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TENSOR PRODUCTS OF UNITARY SUPER-VIRASORO
MODULES WITH CENTRAL CHARGE %

10

MURRAY R. BREMNER

ABSTRACT. The two Virasoro superalgebras, known as the Neveu-
Schwarz algebra and the Ramond algebra, each have two unitary irre-

ducible lowest weight modules with central charge /‘Z()‘ In this paper, |

show how tensor products of these modules decompose into finite direct
sums of irreducible modules with central charge 1.

1. Introduction. Let V' denote the Virasoro algebra; that is, the complex
Lie algebra with basis {L,, : m € Z}U {c} and commutation relations

[Lan] = (n—m)Ly, — 6m+n.()%(”73 — m)c,
[Lyc] = 0.

We consider two Z/2Z-graded extensions of 1/ ; that is, Lie superalgebras 4 :=
20920 where 2 := 9 and 2D is defined as follows: for 4 = A_S (the
Neveu-Schwarz algebra), AV has basis {G,, : m € Z+ 1}, and for 4 = R
(the Ramond algebra), A" has basis {G,, : m € Z}. In each case the additional
(anti)commutation relations are

[L,G,] = (%m - 'I)Gm+n-, [¢Gp] =0,
[GnGn) = 2Ly — 6m+n,()%(m2 - 211)(

We have [2®2®] C 2P « 3 € Z/2Z; in the enveloping associative
superalgebra U (4) we have [xy] = xy — (—1)®Pyx forx € 4@,y € 2D,

We write 4, for the subalgebra spanned by Ly and ¢ (and Gy if 4 = R ),
and A, for the subalgebra of 4 spanned by the L,, and G, with £m, +n > 0.
If 2 =NS,let Z:= %Z and if 4 = R, let Z := Z; then Z is the set of
eigenvalues for the adjoint action of Ly on 4.

By an 4 -module we mean a Z/2Z-graded vector space M = M O @ M D
on which A4 acts such that [xy]v = x(yv) — (=1)®y(xv) for x € 4@,y €
APy e M, and A 9OM D C M D for a, 3 € Z/2Z. The nonzero elements
of M © are even; those of M 1) are odd. An element v € M is homogeneous
ifveMOorve MWD Let M be an 4-module with lowest weight h € C;
that is,

M = @ M’I'HH MI+II = {,\' EM : Lox = (h+ ”)-V}-

nez
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where M., = {0} for n <0, dimM, = 1, and dimM,,, < oo forn € Z,.n 2 0.
If M is generated by an eigenvector for ¢, then ¢ acts on M as multiplication
by a scalar z € C, the central charge of M . From now on we assume that all
modules M satisfy these conditions.

An important class of lowest weight modules are the Verma modules. Given
A and z,h € C, we first define Z/2Z—graded vector spaces C-; and C.,, which
always have dimension 1 or 2. If 2 = A(S, orif 2 = R and h = —ﬁ:,
then C. := Cx where x is even, and C. := Cx where x is odd. If 4 = R
and h # —ﬁz, then C.j := Cx & CGyx where x is even. We regard each C-
and C:’h as an irreducible 4_ & 4j-module by defining 4 _x := 0, Lyx := hx,
cx:=zx,and if 2 = R and h = —z/24 we also define Gyx := 0. Now define

Viz,h) = UA) @y pa,) C-4, and
V(z,h) == UA)ua wa) Cons

respectively the even and odd Verma modules over 4 with central charge z and
lowest weight h. For all z,h € C, V(z,h) (respectively V(z,h)) has a unique
maximal submodule M (z, h) (respectively M (z, h)), and therefore a unique ir-
reducible quotient L(z, h) (respectively L(z,h)), the even (respectively odd) ir-
reducible lowest weight 4 -module with central charge z and lowest weight A.
The evenness or oddness of a module is its parity. For more detail, see [9]. The
distinction between even and odd Verma modules is a special case of the parity
change functor, for which see [8; pp. 156-7].

Let o be the conjugate-linear anti-automorphism of 4 of order 2 given by
o(Ly) = L_p, o(c) = ¢, and 0(G,) = G_,. A lowest weight 4-module M is
unitary if it admits a positive definite Hermitian form (,) such that (ax,y) =
(x,o(a)y) for all a € 4, x,y € M. (Taking a = L one sees that M, L
M,y for n# n'.) Let M be an 4 -module with lowest weight 1 € C. Since
dimM,,,, < oo for n € Z we can define

XM ) = g" > " (dimMy.,)q",

nez

the character of M , where the sum is a formal power series in ¢ with exponents
in Z. We need to distinguish the even and odd subspaces; thus we define, for
a€Z/2Z,

VA = 3 (m3) o

nez

where xO(M ) is the even character of M and x"(M ) is the odd character
of M . We have x(M ) = x V(M )+ x'V(M).

The following results can be proved by standard methods (see (6], [8], [10]
for basic information on infinite dimensional Lie algebras and superalgebras).
Details can be found in [1].
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THEOREM 1.1. If M is a unitary lowest weight A -module, then M is com-
pletely reducible.

CoroLLARY 1.2. Let M, and M, be unitary lowest weight 4 -modules. Then
M, @ M, is a direct sum of unitary irreducible lowest weight A -modules.

THEOREM 1.3. Let M) and M, be unitary lowest weight A -modules. Suppose
that M, and M, have the same central charge, and that x'® (M) = x'P(M5)
for each o € ZJ2Z. Then M, = M.

COROLLARY 1.4. Suppose that M is a unitary lowest weight A -module, that
N o, N1, N 2, ... are unitary irreducible lowest weight A -modules, and that all
of these modules have the same central charge z € C. Suppose that X' (M ) =
Y20 X UN ), for both o € ZJ2L. Then M = @2, N .

The significance of these results is as follows. If we know which 4 -modules
are unitary (see Theorem 2.1), and the character formulas for these modules (see
Theorem 2.2), then purely combinatorial manipulation of characters suffices to
establish certain isomorphisms of unitary 4 -modules, in particular to decom-
pose certain tensor products of unitary 4 -modules. The next section gives an
application of this principle.

2. Main results. We first recall two basic theorems in the representation
theory of ALS and R. .

THEOREM 2.1. The A -modules L™ (z, h) and L? (z, h) are unitary if and only
if either for m,r,s € L, m 2 2, we have

B 3 8
) mm+2)|’

( [(m+2)r —ms]> —4
8m(m +2)
when A = NS; and

—msP—4 1
Lim + 2)r = ms] +—, I1Ss=Sr+l1=mr—se2l+1,
8m(m +2) 16

\when 4 = R,

lIA

sSEr<m-—1,r—se?Z,

9

IN

orz2= %, hz0.

Proof. The necessity of this condition is outlined in [4]; the sufficiency is
shown in 5] or [7]. QED

The unitary irreducible modules with z < % are known as the discrete series.
For 4 = R the only unitary modules LR (z,h) and LX (z, h) such that h =
—2/24 are LX(0,0) and L% (0,0), the even and odd trivial one-dimensional
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modules. Thus we do not need to distinguish between even and odd unitary
“irreducible ®_-modules except in this case.

The characters x(z,h) of the unitary modules LAz, h) are stated in [5]
using unpublished results of the second author; however, in that paper, formula
4.10 is missing a factor of 2 on the right-hand side, and the term 2m(m + 1)n
in formulas 4.12a,b should read 2m(m + 2)n. An outline of the proof of these
character formulas is given in [11].

THeOREM 2.2. We have

X(m,r.s)H(l +q”7%)/(1 —q"), A=NS
X7 Gy Ry = =
2x(m, r,s)H(l +¢"/(1—¢"). A =2R.

n=1

where

x(m,r,s)(q) := Z(q“/(n) _ 5(::))’
nel
V) = V) = gmlm o+ 200 + 3 ((m o+ 2y — ms)n+

(m)
rst

o(n) =" (n) 1= %m(m + 2 + %((m +2)r + ms)n + %/1\' +h

We write X7 (z, h) for the character of LA (z,h) when 4 = ALS, or 4 = R,
and z = h = 0. Note that we always have x(z,h) = ¥(z,h), since X'(z, h) =
X"z, h) for a € Z)2Z.

To define the tensor product of two modules over a Lie superalgebra, we need
a Z/2Z-graded extension of the action of a Lie algebra on a tensor product.
Thus for 4 = 49 @ 4" and two 4-modules M = MO @ A" and
N =NOpAN D, we define

xX(u@v):=(u)@v+(—1 )”‘Hu & (xv),

where x € 2@,y € MW, and v € A_. (The parity of v € A is irrelevant.)
This definition gives M @ A the structure of an 4 -module.
If we take m = 2 in Theorem 2.1 we obtain only the trivial representations

with z = h = 0. For m = 3 we obtain z = z3 = % and the lowest weights

h € {0,355} (r.s) = (1,1) or (2,2)) for ALS, and h € {g. &} ((r.s) =
(1,2) or (2, 1)) for R . For m = 4 we have z 2 1. Notice that % + % = % and
that % = 219, the central charge corresponding to m = 10. Thus we have two
nonzero discrete series central charges for which the sum is also in the discrete
series, and this occurs only when both central charges are % (This contrasts
with the situation for the Virasoro algebra, for which see [2].) The corresponding

tensor products are
NS T ST R (71 3 R 71 3
L°¥~§<F0>®L’“{g<p,?>, LM@.@)@M(@,@),
L{;VS (7‘?’(1))®L9\a(\/[‘s‘(l_(7)’ T(l))q Lz(gy@)®Li’(?.l77,).
L7(5:76) ® L7 (555 100 L7 (555 16) © L ({55 16)-
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TABLE 2.3. (N'S)

(L,H 0 6,2) 1% (8,60
2,2) & 6,4) 1% (8, 8) &
3. 6,6) & 9, 1) 10
(3.3) & 7, #¥ 9.3) b
“4,2) {1 (7,3 % 9.5) 3
4,4) 5 (7,5) ] 9.7 3
s, n ¥ 7.7 3 9.9) E
5,3 B 8,2)

(5.5 1 8,4) i

TABLE 2.4. (R)

1,2 & (5.4) 4% (8,3) H%
@, & (5.6) i 8,5 &
2,3) & 6,1 % 8,7 &
3,2 # 6,3) # 9,2) &
3,4 & 6,5 1% 9.4 ¥
4,1 (7,2) ¥ 9, 6) 3
4,3) EH (7,4) § 9, 8) %
4,5 1% (7,6) %

(5,2) 1 @1 %

Since each of these tensor products has finite dimensional weight spaces, and
since there is only a finite number of discrete series modules for either A_S
or R with z = % each of these tensor products must decompose into a finite
direct sum of modules with z = % by Corollary 1.2.

In a tensor product of A’ S-modules, we can replace LS (%, h) by LN-S (5. h).
However, the tensor product will decompose in the same way, except for the
parity of the irreducible summands. Thus L ® L and L ® L have parity opposite
to that of L ® L, whereas L ® L has the same parity as L ® L.

The lowest weights of the discrete series modules with z = % for ALS and
R are listed in Tables 2.3 and 2.4; there are 25 in each case.

All the weights of a tensor product of modules differ from the lowest weight
by an element of Z. Thus for a module L7 (%, h) to occur in the decomposition
of L7 ({5, h) @ L ({5, hy) we must have h — (hy + hy) € 3Z for AS, and
h—(hy+hy) € Z for R_. This cuts down the number of possibilities considerably.
For each tensor product, the following list gives the lowest weights that can occur
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in the decomposition, with notation (r.s) — h = h'".

LNS(%.O)(X)LNS(—I%. lll +/12 =0:
(L, )yr—h=0, 9,7)—h= '3 9.5 —h=

19—

O, 1) 1— h = 10.

LNSL 0@ LNS(L 5. hi+hy =5
5.5 —h=1, 6. —h=2=5+3

NS, 7 1 NS, 7 1 I
LNSE L@ LN (L L k=L

(1. —h=1% @G Dh—h={=
11

(7 1)"—*11—m—_—%+—2'

3,
LA(;()*XO)®LR(|0 W) Mith =50

(3’4)'—_>h:Z(_)’ (74)I——>h"4—(i:%+2-

Rl 3 Rl 1 —_ 19
L5 50) @ LT (oo 16 Mtha= g5

(5.4)—h=13.

R(L 1 R (1 1 B
LAYG QLG K i+ =

©.8)—h=1, ©4)—h=2=144

2013

To decompose each of these tensor products, by Corollary 1.4 it suffices
to decompose the character of the tensor product, which is the product of the
characters of the factors, into a sum of characters of unitary modules with z = %
Since there are only finitely many possible summands, and the lowest power of
¢ in the character of Lﬂ(%. h) is ¢", the highest power of ¢ in the character of
the tensor product that we need consider is g"x, where hpmax is the maximal
lowest weight that can occur in the decomposition according to the above list.
Every 4 in the list is = 10, but for clarity in what follows we will see all powers
of g less than 20.

We now list, for each tensor product, the character of the tensor product,
the characters of the allowed summands, and the decomposition. All the power
series listed omit one product factor in the character formula, that is,

1

il A T q
Hm;— tOTNS, 2H f

n=1 n=1

For A'S, since we are assuming that both tensor factors are even, a lowest
weight vector of weight % in an irreducible summand of the tensor product will
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generate an even (respectively odd) irreducible submodule when h—(h,+hy) € Z
(respectively h—(h;+hy) € Z+ %). (This is the reason for the distinction between
even and odd Verma modules.)

29 3l

X”\S(m 0)‘-——1-([ +(] +([ —(I —q +q 1_~CIT+..,
XNS(g.O):]—-(]3+-.. _NS(;,q)*(/ (1—-(] o0
||

)_('N:S(% = G =g+ Y52 (£.10) = ¢"(1 —gT g )
(507 =y L0+ L D+ D S 10)

7\3(]70 O)X”\[S(m ]O)~qm(]+q __(/ _q lﬁ+...)
L z 3 _as T
XNS;,,(,)~q( (1=¢qg7 =g~ +-+9) X’N”s(%.%)Z Bl — g3+

G () = G VG D)

. " 1 1 1 15 G 23 RIA
(G = U +q 4= +q7 —q° —¢" —q7 —q7 +--+)

X
XNS(%, S gl —gT —gT +--2) XN'S(Z. al =gt (=gt +--)
XSG =X E D+, D xS O+ 5L

X m) =270 +q = — ¢ = ¢+
2,%>=(,%(1_(,6+...) ’R(s W =ave =g =gt

AL &y =%+ 22,8

X 960 %0 2x° 3030 X 5*4()

; R o
XR'(%~ %)X]\'(%’ %) =2¢"(l — ql() 00

xy{'(%.j—%):q%(l—q"wm)

R 3\, R (I — 19

X* (30 50X (e 76) = 2R (s W)
Xi'(% ,—75)2=2z17¢(1—qz+q4—qx+~~-)
R

D=+ /‘R-@.%):q%zﬁ(l —qt )
et =G DG D)

From these character decompositions and Corollary 1.4 we deduce the fol-
lowing result.

THEOREM 2.5A. The tensor product L(%, h) L(%. hy) of unitary irreducible
lowest weight modules for N.S or R decomposes as follows. For NS, L(%. )
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(respectively l:(%.,h)) occurs if and only if h — (hy + hy) € Z (respectively
h—+h) e+ %), and its multiplicity is 1. For R_, L(%. hy occurs if and
onlv if h— (hy + hy) € Z, and its multiplicity is 2.

The symmetric and skew-symmetric submodules in the tensor square of a
module M = M 'V & MV over a Lie superalgebra are defined as follows. Let

SUM ) =
span{e; @ er+ e ey +e3 D01 +01 D e+ 01 @03 — 03 & 0|
;€M o0 e M "}, and
A(M ) =
span{el ®er—ea®e +e3 @0 — 0 ®ez+ 0103+ 03 %0,
e €M 0 e MV}

The characters of (M ) and A*(M ) can be expressed in terms of the character
of M : for x(M Yg) = x" (M )q) + x'"(M )g) we obtain

XS2M N =5 (XM @ +x VM HG)) + XM )X (M )
+1 (@)@ = XM )

and X(A* (M )(g) = X(M )g)" — xS (M )(g).
Calculations with this formula give

aS 1 7
XSTENNH N =T—q"+q" —q  +---.
. . 1 u I ¢
XL (g =g (1 +g7 —q7 —q +--).
For & , given any quotient M of a Verma module VR (=, h) with h > 43/24,
we have X“”(M) = x“’(M) = %X(W[ ), since given any homogeneous vector
v in the kernel of the homomorphism from VA (z,h) onto M , the vector Gy

of opposite parity will also be in the kernel (since the kernel is a submodule).
Thus we see that

X(SZ(M ) = Y (AT (M) = Sx(M ).
Summarizing, we have the following result.

THEOREM 2.58. The symmetric and skew-symmetric submodules of the tensor
squares of the modules L( l(),h)_/'()r NS and R are

STLN (G0 > L 0y @ LN (LD,

AL (L0 2 LS @ LN (o).

87 (LNS(W m))N LNS( l)(DLNS(v T0)

AL (s, 1,,))%’LW"‘(-,m)xDL‘N‘“(%,g)

SHLA (e o) = AL (G ) = LY ) & LY ),
SULRG TN AL oy =2 L8 E Dyo LR (LR,
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3. Characters as infinite products, and an alternative proof. Theorem
2.5a,b can also be proved using power series identities, as were the results of
[2]. We first recall the quintuple product identity.

THEOREM 3.1. For z# 0 and |x| < 1 we have

2

(a) H(l — X1 — x"2)(1 _Xn—lzfl)(l __'\_2/1— IZ2)(1 __\_2)'1v—lz~b)

n=1

— § X%n%——én(:}n _ :—3n~ l)‘

nez
or equivalently,

2

(b) [T =+ +xm 27 — 12y — w1273

n=1

— Z(_I)n(\,%n(.?n—-l)z—.?n(l + 4z I).

nel

Proof. See [3] for (a); (b) is an easy corollary. This identity is the denominator
identity for the affine Lie algebra AY); see [6, exercises 10.9, 12.1]. QED

For certain values of m, r and s the expressions x(m,r,s) of Theorem 2.2 can
be written as infinite products.

THEOREM 3.2. If 3|m and r = m/[3 or r = 2m/3, or if 3|(m+2) and s =
(m+2)/3 or s = 2(m+2)/3, then for suitable x and =, x(m,r,s) equals the
product side of Theorem 3.1a (up to a power of q).

Proof. First consider the case 3|m, r = m/3. Then

—pim 1
g " x(my 3m,s)
. z é/izm(m+2)nz+ll({m(m+2)—m.\)n _ cﬁm(nwl)n%%({/n(m+2)+mx)n+(';rrl.\'

neZ

_ %m(m+2)n-’+ L(m+2)n — %mm l,m.\n+ Lo
= q 2 O (/ 2 —_— q 2 O .

nez

! .
o ms .

which matches the sum side of Theorem 3.1a for x = ql*"'("”z’ and z = ¢~
Second, consider the case 3|m, r = 2m/3. Then

) ] 2,102 !
C/_h'l,/:’]/-‘«\)((m, %ﬂl. S) — § :qim(m+2)n +3(-‘m(m+2)-rnm)n
nel
. z qilm(m+2)uz+%(=:m(m+2)+m.\)rH—lzm.\'

neZ
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Now replace n by —n in the first sum, and n by —n — 1 in the second sum, to

obtain
-y 2
g riex(mysm,s)
— E :q%m(m+2)nl-—£(%m(nl+2)—m,\')n
nez
. 2 :q%m(m+2)(nl+2n+l)*%(%m(m+2)+m.\‘)m+l)+_—:n1.v
neL
— § :q%m(nH-])IIJHA-l‘m(m+2)+21m.\')n
nez
. E :q—ém (m+2) +m(m+2)— s m(m+2)— L ms)n+(3 m(m+2)— L m(m+2)— L ms+ ms)
nez
— § : m (m+2)n> +( ——m(m+2)+ ms)n
ner
1,m(m+2)n:+(=7m(m+2)——m\)n+( m(m+2)——ms)
— e 3
ner
_ E : Lm(m+2)n* + 2 rn+7)n><
nez
(— L m(m+2)+ L ms) (3 m(m+2)— Lms)yn+ L (3 mm+2)— I ms)
q " =g e )
1 Lms
which is the sum side of Theorem 3.1a for x = ¢3"""*2 and z = g~ amm+2+gms

The calculations for 3|(m+2) are similar. If s = (m+2)/3 replace n by —n in
the first sum, and then take x = ¢3”"*? and z = ¢~ If s =2(m+2)/3,
replace n by —n — 1 in the second sum, and then take x = q"” 2 and z =
q~——(m+7)(m I)' QED

Second Proof of Theorem 2.5, 8. We prove only

33 LOG0e VG0 L0 0ol )
@ LS Do L5100

as an example. By Corollary 1.4 it suffices to show that the even and odd
characters of the two sides of (3.3) are equal. However, for ALS, the even
(respectively odd) character is the subseries of the character consisting of powers
of ¢ differing from the lowest weight by an element of Z (respectively an element
of Z + %). Hence it suffices to show that the characters of the two sides of (3.3)
are equal.

;

We obtain z = 5, h =0, when m = 3, r =s = 1. By Theorem 3.2 we have

KB = g (g b q) ,

nel
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and hence by Theorem 3.1a, with x = ¢°, z = q"%, we obtain

XG0 = [ =™ =51 = g1 — ¢! (1 — ")

n=1

To avoid fractions in the exponents, define p := qﬁ. Thus the character of the
left side of (3.3) is

2n+1 2
(34) M&ufﬂ( )

n=1
0

— H(l __pl()n)2(l _pl0n~l)2(l *pl()rI— 9)2(1 ¥p2()nfl2)2

N
x (1 — p2on- sz(l“FPZ'”) '

n=1

By Theorem 2.2 we have

x(10,1,1) = Zplz()n3+2n _[)12(»12+2zn+|7 (z,h) = (%70)7

nel
x( 10,9,7) = [73 Zpl2()rr+38n . ]7120n'+l78n+637 (z, h) = (5 , 2)7
nez
x(10,9,5) :p7 ZPIZ(M’«{»SXH _plzon-+15xn+457 (z,h) = (s’ 2)’
nel
x(10,9, 1) = pzo Zpl2()nz+‘)8n _plzonlmxnw7 (z,h) = (%7 10),
nel

Now let fi(n) := 300> + n, fo(n) := 30n° + 190+ 3, f3(n) := 30m% +29n + 7, and
fa(n) = 30n% +49n + 20. Then fi(2n) = 120n% + 2n, fi(—2n — 1) = 1201° +
1187 +29, f(2n) = 1200 +38n+ 3, fH(2n+ 1) = 120n° + 158n + 52, f3(2n) =
12072 +58n+7, (2n+ 1) = 12007 + 1781 + 66, f1(2n) = 120n> + 98 + 20, and
fi(=2n — 1) = 120n> + 22n + 1. Thus

3.5 x(10, 1, 1) + x(10,9,7) + x(10,9,5) + x(10,9, 1)

_ Z(*l)"(p;“"’z’k” +p3()/:2+l‘)n+3 +p3()nl+29n+7 + p}()nl+49n+20)
nez
Let o/(n) = 5,2 d = D24 Yy 43 Th 2n) = 30n°
gi(n) == Fn" + nan &(n) := Fn”+ 5n+3. Then g,(2n) = 30n° +

n, gi(—2n—1) = 20}1 +29n+7, ¢:(2n) = 30n° + 197+ 3 and g22n + 1) =
3012 + 495 + 20. Thus the right side of (3.5) can be written as

(36) Z(__ l)n(pgl(2n) +p3’|(g2nﬁl) +p.¥2(2n) +pg3(2n+l)).
neZ

https://doi.org/10.4153/CJM-1990-029-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-029-7

572 MURRAY R. BREMNER

For k = 2n or —2n — 1, we have %k(k +1) =n (mod 2); and for k = 2n or
2n+ 1, we have 3k(k — 1) = n (mod 2). Thus (3.6) reduces to

3.7 Z(—])%A(AH)F‘“(M + (_]):lk(/\'—l)pgz(l\)‘

k€Z

Now since g;(k)+k — 3k(k+1) =0 (mod 2) and g2(k)+k+1—3k(k—1)=0
(mod 2), (3.7) becomes

(3.8) Z(_])/‘(_p)m(/\)+Z(_l)/~+l(_p)ﬂz(ls)

keZ keZ

Replace k by —k — 1 in the second sum to get

Z(_I)I\'(_p)%l\z+%k+z( DA( p)—A Tkl

keZ kel
= 3 EDE Ty (L (—py
keZ

Now by Theorem 3.1b with x = (—p)’ and z = (—p)~', this last expression
equals

H(l +(_])"+l]75”)(1 +(_l)n+1p5n—l)(1 +(__l)np5n—4)

n=1

X (1 +pl()n-~7

X 1+ ]7]0”73)

00
_ H(l +p]()l:75)(l _PI()/I)(I +pl()n‘6)(1 _pl()nfl)

n=1

X (l __pl()n—k))(l +pl()nf4)(] +pl()nf7)(1 +pl()r1773).

Thus the character of the right side of (3.3) is

(39 (x(10,1, 1) +x(10,9.7) + x(10,9,5) + x(10,9. D) [ [ ——;
n=1

2n—1

— H (1 +pn) H n) H 1 +p°

[72"
n£0,4+1,42(10) n=0,41(10) n=1

We must show that the right-hand sides of (3.4) and (3.9) are equal. We can
immediately cancel

2n—1

H ”)Hl+p n

n=0.£1(10) n=1
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Thus we must show

o0 2n—1

00
5.0 20n— l+[7
n 20n—1242 20n—842
H (l—p)||(1~p (L =p=) ”T——pl"

n=0.£1(10) n=1 n=1

= JI a+.

n£0.£1.£2(10)

Take the left side of this equation, and split the factors which repeat mod 20
into factors which repeat mod 10:

1’)Hm

n=0.+1(10) n=1

o0
x H(l _pl()n—(»)?.(l +pl()n+6)l(l —pl("’74)2(] —[710”+4)2-
n=1
Expanding the first product mod 10 and rearranging gives:

00

H(l +pl()n~6)2(l +p10n—4)2(] +p2n—l)

n=1

y ﬁ (1 _pl()lh‘))(l __pl()n—())Z(l _pl()u—4)2(l _pl()ufl)(l _pl()n)
(1 _pln) :

n=1

Expand the factors which repeat mod 2 and cancel where possible:
[ee]
H (1 +pl()r149)(l +pl(h147)(l +pl()/176)2(l +pl()/175)
n=1
X (l +Pl()/l~4)2(l +Pl()n~3)(l +pl(infl)

o0

(] __pll)nf‘))(l __pl()nf\‘))(l _ pl()nﬂl)(l _pl()ufl)
X H (1 _pl()n—X)(‘ _ pl()n~3) :

n=1

Separating the factors we are looking for (as the first product) gives

00
H (l +[7”) H(] +pm”79)(l +pl()nfﬁ)(] +pl(]n~4)(l +pl()u~l)
n£0.4£1.£2(10) n=1

[e 0]

(1 _pl()nf())(l __pl()nf(w)(l -—[7[0”74)(] _pl()nfl)
x H (1 _pl(}nfﬁ)(] __pl()nfl) .

n=1

Now combine the factors (1 +p'¥=¢)(1 — p'" =) for a = 9.6.4 and 1I:

, 00 (1 _p'.’()n—lX)(l _,)2()11412)(1 _ [)2()11—8)(1 _pz(m-z)
H (I+p" H (1 — plon=8y(1 — plon-2) ’

n£0.+£1.£2(10) n=1
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and notice that the second product is 1. This completes the proof. QED
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