and B, are just
O;-predictable.
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From a financial point of view, the processes X and Y are supposed to have some stochastic
changes, due to market perturbations caused by the arrival of news. If at time ¢ news, not
observable by the investor, reaches the market, only the process N increases and X has a
change of size E,O. Otherwise, if at t news, observable by the investor, reaches the market, we
have a positive jump of the processes N! or N2. In this last case, a change in X happens of
size £! or £2, as well as a change in Y of size n! or n%. Note that only these last changes are
observable. If a default occurs, Y has a jump of size 8, and X of size &3. Note that since X is
not observed and trading is stopped at T, we could not consider the jump of X at the moment
of the default, but this is a choice which does not simplify the procedure.

Moreover, for some real positive constant n and 7, let us assume that, fori = 1, 2,

n<n <. (5)

In common with many authors in this field, let us assume that §; > —1. According to the
existing literature, see, e.g. Lim and Quenez [15], this condition is equivalent to §; > —1 for
any 0 < ¢t < T almost surely (a.s.) and S; = S;_(1 + B;), and the price process S is still
positive after the default 7.

Remark 1. If the price process is strictly increasing or strictly decreasing, the model does not
admit any equivalent martingale measure. The particular structure chosen for the dynamics of
the process Y is the simplest one allowing the existence of equivalent martingale measures; see,
e.g. Tardelli [20] and the references therein.

As a consequence of this observation, we assume, as in Frittelli [9], that the set of the
equivalent martingale measures is not empty, thus, this set is not necessarily a singleton and
so we have a set of prices all compatible with the ‘no arbitrage’ condition. The financial
interpretation of this approach is illustrated in Frittelli [9] as well as the relationship between
the minimization of the relative entropy and the maximization of the exponential utility function.

Remark 2. The model presented in this section could be established in a more formal way.
For example, as in Tardelli [20], we could introduce a Markovian structure which would allow
us to obtain the process (X, Y, D) as a solution of a martingale problem. Otherwise, inspired
by Ceci [5], we could look at (3) and (4), as a system of stochastic differential equations
and, by introducing some suitable assumptions, we could discuss its existence and uniqueness.
However, the main part of this paper, which deals with the utility maximization property, does
not depend on the structure of the model introduced.

As a conclusion to this section, by a standard application of the It6 formula, setting
cu = (M — DAL 4 (7 — DAZ + (P — A3,

the representation of the price process as a §;-semimartingale is given by
t
S =So +/ Sucu du + M7,
0
where M,S is a §,-local martingale represented as

! 1 t
Mf:/ Su_(eM — 1)dM] +/ Su_(e M — 1)c1M3+/ Su_(ePr — 1y dm3.
0 0 0
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3. The O-representation

Recall that this paper deals with the point of view of partially informed investors. The
available information for these traders, in this economy at a certain time ¢ € [0, T], are the
price of the financial asset up to that time and the default indicating process.

To this end, first of all, the ¢,-predictable projection of the processes involved in this model
has to be found.

Definition 1. Given a process [';, §;-adapted, let us denote by PT’; the predictable projection
on @ and by °I"; the optional projection on (. For each ;-predictable stopping time o (see
Jacod [12, Theorem 1.23]), PT'; = E[T', | Oy _] and, for each o, O,-stopping time (see Ethier
and Kurtz [7, Optional projection theorem, Theorem 4.2 p. 72]), °T'y = E[T'y | O ].

In the continuous framework, the option projection and the predictable projection coincide.
This is not the case for discontinuous models. The situation is described by the following
lemma, the proof of which follows that given in Frey [8] and Tardelli [20]. The proof is recalled
here for the sake of completeness.

Lemma 1. Ifthe process I'; is locally integrable and with finite variation, the predictable and
the optional projections satisfy °T';_ =PI,

Proof. For each O;-predictable stopping time o, since {0 < +00} € O,
E[pra 1{o<+oo}] =E[ls 1{0<+oo}] = E[Ora 1{U<+oo}]-

On the other hand, there exists a version of the process °I"; with cadlag trajectories and,
consequently, °T;_ is a (P, O;)-predictable process. Moreover, the jump times of °T;_, which
coincide with the jump times of Y;, are totally inaccessible. Hence, for each (P, O;)-predictable
stopping time °T's_ = PT'; (see, e.g. [6]), E[°T's— {5 <400}] = E[PTs 1{5 <1oc}]. The thesis
is achieved by noting that a deterministic time o = ¢ is a (P, @,)-predictable stopping time.

Introducing the filter, i.e. the probability measure-valued process m;, which is the cadlag
version of the conditional expectation with respect to O,

°Ty =, () =E[T; | O], PTy =°T— = m (),

where, for any bounded measurable f(¢, x), recall that 7;(f) = E[f(¢, X;) | O:]. As a
consequence, in Proposition 1 below, the O;-semimartingale representation of the price process
is deduced.

For notational convenience, let m(d¢, d¢) be the integer-valued random measure associated
to Y; (see Bremaud [3] and Jacod [12]), defined, for ¢t € [0, T'], ¢ € R, as

m((0,11,dg) = > Liy,—v, 20} 81y,—v, 1 (d¢p). 6)

s<t

Let us denote by v,(d¢) dr the dual §,-predictable projection of m and by v, (d¢) d the dual
O;-predictable projection of m. In the following lemma the structures of v;(d¢) dr and of
U;(d¢) dt are given. This is a crucial link between the cases of partially informed and fully
informed investors.
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Lemma 2. Since éi fori = 0,1,2,3 are §,-predictable stochastic processes, while nl, 172,
and B are O;-predictable,

v (d) = Ay 8;,1,(dB) + 4782, (de) + 4755, (d), (7
Dr(dg) = - (v.(dp)) = 7, - (' 81,1y (d) + 1782y (d) + 281y (d)). (8)
Proof. Setting AYy = Y; — Yy, ADy = Dy — Ds_, and AX; = Xy — X,_, the integer-

valued random measure associated to Y; can be written as

m((0,1],d¢) = Z[S{AYS}((M) Liay,>00(1 — ADy) + 8(ay,)(d¢) 1{ay, <0y (1 — ADy)

s<t

+ 8(av,)(dp) A Dys].

Thus, as far as (7) and (8) are concerned, for any bounded positive §,-predictable f (¢, ¢),
the process fot Jg f (s, 9)(m(ds, dp) — vy(de) ds) is a §,-martingale.

Equation (8) is a consequence of Lemma 1, taking into account that, if M; is a §,-martingale
then 7, (M) = E[M, | O;] is an O;-martingale. Hence, choosing a bounded positive ;-
predictable f(z, ¢), E[fot Jr f(s, @) (m(ds, dp) — vs(d¢) ds)|O;] is an O;-martingale. The

thesis is achieved by proving that
t
0;} —/ / [ (s, @)Vs(dg) ds
0o JR

t
MtzE[ / f (5. d)vs (de) ds
0 JR
t
@0} +E[ / / F(5, $)vs(dg) ds
10 JR

is an ;-martingale. Indeed, for 7y < ¢,
fo
—/ /RE[f(S’¢)vs(d¢>) | Os]ds
0

- 1o
E[M; | Ol :]E[/o A;{f(s,@vs(d@ds

0,

t
- / / E[ £ (s, $)vs(d) | O] ds.
o JR

Finally, we obtain IE[M, | Ol = M, 1, by noting that

t
E[ / / F (5. vy (de) ds
o JR

Proposition 1. The stock price process S; admits the following representation as an O;-semi-
martingale:

t
(gto] :/ /E[f(s,(b)vs(dfﬁ) | Olds.
th JR

t
S = So+ f Su_ttu_ () du + M5, ©)
0

where m,_(c) = 7'[,4_((6’7«1 — 1))».1 + (e”7<2 — 1))\2 + (ef — 1))».3) and A;I,S is an O;-local
martingale represented as

t
55 = [ [ Su-e? = D0ntdu a6) ~ 5,06 du. (10)
0 JR
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Proof. Taking into account that S; = So + f(; Iz Su—(e? — 1)m(du, d¢) in order to obtain
(9) and (10), recall the results of the previous lemma and note that

t
f / Su_(e® — 1)9,(dg) du
0 JR

t
= f Su— / Tu—((e? — Dv.(d¢)) du
0 R
t
:[ Su—Ttu_ (€ — DAl + (™ — DA% + (b — 1)23) du.
0

The expression obtained in (8) for D;(d¢) d¢ brings us to filtering techniques. The char-
acterization of the filter will be given in Appendix A as the unique solution to the Kushner—
Stratonovich equation.

4. Hedging

4.1. The value process

As a consequence of the previous discussions, the pair (Y;, D;) become a totally observed
marked point process, studied with respect to its internal filtration ),. As already observed in
the introduction, this paper is devoted to the point of view of an investor, who can observe only
the risky asset price and the default time. The investor can trade in a finite time window [0, T']
by investing in risky stocks and in a riskless bond, assuming also that there exists a default
time on the market. The underlying traded asset is assumed to be a semimartingale driven by
counting processes and the default indicating process.

As in Bielecki et al. [1], it is enough to formally define a generic defaultable European
contingent claim with maturity 7 through Definition 2 below.

Definition 2. On a suitable filtered probability space (2, ¥, P), a defaultable claim maturing

at T is represented by a triplet (Z, Z, t), where
(i) T models the default time.

(i1) The promised payoff Z represents the random payoff received by the owner of the claim
maturing at 7', provided that there is no default prior to 7. This is an Or-measurable
random variable such that 0 < Z < B for a constant B € Rt. The actual payoff at T
associated with Z thus equals Z {7 -¢}.

(iii) The @-adapted recovery process Z specifies the recovery payoff Z, received by the owner
of a claim at the time of default (or at maturity), provided that the default occurred prior
to or at the maturity date 7 and such that 0 < Z < B.

Remark 3. In a typical contract, the payoff Z is given by some function of the asset price and,
thus, should be observed by the investor. This is the reason why, as in the existing literature, the
payoff Z is assumed to be an @r-measurable random variable and, analogously, the recovery
process Z is an ©-adapted recovery process.

In practice, hedging of a credit derivative after the default time is usually of minor interest.
Also, in a model with a single default time, hedging after default reduces to replication of a
nondefaultable claim; see, e.g. Tardelli [20].

In order to set a hedging problem, let us define ® as the class of admissible strategies 6;,
that are real-valued, (,-predictable, S-integrable, and self-financing. Recalling the definition
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of an integer-valued random measure associated to (Y;, D;) given in (6), the wealth process is
defined for 0 € ® as

t t
Wo = wg +/ 6, dS, = wo +/ / 0,8, (e? — Hm(dr, do).
0 0 JR

Note that replication refers to the behavior of the wealth process Wte on the random interval
[0, T At]only. Hence, for the purpose of replication of defaultable claims of the form (Z, 7 ,T),
it is sufficient to consider prices stopped at T A 1.

A perfect replication of a defaultable claim is described in Definition 3 below.

Definition 3. A self-financing strategy 0 replicates a defaultable claim (Z, Z, ) if WY satisfies
the hedging conditions W 1{7 <7} = Z L7 <y and W8 {751 = Z; {751}

On the other hand, with the introduction of a pure jump process, the market becomes
incomplete and a claim is not, in general, perfectly replicable; see, e.g. Runggaldier [18].
Thus, we have to use a hedging criterion under incompleteness. The choice in this paper
consists of maximizing the expected utility of the wealth on a random time interval, i.e. to
maximize ]E[u(WYQAr — Z(1 = D7) — Z;Dy)] for 6 belonging to the class ® of admissible
strategies. Since 1;<¢) =1 — D;_,

t
WIQA‘[ = Wy +/ /(1 — Drf)QrSri(ed’ _ l)m(dr, d¢)
0 JR

After receiving the premium, the seller has to hedge in order to reduce the risk exposure.
The expected utility of his final wealth gives him/her a measure of the quality of a self-financing
strategy. Atany ¢t € [0, T], the agent invests the quantity 6, in the risky traded asset. Thus, the
investment process 6; controls the dynamics of the wealth process. Hence, a stochastic control
problem with only final reward arises.

Setting w as the amount of capital at time ¢ and setting ®, as the set of the admissible
strategies on the interval [¢, T'], let us introduce the associated value process as

Vi(w) = ess sup E[u(WY,, — W, +w—Z( — Dr) — Z;Dr) | O]
fe®;

T
= ess sup E[u(w +/ (1 - D,_)8,dS, — Z(1 — D7) — ZIDT> ‘ 0,}.
0e®, t

In particular, given the risk aversion parameter @« € R, let us consider an agent with
exponential utility function u,(x) =1 —e™**.

Remark 4. Usually the strategies are required to make the associated wealth process positive.
Note that this is a necessary assumption for power or logarithmic utility functions, which are
defined on R*. But in the case of an exponential utility function which is finitely valued for
all x € R, the wealth process is no longer required to be positive. However, from a financial
point of view, it is natural to consider strategies such that at least any increment of the wealth is
bounded from below; see, e.g. Schachermayer [19]. This last observation justifies Assumption
1 below.

Assumption 1. As in Lim and Quenez [15, Equation (4.1)], we assume that © consists of that
process such that for any 6 fixed and any s € [0, T], there exists a real constant K g such that
Wl — Wl > —Kggfors<t<T.

SAT
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Remark 5. As a consequence of Assumption 1, W? is bounded from below and

T
]E|:exp{—oz/ (1 —D,_)6, dS,}i| < 0.
t

Setting By (7) := Z(] — D7)+ ZT D7, then Br(7) is a function of Z, an O r-measurable
random variable, and of Z , an (@-adapted process. Hence, the value process reduces to V;(w) =
1 — e "V, and, since we are dealing with the partially observed case,

T
V; = ess ein(f) E[exp{—a(/ (1 — D,_)6,dS, — BT(‘L')>} ' (9,]. (11
€0, ¢

The approach followed in this section is basically related to dynamic programming; see
Tardelli [20]. As a consequence of this method, we characterize the process V; as the largest
solution to a suitable BSDE. The properties of V; are given below and proved in Appendix B,
since the proofs are just slight modifications of procedures performed in Lim and Quenez [15]
and Tardelli [20].

Proposition 2. Fort € [0, T A t], the following statements hold true:
(i) the process V; is strictly positive and bounded and V = mr(e*B-();
(ii) for any 6 € O, the process V; exp {—« W,eM} is an O¢-submartingale;
(iii) V; is the largest O,-adapted process verifying (ii) such that Vy = mp (e?B.(D);
(iv) 6* € © is an optimal strategy if and only if V; exp {—« erA*T} is an Os-martingale;
(V) the process V; admits an indistinguishable O;-adapted cadlag representation.

4.2. BSDEs: partial observation

In this section we will prove that V; is the largest solution of a suitable BSDE. Note that we
are not able to prove a uniqueness result for this BSDE and this justifies the discussion in the
next section.

By Proposition 2, for a vanishing strategy, the process V; is a bounded and strictly positive
0O;-submartingale. Consequently, its Doob—Meyer decomposition is

dv, =dm) +da/, (12)

where M, is a square-integrable martingale and A) is an increasing O,-predictable process
such that A(‘)/ = 0. Recalling (6) and by a classical representation of MZV,

t
v,=vo+/ /Rr<¢>[m<dr,d¢>—9r(d¢)dr]+AV,
0 JR

where R;(¢) is a ¢p-indexed process O;-predictable, jointly measurable, and such that

]E[/’f nr(R?(¢)v,(d¢))dr} < 400.
0 JR

The main contribution of this section is the next theorem.
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Theorem 1. Fort € [0, T, the process (V;, R;) verifies the following BSDE:

T
Vi = mp[e*BT)) — / / Ry (@)m(dr. dg) — 5, (d¢) dr]

0€0;

+ess inf / /(v,_ + R (¢)) K’ (¢)D, (dgp) dr, (13)
t
Kf(¢) = exp{—a(l — D)6, S,—(e? — 1)} — 1. (14)

Furthermore, V; is the largest solution to (13) and R; is uniquely determined by the martingale
representation theorem.

Proof. By the definition of W?, setting C? := exp(—a(Wf,, — wp)), from 1td’s formula it
follows that C? = 1+ f(; Iz C?_K?(¢)m(dr, dg). Hence, from the product formula with (12),
COV, = CiVo + [y CE_dVy + [y Vs—dC? +[C?, V], where C§ Vo = 1V = Vg and

/ Cy_dvq —/ / _Ry(¢)m(ds, d) —/t[ CY_Ry— ()05 (do) dS+/le0 dAy,
0 JR 0

t
/ vedc] = [ [ vicl &l@mis.ap),
0

[C?. V], =) AC!AV; —/ /Cf,Kf(@Rs(qs)m(ds,dqs).

s<t

Therefore,

t
C/Vi=Vo +/o /RC?_[RY(@ + (Vi + Ry(@) K] ($)1lm(ds, dp) — Dy (dgp) ds]

t '
+ f / CO_(Vs— + Ry@)K! (@), (d¢) ds + / v da’.
0

Since C} oy, = exp(—a (W, t '~z — Wo))V; is an O;-submartingale, the bounded variation term has
to be increasing for any strategy and it has to vanish for the optimal strategy, which implies that

t t
_ / / Ry(@)y(dg) ds = —ess inf / / (Vo + Ry($)K ()95 (d¢) ds.
0 JR 0€0; Jo JR

Finally, the last assertion is a consequence of Proposition 2 by noting that

T T
v,:vT—f dM,V—f AY dr.
t t

5. A sequence converging to the value process

Until now, the process V; was characterized as the largest solution to a suitable BSDE and
results on the uniqueness of solutions that are not available, due to the fact that the generator
does not have the Lipschitz property; see Carbone et al. [4]. Many authors, e.g. Bouchard and
Elie [2], discuss methods to obtain a discrete-time approximation for the value function. Since
they require existence and uniqueness for the solution of a BSDE, in this section a sequence
{Vtk} ren Will be constructed such that

@1) {Vtk} keN 18 a nonincreasing sequence converging to V;;

(ii) fork e N, Vtk is the unique solution of a BSDE with a Lipschitz generator.
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To achieve these results, we need a new assumption.
Assumption 2. The process By, 0 <t < T, is uniformly bounded.
Definition 4. Let us define, for a constant C € R* and for any k € N,
oF = 0e€O:10,| <k, |6,S,_| <Cforallu €[0,T]as.} C®
and @i‘ is the set of strategies in ©F on the interval [, T A 7.
Let us define
T
Vi =ess inf m [exp{—a </ (1 - D,_)6, dS,) }e“BT<T>]. (15)
9Ok t

Note that the difference between Vtk and V;, given in (11), relies only on the choice of the
set of strategies. In spite of that, the results obtained previously still hold.

Remark 6. Recall that ®F is a bounded set and the argument of the expectation in (15) has finite
mean value. Thus, Lebesgue’s theorem applies and there exists an optimal strategy %% € ©F,

As a consequence, all the results given in Proposition 2 hold for V,k , which, in particular,
means that Vlk is a bounded and strictly positive O;-submartingale. Thus, its Doob—Meyer

decompositionis VX = VE + [ dMY “r fodAY “ with M"" a square-integrable O, -martingale,
A,V ‘ increasing O;-predictable process such that A(‘)/ = 0,

am" = / RE@)Im(dr, dg) — D, dp)dr],  dA)" = f R} (¢)P,(dg) dr,
R R

and where Rf(qb) are measurable (;-predictable processes such that

E[ f t / (RE($))*D,(dep) dr} < 4o0.
0 JR

Foreachk € N, Vtk is characterized as the unique solution of a BSDE.

Proposition 3. Fort € [0, T] and K ,9 (x) givenin (14), (V,k, Rf) is the unique positive cadlag
O¢-adapted solution of the following BSDE with Lipschitz continuous generator:

T
vV} = nr[e®Br™] — / /ﬂ; RE()[m(dr, dg) — - (dep) dr]
t
T
tess inf / / (VE + RE@)KE (@9, (de) dr. (16)
pe0kJr JR

Proof. Taking into account Remark 6 and following the same approach as in Theorem 1,
the process (VF, Rf‘ ) is a solution to (16). To obtain the uniqueness property, let

f(t,v,r) :=ess inf [v+r(@)IK (@)D (dg).
e
Note that O is a bounded set by Definition 4, the coefficients AL A2, y,and K ,9 are bounded
by (1), (2), (5), and Assumption 2. This implies that f (¢, v, r) is an infimum of linear terms

with respect to v and » with uniformly bounded coefficients so that f is a Lipschitz function
with respect to v and r. Thus, uniqueness follows by the results of Carbone ef al. [4].
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Theorem 2. Under Assumption 2, V; = lim V,k a.s. forallt € [0, T].
k— 00

The next proposition allow us to obtain the proof of this theorem.
Proposition 4. There exists a cadlag O-submartingale V; such that

V, < lim VF=V, as forallt €[0,T].
k——+o00

Proof. Fort € [0, T], by definition the strategies are such that ®f C 0Oy, hence, for all
k eN, V,k > V; > Oa.s. Moreover, @f C @f“,which implies that{V,k}keNisanonincreasing
sequence that is also lower bounded. Thus, there exists an adapted process

Vt = lim | V >V, as.forallt € [0, T],

k——+00

which is cadlag by [6, Theorem VI.18].

Fix 0 < s <t < T and recall that, by Remark 6, V is an O;-submartingale, then for all
keN, E[Vk | Os] > Vk > V > V; a.s. Hence, Vt has finite mean value and by the monotone
convergence theorem for conditional expectation, E[Vt | O5] > Vs a.s., which implies that the
process V is an (9;-submartingale.

Proposition 5. For each 6 € © bounded strategies, V; exp(—a W,OM) is an O;-submartingale.
Moreover, the process 0* € © bounded is an optimal strategy if and only if the process
Vi exp(—otW,eA*r) is an O;-martingale.

Proof. Since 6 is bounded, there exists n € N such that 6 is uniformly bounded by # and for
eachk > n, 6 € ©F. Thus, V¥ exp(—a W/, ,) is an O,-submartingale. Then, by the monotone
convergence theorem for conditional expectation, v, exp(—aW; M) is an ;- submartlngale
Furthermore, the Doob—Meyer decomposition of the cadlag @-submartingale V is

t t
v,:v0+/ dM,V+/ dAY
0 0

with ZVItV a square-integrable (9;-martingale and Atv an increasing (;-predictable process with
A(‘)/ = 0, and such that

dm, = /R Ry (@)m(dr,dp) — D, (dp)dr],  dA) = f R (9)0r ().
As in the proof of Theorem 1, by the product formula, V; exp(—aW¢, ) = M? + A? with
70 ! w¢ 5 > 5 60
A= /O e /R (R (@) + (Vs + R @)K @15, (d) dr,
t
i = [ [ 1Re@) + (T Re@)KL @I, d6) — 5, @) 1,
0 R
where Ag = 0 and ]Vlg = 0. Since, for each strategy 6 € © bounded, V; exp(—aW?, ) is

an O;-submartingale, then dfif > 0 a.s. Moreover, by the proof of Proposition 2(iv) (see
Appendix B), it is a martingale for the optimal strategy, which means that

ail = [ R@)ir@) = —ess int [ 77+ ROK" @9
R 0e®k JR
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Proposition 6. Foreacht € [0,T], V; > \7; a.s.

Proof. For any & € O and for each k € N, let 0,]‘ = 6; 1j9)<k). The strategy 6%
is uniformly bounded, but not necessarily admissible. To this end, let us define for each

(k n) € N? the stopping time Tkn = Inf{r > 0, | ,M| > n} and the strategy Qk” =
0 15 >y = 0 1yj9)<ky 15, ,,>¢- By construction, the strategy 9" " e O for each (k,n) and

6y = limg_ 400 limy,— 4o O,k " as. Let ® be the set of all uniformly bounded admissible
strategies, setting

~ t -~ ~
0:(0) := /0 /R (V. + R)K? (¢)v.(dg)) ds,

then ess inf(;e@t 0:(0) = ess infgpe@, 0:(0). Hence, (V, R) is a solution of the BSDE (13).
By noting that V; is the largest process satisfying the same BSDE, V; <V as.

Appendix A. Filtering

Recall again that the filter 7, is the probability measure-valued process, which is the cadlag
version of the conditional expectation, i.e. for any bounded measurable F,

7 (F) = E[F(X) | O]

The filter satisfies a stochastic differential equation known as the Kushner—Stratonovich equa-
tion, which we are going to write using the classical innovation method; see, e.g. [3].

To this end, note that, even if Y (¢) is not a counting process, the counting processes N,
i =0, 1,2and D do not have common jump times and, moreover,

O :=0(Ys,Ds,0<s <t} =0{N!, N2, D;,0 <s <1}.

Then our problem reduces to finding the filter, given (J;. For notational convenience, from
now on let Nt3 := D;. Taking into account the assumptions made in Section 2 on the model,
for a real-valued function F;(x), bounded, and measurable with respect to (¢, x) € RT x R,
and absolutely continuous with respect to ¢,

F(X)=FRX)+Y. > [FX._+&)— F(X. AN
s<t j=0,1,2,3

Hence, setting

A F = Z [Fy(Xs_ + &) — Fy(X,)IAd,
j=0,1,2,3

Ft<xt)—Fo<Xo)+/ AFds+ Y / (R (X + &) — (G OIAN] — 3 ds),
j=0.1.2,3

the process F;(X,) admits a §,-semimartingale representation such that

mra
Fi(X,) — Fo(Xo) —/0 [gmxs) +ASF} ds
is a §,-martingale. In particular, for f(x), real-valued, bounded, and measurable f(X;) admits

the §,-semimartingale representation f(X;) = f(Xo)+ fo As fds+ ml , Where mt/ is a zero-
mean §,-martingale.
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The next proposition is a classical result; see [3, Theorem VIII-T9].

Proposition 7. For some O;-predictable processes H/, the main tools needed in order to obtain
the filtering equation are the following equations

t . . . T t ..
EU W HI 7w (09) ds :EU f(Xs)HS’)»fds], (17a)
0 i 0
t . . . t . .
E[ f \If!'sz’ns(x.f)ds}: [ f(Xs)Hs’ﬂx(/\’)dS}, (17b)
0 0
t . . . r t . .
E[ / ‘I"s”3Hs"ﬂs(>»,’)dS}=1E / [f(Xs) — f(Xs_)1H{ stJ}. (17¢)
0 LJO

Theorem 3. The probability measure-valued process m:(f), which is the cadlag version of
E[f(X;) | O], is the solution to the Kushner—Stratonovich equation

t
7 (f) = f(Xo) + /0 7y (A f) ds
Y /0 (o GIN* (i, G f) = 7y () (f) + 7o (RY )}
j=1
x (AN{ — 7, (37) ds), (18)

where R!f =[f(Xs—- + ésj) — f(XS_)])»g for j = 1,2,3 and, taking into account that 23
can vanish, a™ = (1/a) a0}, as usual in the filtering theory.

Proof. By [3, Theorem VIII-T9], the ;-semimartingale representation for the filter is
t ;
7 (f) = F(X0) + / 7y (A f) ds + M,
0

where M, ,f is an ¢;-martingale. Therefore, there exist O;-predictable processes K z] such that

3 t, ) ) ) ) . .
M = Zfo K{@N] —m_(Wyds), K =)' w4+ wdd
j=1

By (17b), W/ = 7,_(f). For j = 1,2,3,i = 1,3, it follows that /" are O,-predictable
processes, which are uniquely determined for any nonnegative (,-predictable process H; by
(17a) and (17¢).

Thus, from the right-hand side of (17a), we have

t . X t .
E[/ H]E[f (XA | (9X]dsi| =]EU H{ 7,0\ f) ds:|.
0 0

This implies that /"' coincides with (75— (A7) * s_ (A7 f). As far as ¥¢* is concerned, since

FX) = fX) = D [fXm +ED = f(X)1dN],

n=0,1,2,3
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the right-hand side of (17c) becomes, for j = 1, 2, 3,
t . . . t . ,
E[ /0 LF (X + &) — F(X,1H] dN;] - E[ /O HIEIRIf | ws]ds}.

Hence, W} coincides with (75— (A/))* 7z, (R’ f), which completes the proof.

Proposition 8. If w and =’ are two probability measure-valued cadlag processes satisfying
(18), then w and 7’ coincide pathwise.

Proof. Since 7 and 7’ satisfy (18), for a suitable positive constant C,
t 3t _ .
I (f) — /()] < CAIIfII{/O |7rg — gl ds + Z/O (- W) Tl — )|l stj}-
j=1

Recalling that 7, (A7) is the predictable intensity of N, f ,

t . t
E[/ (=W N I —)_| st]] < E[/ 75— — |l dS}
0 0

for another suitable constant C’, we have E[||7; — 7/||] < C’ fot E[|lws — 7, ||]ds. Thus, by
Gronwall’s inequality, E[||7; — 7r/||] = O for all 7 > 0. Taking into account that for all positive

h e Q,
1
IF’(IIm -l > E) < hE[|lm; — 7/l =0,

and that the sequence {||7; — 7/|| > 1/h} is nondecreasing when # increases,

1 . 1
P(Uh{””t — /| > E}) = hETooPO'm — | > l;) =0.

This, in turn, implies that for all ¢ > 0, P(||z; — 7/|| > 0) = 0. Since |7, — 7/|| has cadlag
trajectories, in any countable 7, dense subset of (0, T),

IP( sup || — || > o) = ]P’(sup Iy — /|| > 0) < P(jm — /]l > 0) = 0.
T

0=t=T teT
Hence, each solution for the filtering equation coincides pathwise with the filter.

Appendix B. Proof of Proposition 2
Proof of Proposition 2(i). Noting that the strategy 6 = 0 belongs to 0, it follows that

V, < (2@ = mp(exp{a(Z(1 — D) + Z; D)) < 5.

Furthermore, by [19, Theorem 2.2], there exists an optimal strategy 8* € ®. As a consequence

T
e >y, =g, [exp{—a/ (1 —D,_)0F dSr}e“BT(T)] > 0.
t
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Proof of Proposition 2(ii). For any admissible strategy 6 € ©, since, by the previous propo-
sition, V; is strictly positive and bounded, it follows that « € R™ and the wealth process is
assumed bounded from below. Recalling Remark 5, E[V; exp {—« W;QM}] < —+00, which,
obviously, means that

E[E[V, exp {—a W’} | Or]] < +o0.

Fors At <tAT<TAhT,

E[eXP(_a(Wngr - ngAr))Vf | Os]

t T
= E|:exp {—a(/ (1 - D,_)6,dS, +f (1 — D,_)8}ds, — Bm))} ‘ (93}
N t
T
= E[exp{—a(/ (1—D,_)6,dS, — BT(r)>} ' (9‘4,

where 6, is a strategy belonging to ® defined by fixing 6 and 6* at time 7. Hence,
Ele= Wi W0, | 0,12 V,

and Proposition 2(ii) is proved.

Proof of Proposition 2(iii). Next, let V, be another process O;-adapted verifying Proposition
2(ii) and such that V; = E[e*B7() | ©7]. Since V, exp{—onfM} is an (;-submartingale,
successively

E[Vr eXp{—OlWJQAT} | 01>V, exp{—anM},
Elexp(a By (1)) exp(—a (W), — W) | 01> V,
and, finally,

V; =ess inf E[e“BT(’)e_“(WgAT_W?AT) | O;] > V.
0e®,

Proof of Proposition 2(iv). If 6" is an optimal strategy then

Vo = Elexp (—a (WY, . — Br())}1.

By the submartingale property E[V7 exp {—« W?;T} | O] = Viexp{—« Wf:t} and taking the
mean value of both sides, we obtain

E[V7 exp {—a W, 1 > E[V; exp {—a W’ }],

which implies the desired martingale property. Indeed, since Woe/tf =0,

E[Vr exp {—a Wi, 1 = E[Vgexp(—a W, ).

Next, assuming that there exists a 6* such that V; exp {—« W,@:t} is an O;-martingale, namely,
Vo = Elexp {—ot(W;i* — Br(7))}]. At the same time we know that

Vo = ess eingE[exp{—a(Wg — Br (1)},

which means that 6;* is an optimal strategy.
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Proof of Proposition 2(v). Since V; is a submartingale, by Karatzas and Shreve [14], setting
@Q as the set of rational numbers, for any ¢ € [0, T'), there exist the limits

lim Vi = Vi, lim Vs = V-
s€[0,T1NQ,s |t s€[0,T1NQ,s 1t

So, V;+ foreach t € [0, T] is well defined by setting

Vi = lim Vs, 0<t<T and Vy+(w):=Vr.
s€[0,T1NQ,s |t

From the right-continuity of ;, V;+ is O-adapted. Furthermore, V;+ and, for 6 € ©,
e=@Wike V,+ are @-submartingale. Indeed, for s < ¢ and for any sequence of rationals {z,},>1

converging down to 7,
_wo _wh
Ele™urcV,, | O5] = e Mo v,

and by the Lebesgue theorem for conditional expectation for n — +o0,
—aW/, —aWw?
Ele™*"n Vit | Og] = e sat V.
Again, for any sequence of rationals {s, },>1 converging down to s,
0 0
Ele™ Ve Vs | 05,1 2 e Mune V|

and by the Lebesgue theorem for conditional expectation for n — +00, by the right-continuity
of O,

0 0
E[e_‘"WW Vit | O] > e~ Wine Vit,

which gives the submartingale property of the process e ™ Wie Vi+. Choosing @ = 0 fors = ¢
and using the right-continuity of @, it follows that V,+ = E[V,+ | O;] > V; ass.
On the other hand, since V; is the largest process @-adapted, verifying Proposition 2(i) and

for each 6 € O, the process e‘”‘WteM V,+ is an -submartingale, then for each r € [0, T,
Vi+ < V; a.s., which implies that V;+ = V; ass.
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