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ABSTRACT. An energy-ba la nce clima te mod el d es ig ncd fo r coupling to ice-shee t 
model s is presented . Its ind ependent va ri a bles a re long itude, la titud e a nd tim e of th e 
yea r. The mod el is based on th e ve rti ca ll y integra ted equa tions of conserva ti on of 
energy a nd h umidi t y. I t can predi c t th e \'e rti call y averaged tempera ture. Since it 
includes a hydrologica l cycle, it can a lso di agnose th e ne t fresh-wa ter Ou x a nd hence 
th e a nnua l sno \\" budge t a t th e a tm osph ere ice-shee t interface. T o thi s cnd , th e mod el 
d oes not require obse rved precipita ti on ra tes . The computa ti ona l cos t is reduced by 
using a n a na lyti call y computed FOUl'ie r Legendre representa tio n of d a il y insol a ti on. 
For a hig h ly idea li zed tes t-case config ura tion , two simpl e sensiti vit y experiments a re 
ca rri ed o ut. 

1. INTRODUCTION 

T o stud y th e Pl eistocene ice ages, it is d es ira ble to use a 
g loba l coupl ed clima te- ice-shee t mod el. U nfo rtuna tel y, a 
ge nera l circul a ti on model is very expensive to run . It d oes 
not permit ex tensive sensiti vity experiments a nd often its 
res ults a re diffi cult to interpre t. Th erefo re, a n a tm o­
spheri c mod el is need ed which conta ins th e essenti a l feed­
bac k mecha nisms th a t a ffec t th e growth a nd decay o f ice 
shee ts but it ta kes a mu ch sma ll er a mo unt of a dditi o na l 
computing time a nd is eas ier to interpre t. As has been 
sugges ted by Poll a rd ( 1983), Esc h a nd H ert e ri ch ( 1990) 
a nd D eblo nde a nd Pelti er (1991 ), th ese req uiremen ts 
seem to be met by a n energy-ba la nce clim a te mod el. 

Th erefore, a g loba l, two-dimensiona l, verti call y inte­

g ra ted energy-bala nce clim a te mod el is prescnted. It is 
so lved by th e spec tra l meth od in space a nd tim e. Th e 
hori zon ta l resol u tion is T 16 a nd th e seasonal a nd semi­
seasona l va ri a ti o ns a re included . Th e la nd- sea di stribu­
ti on a nd the a lbed o ca n be specificd a rbitra ril y. 

Althoug h th e model is quite simila r to th ose of H yd c 

a nd others (1989) a nd D eblonde a nd Pelti er (1991 ), it 
differs from th em in three importa nt res pec ts. First, th e 
mod el d oes no t use o bsen -cd precipita ti on ra tes whi ch 
may cha nge consid era bl y on the time-sca le of th e ice ages. 
J t ra th er cm pl oys a si m pi e para me teri za ti o n of th e 
eva poration of wa ter, tra nsport of wa ter va pour a nd its 

precipita ti on, basecl on th e ideas of Poll a rd (1983 ), 
Sa nberg a nd O erlem a ns ( 1983 ) a nd Bowm a n ( 1985). 
Secondl y, to reduce th e computa ti ona l cos t , th e mod el 
tak es ach 'a ntage o f a n a na lyti ca ll y computed Fo uri e r 
Legendre representatio n o f" d a ily inso la ti on. Thirdl y, th e 
coeffi cients which coup le th c sp ect ra l mod es of th e 

different fi elds togeth er a re enllua ted recursi\'ely (Schul­
ten a nd Gord a n. 1975, 1976). 

In th e present ve rsio n, the mod el is li nea r in th a t th e 
sea-Ice ex tent does no t d epend on tempera ture. T o 
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inves ti ga te its beha \'iour, a tes t case is studied w hich is 
based on th e hig hl y id ea li zed la nd- sea distributio n 

p ro posed by Poll a rd ( 1983 ). T wo simpl e sensitivit y 

ex periments a re ca rri ed o ut which show th e effec t of 
\'arying th e size of a n ice shee t o n th e g lobal a nnua l mean 
tem pera tu re. 

2. MODEL DESCRIPTION 

2.1. Basic equations 

The \'Crt ica ll y integra ted eC] ua ti ons of consen 'a ti o n of 
energy a nd humidity may be cas t into th e fo rm (c r. 
j entsch , 199 1) 

a 
- (CT ) = - \7 . F + X at 

a at (L "w ) = - \7 . F q + X q . 

(1) 

(2) 

where T is the sea-l evel a ir tempera ture in QC and 1¥ is 
th e a mount of wa ter \'apo ur in a n a tmospheric co lumn 
ex tending from th e surface to the to p o f th e a tmosphere. 
The sea -I e\'e l a ir tempera ture can be fo rm all y re la ted to 
th e ve rti ca ll y integra ted temperature by se lling 

pHT = J p'( z)T '( z) dz . (3) 

H ere, p is taken to be a consta nt surface-a ir d ensit y O\'er 
la nd a nd a consta nt mi xed-la yer d ensit y ove r ocean; H is 
th e e fTec ti\ "C heig ht of th e a tmosph ere- ocean co lumn 
considered , whi ch m ay well differ from its ac tu a l heig ht. 

Furtherm ore, p' d eno tes th e height-d ependen t d ensity 
a nd T' th e heig ht-d ependent tempera ture of this co lumn . 

On th e lefth a nd side o fEC]u a ti ons ( I ) and (2), CT a nd 
L"W den o te, res pec ti\ 'e ly, th e ve rti ca ll y integ ra ted 
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se nsible heat or atmosp here and occan and the \ 'enica ll y 

integrated laten t heat of th e atmosphere- alone, H ere, 

C ~ cppH and L" play the rol e of inertia coefTicients \I,ith 

cl' being th e spec ifi c hea t at constant press urc, while L y is 
the latent heat or vaporization, 

Follo\\'i ng Nonh a nd others ( 1983 ) and H yde a nd 
o th e rs ( 1989) , the thermal inert ia cocfTicient C is gi\ 'en a 

large \ 'a lue CII' over the ocean, a smaller va lue Cs; O\'er sea 

ice and a very small \'a luc Cl O\'er land, I n the first case, it 
is taken to represent the heat capac it )' of an ocean mixed 
layer \\'ith an average depth H II' = 75m, while in the 
third case it stands for the heat capacity oran a tmospheric 

laye r \\ 'ith effecti \ 'e upper boundary HA =4,2 km, H ence, 
, 2 1 ' 2 1 C", =9,7 \\ am C, Cs; =0,75 \\ am C and Cl = 

, ,) 1 
0, 165 \ \ a m - C ' 

On the rig hth and sid e orEquat ions ( I ) and (2 ), F and 
Fq denote the Ou xes o rh ea t a nd \\'a ter vapou r , a nd X a nd 
Xq represent th e d iaba li c terms \\'hieh are g i\ 'e n by 

X= R ; - Ro , 

Xq = L* E - L"P 

(4) 

(5) 

where Ri a nd Ru arc the incom ing and outgoing radiati\'(' 
nu xC's at the top of th e atmosp he re, wh il e E a nd P denote 

eva poration and precipitation. The latent hea t of th e 

phase change of \\'ater is L* = Lv =2.5008 X lOG] kg 1 
(j. 1 

fo r vaporiza tion a nd L* = Ls =2 .8345 x 10 J kg for 
su blim a ti o n. 

All fields in Equat io ns ( I ) and (2 ) depend o n 
longitude A, lat itude rp a nd time t in the year. Ofien 

J.L = sin rp is used rather th an cP itse lf'. 

2.2. Radiation 

The incom ing shon-\\,a\ 'e radiation is g i\'('ll b y 

So 
R; =-as . 4 (6) 

where So = 1360 W m 2 is th e so la r co nsta nt as used by 

North a nd o th ers ( 1983 ) , CL is thc co-a lbedo (or onc 
minus th e a lbedo) a nd S determines the distribution or 
daily inso la ti on a t eac h la titudc and a t each tim e in the 
year (North and Coakley, 1979 ) , O\'er ice-free areas, 

the co-a lbedo is ta ken to be a smoo th function or 

la titud e 

(7) 

where P" is th e nth -order L egendre polynomial and the 

coe fTi c ients ao = 0,679, al = - 0,012 and a2 = - 0,241 a re 

deri\'Cd from present-day sa tellit e obse rn lti o ns (Grm'es 
and ot hers, 1993 ) . The discontinuo us c ha nge in a lbedo in 
the prese nce orsno\\' cove r O\'e r la nd a reas o r sea-i ce co\'Cr 
O\'Cr ocea n areas is represented by the a lbedo jumps 
Doa'll = 0. 14 and Do a,,; = - 0.07. O\'Cr la nd , ice-cO\'Cred 

a reas, a co nstan t \ 'a lue al; = 0,3 is used (D eb lo nd e a nd 

Pelticr,1991 ) , 
Accord ing to Budy ko (1969 ) , th e o utgo ing lo ng-\l'ave 

radiation ca n he parameterizec\ as 

Ro = A + B(T - , h) (8) 

\I'here th e consta nts A = 205 \ \ ' m 2 a nd B = 1, 9 \\. m 2 

QC 1 a rc ta ken from Po ll a rd ( 1983 ) and Gra\'Cs and o th ers 

1993 ) , respec ti\'Cly. The term -B, h accounts 101' the 

nega ti\,(, feedback of cold, eb'ated ice-shee t surfaces o n 

the temperature (BO\\'lll a n, 1982) ; ,= 6.5 K km 1 is a 

co nsta nt lapse rate (Po ll ard. 1983 ) and h denotes the ice­
shcet s urf~lce eln'alion abO\'C sea le\'C 1. 

2.3. H eat t ran s port 

In Equat ion ( I ), the transport of heat in the atmosp here 
ocean S\ 'S lem is given by th e d i\'C rge nce or the \ 'ert ica ll ), 
integrated heat flux F . The cxp licit rorm orthe horizontal 
d i \'Crge nce opera tor in spherica I coo rd i nates is 

\I' he re RE = 6.37 122 X 10(' m is th e radi us o f th e Earth. 
The \'a rious kinds of heat transport are simulated b) ' a 

difli.l sio n process. Hence, they a rc taken to be propor­

tional to the negative of thc sea-l e\'('1 temperature 

grad ien t 

(10) 

where 

(11) 

is the clTeni\'t· diffusi\'it y ror sensib le hea t, K , di\·ided by 
tll(" radius ort he Earth , RE. H e re, the lat itude-dependence 

of'D is based on the argum en t that the tropical H ad ley 

cells are much more efTic ielll a t smoothing temperature 

anoma li es than th e mid-latitude eddies (North a nd o th ers, 
1983 ), H ence , D is ass um ed to be three tim es as large <l tthe 
Equato r as at the poles (sec T ab le I ). The co nsta nt h' 

determincs the degree or a ni so tropy or th e diffusio n process ; 

in thi s study, it is set to I . 

2.4. Precipitation, evaporation and snow budget 

The parameterization of mid-latilUde precipitation and 
C\'aporat ion is that ofSanbcrg and Ocrlemans ( 1983 ) 

(12) 

P = (fo + fIS)W (13) 

w here IT 'll'"' is the maximum \'a lue of th e moi sture 
con tent !{ ' in th e a tm osp he ri c co lumn . Evaporation E is 

take n to depend o n a c ha rac te ri sti c tim e T , whi c h is th e 

tim e-scale o n \\'hich the atmosphere tends to become 

sat urat ed; it is es tim a ted as T\\, = 3 d o\'Cr \\'aler, TI = 6 d 
o\'('\' land and Tli = 30 d O\'er icc shee ts. Prec ipitat io n P is 
proportional to the m oisture contcnt TV a nd consis ts or 
some background precipi ta t ion fll H ' and the upslope 

precipitalion .fiSH', where S is the up\l'ind slope of the 

icc-sheet surface in percent. Fu rth erm o re, fo=0 .188s 1 

and !I = 0 .353 s I . 

Integ ra tin g th e sa tura tion abso lule humidit y Ps 0\'(' 1' 

an a tm os ph eri c co lumn of' he ig ht H q, using a hei ght­
dependcnt density P;, but a co nsta nt la pse rate " 1I'Il,ax 
ca n bc obta ined as a function 0 [' sea-leve l tem pera ture T 
and ele\'a ti o n h. If o ne neglcc ts th e c ha nge of the la te nt 

hea t of \ 'aporiza ti on L,. \I 'ith pressure, o nc ge ts the 
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Table I. r allies, units and sources oJ the 17I0del/Jarameters 

Para- ['allle Units Source 
me/er 

50 1360 \V m 2 No rth and oth ers (1983) 
A 205 \\' m 2 Poll a rd ( 1983 ) 
B 1.9 Wm 2°C 1 G raves a nd others (1993 ) 

C'" 9.7 W a m 2 °C I H yd e a nd o th ers (1989) 

Csi 0.7S \V a m 2oC 1 H yd e and o th ers (1989 ) 
C) 0. 16S \V a m 2oC I H yd e a nd o th ers ( 1989 ) 

Do 1. 5 \V m 2oC I This stud y 
D2 1.330 H yd e a nd o thers (1989 ) 
D4 0.670 H yd e a nd o th ers ( 1989) 

ao 0.679 Graves a nd o th ers ( 1993 ) 

al - 0 .01 2 Gra ves and others ( 1993) 

a2 - 0. 24 1 Graves and oth ers ( 1993) 
L1asll - 0 . 14 Graves a nd o thers ( 1993) 
L1as i - 0.07 Gra \'Cs a nd o th ers ( 1993 ) 
ali 0.3 Deblondc a nd Pel ti er ( 199 1) 

Tw 3 d Sa nberg and O erl emans (1983 ) 

T) 6 d Sa nberg and O erl emans (1983) 

TIi 30 d Sanberg and O erl emans (1983 ) 

1 0 0. 188 s I Sanberg and O erl emans (1983) 

11 0.353 S 
1 Sanbcrg and O erl emans (1983 ) 

Hq 8.0 km This stud y 
6.S °e km 1 Poll a rd (1983 ) "Y 

a 10.0 Poll a rd (1983 ) 
b 0.2 Poll a rd (1983 ) 
c - 70. 0 Poll a rd (1983 ) 

a pprox ima te result 

(14) 

where e(To) =6 10Pa is th e sa tura ti on va pour pressure a t 
To = ooe a nd Rv = 461 .S J kg 1 K 1 is th e gas constan t for 
moist a ir. The fun ction Ei is the ex ponenti al integral 
(Press a nd o th ers, 1992) . Th e upper bou nd a ry of th e 
a tm osph ere fo r moisture is ta ken to be a pproxim a tely 
Hq = 8 km high. 

Ass uming tha t the ra te of cha nge of th e a tmospheri c 
la tent-hea t content is sma ll compa red to th e net e\'apora­

ti on (Bowma n, 1985; e hen a nd others, 1993 ), the equa ti on 
of conse rva ti on of moisture Equ a ti on (2) reduces to a 
d iagnos ti c rela ti on [or moisture content W , wh ere 

vV = - \7 . F q + L * {;VII1nx/T 

L* /T + Lv(fo + 11 5) 
(15) 

~ow , the moisture content can be re la ted to the 
t e mp e r a tur e thr o u g h th e r e la ti \'e humidit y \: , 
llV = X W lllax , \\'here X = 0.8 is used . Approxim a ting the 
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nux of moisture, like tha t of hea t, by a diffusion process, 
onc ge ts 

(16) 

with 

(1 7) 

being the effec tive diffusivity for la tent heat Kq di vided by 
the radius o f th e Ea rth RE. 

From Eq ua ti ons (12), ( 13) a nd ( IS), eva pora ti on E 
a nd prec ipita ti on P can be obta ined . The ra te of snow fa ll 
or acc umula ti on is then simpl y g ive n by 

if T, < 0 
if Ts > 0 

(18) 

where Ts is the monthl y sea-leve l temperature, correc ted 
[o r height. Following Poll a rd ( 1983 ), th e ra te o[ snowmelt 
o r a bl a ti on ca n be rela ted to monthl y surface-a ir 
tempera ture and inso la ti on by 

m [m month- 1
] = max (O , aTg[°C] + bRi [W m- 2

] + c) 

(19) 

where a = 10, b = 0.2 and c = - 70. Finally, th e annu a l 
net snow-budge t b is th e difference (8 - m) averaged ove r 

I yea r. 

2.5. Spectral Inethod 

Th e method of solving Equ a ti on (2. 1) is to solve direc tl y 
for the stead y-sta te seasona l cycle ra th er than integra te it 
fo rwa rd in tim e (N orth and o th ers, 1983) . Thi s is 
ac hie\ 'ed by exp anding a ll relevant fi e lds into trunca ted 
se ri es o f' sph erical harmoni cs in space a nd complex 
exponenti a ls in time: 

N AI L(,II ) 

'lj;( A,f.L ,t) = 2:: 2:: 2:: 'lj;i:n Ylm( A,f.L)exp(i2·rrnt ) 
n=-N m=-AI/= 11I1 1 

(20) 

w he re Y,'III(A, f.L ) = Ptlll( f.L )eim ).. a nd P'hlll( f.L ) a re th e 
assoc ia ted L egendre polynomi a ls, no rm ali zed to one. 
For tri a ngul a r truncation, L (m) = !If and for rhomboi­
da l trunca ti on, L(m ) = Iml + J.I (W as hing ton and Pa r­
kinson, 1986) . Sin ce th e fi elds a rc rea l, the complex-m od e 
a mplitud es sa ti sfy th e symm etry 'I/)~'!.m = Cl/Ji",,)*. A t 
presen t, tri a ngula r trunca tion is used. 

Th e spa ti a l trunca ti on wave number AI is 16 for sola r 

forcing 5 and tempera ture response T a nd , to a \ 'oiel 
a li asing, 33 for all o ther fi e lds. Furthermore, the tempora l 
trunca ti on wave number is N = 2. Substituting th e 
trun ca ted se ri es into Equ a tion (2. 1) a nd a pplying th e 
integ ra l opera tor 

111 j .l 1'27f 
- elt el~l elA P'lilll (f.L ) cxp ( - 'imA) exp ( -i27rnt ) 
27r 0 - I 0 

(21) 

yields a complex sys tem of (2N + 1)(1II + 1)(1II + 2) / 2 
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linea r a lgebra ic e~u~ ti o n s [o r tri a n.g ul a r trun ca ti o n anel o f 

(2N + 1)(J1I + 1)- lInear a lge bra ic equ a ti o ns [o r rh o m­

bo iel a l trunca ti o n. For example, th e ex pli c it fo rm o f th e 

hea t -tra nspo rt term is 

~ (j Gf1I " " 'f1I D ll' T '" 
~ 11. °1+ 11 2 1[I'2 l /11 '2 12 i JIII ] 

f/ J .1I1 ) .I [ .11 ']. .111 2 ,/2 

x ~ [l (l + 1) + l l( ll + 1) - l2( l2 + 1)] 
(22) 

II'he re th e co u p lin g coe fIi c ients G;:'l~'/"'" a re g ll 'e n In 
A ppe ndi x B. 

3. NUMERICAL IMPLEMENT A TION 

A ll input a nd o utput tields can be rep resented by g rid­

po int \ 'a lues o n G a uss ia n g rid s. Fo r so la r fo rcing 5 a nd 

te mpera ture res po nse T , the number o r g rid po ints in th e 

long itudina l d irec tio n is 64 a nd th e number o f g rid po int s 
in th e m e ridi o na l direc ti o n is 32 . Fo r a ll o th er Gelds, th ese 
nu m bers a rc 128 a nd 64, respec tilTly. Th e tra nsforma ti o n 
(i-o m ph ys ica l space to spec tral space is perfo rm ed b y a 

two-dim ensio na l (o rwa rd F ast F ouri er Tra nsro rm (Press 

a nd o th ers, 1992) a ncl G a uss ia n CJu a clra ture . In th e case of 

so la r ro rcing , th e m od e am plitudes a re gi\ 'e n a na lytica lly 
(see Ap pendi x A ) . In spcc tral space , th e complex sys tem 
o f linear a lgebra ic equ a ti o ns is so lved by L U d ecompos i­
ti o n (Press a nd o th e rs, 1992 ). Fina ll y, th e tra nsfo rm a ti o n 

fro m sp ec tra l sp ace to p h ys ica l sp ace is el o n e b y 

computing th e sum 

L ( lll ) 

~ . 1/ ' p o'" ( ) ~ Y lm I jJ. (23) 
1=llll l 

a nd perfo rmi ng a (wo-d imen sio na l im'e rse Fas t FOUl-ie r 

Tra ns(o rm. Th e g rid-point va lu es o r th e no rm a li zed 

a ssocia teel L egend re po lyno mi a ls a re ca lcul a ted uSin g 
rec u rre nce fo rmulae (Be lo usol ', 1962 ) . 

4. SENSITIVITY ANALYSIS 

F or a na lyz in g so m e o f th e m od el' s be ha \ 'io ur, a tes t case 
with hig hl y id eali zed geo m e try a nd o rogra plll' is studi ed 
(Po ll a rd , 1983 ). In ord e r to capture th e do mi na nt e fTen o f 

la nd sea di str ibuti o n o n clim a te, a co n tin en t is ass lIlll ed 

w hi e h ex tends fro m 6 ' S to 74 - ~ a nel CO \'e rs I SO o f 

lo ng itucl e . Th e sea -i ce lin es a re fi xed a t th eir prese nt-cla\' 

loca ti o ns in bo th hem isph e res a nel ta ke n to be a t 62 S 
a nd 66 N. So uth o f 70 S a fi xed An ta rc ti c ice shee t is 
prescri bee!. 

On th e no rth e rn p a rt o r th e co ntin e nt , a o ne­

dimensio na l ice shee t wi th ellipti c p ro filc 

(24) 

ca n ex ist. Here, ho is th e m aximum heig ht , R is th e h a l[~ 

w id th a nd .r is th e dis ta nce [i-o m th e centre . Th e surface 

elC\'a ti o n o f la nd no t cO\'e reel by a n ice sh ee t is se t to ze ro . 

In Fig ures I and 2, und er m od e rn so la r fo rcin g a nd 

w itho ut a n ice shee t. th e zo na ll y integra ted tempera ture 
res po nse o r th e energ \'-ba la nce c lim a te m od el is compa red 
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Fig. I. ;;'ollal£), m'eraged sea-ta et tellljJeratllre, corrected 
Ior height . ill C, as simulated ~) ' the Tl6 ellerg) ,-ba/aIlCf 
clill/ate model . 

\r ith th e res ult (I 'o m th e ECHA~r 3 ge ne ra l circ ul a ti o n 

mode l a t T 42 reso luti o n (R oeckn er a nd o thers. 1992 ). 
A ltho ug h th e po la r regions a re too \\'a rm , th e ene rgy­
ba la nce clim a te m od e l simul a tes th e m od e rn clima te 
reaso na bl y well. But o ne must bea r in mind th a t an y 

e nergy- b a la n ce clim a te m odel is tun ed to m od e rn 

conditi o ns, m o re so th a n a ge ne ra l circul a ti o n m odel. 

4.1. Varying maximum height 

In th e first se nsitil 'it ), ex pnim e nt , th e so uth e rn-tip 

posi ti o n or th e N o rth ern H e misph ere ice shee t is fix ed a t 

45 e N whi ch ro ug hl y corres ponds to th e e~tent o r th e 

L a urentid e ice sh ee t a t th e L as t Gl acial .\Ia ximulll . Th e 
m a ximum heig ht o r th e ice shee t is I'a ri ed be t\\ 'ee ll 0 a nd 
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Fig. 3. Global allnual mea/7 sea-Iael lempera/ure versus 
ilia rill1/1 l11 ire-slteel sUlface elevatioll. The ice sheel el lendJ 

.from 72 . \. la tflef/\eel sO/lthem-li/) posilioll al 45° . \ '. 

6000 m. Fig ure 3 shows th e res ponse of th e g lobal annua l 
mea n tempera ture. It increases linea rl y \\'ith maximum 
heig hl. This is expected since, according to Equation (8 ), 
th e outgo ing lo ng-wave radi a ti on decreases linearl y \\'ith 
heig ht. A difTc rence in th e max imum height of 1000 m 

eo rresponds roug hly to a difTerence in glo ba l a nnu al mean 
tempera ture of 0 .3°C. 

4.2. Varying southern-tip position 

In the second sensitivity ex perim ent , the max imulll height 

of'th e ice shee t is taken to be ho = 85 J R/ lOOO m (Polla rd , 
1983 ). The ice sheet ex tends from 72° N to the southern-tip 
position \\'hi ch is va ri ed. The res ult of this experiment is 
shO\nl in Figure 4, in which the g loba l a nnu al mcan 
temperature is plotted aga inst the south ern-tip position. 

There is a ge neral decrease of the globa l a nnual mean 

tempera ture with a n increase of the ice-shee t size. This 
d ecrease is much stronge r, if the ice shee t is gi\'en ze ro 
height , such th a t the negati ve tempera ture-elc\ 'a tion feed­
back in Equ a ti on (8) is suppressed. For an ice sheet with a 

so uth ern-tip position at 45 N, th e difTerence in th e 

tempera ture res ponse amo unts to a bout I.O°e. 

5. DISCUSSION 

An energy-bal a nce climate model has been d escribed 

which represents the verti ca ll y integrated a tmosphere 
ocean sys tem . T o couple it to an ice-shee t mode l, it has 
been combin ed with a simpl e pa ra ll1 e teri za tion of th (' 
hydrologica l cycle. The Ill od el includ es seasonal variati o n 
a nd la nd ocean co ntras t. In fact, th e effec ti\'e-h ea t 

capac ity a nd co-a lbed o fi e lds ca n be spec ifi ed a rbitra ril y. 

Wh en th e present , lin ear version of th e mod el is coupl ed 
to a n ice-shee t mode l, th e res ulta nt mod el will includ e 
both the icc-shee t- a lbedo f(>cd-ba ck and th e temperature­
ele\'a tion fe cd-back, but it will not conta in th e sea -i c(' 
a lbedo feed-bac k since th e sea-ice ex tent is no t a ll o\\'ed to 

\'a ry with tempera ture. This and other fe ed-bac ks, whi ch 

seem to be esse nti a l for th e build-up and re treat of ice 
shee ts, are to be incorpo ra tcd in to f'uture non-linea r 
\'e rsions o f th c mod el. 

First sensiti\'it y experim ents indicate th a t th e encrg),­
ba la nce clima tc model is indeed economi ca l a nd easy to 

und erstand. On an IBr.-I RS /6000 3AT, th e CPU tim e 
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required is as fo ll o \\'s: u<; ing the T 16 (T 11 ) truncatio n, th e 
intia l se t-up or th e mod el requires 56s (9 s), while th e 
solution fo r a pa rti cu la r season a l cycl e of sea-l evel 

tempera ture only ta kes 1.7 s (0.4 s). However , a matri x 
of size 765 x 765 (390 x 390 ), which is fa irl y la rge, must 
be in ve rted a nd held in memory. 
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APPENDIX A 

FOURIER-LEGENDRE AMPLITUDES OF DAILY 
INSOLATION 

Since th e daily insolation is az imuth a ll y symmetri c , it can 

be represented by a trunca ted Fourier- Legendre series. 

Expressed in terms o r real sines a nd cosin es and ordinary 

L egendre pol yno mi a ls, the dist ribution fun ction S(j.L, t) 
then reads 

S(/-L, t) = 

~ [a~o + ~(alll eos 27r-nt + bu, sin 27rnt) 1 p/(j.L). (25) 

As outlined by North a nd Coakley ( 1979) , tbe Fourier­

L egendre a mplitud es a," a nd b," ca n be computed 

ana lyt ically; N orth a nd others ( 1981 ) prO\ 'id ed th em up 

to L = 2 a nd N = 1. In o rd e r to resoh-e better the hi g h 

latitud es where there is a lo n g polar night or a lo ng po la r 
day, it is d esirab le to trunca te the se ri es a t a hi gh er le\T I. 

It is found th a t the se ri es expansion cOIl\'erges e\ 'e ryw h ere 

except on th e bo und a ry between la titudes where there is 

d a il y sunrise and sun se t a nd la titudes where there is a 

lo ng po la r ni g ht o r d ay . On this boundary, it con\'erges 

on ly asymptoticall y. In thi s Appendix , th e F o uri er­

L egendre a mplitud es up to L = 16 a nd N =4 a re 

presented. 

Table 2. , \ 'oll-;:ero l'ollriel~Legendre allZ/J/iludeJ 0./ dai£v 
i/lso/alioll./in a circular orbil 

I n 
(0) 

alII 
( I ) 

a," 

0 0 0.200006937712830£+0 I 0.727942758418422£-05 
0 2 0.400237880620236 £-04 0. 'W5864863738902E-05 
0 + 0 .384008880692430 E-05 0.219833378589675£-06 
0 6 - 0.105708020960206£-05 - 0. 14300807 1882862£-06 

I 0.79589726261522 1 £ +00 0.320235698738689 £-0 I 
2 0 0.952798892747514£ +00 0.239 17053481+404£-01 
2 2 0.148612 1047379 19£ +00 0.1 19579970963495£-01 
2 cl· 0.327263318824749£-05 - 0 15859969 1090462E-05 
2 6 - 0.579·108398811024£-05 - 0.713927156439525£-06 
4 0 0.891806294999281 E-O I 0 .1295348561 006 13E-0 I 
4 2 0.908660546839573£-0 I 0.564 1347252472 11 £-02 

4 4 0.51829731454 1085£-02 0.836626644588256£-03 
4 6 - 0.862737752502799£-05 - 0.379406997768469£-06 
6 0 0. 161700+15839655£-01 0.6593977 5 7505650E-02 
6 2 0.607569895483279£-0 I 0.170476437752998E-02 
6 "~ - 0, I 0't-J.97133305928E-0 I 0.150263816064308£-02 
6 6 0.365 173904060323£-03 0.9 10140949910895£-04 

8 0 0.274670H0259754E-0 I 0. 1562 19728852043£-02 

8 2 0.344338960738 196E-0 1 - 0 .120875401071182£-02 
8 4 - 0.142793513326073E-Ol - 0.168 154032492723E-02 
8 6 0.131672740464584£-02 0.29874710959555 I E-03 

10 0 0.169206966017579£-01 - 0.150026652105335E-02 
10 2 0.1365742+0909285£-01 - 0.259930 1 52272 14+E-02 
10 4 0.153450099424626£-01 0.122866099620399£-02 

10 6 0.279707792567078£-02 0 .565758380696060£-03 

12 0 0.438844019404613£-02 0.24 1048 16795 11 94£-02 
12 2 0.379 162634333408£-03 0.24409935098303 1 E-02 
12 4 O. j 337307492 18794E-0 I 0.3 19 1994 11 707478£-03 
12 6 0.44432930 I 059370 £-02 O. 760L~2959564036"~E-03 

14 0 0.320325695203605 E-02 - 0. 171347627984590E-02 
14 2 - 0 .543088446402534 £-02 - 0. 12764442248807 IE-02 

14 4 0.9 1977861363 1028E-02 0.640909277871 103E-03 
14 6 0.5701032399577 16£-02 0.7449 16837095426£-03 
16 0 - 0.520660985852039 £-02 0.382322464746662 E-03 
16 2 0.565836490753235 £-02 0.730153093586380E-04 
16 4 0.433278564876693£-02 0. 12256856 1865220E-02 
16 6 0 .6066913598 14282£-02 0.458375 1101 59306£-03 

In genera l, the distribution [unction S(j.L. t) depends 

on the orb ita l ele m en ts ecce ntri c ity e, lon g itud e or 

perihelion wand obliq ui t Y E (Be rge r , 1978) a nd so d o 

the Fourier- L egendre a mplitudes a," a nd bill' But, ror a 

circ ular o rbit , th e only d e penden ce is on ob liquity E. 

Furtherm o re , taking the tru e lo ngitud e or th e Earth to be 
zer o at the winter solst ice, a ll sine coe fIl e ients vanish (c r. 

Taylor, 1984) . H en ce, in this p a rti c ula rl y simple case, the 

Fourier- Legendre representa tion is 

(26) 

where a ll rem a ining n o n-zero a mplitudes a rc g iven by 

( ) 
(0) ( j ) ( ) 

alII E ;::::; a," + a'n E - EO (27) 

and T a ble 2 . H e r e , EO = 23 .45° is th e prese nt-d ay 

obliquity. The amplitudes ror a ge n e ra l orbit ca n b e 
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obtained Ii'om the formulas 

aln(e. W, c) = al"(c) + necosw[O'I,n_1 (c) - al.lI+l(c)] 

+ n 2e2
{ [a/.n- l (E) - 2aln (f) + 0'/ ,11 + 1 (E)] 

+ W eos2w[a/. n _2(E) - 2a/,n- l(E) 

+ 2aI1l(E) - 2aln+l (E) + a/1i+2 (E)] } 

and 

b/n(e,w, E) = nesin w[a/,n _dE) - 2a/n(E) + a/n+l (E)] 

n 2e2 

+-2-sin2w[al,n- 2(E) - 2al.n_l(E) 

(28) 

+ 2al,n+l(E) - al ll+2(E)] . (29) 

These formul ae are similar to those obtained by T ay lor 
(1984) but include the terms in e2 which are req uired 10r 
n>2. If TL=O , th en a,,"(e,w,E)=aln (E) an d 
blll(e,w,E) = O. Finally, the complex-mode amplitudes Sib 
are giyen by 

5" =J 2 (allnl + ib1lnl) if n > 0 , 
to 2l + 1 2 ' 

(30) 

SI! = / 2 (all ll l - ibllll l) if nO. 
to 2l + 1 2 ' < (31) 

APPENDIX B 

COUPLING COEFFICIENTS FOR SPECTRAL 
MODES 

In con trast to the spectra l transfo rm method (l\I ac hen -
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ha uer, 1979), the multiplication of two fi elds is a lso 

carried out in spectra l space. For example, on the 
lefth a nd side of Equation (2.1 ), the produ ct of tempera­
ture T and eOect ive heat capacity C is represented by 

(32) 

where l2,Illill = max(ll - lll, m2) a nd l 2.l11a" = l + ll . H ere, 
I I· ffi' C IJ1 ,n1-> m d fi I b tle coup ll1 g coe IClents 1,1

2
1 - a re e lll ec y 

C1ll11ll2 111 - 1 j' Yi Yi Yi dn 
I / l - - II rH, Lm ·) 1 -m H. 

1 2 27r - - , (33) 

Now, the integral involving three spherical harmo nics can 
be exp ressed in terms of Wigner 3j symbols 

~) (34) 

or, equ ivale ntl y, in terms of Clebsch- Cordon coe ffi cients 
(Messiah, 1962) . Using Wigner 3j sym bols, they read 

(35) 

For a recu rsive eva luation of the Wig ner 3j symbols, a 
modified version of the a lgorithm by Schulten a nd 

Gordon (1975, 1976) is used. This a lgorithm is, at the 

same tinlt' , effi cient and accura te even [or large wave 
numbers. 
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