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Abstract

In this paper a technique for constructing Fitting Classes is applied to certain groups of nilpo-
tent length three which have non-unique minimal normal subgroups. A characterisation of the
minimal Fitting Class of some of these groups is also given.

1991 Mathematics subject classification (Amer. Math. Soc.) 20 D 35, 20 D 10.

Some recent work on minimal Fitting classes deals with groups of nilpotent
length three or more which are monolithic, that is, which have unique min-
imal normal subgroups (see Bryce [5], Bryce, Cossey and Ormerod [6] and
McCann [2], [3] and [4]). The study of Fitting classes based on monolithic
groups goes back to Dark [7], a paper to which the above are indebted.

This paper applies methods of Fitting class construction, which are similar
to those in the above papers, to certain non-monolithic groups. The groups in
question are of nilpotent length three and have non-unique minimal normal
subgroups which are operator-isomorphic with respect to conjugation. They
are semi-direct products of elementary abelian r-groups (where r is prime)
by certain 7'-groups, given in matrix form. Facts about general linear groups,
especially Lemma 1.4, will play an important role in this paper. We note here
that all groups dealt with will be finite.

In Section 1 we define the groups on which the Fitting classes will be
based. Some basic results from the theory of linear groups will also be given.

© 1991 Australian Mathematical Society 0263-6115/91 $A2.00 + 0.00
448

https://doi.org/10.1017/51446788700034613 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700034613

2] Fitting classes based on groups of nilpotent length three 449

Section 2 deals with the “basic” Fitting class construction, while in Section
3 we look at the minimal Fitting class of an even more restricted type of
(non-monolithic) group. The final section gives some results which indicate
why the groups dealt with have been so restrictively chosen.

I would like to thank an Roinn Oideachais for the support of a post-
doctoral fellowship while doing some of the research contained in this paper,
as well as the Mathematics Departments of Coldisti na hOllscoile, Gaillimh
agus Corcaigh. I would also like to thank Professor Hermann Heineken for
his hospitality at Universitdt Wiirzburg in July/August 1988.

1. Notation and preliminary results

The notation and conventions of this section will be used throughout the rest
of this paper. We let p, g and r be primes and a, m and ¢ be natural
numbers which satisfy:

(i) p#2,p#r1;
(i) g #r;
(iii) pl(g—1);
(iv) plt;
(v) t is the minimal natural number such that ¢°|(r' — 1);
(vi) 1<m<p.

We let F be the field with »* elements and denote the additive group of
F by U. Thus U can be considered as a vector space of dimension ¢ over
Z_ (the field of order r, that is, the prime field of F), or as an elementary
abelian r-group of rank ¢. We let the multiplicative group of F be generated
by 7, , say.

By the theory of finite fields the automorphism group of F is cyclic of
order ¢, so by (iv) there is an element, J, , of order p in Aut(F). Multipli-
cation by y, in F induces an invertible linear transformation on U, as does
the “natural” action of J, . We identify Aut(U) with GL(t, r), the general
linear group of invertible ¢ x ¢ matrices over Z . In addition we identify y,
and 6, with the transformations induced by them on U . So we consider y,
and J, as txt matrices over Z_ (relative to some fixed basis of U). By (v)
there exists an element w, € (y,) such that o(w,) = ¢, and, also by (v),
U is irreducible under (w,). It may be seen that §, normalises (y,) and
hence also (w,), but 4, does not centralize either of these two groups.

In order to construct groups with operator-isomorphic minimal normal
subgroups we take the tensor-product of the above representation of (y,, d,)
with the identity representation of suitable degree. Since we shall be dealing
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directly with general linear groups, we define the tensor-product in terms of
matrices. Namely we define the m¢ x mt matrices (when m is as in (vi))

¥, w and & by:
71 W,
Y= . 0= .
0 12 0 ,
—m— L m i
and
d, 0
d,
o=
0 9

L m—

Thatis y, @ and J have ¢ x ¢ blocks, equal to y,, w, and J, respectively,
along the main diagonal and zero entries elsewhere.

We define V' to be the direct sum V =V, @V, --- @V, , where, for
i=1,...,m, V, =2 U. Welet (y,) operate on V with the “natural”
action, thatis V|, ..., ¥, are operator-isomorphic (y, )-submodules of V
and (y,d) actson V; as (y,,d,) on U (for i=1,...,m).

For ease of notation we further define K to be the class of groups which
satisfy: K = V x (w, d), where V and (w, d) are defined as above for
some suitable p,q,r,a, m and ¢t which satisfy (i), ..., (vi). We will
construct Fitting classes to show that if K, and K, are elements of K, then
K, € Fit(K,), the minimal Fitting class containing KX, if and only if K| =
K, . To construct these classes we take some fixed (w, d) and V', identify
Aut(V) with GL(mt, r) and examine the centralizers of certain subgroups
which have @ as an element in GL(m¢, r). The following notation will be
used:

C= CGL(mt,r)(w);
N = Ngtime, (@) -

Note that since (w) is a characteristic subgroup of (w, J), we have
Novime,n({@, 8)) S N,

and Cgy (@, 9)) < C. We also note the following elementary result
from linear algebra.
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LEMMA 1.1. Let F be the field with ' elements. Then C = GL(m, F).

PROOF. Let g € GL(mt, r). Then we can write g as

8 0 Eim
8= ’
Emi ' Emm
where the g, are ¢ x ¢ block matrices, (i, j=1,..., m). We then have
gw = wg if and only if
@y & 1m® w8y D8y
Em®@y " &mm @y 018y 1 Wi Emm

So we see that w, commutes with all of the g, i An application of Schur’s
lemma (Huppert [1, I, 10.5]) shows that CEnd(U)(wl) = F. Thus C is iso-
morphic to the group of invertible m x m matrices over F .

Lemma 1.1 is useful in that it allows us to calculate the order of a Sylow
p-subgroup of C from that of GL(m, F). Before we determine a particular
Sylow p-subgroup of C we need some more notation. We define s to be the
least non-negative integer such that p|(rs’ — 1), and we define § by means
of pﬂ T(r" — 1). Here the symbol T stands for “the largest power of p to
divide”. For our fixed m, as in (vi), we let m = sk + ¢, for a suitable k
and ¢, with 0 < ¢ < 5. We will retain this definition of s, 8, k and ¢ in
what follows.

We let

W=V @ 0V, fori=1,... .k,
and consider restrictions of (y, d) to W, say. We define F,. to be the field
of order r* and, as W, has order r’*, we consider W, to be the additive
group of F.. Now, F. has a subfield of order r' so we embed F (as
above) in F.. In particular we have (y) < F,T, , the multiplicative group
of F.. We let Fr’f. operate by multiplication on W, and can check that,
relative to a suitable basis, this action of y on W, is given in st x st matrix

form as
2 0

"1
0 2
s

(where we identify Aut(W)) with GL(st, r)). By the definition of g and
s, we have p? 1 |F|, so, since Fx cyclic, there is an element, A, of order
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pﬂ in Aut(#)) which centralises y and thus also . We assume % to be
given in st x st matrix from (relative to the above basis of W)).
Welet C, = CAm(Wl)(w). By Lemma 1.1 we have C, = GL(s, F). Now

we have |GL(s, F)| = (@' = )" = r')--- (" — ¥, s0 we see that, by
the definition of s and B, pﬂ T|C,|. If we consider J to be restricted to
W, (that is, we consider J to be the st x st matrix:

s, 0
61
8~ ),
0 8,
{ IS P

we see by Sylow’s theorems that J normalises some Sylow p-subgroup of
C, (this because & € N). Since, by comparison of orders, (h) is a Sylow
p-subgroup of C,, we may assume that, as matrices, J normalises (/).

We define the mt x mt matrices 4,, i=1, ..., k, as follows
( I, O\
Ist
h
hi = Ist
Ist
0 | L, )
ith block

(where I, is an n x n identity matrix for the natural number n). Then
(hl’ cees hk) = (hl) X e X (hk)ECpp X v X Cp,a.

In addition, by the above identifications, we have (h,, ..., &) < C and
J (considered once more as an mt x mt matrix) normalises each one of
(hy), ..., (h,). Welet P=(h,,...,h). Since (w) is cyclic of order ¢*
and ¢ is a prime with (by (iii) say) g # 2, N/C is cyclic. Thus (J)C/C
is the unique subgroup of order p in N/C. The following result tells us
something about {(5)P.

LEMMA 1.2. (3)P is a Sylow p-subgroup of (6)C.
Proor. We need only show that P is a Sylow p-subgroup of C. Since

P has order pkﬂ , we must show, by Lemma 1.1, that pkﬂ T|GL(m, F)|.
Note that the trivial case where s > m (whence k = 0) is covered by taking
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P=1, Now
|GL(m, F)| = (rtm _ 1)(rtm _ rt) L (rtm _ rt(m—l))
- (rtm _ 1)(rt(m—l) _ 1) . (rt _ 1)rm(m—l)t/Z .

Let n be such that 1 <n < m. Then n = sd + e, for suitable values d
and e with 0 < e <s. We can see that if p divides r* —1, then p divides
r — 1. By the choice of s, this implies that pl(r"' —1) if and only if » is
a multiple of s.

Suppose now that n = fs < m, for some suitable f. We show that
pP1(r" - 1). We have

M= = - )T ).
Since r** = 1 mod(p?), we have
AU P r =14 + 1 mod(p®)
-f times

= fmod(p”).

SU=D Lo S 41, s0 we

But f < m < p. Thus p does not divide r
conclude p? 1(r" - 1).

There are exactly k distinct values of #» with s|n and O <n < m. We
thus have p*® 1|GL(m, F)|.

We note that W,..., W,V ,,..., Vy,, are all invariant under
(w, d, P). The next lemma shows how W, may be decomposed under cer-

tain subgroups of (w, P).

LEMMA 1.3. Let 1 # x € P. Then either

(i) W, is irreducible under (x, w)
or

(ii) x centralises W, and, in particular, Vs(i_l) +12 +++» Vy; areall invariant
under (x, w).

ProOOF. If s = 1 then W, = V, and we are done. Now assume that
5 > 1 and that W, is not irreducible under (x, w). In addition we assume,
without loss of generality, that C(X)(Wi) =1. Thus (x, w) is an r'-group
of automorphisms of W,. We apply Maschke’s Theorem to find a subgroup,
T, of W, such that T is irreducible under (x, w) and that C(X)(T) =1.

Since T is invariant under (w), we see that |T| = ¥, for some d with
1 <d<s. Now (x, w) is abelian so, in particular, (x) must act fix-

point freely on T. Thus o(x)|(]T| — 1), whence we have pl(rd’ —1), which

contradicts our choice of s. We conclude that x centralises w,.
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MAIN LEMMA 1.4, Let g be a p-element of (5)C which does not centralize
w. Then C, , V)((g, w)) is isomorphic to a subgroup of GL(m, F,.), where

F,. is the field with r" elements, and n is such that t = np.

Proor. We demonstrate the result first in the case where there is a de-
composition V = U, &--- @ U, , where Uj is a faithful irreducible (w)-

submodule, which is invanant under (g, w),for j=1,...,m.
By the definition of V' and (w) we see that all the U, are operator-
isomorphic to ¥, with respect to (w). We assume that U,, ..., U, are all

(&, w)-isomorphic but that U, isnot (g, w)-isomorphictoanyof U, , ...,
U, Let ¢ € Cyy0((8, ©)). Then for any j, U; is (g, w)-isomorphic
to Uj and we infer that ¢ normalises the groups S = U, @ ---@ U, and
T=U,;,, & &U,. Weidentify Aut(S) and Aut(T) with the “natural”

subgroups of Aut(V). Thus

Cau) (85 0) = Cpyy5)((8 5 @) X Cp 1y (&> @)

By considering the restriction of (g, w) to U, and identifying U, with
the additive group of F, the field with r’(= r"’) elements, we see, using
say [3, I11.3], that CEnd(Ul)((g, w)) is isomorphic to F., the subfield of F

formed by those elements fixed by the Galois automorphism of order p. As
inLemma 1.1 we have C, ({2, @)) = GL(d, F,.). We assume inductively

that C, 1 ({8, @) < GL(m —d, F,») and conclude that

CAut(V)(<gs w)) = CAut(S)((g, w)) x CAut(T)((g , W),
GL(d, Frn) x GL(m —-d, Frn)
GL(m, F.).

INLIAR

For the general case we may assume, by Sylow’s theorems, that g €
(0)P. Then W,,..., W, ,V,,,,...,V, areall invariant under (g, w).
If none of W, .. W is irreducible under (g°, w), then by Lemma 1.3
g’ centralises Wl y.e. s W, (since g’ € P). Since P already centralises
Viesr»+-+» V,y» we see that g° = 1, that is, o(g) = p. Now let U be a
submodule of W, which is irreducible under (g, w). By a result of Zassen-
haus (see, for example (2, II.5] for a proof), either U is irreducible under
(w) or U is the direct sum of p (w)-submodules. In the latter case, since all
{(w)-submodules of V' have order greater than or equal to r', the contradic-
tion |U| > r** > r™ = |V|, would arise. Thus, applying Maschke’s Theorem,
we find a decomposition W, = U ®---0U for i=1,...,k, where the

U are invariant under (g, w) and are 1rredu01ble under (w) This brings
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us back to the case already dealt with, so we now assume that W, say, is
irreducible under (g”, w) (and so also under (g, w)).

We assume an enumeration such that W,, ..., W, are operator-isomor-
phic with regard to (g, w), for some d < k, but that W, is not operator-
isomorphic to any of W, ,,..., W, V,. ,...,V,. As above, we let

S=Weo---oW,and T = Wd+163 oW, oV, & &V, and have
CAm(V)(<ga w)) = CAut s)(<g w)) Au( T)(<g w))

For notational convenience, we assume C,,(W)) =1. Welet o(g) = pf +l
and let x = g7, so xw has order p’¢®. In addition we let F,. be the field
with r* elements, identify W, with the additive group of F. and xw

with an element of order p’¢” in the multiplicative group of F,.. Applying
Schur’s Lemma as in Lemma 1.1, we see that CEnd (xw) is isomorphic

to F.. As above we let F. be the subfield of order r’" in F which
comprises those elements fixed by the Galois automorphism of order p and
see that

CEnd(Wl)((g’ w)) = C]-:nd(wl)“xw, 0)) = F.

Since W, ..., W, are (g, w)-isomorphic, we see, as in Lemma 1.1, that
Crus) ({8 @) = GL(@, Fn).

Since F,» can be identified with a subfield of F., we see that GL(d, F)
can be embedded in GL(sd, F,.). We again inductively assume that the
group CA“‘(T)((g , w)) can be embedded in GL(m —sd, F,.), whence

CA“,(V)((g, w)) = CAut(S)((g’ w)) X CAut(T)(<g » @)
< GL(sd, F») x GL(m — sd , F.»)
< GL(m, F..).

COROLLARY 1.5. Let g be as in Lemma 1.4. Then there exists no element
in Cy)((8, ) which satisfies o(y) =

ProoF. By Lemma 1.4 CAm(V)((g, w)) 1is isomorphic to a subgroup of
GL(m,F,.). But GL(m, F,») can be embedded as a subgroup of GL(mn,r).
If there exists an element y of GL(mn, r) with o(y) = q¢°, then we see that
g°|(r* — 1) for some e with e < mn. But mn < pn =t and we have a
contraction to condition (v).

https://doi.org/10.1017/51446788700034613 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700034613

456 Brendan McCann 9]
2. A Fitting class construction

For this section we let K =V x (w, ) be a fixed element of K relative
to the fixed primes and natural numbers p, ¢, r, o, m and ¢ which satisfy
(i), ..., (vi) of Section 1. We recall that a Fitting class, F, is a set of groups
with the following properties:

1. If G is an element of F, then so is every isomorphic copy of G;

2.If G, 9G€F,then G, €F;

3. If G=G,G, with stG and GjeF,for j=1,2,then GeF.

For the set of primes n we also recall that the n-residual of the group G
is

"@= NN

N<G,G/N a n-group

and the m-radical of G is
0,(G)=(N|N &G, N is a n-group) .

(We use p to denote the set {p}, where p is a prime —p’ denotes the set
of all primes except p.) Note that if G, 9 G, then 0"(G,) < 0"(G) and
0,(G,) = G,Nn0,(G), while if G = G,G, where G, and G, are normal in
G, then 0"(G) = 0"(G,)0"(G2).

In order to construct a “non-trivial” Fitting class which contains K we
use the following lemma which deals with certain normal products of groups
isomorphic to V x (w).

LEMMA 2.1. Let H be a group and let AB,, ..., 4 B, be subgroups of
H suchthatfor i=1,..., f:

(i) 4B, =2V x{w), with A;=V and B, = (),

(i) 4,8, < H;
(iii) let C; = Cy(A;) then B,C,/C, is a Sylow gq-subgroup of H/C,.
Then, for a suitable enumeration, there exists an e < f such that

(4,B,,...,AB;)=AB x-A,B,x0Q,

where Q is a g-group.

Proor. We use induction on f. The lemma is obviously true for f=1.
We now assume

(4,By, ..., 4, B, \)=AB x---x4,B, xQ,
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for a suitable g-group Q, ,and e, < f—1.If A.B.n{(A4/B,,..., 4, B, )
=1 then (A.IBl s /‘lfo) = Afo'x (4,B,, ..., Af_le_l) and, apart
from reordering the indices, we are finished.

Suppose now that Afoﬂ (4,B,, ..., Af—le—1> # 1. Then, since every
minimal normal subgroup of A Bs is contained in A4 7o We have A N (A4, x

- X Ae,) #1.1If A, is not a subgroup of A, x---x Ael then, by Maschke’s
’I;heorem say, we have A£= A xA;, where A, = Afﬂ(Al X e erl) and
A, is a complement to A s which is invariant under B, x --- x Be, . We see
that 5 L

(4,, B, x - xBel] <4A.NAd,=1.

Now, no element of 4, x---x 4, is centralised by B, x---x B, so there
issome b € B x---x Be, which does not centralize 4 s (but does centralize
A - Since (w) operates fix-point freely on V' we see that bCf ¢ B.C,/C,.
But clearly Bfo/ C I is a normal Sylow g-subgroup of H/C J (by (iii)), so
we have a contradiction. Thus A, < A4, x---x 4, . Since 4, =0,(4,B/),

1
we have
A =14, B(]

<[4, x--x 4, , B]

=[4,, Bf] X +re X [Ae, ) Bf]

= (A, NAp) %o x (4, NA).
We may suppose that 4, N4, # 1. If in addition, say, 4, N 4 r# 1, then
we see that o

Cqu qua?_B1 xB,<H/C,,

which again contradicts (iii). Thus we conclude A4 r=4;.

Welet Q, bea Sylow g-subgroup of C 4,8, Bf(Al)' By (iii) and comparison
of orders we see that 4, B B, = A,B, x @, . Note that @, is normal in H,
since it is characteristicin 4, B, B,. Welet Q = Q,0Q, andthenhave Q I H
and QN({4,B,,...,4, B, ) =1, whence

(AIBI’ cevy Afo) =A1Bl X e X AelBel X Q.
The main steps in the proof of the following result are analogous to those

of Construction IV.1 of [4]. It is hoped that the more complicated situation
dealt with here will justify the somewhat extreme length of the proof.

CONSTRUCTION 2.2. Let F be the class of groups which satisfy the following
conditions:
(i) O{0° (G)}=(4,B,,... , 4B/, R), for a suitable f (possibly f=0),
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where
(i) R=0 [O"{O”’(G)}] and, for i=1,..., f,
(iii) A.B, a0” (G);

[ e

(iv) A;B, =V x{w), with A, =2V and B, = (w);

v) lelt C = Copf © (A,), then B,C,/C; is a (normal) Sylow q-subgroup
of 07'(G G)/C;;
(vi) Oq[O"{O” (G)}1=1.

Then F is a Fitting class (which clearly contains K =V x (w, d)).

ProOF. We first show closure with regard to normal subgroups. Let G, <
G € F. By [4, 11.6],

0°(07(G,)} = (0107 (G)INA,B, , ..., P40 (G,)}n4,B,, O°{C” (G)}NR),

where 4 B,,...,A.B, and R satisfies (i),..., (vi). Note that R, =
11 f=f 1

0°{0” (G,)} N R = 0,[0°{0” (G,)}]. By Lemma 2.1 with (vi), we may as-
sume, without loss of generality, that

(A\By,...,AB;)=AB x---xA,B,.

Now suppose that, say, 4,B, n0°{0° I(Gl)} £ A,. We see then that there
is a g-element b, say, with 1 # b € 4B, N O" {0” 1)} . By consider-
1ng the action of (w) on V, we have 4, =[4,, ] < O”{O” (G,)}. Since
o (G,) is generated by p-elements, there must be a p-element, x, in o' (G (G))
such that x does not centralize B,C,/C, for otherwise the factor-group
0° (G))/(0° (G,) N C,) (which is isomorphic to 0’ (G,)C,/C,) would have
a non-trivial g-factor-group isomorphic to (b). Now, since B, is cyclic of
order ¢ (with ¢ # p), we conclude that 4,B, = A[B,, x] < 0¥ (G)),
whence, in fact, 4,B, <0°{0” (G,)}.

We can now assume the A4, B, to be ordered such that (4,B,, ..., 4;B,) <
0°{0” (G,)} , for some suitable d, and 4,B;n0°{0” (G,)} < 4,n0°{0’ (G))}
< R, for j > d, and since (vi) is trivially satisfied for G,, we conclude
that G, € F.

To show that F is closed with regard to normal products, we let G = G,G,
where G, and G, are normal in G and are elements of F. We let

0°{07 (G))} = (4,,B, A,;B, ,R), forj=1,2,

jr» oo Jf Jf’

https://doi.org/10.1017/51446788700034613 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700034613

[12] Fitting classes based on groups of nilpotent length three 459

where R, = 0,[0°{0” (G,)}] < 0,[0°{0° (G)}] and 4,,B,,, ..., 4, B, sat-
isfies (iii), ..., (vi) in 07 I(Gj). Again we assume, by Lemma 2.1 that

(A;Bjys oo Ay By = ApBjy x o x A4, By

and note that A; B, x -+ x 4, .B;, = 07 [0°{0” (G,)}] is, in particular,
a characteristic subgroup of Gj. We show that, say, ,’4“3“ is a nor-
mal subgroup of O”I(G). Equivalently, we show that 0 (G,) normalises
A,,B,,. Note that, by the theorem of Krull-Remak-Schmidt (Huppert [1,
p. 69]), if x € G, then either (4,,B,,)" = 4,,B,, of (4,,B,,)" is one of
ALpB,, .- Alf‘Blf‘ .

Now A,,B,, issubnormalin (4,,B,,, 0,(G)), is generated by g-elements
and, by comparison of orders, con'tains a Sylow g-subgroup of the group
(4,,B,,,0,(G)). Thus 4, B, =0°((4,,B,,, 0,(G))), and so, in particular,
R, (which is a subgroup of 0,(G)) normalises 4,,B,, .

Suppose, without loss of generality, that b € B,, does not normalize

A,B,,. Since ¢ > p > 3 we can assume that (A“B“)b = A,,B,, and
(4,8, = 4;3B,;. Welet B, = (b} for j=1,2and i=1,..., .
Then we can also assume that (b;,)° = b,, and (blz)b = b,,. Since 4,,B,,
has defect at most two in 07 (G), we have [6,,, b, 8] = bbb, € Ay, By, .
From above, A x--x A s normalises A4,,B,, , so we have
Ap x A x Ay =14), x 4, x 4y, bllbl-22b13] < Ay By,

thatis, A, x 4, x 4, < A,, , which is a contradiction to the order of 4,, .
We conclude that 0°{0° (G,)} normalises A4,,B,, .

Finally we let x be a p-clement of 0° '(Gz) which does not normalize
4y, B,, . Since p # 2 we again assume that (4,,B,,)" = 4,,B,,, (4,,B),)" =
A3Byy, (b)* = b, and (b,,)" = b, (where the b, are as above).

Nolw, bl_ll b, =1[b,,, x] is a g-element of 0" (G,), and so is contained in
0°{0° (G,)} . By Sylow’s theorems we may assume that

by by € (byy) x -+ x (by,),

50 b,'llb12 = (bzl)"’21 - (b, 5 )2, for suitable powers e,; - By considering the
action of (w) on V, we see that for e,; # 0mod(q®), we have

Ay = [y, ()] = 45, b, by] < 4, x A,

(since the 4B, have been shown to be normal in 0/ {0” (G)}).
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Since we then have 4, < 4,, x 4,,, we can have e, # Omod(q”) for at

most two values of i. Thus we may assume that b),'b,, = (b;,) (by,) .
But then

Ay x A =4 x4, bl—llbl2]

= [A} x 4yy, Ay By x Ay By)]

= A4,, x A,, (by comparison of orders).
Now 4,, x 4,, is normal in 14 ’(GZ) (since the A, are), so we have that
A,y = (A,)" < A, x Ay, , whence A, x A, x A3 < Ay x A,,, which, by
comparison of orders, is again a contradiction. We conclude that 0° I(Gz)
normalises 4,,B,, , that is, the 4B, are normal in " (G).

We let C,; = C(4,,) and show that (v) holds for B, C,,/C,,. To do

this we first look at the case where there is an element x € 0° I (G,) such that
(4B, x]1£ 4.

Then, since 4,,B,,/A4,, & an , we have, in fact, 4,,B,, =[4,,B,,, x] <
0? I(Gz) . Using commutator arguments as above, we may assume 4,,B,, =
A, B, and a159 B,11 = B,,. Now a Sylow g-subgroup of ¢/ (G)/C,, is
contained in 07 {0” (G)}C,,/C,, and

07 {07 (G)}Cpy /Cyy = (07 {07 (G)}C, /Ciy) (0 {07 (Gy)}Cyy/Cyy)
= ((Byy x -+ x By £)Cyy /C ) (By % -+ x By )Cyy /Cyy)
= (Bllcll/cll)(B21C11/Cll)
=B:1C11/Cn>

so B,,C,,/C,, is a Sylow g-subgroup of 0° (G)/C,, , as desired.
Now we can assume that [0° (G,), 4,,B,,] < 4,,. Suppose also that

some g-element of 0” (G,) does not centralize 4,,. Say, without loss of
generality, that B,, does not centralize A4,, . Then we have, by normality,
1 #[4,,, B,]]1< A,,NA4,B,, = A, N 4,,. Again by considering the action
of {w) on V, we see that CB“(A“nAZI) =1 and CBZ,(AunAzl) =1.We

let C=Cp g (4N 4y), and have 4, < C, s0

[B,,C/C, 0" (G))C/C1< 4, C/C =1y . .
Thus B,,C/C centralises OP'(GZ)E’/(NT.

Since (w) acts operator-isomorphically on V|, ..., ¥, (asin Section 1)
we see that 4, N 4,, can be decomposed as

AyNdy=V,8--0V

> for some e withe < m,
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where V), = U (as in Section 1), for i = 1,...,e and V|, and V; are
operator-isomorphic with regard to B,, for all i and j (this follows from
(iv)). ,

Now, 0° (G2)C~” / C is generated by p-clements, so there is a p-element
in 07 '(Gz), g say, such that gC does not centralize leé /C, and we may
assume that g"é does centralize B21€‘/C~‘. We let V = A, NA4,,8 =
gC, (@) = B,,C/C and (§) = B,,C/C, and we identify Z, ® and j with
the elements of Aut(¥) which they induce.

Replacing m with e, as above, we see that (&, @) and 14 satisfy the
hypotheses of Lemma 1.4. But then we have a contradlctlon to Corollary
1.5, since y centralises (g, @), o(J) = ¢* and C(y)( ) & (V) =1.We

conclude that all g-clements of o (G,) centralize 4,, . Thus the Sylow g-

subgroup of 07 (G)/C,, are contained in 0°{0” (G, )}C,,/Cy, = B,,C,,/Cy,
and again we see that B, C,,/C,, is the (normal) Sylow g-subgroup of

G)/C,, .
We halvle thus far demonstrated (iii), (iv) and (v ) for the A4 ;iBji - Now
0,10°{0° (ON < 07 [0{0° ()N = (4B, i =1,2; i=1,..., f;) and we

apply Lemma 2.1 to see that
07 [o”{o” G =4,B x--xAB. xQ,

for a suitable value f, where the 4,B, are among the AJ,Bﬂ and Q isa
g-group. Clearly Q = 0,[0° {O” (G)}]. Since G, and G, are elements of F,

we have

2n0’'(G,) = 0,[0° (G = 0,10°{0° (G} = 1,
so [Q, OPI(G}.)] =1 (for j=1,2), whence Q < Z{O”I(G)}. Now we see
that, for R = 0,[0°{0” (G)}],
QN (4B, x - xAB;, Ry = QN (4B, x--xA,B)=1,
so, if we let £ = (4B, x -+ x A.B,, R) then we see that QE/E is

in the centre of Opl(G)/E . In addition 0’ I(G)/QE is a p-group, since

QE =P {0f I(G)} . But now 0° (G)/E is nilpotent and so has a factor-group
isomorphic to Q. Since Q is a p'-group we conclude Q = 1. Thus

0°{0” (G)} = (4B, ..., A,B,, R)

and properties (ii), ..., (vi) are satisfied.
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By applying the above construction in the respective cases we see that if K|
and K, are elements of K, then K, € Fit(K,) if and only if K| = K, . This
type of result seems to indicate that the question as to whether two groups
generate the same minimal Fitting class may generally be more easily solved
in the case where both groups are extensions of elementary abelian r-groups
by r'-linear groups, where the linear groups in question are of nilpotent length
greater than or equal to two.

3. Some Fitting classes which are minimal

We once more let p, g, r, a, m and ¢ be fixed primes and natural num-
bers which satisfy (i), ..., (vi) of Section 1. In order to construct some min-
imal Fitting classes we place two extra conditions on these numbers, namely

(vii) p*T(g - 1),

(viii) pT|GL(m, F)| (equivalently: pT|GL(m, F,.)|, where t = pn),
where F, as in Section 1, is the field with 7’ elements. Since p # r, (viil)

requires that p does not divide any of the numbers ' — 1, ..., 7" 1. To
reassure ourselves that we are not dealing with the empty set we may check,
for example, that the following satisfy conditions (i), ..., (viii): p=5,¢g=

Il,r=3,a=1,t=5,m=2 (note: m =3 will also do, but not m=4).
We let the group K* = V*x(w", 6°) be constructed in a manner analogous
to the group K of Section 1, relative to the above more restricted values of
p,q,r,a, m,and t. We note that, by Lemma 1.1 condition (viii) implies
that pT|C*|, where, analogously to Lemma 1.1, C* = CAut(V.)(w').
We recall that if G is a (finite) group then Fit(G), the minimal Fitting
class which contains G (or Fitting class generated by G), is

Fit(G) = N{F : F a Fitting class with G € F}.

We note that it is well known that if ¢ is a prime which divides the order of
the soluble group G, then S, C Fit(G), where S, is the (Fitting) class of all
finite e-groups.

CoNSTRUCTION 3.1. Fit(K") is the class of groups which satisfy

(i) 0°(G) € Fit(V* x (w")),

(il) 0°{0” (G)} = 4, B, x---x A B, for asuitable f (with possibly f =0),
where, for | = 1,,...  f,

(iil) 4,B; 20° (G)
and

(iv) 4,B; 2 V™ x (0"), with 4,2 V" and B, = (0").
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PrOOF. We note first that, for the case m = 1, that is, where V" is
irreducible under (w"), this result is contained in Bryce [5, Example 5.3]. In
addition we easily see that K~ is an element of the above class.

The class of groups which satisfy (i) is easily seen to be a Fitting class,
so we show that the groups that satisfy (ii), (iii) and (iv) also form a Fitting
class. We deal first with normal products. We let G = G,G,, where, for
j=1,2, Gj d G and such that (ii), (iii) and (iv) hold for Gj. We see,
in particular, that 0”{0° (G,)} = 07 [0°{0 (G,)}], whence 0P{0” (G)} =
07 [0°{0” (G)}].

We now apply Construction 2.2 (relative to the above p, g, r, a, m and
t) and see that, since the groups which satisfy (ii), (iii) and (iv) form a
subset of F (as in Construction 2.2), we have G € F. Since 0°{0’ (G)}
is generated by g-elements, Construction 2.2 also shows that 0°{0° (G)} =
(4B, ..., 4 fo) for a suitable f, where the 4B, satisfy (iii), (iv) and (v)
of 11.2. In addition 0,[07 {0 ’(G)}] =1, so by Lemma 2.1, we may assume
that 0°{0° (G)} = A,B, x --- x A,B,, and this shows that G satisfies (ii),
(iii) and (iv) (of Construction 3.1).

This proof is unusual in that closure with regard to normal subgroups is as
complicated to demonstrate as closure with regard to normal products. We

let G, <G, where Op{O”’(G)} =A B x---xAB,, and (ii), (iii) and (iv)
are satisfied. As in the proof of Construction 2.2, we have

P{0° (G} = (0107 (G))} N 4,B,) x --- x (P{C (G)} N 4,B)),

and either 4,B, < 0°{0? (G,)} or 0°{0” (G,)} N A,B, < 4,.

Suppose for some i that 0 {Opl(Gl)} NA,B; < A;. We then have that
[0° ’(Gl), A;B,] < A;, since otherwise, as in the proof of Construction 2.2,
we would have, by commutators, that 4,B, is a subgroup of 0°{0° ’(Gl)}.

Thus if x is any p-element of 0° I(Gl) and 6, is the automorphism of A4,
induced by conjugation with x, then §, commutes with B; (considered as a
subgroup of Aut(4,)). Since pT|C”| (for C* as above), we must have 0, =

Lau 4 Thus 4, is centralised by all p-elements of 0 ’(Gl) (which is gener-

ated by p-elements) and we conclude that 0°{0” ’(Gl)} NA;B, < Z{0° '(Gl)} .
We put Z =0°{0” (G,)} N 4,B,, and let

I

S=0{0°(G)} N (4,B,x - xA,_B,_ x A, B

i+1 i1 X

"‘foBf).

Thus 0°{0 (G,)} =S x Z and 0 (G,)/(S x Z) is a p-group, so 07 (G,)/S
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is nilpotent. The Sylow r-subgroup of 0" (G,)/S is isomorphic to Z, so, by

nilpotency, 0° ( 1) /S has a factor-group isomorphic to Z . Since 0’ (G)
has no non- tr1v1al p’-factor-groups, we conclude Z = 1. For a suitable
enumeration of the 4,B; we can now assume that

{07 (G))} = 4,B, x -+ x 4,B,(e < f),

and have verified that G, satisfies (ii), (iii) and (iv).

We denote by X the class of groups which satisfy (i), ..., (iv). Thus
X is a Fitting class which has K as an element, so Fit(G") C X. Now
let G be any element of X. We show that G is an element of Fit(K").
We have G = 0°(G)0P (G), and this is a normal product. By (i), 0°(G) e
Fit(V" x (w")) C Fit(K"), so it suffices to show that 0’ '(G) € Fit(K").

Let D,=AB x--xA,_B_ xA, B x--xAB, fori=1,...,f
(where we are taking G to be the group of the statement of the construction).
We first show that 0 (G)/D; € Fit(K™) . For notational convenience we work
“modulo” D;, that is, we write D, = 1. We let P be a Sylow p-subgroup
of 07 (G) (so 07 (G) = A,B,P), and write P = Cp(4,). As in the proof of
Construction 2.2, we have [P, 4,B;] = A;B;. In addition, considering B,
and P/ P as the “natural” subgroups of Aut(4;), we see, by condition (viii),
that no element of P/ﬁ centralises B;. By condition (vii), pzT(q -1), s0
we conclude that P/P = C, . Since P centralises A, we see that there is a
decomposition AiB,.ﬁ = A,B; x P.

We now work modulo P. Then A; is self-centralising in (14 ’(G) and
4 ’ (G) has a Sylow p-subgroup, (x), which is cyclic of order p. We identify
A, with V', B; with (w*) and (x) with the “natural” subgroup of Aut(V").
Conditions (vii) and (viii) now imply that (x) is a Sylow p-subgroup of

= Naugr ((w')). Thus (x) and (6*), and hence also (®*, x) and
(w &), are conjugate in N*. Thus

07 (G)/ B2V % (0", x) = V" % (0", 8") =K.
It follows that
0°'(G) = G = {(g4,B;, gPg € 0" ()}
< (7'(G)/4,B,) x (¥ (G)/P)= P x K".
Since G contains all p-elements, of (0° I(G) /A4;B,)x (0 I(G)/ﬁ), it is subnor-
mal in the latter group. Thus 07 (G) is isomorphic to a subnormal subgroup
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of Px K". Since P is a p-group, the remark preceding this construction
shows that P € Fit(K"). We conclude that 0° (G)/D, € Fit(K").

Since ﬂ,f:, D; =1, we see that 0° I(G) is isomorphic to
{(eD,, ..., gD,)g €0’ (G)}

which, as above, is subnormal in (Opl(G)/D]) X +ee X (O”I(G)/Df). Thus

0’ ’(G) is isomorphic to a subnormal subgroup of an element of Fit(K*),
and so G € Fit(K") and X = Fit(K").

4. Concluding remarks

One major difference between the Fitting classes F,, say, of Construction
2.2 and F, of Construction 3.1 is that S,Sp CF,, while S,Spr‘lF2 = N{p’,} ,
where S S is the class of all (finite) extensions of r-groups by p-groups and
N{p’,} is the class of all nilpotent {p, r}-groups, for the given values of p
and r. Thus the extra conditions (vii) and (viii) of Section 3 yield more
precise information about the {p, r}-groups in Fit(K").

To show that the latter is not always the case, welet p, g, r,a, m and ¢
satisfy (i), ..., (vi) of Sectionl, and add in the new condition

(vii)’ p||GL(m, F)|
(in contrast to (viii) of Section 3). Wecantake p=5,g=11,r=3,a=
1,t =5 and m = 4, to see that such numbers do exist. We let K =
V % (@, é )} be constructed as in Section 1, relative to the above numbers.

ProposITION 4.1. Fit(K)n S,S, ¢ N{p,r} (that is, there are non-nilpotent

{p, r}-groups in Fit(K)).

Proor. Welet s and B be defined as in Section 1. Thus, by (vii)', s ;éAO
and B > 1. We let s, be defined analogously to #, of Section 1. Thus 4,

~

centralises @ in Aut(I7) and 4 normalises (izl). We form the semidirect
product G = Vx{w,s, ill). Since Opl((A?) = I7>4((2)) < K, we see that K is
subnormal in G . Since Fitting classes are known to be closed with regard to
subnormal products, we see that (K )G € Fit(K) (where (K )G is the normal
closure of K in G).

We define Wl analogously to W, in Section 1. Considering the restric-
tions to Wl , we see by Lemma 1.3, that Wl is irreducible under (cbill) . As
in [3, IIL.3], say, we may identify Wl with the additive group of F., the
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field with r* elements. We also identify (Z)ill with an element of order p”g°
in the multiplicative group of F,. and o with the Galois automorphism of
order p. Letting n be such that ¢ = np, and F be the subfield of order

r*" which comgrises those elements fixed by the action of &, we see by, say
[3, II1.4], that h, ¢ F,... Thus o does not centralize #, .

Welet ¢=[J, ill]. Then 1#¢€ (I?)G N (izl) . Since (¢) is characteristic

in (izl) , which is normal in (@, 4, ill) , we have that V x (&) < (I?)G €

Fit(K). Thus ¥ x(¢) is a non-nilpotent group which is an element of S,S,Nn
Fit(K) .

We finally indicate why condition (vi) (thatis 1 < m < p) of Section 1 is
necessary in order to construct Fitting classes like those in Construction 2.2.
We let G be a subgroup of GL(e, K), where K is any field, and define the
tensor-products

g 0

1,®eG= . lgeG},
0 g
I_e-—l

and
gnl, - &l & 0 &ie
Gel, = : : : | eGy,
gelle geeIe gel gee

(where I, is the exe identity matrix). Thus both tensor-products are groups
of e x e? matrices which are isomorphic to G.

ProrosITION 4.2. (i) 1,8G and G®I, commute elementwise in GL(e2 , K),
(ii) I, ® G and G® I, are conjugate in GL(ez, K).

Proor. (i) is easy to verify directly. For (ii), we write G = I, ® G and
let G act operator-isomorphically, with its “natural” action, on the vector-
spaces U,, ..., U,, all of dimension e¢ over K, where u; ,...,u, isa
basis of U, (i =1,...,e) which induces the given representation of G.
Welet U=U®---&U, thatis, U is the direct sum of e operator-
isomorphic G-submodules. We choose a new basis of U by letting w, ;= U
i,j=1,...,e. _

We can check that the action of G with respect to the w;, ; is represented
by G®I,. Thus G and G® I, are equivalent representations and hence
conjugate in GL(ez, K).
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Welet (w,, d,) be as in Section 1 and, letting F,» be the subfield of order
r" in F (as in Section 1, where ¢ = np), we see that F,. is centralised by
the action of J, . We can thus consider (w,, d,) to be represented over F,.,
thatis, (w,, ;) < GL(p, F.»).

We let

=~ 2
G=1,8(w,,d)<GL({P", F),
G=(w,,8)®1, <GL(p’, F,)

and we let (@) = I, ® (w,). We identify GL(p®, F..) with the “natural”

r
subgroup of GL(pzn r) = GL(pt, r). By Proposition 4.2 G and G are
conjugate and centralize each other in GL(pt r). Since Z ((cul 0N =1,
we have that (G G) GxG . Nowlet V be the direct sum ¥ = Ve --eU,
where U, = U (asin Section 1), for i =1, ..., p,and let K=VxG. Thus
K is constructed analogously to K of Section 1, only with m =p .

From the above considerations K and V x G are isomorphic and also
'Vx(éx G) is the normal product of K and ¥xG . So ?x(éx@) € Fit(I?).
By considering condition (v) of Construction 2.2, we see that a Fitting class
construction directly analogous to that of Construction 2.2, with ¥ x (@) in
place of V x (w), is not possible.
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