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ON THE LOW FREQUENCY ASYMPTOTICS FOR THE 2-D
ELECTROMAGNETIC TRANSMISSION PROBLEM
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Abstract

We examine the transmission problem in a two-dimensional domain, which consists of two
different homogeneous media. We use boundary integral equation methods on the Maxwell
equations governing the two media and we study the behaviour of the solution as the two
different wave numbers tend to zero. We prove that as the boundary data of the general
transmission problem converge uniformly to the boundary data of the corresponding elec-
trostatic transmission problem, the general solution converges uniformly to the electrostatic
one, provided we consider compact subsets of the domains.
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1. Introduction

Low frequency boundary-value problems for acoustics, electromagnetism and linear
elasticity have already been considered by many researchers. The case of the three-
dimensional problem is presented in the books by Dassios and Kleinman [5] and Colton
and Kress [4]. Transmission boundary-value problems in three dimensions have been
considered by Kress and Roach (7] in acoustics, and Wilde [10] in electromagnetics
who proved the uniqueness of the solution.

The essential characteristic of the two-dimensional case, as compared to the three-
dimensional one, is that the fundamental solution, which is the Hankel function of
first kind and order zero, tends to infinity as the wave number k tends to zero. The
low frequency behaviour of the solution for the exterior boundary-value problem, in
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two dimensions, is presented in the works of Werner [9] and Kress [6]. These authors
considered a suitable combination of a single and double layer potential and proved
that the solution of the Helmholtz equation tends to the solution of the Laplace equation
as k tends to zero. This idea has been adopted by the present authors in an exterior
boundary-value problem for the vector Helmholtz equation [2]. The transmission
problem for the Helmholtz equation in two dimensions is studied in [1]. There, the
case of different wave numbers is investigated, and the uniqueness of the solution is
proved under the assumption that the relevant parameters satisfy a suitable condition.

This paper is organised as follows. In the next section we recall some basic facts
about the two-dimensional electromagnetic problem. Then, in Section 3, we focus
on the electromagnetic transmission problem in R? for two different regions, the
unbounded which is lossless and the bounded one, and establish the relevant formula-
tion. Finally, in the last section, we prove that the solution of the general transmission
boundary-value problem converges uniformly to the solution of the corresponding
electrostatic transmission problem as the relevant wave numbers of the two domains
both tend to zero. This is true provided that the boundary data of the general problem
converge uniformly to the boundary data of the corresponding electrostatic transmis-
sion problem, and we have considered compact subsets of the domains.

2. Basics of the two-dimensional electromagnetic problem

Let D; be a bounded open region in R2. We denote the exterior domain by
D, := R2\D;, which is connected, andthe boundary by 8 D, belonging to the class C2.
Let C**(@D), 0 < a < 1, be the space of uniformly Holder continuous functions
defined on 3D and the unit normal vector to the boundary, v, directed into the
exterior D,. We also define the normed subspaces [4]

F%@D)={a:9D - C*|a-v=0, a € C**(3D)}
of uniformly Holder continuous tangential fields and
F*@D) = {a € 7%°(3D) | Dive € C**(3D)}

with Holder continuous tangential surface divergence fields, where Div « is the surface
divergence of a continuous tangential field, as defined in (4, page 60], and norms

el oo = flatllcos  and [lallsoe = lltflcos + |V - @tflcos.
We consider electromagnetic wave propagation in a homogeneous isotropic medium

in R? with angular frequency w > 0, which will be described by the electric and
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magnetic fields

E _ 1o\-12 iwr —12 —iwt
(r,t) = (8 + Z) E(r)e” and H(r,t) =u “H(r)e ',

where o is the electric conductivity, while the electric permittivity £ and the magnetic
permeability u are real positive constants.
The time-dependent Maxwell’s equations

Vx E(r,t) +M%H(r,t) =0 and
VxH(r,t) - S%E(r, t)y=0cE(,1)
lead us to the time-reduced Maxwell’s equations
VxE(r)—ikH(r)=0 and V x H(r)+ikE(r) =0, @.D

where the wave number k is given by k? = euw? + i o w and we choose the sign of
the wave number such that Imk > 0.

If E and H satisfy (2.1), then it has been proved in [4] that they also satisfy the
vector Helmholtz equations

AE(r)+kE(r)=0 and AH(r)+k*H(r)=
and that they are divergence free, that is,
V.E(r)=0 and V- -H(@r)=
Since E, H satisfy the same vector Helmholtz equation, with the same wave number,

respectively, in what follows we study the asymptotic behaviour of E, as k, k; — 0.

3. The two-dimensional electromagnetic transmission problem

In order to distinguish the constitutive parameters and the field quantities in the
two different media D, and D;, we introduce subscripts ¢ or i respectively. Since
the medium in the unbounded domain D, is assumed lossless (g, = 0), we omit the
subscript in the wave number k, = k > 0,

2 2
k= we, u,.

By contrast, in D; the wave number k; is given by k? = &, u;0* +i 0,0, with o; > 0.
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Then the vector Helmholtz equations describing the situation in the two domains D,
and D; appear as

AE(r)+ k*E,(r)=0, in D, and @G.1
AF, (r)+k!F,(r)=0, in D;. (3.2)

In order to study the transmission problem, the following boundary conditions must
be satisfied [8]):

v(r) x E,(r)—v(r) x F,,(r)y=c¢/(r) and 3.3)

;1-v(r) x V, x Ex(r) — %v(r) x V, x F,.(r) =d(r), (34)

where r € aD, while ¢;, d;, € % are given tangential fields. Moreover, the electric

field in D, must satisfy the Silver-Miiller radiation condition:

E.(r) x ﬁ —kE(r)=0 (J%f—l) , |r]—= +o0 (3.5)

uniformly over all directions r/|r|. The index k denotes the dependence on the wave
number k > 0, since o, = O for a perfect dielectric.

When k = k; = 0 we have the corresponding electrostatic transmission problem
for Maxwell’s equations, that is, to find a solution Ey € C*(D,) N C(D,) and F, €
C¥(D;) N C(D;) of

V. Eyr)=0, VxEyr)y=0 in D, and (3.6)
V- -Fy(r)=0, VxF{r)=0 1in D, 3.7

satisfying the boundary conditions

v(r) x Eo(r) — v(r) x Fo(r) = ¢co(r) and 3.8)

Lv(r) x V, x Ey(r) — l'v(r) x V, x Fo(r) = do(r) (3.9)

¢ i

where ¢y, dy € % are given tangential fields and at infinity
Eyry=0(), |r|— +o0 (3.10)

uniformly over all directions r/|r|.

https://doi.org/10.1017/51446181100009913 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100009913

51 Low frequency asymptotics 401

4. Low frequency asymptotics

y(r, r) = %Hg"(kv —F]), r#EF, k£0

and
1

r=rl’

1
Oo(r,r'Y = —1In r#r
2r
denote the fundamental solutions to the Helmholtz and the Laplace equation for the
two-dimensional case, respectively. Using the asymptotic behaviour of Hankel’s
function H;" of order zero and of first kind

2i i 1
Hy"(2) = '[1n'i|+c——5]+0(lzlzln—) lz| =0

T

2 2 Iz
and
d 2i 1) -
—H" @) = 240 (lzl]n —) , |zl > 0,
dz Tz |z]
we have
1
Gu(r, r') = Oo(r, r') — 2—(lnk —y)+ OK?*Ink), k—0 @.n
b4
and

V,d,(r,r') = V,0u(r,r') + Ok*Ink), k — O, 4.2)

where y =1In2 — ¢ + wi/2 is aconstant and ¢ = 0.5772... is the Euler constant.

Since the Hankel function H;" tends to infinity as k — 0, we consider the following
solution to the transmission electromagnetic problem described in Equations (3.1)-
(3.5), as done in the case of the exterior problem [2]:

Ei(r) = p.V, x / D (r, roy (r') ds(r')

aD
+ (1 - —21)/ Oy (r, r'Yb (r'Yds(r')
Ink/ Jsp
- |a_lD| " Oy (r, r")ds(r") /BD b.(r'Yds(r'), r e D,. 4.3)

Here ay, b, € % are continuous vector tangential density functions and (3 D|
denotes the arclength of dD. This solution has to satisfy the vector Helmholtz
equation and tends to the solution of the corresponding transmission problem of the
potential theoretical case & = 0, which also must satisfy Maxwell’s equation. We see
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that the field (4.3) satisfies the equation (3.1) and the radiation condition (3.5). As r
tends to the boundary we can use the jump relations for vector fields [4] to obtain

v(r) x Ef(r)

=puvr)x Vv, x /

1
i (r, r)ou(r') ds(r') + = peo(r)
abD 2

+ (1 - 2—”) v(r) x / P (r, r)bi(r')ds(r')
Ink aD

- v(r) x / &, (r, r")ds(r") f b.(r)ds(r), redD, (4.4)
|aD| aD aD

where the superscript (4) indicates that the limit is obtained by approaching the
boundary from inside D, .
Similarly

F,(r) = u;V, X/ D, (r, ro(r')ds(r')

aD
2
+ (1 - _l’_) / @, (r, rbi(r) ds(r')
Ink; J Jap
1
——— | O (r,r")ds(r") f b(r'yds(r'), reDi;,  (45)
[dD] Jap ab

with continuous vector tangential density functions ay, b,. The field (4.5) satisfies
(3.2). By the jump relations for vector fields [4], as r tends to the boundary, we have

v(r) x Fk‘f (r)

= piv(r) x V, x / D, (r, rou(r') ds(r’) - %u.-ak(r)
aD

+ (1 - 2—”) v(r) x / @y, (r, r)bi(r') ds(r')
Ink; aD

- —l—v(r) xf <D,q(r,r")ds(r")/ b.(r'ds(r'), readD, (4.6)
1aD| aD 3D

where the superscript (—) indicates that the limit is obtained by approaching the

boundary from inside D;.
Substituting (4.4) and (4.6) into (3.3), we obtain on the boundary

(i + pow + Lo + Lizhe = 2¢,, k>0, Imk; >0, @.7)

where

L) =200 x ¥, x [ [0, 7) = i ) Jou(r) ds )

3D
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7

and
L},bi(r)

=2 |- 2”><b 2" Vo bu(r')yd
= V(r)x‘/w[( Nk w(r,r’) — ( n k) K (r, r)] x(r") ds(r’)
- v(r) xf [@clr, ") — &y (r, r")] ds(r”)/ b (r'yds(r").

|3D| aD ab

Applying now the jump relation in (4.3), we find as r tends to the boundary that

v(r)yx V, x Ef(r) = p.v(r) x V, x V, x [ O (r, ra(r')ds(r')
aD
21
N (1 _ —_) v(r) x Y, x [ Ou(r, )b (') ds(r')
Ink aD

27
+ (1 In k) b (r)
v(r)x vV, x / O(r, r") ds(r”)/ b, (r")ds(r)
ap aD
4.8)

" 13D

2IBD|./ b.(r)ds(r), readbD,

while applying the jump relation to (4.5) once again, we find

v(r) x V, x F_(r) = uiv(r) x V, x V, x / Oy, (r, ray (r')ds(r')
D

+ (1 - 2_”) v(r) x V, x / @y, (r, r)b(r) ds(r')
aD

In k;
1 2T
—=[{1——15
2( lnk,) (r)
- v(r) x V, x / &y (r,r") ds(r”)f b.(r'Yds(r)
[aD] ap D
1
= b d , € dD. 4.9
+2I30I/ao w(r)ds(r), r 4.9)
Substituting (4.8) and (4.9) into (3.4), we obtain on the boundary
1 2r 1 2
e B e —{1- b, + L* L% b, = 2d,, 4.10
(Me ( lnk>+ ( In k)) k 2|ak+ 22V k ( )

k> 0,Imk; > 0, where

Ly (ry =2v(r)xV, x V, X/ [1e®i(r, r') — ;& (r, ) ]e(r') ds(r')

aD
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and

1 2
ngbk(r) =2v(r) x V, x / —_— (1 - —”) O (r, 1)
ap L Ke Ink

_1 (1 — 2T—) b, (r, r/):l b (r')ds(r')
i In k,'

2 ! " 1 " 4
1aD| ["(’) X Vi x faD [-‘Dk(nr ) = =@ (r,r )] ds(r")

(-4 '

_ (i + l)]/ Be(r) ds(r).
He Hi aD

We now introduce the operators J, and L, defined as

= 1 2 1 2
Ji 0 -2 )+ L (i)Y, | nd
MHe Ink M ]nk,'

L, = [_L’;l —LII(Z:I

_LlZ‘l —ng
and the integral equations (4.7) and (4.10) can be written in a compact form as
(Je — L)X, = 2B,
o (r) Cx (")]
X, = and B, = .
¢ [bk(r)] ¢ [dk(r)

We follow the same idea in order to find the corresponding integral equations for
k = 0. Taking the limit of the field E, given by (4.3), as k — 0 and using (4.1) and
(4.2) we obtain

where

Eo(r) =p.V, X[ Dy(r, r'ae(r')ds(r’)

aD

+ (Do(r, r') + 1]bo(r')ds(r)

aD

1
-— bo(r, r"Yds(r") | bo(rYds(r'), r € D,, 4.11)
|aDI aD aD

where ay, bye % are continuous tangential density functions. We use (4.11) and
the jump relation as r tends to the boundary, so we have

i
v(ryx Ej(ry=p.v(r) x V, x f Do(r, r'ag(r'yds(r') + Eueao(r)
abD

+ v(r) X/ [Do(r, ) + 11by(r'yds(r’)
aD
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v(r) x/fbo(r, r’ ds(r”)/bo(r') ds(r’), reodD.
aD ap
(4.12)

13D

Similarly, taking the limit of the field F,, as k; — 0 and using (4.1) and (4.2) for &;,
we obtain

Fo(r) = iV, x / Do(r, r)eg(r’) ds(r')
ap

+/ [Do(r, r') + 1]bo(r) ds(r')
oD
1

- d)O(r, r’) ds(r")/ bo(r'Yds(r'), r e D;, (4.13)
D) Jsp D

where &g, by € #%¢ are continuous tangential density functions. We use (4.13) and

the jump relation as r tends to the boundary, so we take

1
v(r) x Fy(ry=piv(r) x V, x / o(r, ray(r')ds(r’) — —2—uiao(r)
aD

+ v(r) x / [®o(r, r') + 1]bo(r') ds(r')
ap

v(r) x / Oo(r, r") ds(r”)f bo(r'Yds(r'), r e aD.
3D aD
4.14)

" 13D

Substituting (4.12) and (4.14) in the boundary condition (3.8), we obtain

1
(e — pi)v(r) x V, x / Do(r, r'eg(r’yds(r') + E(ue + wiao(r) = co(r).

aD

If we set

L0 ato(F) = 2(ste — u)v(r) x Vs x f o(r, Py (r') ds(r’),

aD

we have
L% ao(r) + (e + pideg(r) = 2¢4(r). (4.15)
Now in (4.11), we use the jump relation as r tends to the boundary, so we take
v(r) x V, x Ef(r)

=uvryx vV, xV, x/

38D

1
So(r, ryay(r')yds(r') + Ebo(")

https://doi.org/10.1017/51446181100009913 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100009913

406 C. N. Anestopoulos and E. E. Argyropoulos [10]

+v(ryx Vv, x / [Dolr, ') + V)bo(r') ds(r’)
aD

v(r) x V, x / Oo(r, rYds(r") | bo(r'Yds(r')
aD

aD

" |aD|

- b . 4.
D1/, o(r)ds(r), redD (4.16)

Similarly,

v(r) x V., x F;(r)

=uv(r)yx VvV, xV, x/

aD

: 1
Do(r, r)ag(r’)ds(r’) - Ebo(")

+v(r) x Y, x / [Do(r, ') + 11bo(r) ds(r')
ap

- laDlu(r) x V, x /;D $o(r, r") ds(r”)/w bo(r'Yds(r')

2
+ — bo(r)ds(r), readbD. @.17
8D Jsp

Substituting (4.16) and (4.17) in the boundary condition (3.9), we obtain

1 1
L3,bo(r) + (—‘ + ;) bo(r) = 2dy(r), (4.18)
where
LY,bo(r)
1 1
=2 (— -~ —) v(r) x V, x / ®o(r, rbo(ryds(r)
He M aD
1 | 2 ' ., , ,
-(—“‘—) "(")XVrX[ So(r, r"yds(r )/ bo(r' ds(r’)
He Hi |8D| aD aD
I I i
-\ —+—=) == 1 bo(r)ds(r).
(ue ui) 10D1 Jap
We set
| (e + 1)1 0 - o
"= [ 0 (/u+ l/u;)l] and Lo = [ 0 —Lo,

and the integral equations (4.15) and (4.18) become
(Jo — Lo)Xo = 2By,

_ | ao(r) _ | co(r)
Xo = [b(,(r)] and By = [do(r)]'

where
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THEOREM 4.1. The integral operator Jo — Ly is injective.

PROOF. Suppose a solution X¢ of (Jo — Lo) X, = 0 exists. With this solution we
construct the harmonic field Eq by (4.11) and F, by (4.13), which are solutions of the
vector Helmholtz equations and satisfy the homogeneous boundary conditions. The
harmonic field E, satisfies the radiation condition.

We extend the harmonic field Eq in D;, as in D, by (4.11), then using the jump
relations for vector fields [4], as r tends to the boundary, r € D, for E; and as r tends
to the boundary, r € D; for E,, we have

v(r) x Ej(r) —v(r) x Ej(r) = p.ag(r), reabD.

By the uniqueness of the solution of the homogenous transmission problem of the
vector Helmholtz equations {3], we obtain

—Lv(r) x Ej(r) =ay(r), reaD. 4.19)

€

In a similar way, we extend the harmonic field Fy in D,, as in D; by (4.13), then using
the jump relations for vector fields [4], as r tends to the boundary, r € D; for F; and
as r tends to the boundary, r € D, for F,, we have

v(r) x Ff(r)—v(r) x Fy (r) = wao(r), reabD.

Then, by the uniqueness of the solution of the homogenous transmission problem of
the vector Helmholtz equations, we obtain

——lfv(r) x Fi(r)=oay(r), readD. (4.20)

1

From (4.19) and (4.20), we take

;%v(r) X F;(r)+lv(r) x Ej(ry=0, reaD. @420
Now, using (4.16) and (4.17) and taking into account the relation (41) from [2], we
have
w(ryx V, x Fy(r)+v(r) x V, x Ej(r) =0, reaD. 4.22)
We consider

1 1
Ey(ry= —F)(r), reD, and Fyr)=——E;(r), reD;,
Hi He

1
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then, from (4.21) and (4.22), the new harmonic fields satisfy the homogenous transmis-
sion problem (3.6)—(3.10) and by the uniqueness of the solution of the homogenous
transmission problem E((r) = Fy(r) = 0. This means that ay(r) = bo(r) = 0,
on 3D. Therefore the operator J, — Ly is injective and by Riesz’s theory (Jo — L)™'
exists and is bounded. 0

Let A(x) = [oz,,,,,(x)]b(2 be a 2 x 2 matrix, where «,,,(x) are functions on a
region D in R2. We define the norm || A« p by the equality

2
I Allsc.p = max [Z letmalloo.p = 1 = 1, 2] : (4.23)

n=|

where ||&punlloo.p 18 the sup-norm of ¢, on D.

LEMMA 4.2. The integral operators Ji, Jo, Ly and Ly as they have been defined
above satisfy the relation

_ _ 1 |
(WA 'Ly — J, "Lollcop = O (ﬂl—k) + 0 (m) , Kk ki — 0. (4.24)

PROOF. The integral operators J, and J, are invertible, since they are diagonal and
He, i > 0. We have

k_lLk - -I()_IL() = Jk—I(Lk - LO) + (Jk_‘ - Jo—I)LO-

Using the asymptotic relations (4.1) and(4.2) for the entries of L, — L, we obtain

1 1
Ly — L(l)l loc.o0 = O (kzln E) +0 (lk;l2 In m) ’

1 1
L —L()-, w.ip = 0| —— 0 ’
IL 2 12llec.ap (”nk|>+ <|ln|k,||)

1 1
IL20 — Lgl”w.aD =0 (kz]n —> + 0 (|ki|2 In _) s

k |4
1Lz ~ Lylleoso = O ( —— ) + 0 —
A NTTY Y TIA
as k, k;, = 0. From these last relations and (4.23) we have (4.24). d

We are now in a position to establish the following theorem.

THEOREM 4.3. The inverse operators (Jy — L;)™" exist and satisfy

_ _ 1 1
[(h = L™ = (o= L)' ,,p = O (m> +0 <W) . kk — 0,

for k, k; sufficiently small, namely 0 < k, |ki| <k < 1.
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PROOF. WEe first prove that the inverse operators (I — J,"'L,)~" exist and satisfy
fork,k; > 0

1 1
I-J'"J)' = - J"Ly)™! = — _— 4.5
Jor = I = Jo 'ty "°°‘w 0 (lnk) +o (ln lk.-|>, (*:2)
for k, k; sufficiently small, namely 0 < k, |k;| < ¥ < 1. We write
I—J7'Ly=( = Jg'Lo)[1 = (I — J3 ' Lo)™ (J7 'L = J5 ' Lo)).

Therefore (I — J[‘Lk)”' exist. It follows from (4.24) that thereisax : 0 < k, |k;| <
k < 1 such that

I = Jg' L)™' U L = I3 Lo) | ,p <9 < 1,

then, by using the local Neumann expansion as in [9],

I-J'Ly™" = Z(—l)j[(l —J L) U L = I L)V (T — ' Lo) 7,

j=0

we obtain that (I — J;7'L,)~" exist and satisfy (4.25).
Finally, we have

(Ji — L) = (Jo— Lo)™!
=[I-J'"L)™" = = J7'Lo)™ I+ U =I5 Lo~ (U7 = I,

and we use the triangle inequality to prove our assumption. O

We now formulate the main result of this paper.

THEOREM 4.4, The solution E,, F,, of the transmission electric problem for the
vector Helmholtz equations, with boundary data ¢, d,, converges uniformly on com-
pact subsets of 5,, D; to the solution Eq, Fy, of the transmission electrostatic problem
for the vector Helmholtz equations, with boundary data ¢y, dy, if ¢, — ¢y, dy — dy
uniformly, as k, k; — 0.

PROOF. Let the solutions E;, E; as in (4.3), (4.11) and F,, F, as in (4.5), (4.13),
respectively. Then the corresponding densities become

X, =2(Jy — L)™' By,
where k, |k;| are sufficiently small, and

Xo =2(Jo— Ly)™'Bo.
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From (4.25) and the triangle inequality, we have |la(r) — ao(r)|lcc.sp — O and
1ok (r) — bo(r)lleo.0p — Oask, k; — 0.
We write the differences

E.—E,=U;+W;, rebD,, (4.26)
and
F, —Fo=U+W, reb, (4.27)
where
UZ(r) = 1,9, x ] So(r, ') {eu(r) — ao(r)) ds(r)
aD
+ / [Du(r. r') + 11(B(F') = bo(r)) ds(r')
aD
]
——— | @o(r,r)dsr") [ (b(r') = bo(r)) ds(r')
D] Jap D
and
W/ (r)=u,V, x / (Pelr, 1) — Oo(r, r))e (r') ds(r’)
aD
2” ’ ’ ! !
+/ [(l — —) O (r,r') — o(r, r’) — 1] by(r'’)ds(r’)
ap Ink
1
— —— [ (®ulr, 7"y — Oo(r, r")) ds(r") / bo(r') ds(r"),
[aD| Jap D
with p = e, I.

The vector function U behaves asymptotically, as |r| — oo

p

M,
=< —I’_I“ak — ®lloo.ap + M3 1By — bollco.ap-

Ul (r) —[ (be(r"y = by(r")) ds(r’)
aD

with some constants M|, My, p = e, i. We derive the uniform convergence U — 0,
p = e, i as k, k; — 0, by using the jump relations.
Using (4.1) and (4.2), for the vector function W}, p = e, i, we obtain

P P

M
Wn < 3 4
W/ (r)] < nk, otk llo.a0 + Tt

Ibilloo.00
P

for all r € R? with [r| < R, R > 0 where M{, M, are constant and depend on R,
hence W) — 0, as k, k; —> 0.
This final step and Equations (4.26) and (4.27) prove the theorem. O
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