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Affine Weyl group multiple Dirichlet series: type A

Tan Whitehead

ABSTRACT

We define a multiple Dirichlet series whose group of functional equations is the Weyl
group of the affine Kac—Moody root system ﬁn, generalizing the theory of multiple
Dirichlet series for finite Weyl groups. The construction is over the rational function
field F, (), and is based upon four natural axioms from algebraic geometry. We prove
that the four axioms yield a unique series with meromorphic continuation to the largest
possible domain and the desired infinite group of symmetries.

1. Introduction

We will construct a multiple Dirichlet series of the form

Z(xo, 1, ..., Tn)

T B )G

fo,f1,-.,fn€F¢[t] monic

where n > 2, ¢ is a prime power, and (—) denotes the quadratic residue character in F,[t]. This is
a new generalization of the Weyl group multiple Dirichlet series developed in papers of Brubaker,
Bump, and Friedberg, of Chinta and Gunnells, and others. The difference is that the product of
characters here is based on the following Dynkin diagram:

which corresponds to the affine Kac-Moody root system En rather than a finite root system.
This gives the series a higher level of complexity: it will extend to a meromorphic function of
n + 1 variables with an infinite group of symmetries, the Weyl group of A,. And it will shed
light on the behavior of still-conjectural automorphic forms on the Kac—Moody Lie group.
Multiple Dirichlet series originated as a tool to compute moments in families of L-functions.
Goldfeld and Hoffstein computed the first moment of quadratic Dirichlet L-functions at the
central point using a double Dirichlet series [GH85]; the second [BFH96] and third [DGHO03]
moments have been computed using similar methods. An essential step is to replace the sums
of characters like those appearing in (1.1) with weighted sums of characters. This guarantees
that the series will have a group of functional equations. The choice of weights, or correction
polynomials, leads to difficult combinatorial questions, which inspired the development of
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I. WHITEHEAD

Weyl group multiple Dirichlet series [BBF11la, BBF11b, CG07, CG10]. This beautiful theory
constructs, for any integer NV and (finite) root system ®, a multiple Dirichlet series built from Nth
power Gauss sums, whose group of functional equations is the Weyl group of ®. The series can
be understood in terms of a metaplectic Casselman—Shalika formula, or as a generating function
of combinatorial data on crystals associated with ®. One of the crowning achievements of this
field is the Eisenstein conjecture, which connects multiple Dirichlet series back to automorphic
forms; it states that each Weyl group multiple Dirichlet series appears as a Whittaker coefficient
of an Eisenstein series on the N-fold metaplectic cover of the algebraic group associated to ®. It
is proven in types A [BBF1la] and B [FZ15].

To go beyond the first three moments of quadratic L-functions requires multiple Dirichlet
series with infinite Kac-Moody Weyl groups of functional equations. This immediately makes the
series much more intricate: infinitely many symmetries imply infinitely many poles, which will
accumulate at a natural boundary of meromorphic continuation. Furthermore, unlike in the finite
case, the symmetries do not give sufficient information to completely pin down the series; we will
show that there are infinitely many series satisfying the desired functional equations. Lee and
Zhang [LZ15] generalize the averaging construction of Chinta and Gunnells to construct power
series with meromorphic continuation to the boundary, satisfying the functional equations, for
all symmetrizable Kac—-Moody groups. However, their construction does not naturally contain
the character sums and L-functions we would like our multiple Dirichlet series to count. Bucur
and Diaconu [BD10], in the special case of Dy, define a multiple Dirichlet series satisfying the
functional equations by making an assumption about one of its residues. They use this series
to compute the fourth moment of quadratic L-functions over rational function fields. Their
construction is close in spirit to ours, but is slightly different and likely will not satisfy the
Eisenstein conjecture.

The new approach developed in forthcoming work of Diaconu and Pasol [DP], and explored
in the author’s thesis [Whil4], is to construct multiple Dirichlet series axiomatically. There are
four Axioms 3.1-3.4, which arise from the geometry of parameter spaces of hyperelliptic curves.
Sums of characters, in particular of (fo/f1)(fi/f2) -+ (fa=1/fn)(fn/fo) as some of the f; range
over fixed degree a; and others are held constant, can be interpreted as point counts on these
parameter spaces. The weighted sums of characters introduced below are point counts after the
spaces are desingularized and compactified. Axiom 3.2 is a duality statement, and Axiom 3.3 is a
cohomological purity statement. The axiomatic construction matches previous constructions in
the case of finite root systems [Whil4]. The main theorem of this paper is that, in the case of the
affine root system A,,, the four axioms produce a unique series, with meromorphic continuation
to the boundary and functional equations. We expect the same theorem to hold for all affine
root systems, and, if the axioms are modified as in [DP], for all Kac-Moody root systems.

Because this is a first foray into Kac-Moody multiple Dirichlet series, we have restricted
our attention to type A and to quadratic characters. It would certainly be feasible to
replace these characters with Nth power residue symbols or Gauss sums. Another restriction:
our construction is over the rational function field F4(¢) only. Over number fields, proving
meromorphic continuation of the analogous series is extremely difficult; in the case of Dy over
Q, it is equivalent to computing the fourth moment of quadratic L-functions over Q. However,
the axioms do resolve all combinatorial problems in the construction over arbitrary global fields.
The p-parts, or local weights, constructed in this paper will still be correct. They only need
to be glued together using a different twisted multiplicativity relation for primes in the field.
This means that F,(t) plays a privileged role in the theory: it is the only field where Axioms 3.2
and 3.3 hold, where the p-part of the series is reflected in the full series Z.
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The proof has three sections. First we show directly that the four axioms imply the
desired functional equations of the series, and that any multivariable power series satisfying
these functional equations is completely determined by its diagonal coefficients. These diagonal
coefficients relate to imaginary roots in the A, root system, which play a subtle but critical
role in the combinatorics. Next, we take a residue of the series, setting the odd-numbered z; to
g~ !. We give a formula relating the diagonal residue coefficients to the original diagonal series
coefficients; hence, the residue determines the full series, but unlike the series, the residue admits
an FEuler product formula. Balancing the effect of Axiom 3.2 on the residue coefficients against the
effect of Axiom 3.3 on the series coefficients, we prove the existence and uniqueness of the series.
Finally, we combine this result with a close examination of the functional equations to prove an
explicit formula for the residue, as a product of function field zeta functions. The meromorphic
continuation of this product implies the meromorphic continuation of the full series Z. Only this
last section does not generalize easily to other affine types.

We end this introduction with the example of the As residue formula, and its relevance to
both analytic moment conjectures and the Eisenstein conjecture. We prove

00
q° Resy, —py—g1 Z (20, 21, 22, 3) = H ag"Pas™) (1 — qag™ P adm) !
m=0
X( (Z)m 2m+2) (1 q$%m 2m+2)
X( 2m+2 2m+2) (1_(] 3m+2 %m+2)72
X( 2m+1 2m+1) (1 . qwgm—&-lw%m—‘rl)fl. (12)

We may evaluate the 23 multiple Dirichlet series as

Z(q_SO, x, q_sz,gj) = Z <§1§3>q_50 degf()q_SQ dengxdegflf:S
fo,f1,f2,f3 0.J2

= > Lls0.xp)L(s2, xp)oo(f)ae 7, (1.3)

where f = f1f3 and o¢(f) denotes the number of divisors of f. Then this residue, evaluated at
zo = x9 = ¢~ Y/2, gives an asymptotic for the second moment of L(1/2,xy), weighted by oo(f),
over the function field F,(¢). It is possible to sieve for squarefree f as well. Along with the fourth
moment of L(1/2, x¢), this is a first application of Kac-Moody root systems to number theory.

It is perhaps too early to precisely formulate an Eisenstein conjecture in the Kac—Moody
setting; metaplectic Kac-Moody Eisenstein series are still conjectural, although recent work of
Braverman, Garland, Kazhdan, Miller, and Patnaik makes progress constructing non-metaplectic
Eisenstein series on affine Kac-Moody groups over function fields [BK11, BGKP14, Gar04,
GMP13]. In particular, a forthcoming paper of Patnaik [Patl4] gives the affine analogue of
the Casselman—Shalika formula for Whittaker coefficients of these series. Crucially, Patnaik’s
formula contains poles corresponding to imaginary roots in the affine root system. We expect
such poles to play an important role in Eisenstein series and their Whittaker coefficients for
all Kac—-Moody groups, including metaplectic. However, their presence cannot be detected from
functional equations. The series of Lee and Zhang, constructed by averaging over the Weyl group,
have poles corresponding to real roots only. The Dy series of Bucur and Diaconu, constructed to
have a particularly convenient residue, may have certain poles at imaginary roots, but they are
arbitrarily chosen. In our construction, poles corresponding to imaginary roots arise naturally
from the axioms. Of the factors in formula (1.2), the first five correspond to real roots in the As
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root system; the remaining three, however, correspond to imaginary roots. They can be compared
to the factor m and the factors indexed by imaginary roots o in Patnaik’s formula (1.1). This
provides some initial evidence that our series is the correct one for the Eisenstein conjecture.

2. Notation and preliminaries

Let g be a prime power, with ¢ = 1 mod 4, and let F, be the field with ¢ elements. A polynomial in
[F,[t] is called prime if it is monic and irreducible. For f, g € F,[t], let (f/g) denote the quadratic
residue symbol, which is multiplicative in both f and g¢. In this context, we have an extremely
simple quadratic reciprocity law: for f, g monic, (f/g) = (g/f)-

We define the function field zeta function,

()= > atf= J] (-a2%En) ' =(1-qx)". (2.1)
f€EFq[t] monic pEF[t] prime

We also define the quadratic Dirichlet L-function: for g € F,[t] monic and squarefree,

I\ a4 P\ a -
L(z,x4) = ( zdee S — 1— (= )adeer) | (2.2)
SEE ¢ n (-
€F,[t] monic p€EF[t] prime
Usually, these are written as series in the variable ¢~%; we have substituted the variable x to
emphasize the fact that these series are polynomials (or, in the case of (, a rational function)
in x.
The quadratic L-functions satisfy the following functional equations: if deg g is odd, then
L(z, xg) = (¢"*2)*89  Lg 2™, xg), (2:3)
and if deg g is even, then
(1—2) 'Lz, xg) = (¢"22)™#972(1 — g™ ") L(g a7 xy)- (2.4)
They also satisfy the Riemann hypothesis: all roots have |z| = g V2
The combinatorics of affine root systems play a critical behind-the-scenes role in the proofs

below. However, for the sake of readability, we have suppressed this theory almost entirely in the
exposition. Many of the type A results here generalize to all affine types; see [Whil4].

3. Axioms and functional equations

Let ¢ be a prime power, congruent to 1 modulo 4, and let n > 2 be an integer. For fo, f1,...,
fn € Fg[t] monic, we wish to define local weights H(fo, f1,..., fn) € C. Informally, H(fo, fi,...,

frn) is a weighted version of
fO fl fn—l fn
<f1> <f> ( Fn ) <f> (31)

where (—) denotes the quadratic residue symbol. The local weights determine global coefficients:

for nonnegative integers ag, ai, . .., an,
Cagyar,ean (4) = Z H(fo, f1,--- fn) (3.2)
fo,f1,-, fn€Fq[t] monic
deg fi=a;
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We will give four axioms, originally due to Diaconu and Pasol [DP], which uniquely determine
the local weights and global coefficients. These axioms describe the behavior of ¢ and H as ¢
varies.

AxioMm 3.1 (Twisted multiplicativity). Suppose that ged(fof1 - fn, 9091 - gn) = 1. Then

H(fog0, f191, -+ fagn) = H(fo, fro -, f)H(go, 91, 59n) | ] ( i )( N ) (3.3)

i modm1 \gi+1/ \ i+
With this axiom in hand, it suffices to describe H(p®,p®, ..., p*) for p € Fy[t] prime.

AxioM 3.2 (Local-to-global principle). The global coefficients cqq.q,.....a, (¢) and the local weights
H(p®,p™,... p*™) are polynomials in ¢ and [p| := ¢°&P respectively, of degrees at most ag +
a1+ -+ ap, and

}I(pao’pou7 o ’pan) — |p‘ao+a1+-~.+anca0’al’m,an(‘p’—l)' (3'4)

We can see this principle, in its simplest form, in the symmetry between the global function
field zeta function and its local factors. It can be explained as a consequence of Poincaré duality
or the Riemann—Roch theorem. Diaconu and Pasol [DP] extend the same principle to parameter
spaces of curves whose cohomology contains the character sums which appear in our coefficients.
The use of the rational function field Fy(t) is essential for this axiom to hold.

Ax1oM 3.3 (Dominance principle). The polynomial H(p®,p®,...,p% ) has degree less than
t(ap + a1 + - +a, — 1) in [p|; equivalently, cqqa;,.. 0, (q) has terms in degrees greater than

$(ap+a1+- - +an+1). The only exceptions are for H(1,...,1), H(1,...,1,p,1,...,1), co,..0(q),
and ¢,...0,1,0,....0(q)-

Again, this principle is visible in the function field zeta function, and can be interpreted as a
cohomological property. The dominance principle will mean that the local weights are as small
as possible under Axiom 3.2. The final axiom is just a normalization condition.

AxIoM 3.4 (Initial conditions). We have

H1,...,1,f;,1,...,1)=1forall f; and ¢, 04,0, 0(q) =q¢* for all a;.
We define the quadratic A, multiple Dirichlet series over the rational function field F,(t) as

Z(l.O’ml,.”’xn) = Z H(f07f17'"7fn)$gegfoxiiegfl"'xgegfn
fo,f1s..sfn€Fq[t] monic

= Y Caparan (@Gl (3.5)

ap,ai,...,an =0

The main theorem of this paper is as follows.

THEOREM 3.5. There exists a unique choice of local weights H(fo, f1,...,fn) and global
coefficients cqq qa,.....a, (q) satistying the four axioms. These give rise to a multiple Dirichlet series
Z(x0,T1,--.,Tn) With meromorphic continuation to |rory - -- x| < ¢ (*tV/2 whose group of
functional equations is isomorphic to the affine Weyl group of A,.
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We will prove the last statement first; that is, assuming we have chosen weights and
coefficients satisfying the axioms, the resulting series satisfies the functional equations. For now,
these functional equations are identities of formal power series only, but they hold as identities
of functions once Z is meromorphically continued. We will require some additional definitions of
single-variable series contained within Z: let

Aao»'“’di"“’ Z ca()v < Qjyees0ny q)xal (3'6)
a; >0
i d
Apso... pii.pan ( Z H(p o, ptr)afieeer (3.7)
a; =0
deg fi
Ly pop @)= > H(fi, firos f)ai 7, (3.8)

fi€Fg[t] monic

where we use the notation a or f for an omitted index. The local series A can be obtained from
the global series A by substituting ¢ — |p|~!, z; — |p|93d &P and multiplying by |p|eot-Hdit-+tan,

ProposITION 3.6. Fix all but one a;, for ¢ modulo n + 1. If a;—1 + a;41 is odd, then
Nao,...dsrooan (%) @0d Aoy ;o (i) are polynomials of degrees a;—1 +ai+1—1, (ai—1+aip1 —
1) deg p respectively, satisfying:

(0" 22) 9 Ny ian (027 = g (), (3.9)
i—1+ajy1—1)d -
(q1/2$i)(a 1+aiy1—1) egp)\pao,...7pai7._,,pan(q 1, z; ) )\ 7..,pai7...7p”‘n(xi)' (3'10)

d
If aj_1+a;41 is even, then these series are rational functions with denominators 1 —qx;, 1 — x5 5%,

and numerators of degrees ai—1 + aiy1, (ai—1 + aij+1) deg p respectively, satisfying:

(¢ 22) 1 (L = 27 ) Ay nan (@27 ) = (L= 00) Aag,ian (i), (311)

K3
) ) _ —d 1
(g O Fe DD g SN ()

d
=(1- x-egp))\pa(),.,,,p&i,...,pan (z4). (3.12)

1

Proof. Notice that in each case, the functional equations of A and A are equivalent. The proof is by
induction on },; a;. If 37, ,; a; = 0, the proposition follows from Axiom 3.4. For the inductive

step, X fo,..y fireersfn € F,[t] monic of degrees ao,...,d;,...,a,. Then, by Axiom 3.1, we
have the following Euler product formula:

Lflv 7f17 7fn+1 <I’Z)

(I NG=5772)

J#1i—1 p|f;
i p*i a; de
X H(p’l]p(fo)?...’paz"‘.’pvp(fn))( )x'l gp , (313)
l;I (g—:o p—”p(fi—1fi+1)fj71fj+l ¢

where v, (f) denotes the number of times p divides f. Moreover, if we set g to be the squarefree
part of f;_1f;1+1, then all but finitely many of the Euler factors match those of

Lz, xg) = H(l - (Z;)x?e”) N (3.14)

p
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The only primes whose Euler factors do not match are those where p|fy--- f; -+« fn. At such a
prime, the ratio of the Euler factors is

)\p”p(fo) U ) vp<fn>((p/p_v”(g)9)xi)

(1—(p/g) fesry—1

) = . 3.15
(i) )‘pvp(fo) o (m’m’pqun)(:l:xi) if vp(fi—1fit1) odd, ( )

(1 2287\

pvp(fo)w.’pva(fi),m’pvp(fn) (ixl) if Up(fi—lfi-i-l) evel.

Assuming that the proposition holds for )\ op(G0),. porlfi) . pup(n)? then this ratio is a polynomial

of degree d, = (vp(fi—1fit1) —1)degp if vp(fz 1fz+1) is odd or vp( fi—1fit1) degp if vp(fi—1fit1)

is even, with functional equation

(q" 22 (g ") = pap(i). (3.16)

Combining these local functional equations with the functional equation of L(z;, x4), we obtain,
for a;—1 + Aj4+1 Odd,

1/2, \ai—14ait1—1 -1, -1y _
(g 2q;) 1o Lfl,...,fi,m,fnﬂ(q T; )_Lf1,...,f¢,...,fn+1($i)’ (3.17)

and for a;—1 + a;4+1 even,

(¢ e (1 —ay L, a7y = (L—q@)ly o o (@), (3.18)
By definition, we have
Naoyoisyoan (@) = D Ly 5o () (3.19)
foeesfivenfn
deg fj=a;

and we may assume inductively that each L o fn+1(xi) satisfies the desired functional
equations, except for

)‘pao,...,pai,...,pan (l‘l) if a;—1 + Q41 odd,

Loy . pii pan(Ti) =4 1— 2y - (3.20)
1— gz, pao .. pii, . pan (z;) if aj—1 + a;y1 even,
(2

when p is a prime of degree 1. We conclude, in the case of a;—1 + a;+1 odd,

(q"22) 4 Ny inan (027 = Qe e e (4 2771)
= Nagysdiyean (Ti) = A paq i pan (Ti), (3.21)
and in the case of a;—1 + a;+1 even,
(q" %) = (1= 27 ) Aag, o ryoan (@ )
- q(l - qilwi_l))‘paow,,p% pan (qilx_l))
= (1 — q@i)Aay,....d;,....an (Ti) — Q(l Ti) Ao piti, .. pan (L) (3.22)

Finally, we apply Axiom 3.3. Consider the above two functional equations as identities of power
series in x; and q. Comparing the terms whose degree in ¢ exceeds %(ao +---+d;+---+ay) plus
half their degree in x; yields the desired functional equation for A. Comparing the remaining
terms yields the desired functional equation for A. O
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For ¢ modulo n + 1, let ¢; : C*"*t — C"*! be given by

q_lx;l if j =1,
(oi(zo,x1,...,20))j; = ql/Qazi:cj if j=i+1, (3.23)
T, otherwise.
These transformations generate the group
<Uz"0i2 = l,UiUi_HO'z’ = 0i+10i04+1, JZ‘Jj = dei fOl“ j 7é 7+ 1), (3.24)

which is the ﬁn affine Weyl group. Then Z has functional equations

Z(lz+1+(li_1 Odd(o—i(m07 e ey xn)) = ql/inZai+1+ai_1 Odd(x()) [ 7xn)7 (325)
(1 - 1’ 1)Zai+1+ai_1 even(gi(xm e ey xn)) - (1 - qmi)Zai_,.l—&-ai_l even(xO; ... 7:C7L)7 (326)

where Zy, . | 4a,_; odd/even d€notes sum of terms cqq.....a, (@)xg” - - -zl with a;—1 +a;41 odd or even,
respectively.
We may also define the p-part of Z,

Zy(zo, ..., xn) = Z H(p®,....p")xy° degp., .. gandegp (3.27)

ag;-.-,an

and obtain similar local functional equations.
The functional equations are identities of formal power series, which may be translated into
linear recurrences on the coefficients. If a;_1 4+ a;41 is odd, then we have

aimleitein=b2e o a—1-a;,.. () (3.28)

C..,,ai,...(Q) =dq

and if a;_1 + a;4+1 is even, then

C...,ai,...(Q)
= qcn-,ai*l,..-(Q) + qai_(ai_l+ai+1)/2(C~--,ai71+a¢+1*ai,m(Q) - qcai71+a¢+1*a¢*1(Q))' (3'29)

Note that any coefficient with a; > 5 (aZ 1+ait+1) can be rewritten in terms of lower coefficients.
The only undetermined coefficients are the diagonals, ¢4 ... o(q).

On the other hand, the transformations o; leave the form xgx; - - - x, invariant, so we may
multiply Z by an arbitrary power series in this variable, thereby obtaining an arbitrary family of
diagonal coefficients, without affecting the functional equations. We have proved the following.
PROPOSITION 3.7. A series Z(%o,...,%n) = D4 4. Cag,..an(Q)Tg" -+ x3" which satisfies the

n

functional equations (3.25) and (3.26) is uniquely determined by its diagonal coefficients cq,... q(q).

In fact, by this proposition, the ratio of two power series satisfying the functional equations
must be a diagonal series. By inspecting the recursive formulas, one also sees that if the ¢4, 4(q)
satisfy Axiom 3.3, then so do all the coefficients.

The last result of this section guarantees the existence of a meromorphic power series
satisfying the functional equations. It is proven by a generalization of the averaging procedure
developed by Chinta and Gunnells [CG07]. A proof for the affine root system Dy appears in
Bucur and Diaconu [BD10]; Lee and Zhang [LZ15] show that the construction works in all
symmetrizable Kac-Moody root systems. The notation of Lee and Zhang differs somewhat from
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ours; in particular, they construct the p-part Z, of a series; a change of variables is required to
obtain the global series Z. For a proof in the notation of this paper, see [Whil4].

We construct an infinite product which describes all the poles of Z implied by the functional
equations: let

Azgy ..., xp) = H H (1 —q(qz---qz)™(qz? - qx?)) (3.30)
m=0 4,5 modn+1
i#j+1

A is best understood as a deformed Weyl denominator, a product over positive real roots in the
A, root system. It converges for |zq - x| < g~ (*t1D/2_ Then we have the following proposition.

PROPOSITION 3.8. There exists a power series Zayg(Zo,...,Tn) satisfying the functional
equations (3.25) and (3.26), such that A(zo,...,%n)Zavg(%0, - .., 2,) has analytic continuation
to |zo - xp| < ¢~ /2,

The series Z,ys does not satisfy our axioms, but it will be crucial in proving the meromorphic
continuation of our series Z.

4. Existence and uniqueness

To simplify computations leading to the proof of the main theorem, we restrict our consideration
to a particular residue R of the series Z. Such residues are essential when we apply Tauberian
theorems to Z to obtain analytic results. The series Z can be recovered from the residue R, but
R is simpler than Z because its coefficients are multiplicative, not twisted multiplicative; hence,
R has an Euler product. We will observe a symmetry in the Euler product formula which is
equivalent to the local-to-global axiom. This, together with the dominance axiom, leads to an
explicit formula for R. The meromorphic continuation of R implies that of Z.

We will have two separate cases: n odd and n even. The computation for n odd is more
straightforward; for n even, the analogous results are somewhat more complicated, but not
essentially different.

For n odd, we define

R(zo,x2,...,Tp_1) = (—q)("'H)/2 Res 1 Z(20y .y Tn) (4.1)

T1=X3='=Tn=q
and for n even,
R(zp,x2,...,xy) = (—q)"/2 Resy —gy==q,_1=q1 Z(q71/4:z;0, Ty ey Ty, q*1/4a:n), (4.2)

where the first and last variables are multiplied by ¢~/ to simplify later formulas. At first,
we treat this residue as a formal power series only. Taking a residue may not be a well-defined

operation on arbitrary power series, but in this case it is. We may multiply Z(xo,...,z,) by
1 — gz; and then evaluate at x; = ¢~ '; by Proposition 3.6 this involves taking only finite sums of
coeflicients, so it gives a well-defined series. This is the meaning of —qRes,,_,-1Z(zo,...,7p).

Once we give an explicit formula for R in the following section, we will see that it is a meromorphic
function, and the residue of a meromorphic function Z, in the desired domain.

If Z and Z' are two series satisfying the functional equations (3.25) and (3.26), with residues
R and R/, then by Proposition 3.7,

Z(x0y ... Tp)
Z'(xg, ..., Tn)

=Q(xo- - xp), (4.3)
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a diagonal series. Therefore,

R(x07x27-~-7$2l_n/2j) —(n+1)/2
= " TOT2 - To|n/2|)- 44
B (@022, 22in2)) Q(q 02"+ Tan/2]) (4.4)

The same holds if we restrict to the diagonal parts of power series: we define Zgiag(z) =
Y aCa,...a(@)z®, and similarly Z%.  (z), Rdiag(), and R, (z). Then

iag diag
Ziiag(®) _ Raiag(q"tD22) (). (4.5)
Z(/iiag(x) Rfiiag(q(nﬂ)/zx)
Equivalently, the ratio
Buing(2) __ p(, (4.6)

Zdiag(q_(n+1)/2x)

is the same for all series satisfying the functional equations (3.25) and (3.26). It does not depend
on the choice of diagonal coefficients ¢, 4(¢). P(z) can be thought of as the diagonal part of
the residue if we take ¢g . 0(q) =1 and ¢, 4(q) = 0 for all a > 0.

Thus we can recover a full series Z(xy,...,x,) satisfying the functional equations from its
residue R, or even from Rgjag-

Next, we prove two formulas for the coefficients of R in terms of the coefficients of Z.

PROPOSITION 4.1. Suppose the coefficients of Z(xy, ..., xy) are cq,,... a,(q). Then for n odd, the
coefficient of R(z, x2, ..., xn—1) at z0024? -z, 3" is
—2(agtaz+-+an—
q (a0 +az ¢ 1)Caoﬂo-i-az,a2,a2+a4,-~~7an—17an—1+a0 (Q) (4'7)
For n even, the coefficient at x(°z5? - - -z is

3(ao+an)/4—2(ap+az+-+a
q (aotan)/4-2(ao+az n)Ca07ao+a2,a2,a2+a4,-~-7an—2+an,an (q)- (4.8)

In particular, the nonzero coefficients of the residue must have all a; odd or all a; even.
Proof. Fix all indices except for one a; with ¢ odd. Then by Proposition 3.6, we have

Aa07--~7di7--~7an (ZCZ)
a;—1+a;41—1 aj—1+ai41

i C..ai—1,ai_14+ai41,0 ,...(Q)
= Y Coomsman, (@ + SRt T (49)

a;=0

and C...,ai_l,ai_1+ai+1,ai+1,...(Q> =0 if aj—1 + aj+1 is odd. If we then take —¢ Res,,—4-1, we obtain
q YTV a1 +aisn.aien,.. (@) Repeating this process for all i < n odd gives the desired
formula. The rearrangements of power series implicit in this computation are only reorderings
of finite sums, by Proposition 3.6. O

We may apply the functional equations o; for ¢ < n odd to the residue. Since only terms
with a;—1 + a;11 even contribute to the residue, we only need the even part of the functional
equation. Let Zg,me denote the part of the power series Z with ag + ao, as + a4, a4 + ag, etc. all
even, that is, where ag, a9, a4, etc. have the same parity. In the case of n odd, we obtain

R(zo, 22, ..., xn_1) = (—q)™V/? Res 1 Z(z0,...,%n)
= (—q)("ﬂ)/2 Res,, —py—. g —=q—1 Zsame(Z0; - - -, Tn)
=(1—q) "2 7 nelq w0, 1,¢ 0, 1, ¢ ey, 1) (4.10)

T1=T3==Tn=¢
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and for n even,
R(xg,xa,...,xy) = (1 — (1)”/2Zsame(q_?’/zlsco7 1, q_le, 1,... ,q_lazn_g, 1, q_3/4xn). (4.11)

We can now prove a second formula for R in terms of the local coefficients H(fo,. .., f,) rather
than the global coefficients cq,.... 4, (¢)-

PROPOSITION 4.2. If Z is a series defined by local weights H as

Z(wo,...,wn) = Y H(fo,..., fa)ag®T0 - adee s (4.12)
f()v”wfﬂ

then, for n odd, we have
R(:EO’ L2,. .. axnfl)

_ Z H(f07f0f2af23f2f4a"'afnflafnflf())xgegfoxgegfg”' deg frn—1 (413)

gdeg fo+deg fa+Fdeg fn1 n—1

f07f27"'7fn71

and for n even,

R(wo, Ty ,xn)

B H(fo, fof2, fo, fafas- -y fa—2fns [n) deg fo deg f2 | deg fo
B ; fz ; q(3/4) deg fo-+deg fot-+deg fn—a+(3/4) deg fn. ™0 2 o
05J25-5Jn

(4.14)

In particular, only tuples of polynomials fo, fa, fa, ... with f;fi;1o a perfect square for all i, that
is, tuples of polynomials with the same squarefree part, contribute to the residue.

Proof. First note that H(fo, fof2, f2, f2fa,...) indeed vanishes if any f;f;12 is not a perfect
square. If a prime p divides f;firo an odd number of times, then H(p?»(fo) pvp(fof2) puw(f2),
p»(F2f4) ) must vanish by the local functional equations. Then, by Axiom 3.1, H(fo, fof2, fo,
fofa,...)=0.

Now we use equations (4.10) and (4.11) as a starting point. Fix all but one f; and assume
deg fi—1fi+1 is even. Then, as in the proof of Proposition 3.6, the series »_ . H(fo, ..., fn):r?eg fi
matches the L-function L(x;, xf,_,f,.,) up to multiplication by correction polynomials. Unless
fi—1fix1 is a perfect square, this L-function has a trivial zero at x; = 1. If f;_1 fi11 is a perfect
square, then this series matches the zeta function (1 — ¢x;)~! up to multiplication by correction
polynomials of the form

vp(fic1fiv1)—1
(1 —x?egp)< Z H(...,p”p(fi—l),pai,p”p(f"“),...)x?idegp>

CL,L':(]
+H(... p”p(fz‘—l) pvp(fiﬂfiﬂ) pUp(fi+1) )x?p(fi—lfiﬂ)degp (4.15)
} ) ) y e )y .
for each prime p dividing f;—1 fi+1. Thus, evaluating the series > nH (fo,---, fn)x?eg i at ;=1
and multiplying by 1—q gives H(..., fi—1, fi—1fi+1, fi+1, .. .). Repeating this process for all i <n
odd and using equations (4.10) and (4.11) gives the desired result. Again by Proposition 3.6, the
rearrangements of power series implicit in this proof are only reorderings of finite sums. O

Notice that the terms H/(fo, fof2, f2, fof4,...) appearing in the residue are multiplicative,
not twisted multiplicative. That is, if ged(fof2 - fa|n/2), 9092+ - G2|n/2)) = 1, then

H(fogo, fof29092, f292, f2f19294, ...) = H(fo, fof2, f2, f2f4, - ) H (g0, 9092, 925 9294, - . .). (4.16)
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Indeed, since all the f;fi12 and g;g; 12 terms are square, they do not contribute to the twists in
Axiom 3.1. The only possible factor of —1 comes from (fo/g,)(fn/go) in the case when n is even,
but since fy and f, must have the same squarefree part, and so must g9 and g, this product of
residues is 1.

Therefore, we may write an Euler product expression for R:

R(z0,72,.. ., Tapnya) = [ Rpl@o, 2, .. Tan2)); (4.17)
p prime
where if n is odd,
Rp(:an L2y 7xn—1)
y Z H(pao’pao-i-az , paz , pa2+a47 L ,pan71 , pan71+a0) 200 degpxaz degp | xan,l degp
glaotasttan_1)degp 0 2 n—1 ’
aQ,a2;-.-,0n—1
(4.18)

and if n is even,

Rp(x(),xg, ce ,mn)

o H(pao’pao—i-az’paz’paz—i—(m’ s apan_2+an7pan) ag degp ao degp an degp
_ s Cgondesr (4 19)

x
q((3/4)00+02+'“+an—2+(3/4)an)degp 0
@0,a2,-,0n,

Let us compare these equations to Proposition 4.1, and apply Axiom 3.2. We see that R, may

be obtained from R by substituting ¢ — ¢~ 98? and z; — xdegp
g .2

We may write R(zg,x2,...) as a product of terms (1 — qﬁm x5? - -+)77, where oy € Z, and
B € Z for n odd, or %Z for n even (not 1Z because «, @, must have the same parity). Any
formal power series in can be expressed uniquely in this way. Then comparing to the Euler
product formula for the function field zeta function, we conclude that such factors come in pairs.

PROPERTY 4.3. If (1 — ¢%z{°x3> )™ is a factor of R, then so is (1 — ¢! Pz{oxs?-.)77.

This symmetry is equivalent to Axiom 3.2 for the full series Z: it implies the local-to-global
property for coefficients cuy a9-+as.a9,a0+aa4,...(¢) and local weights H (fo, fof2, f2, f2f4,...), and all
other coefficients can be obtained from these via compatible global and local functional equations.

We are now ready to prove the existence and uniqueness statements of the main theorem.
We first introduce some new notation based on the expression of R as a product of terms
(1 — ¢Px§ozs? )77, We let R’ denote the product of terms with 8 < 0 and R? denote the
product of terms with 8 > 1. If n is even, we also have R? with 8 = % We let R; denote
the product of diagonal factors (with ag = @y = gy = --+), and let Ry denote the product of
off-diagonal factors. In the following chapter, we will explicitly compute Ry, and show that it
satisfies Property 4.3. For now, we assume this. We also have R%, R(h), Rg, R'i, R Rl, and the
diagonal parts of each of these.

Recall that

P(2) Zaiag(a™"2) = Raiag() = Ro, diag () Ra (@) (4.20)

for any series Z satisfying the functional equations with residue R. We must show that there
exists a unique choice of Zgjae satisfying Axiom 3.3 and Ry satisfying Property 4.3 which make
this equation true. The resulting series Z with residue R will satisfy the four axioms.
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For Zgiag (¢~ "1)/21) to satisfy the dominance axiom, its coefficients (other than the constant
coefficient 1) must be polynomials divisible by ¢. If it is written as a product of terms (1—qu x*) 77,
then all these terms will have 8 > 1. Thus, when n is odd,

R (2) = (P(2) Zaing (4~ "V/%2) Ry, diag(2) 1)’
= (P(z)Ro, diag(x) ")’ (4.21)

and both P(z) and Ry, giag(z) ™" are fixed. Hence, R} is uniquely determined. Then we must
choose Rji to satisfy Property 4.3, and Zgiae to satisfy equation (4.20). In the case of n even,
R?Ri is uniquely determined, and the conclusion is the same as before.

5. Computing the residue

In this chapter, we prove explicit formulas for the residue.

PROPOSITION 5.1. If the series Z(xy,...,x,) satisfies Axioms 3.1-3.4, and n is odd, then the
residue R(xq, o, x,—1) Is as follows:
R(zo,x2,...,Tp_1) := (—q)("ﬂ)/2 Res,, —py—mgp—=q—1 2 (T0, - -, T)
o0
— H (1 - (xoxz L xn_1)2m+1)71(1 o Q(«Toﬂfz . l,n_l)Qerl)fl
m=0
X H (1 — (.%'0%2 s xn_l)zm(xixi_m s xj)z)_l
4,5 mod n+1
even

X (1 —q(x0m2~--xn_1)2m(xixi+2---mj)Q)_l (5.1)

and if n is even, then
R(xo, L2, .. 7xn) = (_Q)(n+1)/2 Resxlzmgz-u:xn,l:q*lZ(q_1/4x0> T1,..3Tn-1, q_1/4xn)

_ H (1 . (x0$2 . _wn)2m+2)—n/2(1 o q(l’0$2 . xn)2m+2)—n/2
m=0
< ] (0= P (zoxa - 2n) ™ (woma - 33)%) !

o<i<n
even

X (1 - q1/2($0x2 T xn)2m(xi+2xi+4 T xn)Q)_l

X H (1= (zoma -+ @n)* " (wiwipe - 25)°) "
0<i<j<n
even
X (1= qlzoxz - )" (Tiive -~ 5)%) "
X (1 — (ajoxg s l‘n)2m(x[)x2 s xi_ga:j+2xj+4 s xn)Z)

X (1 — q(aﬁ(ﬂ}g .- :z:n)Qm(:c()a:Q S X 2X 42T 44 mn)Z)il. (52)

-1

These products define a meromorphic functions in the domain |zgxs - - “To|n/2 J| < 1. By
Proposition 3.8 we have a series Z,, satisfying the same functional equations as Z, with
meromorphic continuation to |zoz - - - z,| < ¢~/ Its residue Ravg is meromorphic in the
same domain as R. The ratio

R(xg, 72, . .. 71’2Ln/2j) _ Q(q—(n+1)/2

= Toxo & n 5‘3
Ravg(l‘o,l‘g,...,xQLn/QJ) 02 2| /2J) ( )
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is a power series in one variable Toz2 - - 9| 2|, and Q(x) is meromorphic for |z| < g /2,
Thus

Z(x0,...,%n) = Zaveg(x0, ..., Tn)Q(x0 - - Tp) (5.4)

is meromorphic for |zozy - x,| < ¢~ (™tD/2 Hence, if we can prove Proposition 5.1 we will
complete the proof of Theorem 3.5.

First we compute the residue up to a diagonal factor, using functional equations. Let ¢ be
even, and, if n is even, 0 < ¢ < n. The functional equations o;0;_10;110; yield

Z(- <oy Li—2, Lj—1, Ljy Lit1, Tit2; - - )

1 1 — ege3qri—12;75
-2 -2 —4_ -2 —1/2 2€3qT; —1LiTi41
= — g €2€3q “x; x; x| €aq /2 _

16 1 — exe3q?m;_ 17575
€1,€2,€3,64==1 263¢"Li—1TiTit1

« -1/2 _ 1 - 61(11/2»’51‘51%‘“ —1/2 1-— 61q1/2a?i_1a;i “12 1—x;
€3q 3 €2q 372 €19g T
1—eq% TiTi+1 1—e1¢3 2w, 1 —qz;

€2€3

m, €1€2€3€4T541,€3QT;T54+1T4425 - - ) . (5.5)
i—1bgdbi4

X Z<- -, €2QT—2X; 1T, €1€2€3€4T4—1,

If we take the residue, only the terms with €;e2e3e4 = 1 will contribute, and, by Proposition (4.1),
only even powers of €5 and e3 will appear. Thus the residue in fact has functional equations with
scalar cocycle:

1
R(...,xi_0,®i, Tiyo,...) = (*)R< -y T2, ;7xixi+2a . ) (5.6)
T
where
1 _ _ 1-— 6263q_1$i
(== >  eady 4(616263(] V== =
16 . 1-— €2€3T;
w (esq /2 — 1—eq V% g2 — 1—eaq €172 1 -2
1 —e1q'/?x; 1 —e1qt/%a; 1 —qx;
(1—2;3)(1 - qz;?)

T 7

Applying the transformation (..., xi_2, T, Tita,...) = (..., Ti—ox;, 1/Ti, xiTivo,...) to (5.1)
or (5.2) just permutes the factors, except for the two factors (1 — 22)~ (1 — gz?)~!, which
are replaced by (1 —2; %) (1 — gz; )~". Therefore the formulas of Proposition 5.1 satisfy the
functional equations (5.6).

Let R and R’ be two power series satisfying the functional equations (5.6). Then the ratio
R/R' is invariant under (..., z;—2,%;, Tit2,...) — (..., Ti—2%, 1 /@i, 22549, ..) for i even and,
if n is even, 0 < i < n. In the case of n odd, this immediately implies that R/R’ is a diagonal
power series, so the formula (5.1) is correct up to diagonal factors.

If n is even, we require additional functional equations. There are two functional equations
corresponding to the transformations (ogoy - --0,)? and (0,051 ---00)%. We will describe the
(001 - - - 0)? functional equation; the other one is similar. We have

R(.T(), L2y Xdyeooyn—4,Tn-2, xn)
= (*)R(m%x%mi e l’%, T4, TG, .- ,wn,g,xoxn,xg‘?’xf e 33;2), (5.8)
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where

1—qY2(zozo -+ xp) 1 — q1/2 (zowa -+ - ) "2 (woxa - - 2) " 2)
() =—— 1/2(xa:--:c 43: H H — 2 (z0ws - 2n) 2 (wow2 - 23)2) (5.9)
q 022 0 m=0 0<i<n 022 n 0%2 i
even
(the transformation is slightly different when n = 2).
Finally, suppose n is even and n > 2. Consider the transformation oyo10,0,-1000,0100.

This leads to a functional equation

R(ZL’O, L2y T4y voy Tn—4yTn—2, ZL’n)
= (*)R(z;, ", 20T2Tn, Td, - - -, Tpdy TOTy—2Tn, Tg ), (5.10)
where ey
(1- ql/%vo)( —q'/222)(1 - l‘on)(l qrgay) '

(the functional equation is slightly different when n = 4).

It is straightforward to show that the formula (5.2) satisfies these additional functional
equations, and that they determine it up to diagonal factors. This completes the computation
of R up to diagonal factors. Note that the off-diagonal part Ry satisfies Property 4.3.

With the off-diagonal factors in hand, we can compute all of R. In fact, by Property 4.3 we
need only compute R’ and R". For n odd, we must show that

Rb (x0$2 s l‘n_l)

= lo_o[ (1 — (:UQ.TQ ce In_1)2m+1)71 H (1 - (xoxz s xn_l)Qm(xixi_,_g KR l‘j)2)71, (5.12)
m=0

i,j mod n+1
even

where only the first factor and the factors with j = ¢ — 2 are not yet determined. For n even, we
must show that

R(zo, 2. zn) = [[ JI (- @oza - an)™ (@imia - 2;)*) 7", (5.13)

m=0 3,5 mod n+2

where only the factors with j =i — 2 are not yet determined. Further, R? has no diagonal factors.
Before starting the computation, we state a useful lemma on the combinatorics of the
partition function.

LEMMA 5.2. The generating function which counts integer partitions 6§ > 1) > §2 > ...

such that 3y wmodn 6U) = ay, is
o0 n
H H (1 — (2122 25) (w129 -~ 00)™) 7L (5.14)
As a consequence, the generating function of n-tuples of integer partitions 5? ), 59 ), cee 5,(1j )
such that >, modnéi(j) =ay is

H H (Timip1 - x5) (21202 - - - )™) 7 (5.15)

m=0 4,5 mod n
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The next proposition establishes, in the case of n odd, that the diagonal part of R’ matches
the diagonal part of (5.12). Recall that

P(2) Zaiag(q~"V/22) = Rejag () (5.16)

and Zgiag(q~"Y/22) = 1+ O(g). In this formula, P(z) = 3, pa(q)2?, and pa(q) is the value of
q_a(”+1)ca72a7,_,,a72a(q) in a series satisfying the functional equations whose diagonal coefficients
are c0,..0 = 1, Cqq,.o = 0 for all a > 0. We explicitly compute the part of P(x) which has
degree 0 in the variable q.

PROPOSITION 5.3. Let n be odd. Then

o0

P(af()l'g <o 1‘n_1) = < H (1 — (xOxQ c.. xn_1)2m+1)71

m=0

< 11 (1—(900902'"xn—l)zm(wz'xm"'%‘)2)_1>d‘ +0(q).  (5.17)

i,j mod n+1
even

This implies that
(o)

Rlziiag(‘/EOmQ elno1) = < H (1 — (zozg- - xpq)?™ )71

m=0

< ] (1(xm--.xn1)2m(xixi+2-..xj)2)—1) . (5.18)
diag

4,7 mod n+1
even

Proof. The proof requires closely examining the combinatorics of the recurrences on coefficients
of Z. Recall the statement of the recurrence associated to functional equation o;: for a;—1 + a;41
odd,

—(aj—1+ai+1-1)/2
(@icitein=D/2 e (5.19)

and for a;_1 + a;4+1 even, applying equation (3.29) repeatedly gives

— A%
C..,,ai,... - q

(aim1+ait1)/2—-1
C.oan,. = qui—(@m1tain)/2 <c..,,(a¢1+ai+1)/2,... + > (€l — qC...,a;_L...))- (5.20)

I
a;=0;—1+Qi41—0;

Starting with cq,, .. 4, We will apply the recurrences in the following order: first, reduce as
far as possible with the odd oy, then reduce the result as far as possible with the even o;, then
reduce that result as far as possible with the odd o;, and so on. Any coefficient will eventually
be reduced to a linear combination of diagonal coefficients in this way. The lowest term in py(q)
represents the number of paths from ¢,.24,4,2a,....a,2a t0 €0,0,...,0 Via these recurrences, gaining as
small a power of g as possible.

Given any cqq,....a, , assuming without loss of generality that >, 14 = >, oven @i, We apply
the recurrences o; for i odd to reduce as far as possible. Any coefficient ¢, 41 4, ., 0 the
resulting expression now has >, 44 @ < Y even @i- Furthermore, it is multiplied by a factor of
at least ¢2=i odd %2 even % and more than this if any of the a; for i odd could not be reduced. If
we continue reducing this way until we reach co ..., it will be multiplied by a factor of at least
qMaX(Ei odd %522 even %) | Ip particular, reducing ¢4 24,4,2a,....a,2¢ t0 €0,0,...,0 involves multiplying by
at least ¢*™*t1) . This is the correct order since one possible path is

a(n+1)/2 a(n+1)CO7O,.._,O‘ (521)

Ca,2a,a,2a,...,a,2a > 4 Ca,0,a,0,...,a,0 = ¢

Therefore p,(q) is a polynomial in ¢ with nonzero constant term.
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Because we are only considering the lowest term in p,(q), we can discard all terms in

the o; recurrence with a factor greater than ¢%—(%-1+ai+1)/2 This leads to greatly simplified

recurrences: if a;_1 4+ a;41 is even, then

(ai—1+ait1)/2
C...a5,... = qai_(ai71+ai+1)/2 E C..a,.»

/I
a;=a;—1+a;+1—a;

and if a;—1 + a;41 is odd, then

(5.22)

(5.23)

We have now reduced the problem of computing the constant coefficient in p,(gq) to counting

chains of nonnegative integer indices:

agp, ai, ag, as, cee Qp—1, Qp,
/ / / / / /
ap, ay, Qo, as, B R T
" " " " " "
aop, ap, ay, as, Ap—1> an,
(© (6) (0) (0) () (€)
ag ", a1, ay’, Qasg’, ... Q,"¢, Qan

such that the following conditions hold.

CONDITION 5.4. We have the two boundary conditions (ag, a1, ..., an—1,a,) = (a,2a,...

and (a(()é),agz),...,a(@ aff)) =(0,0...,0,0).

n—17

(+1)

CONDITION 5.5. az(j) =a; if 7 is even and j is even, or if ¢ is odd and j is odd.

) 4 ,0)

CONDITION 5.6. al(-j + aiig is even for all 1, j.

CONDITION 5.7. For i even and j odd, or ¢ odd and j even,
al > %(a(.j) + az(i)l) > al(jJrl) > PAC) A C) ()

i i1 i1 it1 T @

Note that the indices 7 are still numbered modulo n + 1 here.

,a,2a)

(5.24)

We will rephrase this counting problem once before solving it. For ¢ modulo n + 1 even, and

1<7<4, let 5§j )= al=D — 6. The last inequality of condition (5.7) implies that

itj—1 — Gigj—2-

Thus a chain of indices as above gives rise to an (n + 1)/2-tuple of integer partitions ¢

)

(5.25)
) 50,

e ,57(3 , satisfying the following two conditions, which correspond to Conditions 5.6 and 5.4.

)

CoNDITION 5.8. For fixed j, the 5§j are either all even or all odd.
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CONDITION 5.9. >~ .0.”,. = a for all i.

JlQJ

We can reconstruct the chain of indices a,l(-j ) from the partitions (51-(j ) for i, j both odd or both
even,

k
Z 0 oo (5.26)
k=j+1

By comparing such expressions, we find that for any ¢, j both odd or both even, agj ) > al(-i tl)
and a(]) > al(]ﬂl)

be equlvalent.

. This appears to be a stronger condition than Condition 5.7; in fact, it must

To count the 5(3 ) , first note that there exists a unique strictly decreasmg partition v such
that for all 4, there eX1sts a partition 5; with even entries such that §; = 0; + ~*. Here * denotes
the conjugate partition. We may take «y to be the set {j : d i odd}, in decreasing order. If y; and
2 have this same property, then 7 + 75 has all even entries, and, since 7, and 2 are strictly
decreasing, this implies that they are equal.

Since the generating function of strictly decreasing partitions is the same as the generating
function of odd partitions, [Te (1 —22**1)~1, the first factor of (5.12) will account for the choice
of ~.

Now it suffices to count (n+1)/2-tuples of even partitions gz-(j ) satisfying condition (5.9). But
by the logic of (5.15), this is precisely the diagonal part of the second factor of (5.12). |

This completes the computation, and the proof of the main theorem, in the case of n odd.
In the case of n even, the proof is similar, supplemented by a lemma which does not hold in the
odd case.

LEMMA 5.10. Suppose n is even. Then P(x) is an even power series in x.

Proof. A list of indices ag, a1, ..., a, can be broken into blocks of consecutive even or odd indices.
The list a,2a,a,2a,...,a for a odd has a single even-length block of odd indices: the first and
last a. Since the recurrences can only change the parity of an index if the sum of its neighbors is
even, they preserve the property of having an odd number of even-length blocks of odd indices.
In particular, there is no path from a, 2a,a,2a,...,a to 0,0,...,0 via the recurrences. O

Since the off-diagonal factors of R are all even in zg, 2, . .., z, and P(z) is even, the diagonal
factors of R’R! must be even as well. Thus R is an even power series, which is not obvious
a priori. In particular, R? cannot contain diagonal factors, so it suffices to describe the diagonal
part of R’. The following proposition is the analogue of Proposition 5.3. The proof is parallel,
so many details are omitted.

PROPOSITION 5.11. Let n be even. Then

P(xozy---xp)

= (H H (1 — (womg - )™ (w5540 - - ~:Ej)2)_1> +0(¢"?).  (5.27)
diag

m=0 14,5 mod n+2
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This implies that

R?iiag(xoxé T .I‘n)

= (H H (1= (zoxo - Tp) ™ (zizipo - - -:vj)Q)_l) (5.28)
diag

m=0 4,57 mod n+2
even

i#£0, j£n

which completely determines R.

Proof. We apply the o; recurrences to cq24,4.2q,..,4(¢) in the following order: first, apply
0103 Op—1, then 9oy - - - 0y, then o305 - - - 041 (recall that 0,41 = 0¢), etc. Eventually, every
index will be reduced to zero by these recurrences.

If we apply the recurrences oi03---0,—1 to an arbitrary cuga,....a,, We obtain a linear
combination of lower coefficients ¢, o/ az,dly..san s €ACH of which is multiplied by ¢ to the power of
at least a1 +as+---+ap—1— (a2 +as+---+an—2)— %(ao +ay), and more than this if any of the
ai,as,...,an,—1 could not be reduced. Repeating this process with o904 - - - 0, and so on until we
reach cp,.. 0, we gain a factor of at least q“1+“3+"'+a"—1+“"/2. This lower bound is actually the
correct order for the coefficient ¢4 24,4,24,....c With a even, since one possible path is

(n—1)/2 an—3a/2 an—a/2

a
Ca,2a,a,2a,....a — 4 Ca,0,a,0,....a — (¢ Ca,0,...,0 ™ ¢ €p,...,0- (529)

Hence p,(q) is a polynomial in ¢'/? with nonzero constant coefficient.

Once again, any term in the o; recurrence which carries a power of ¢ greater than a; —
$(a;—1 + a;+1) can be ignored, and we have the simplified recurrences (5.22) and (5.23).

We must count chains of nonnegative indices:

agp, ai, as, as, cee Qp-—1, Ay,
/ / / / / /

Qg aq, Ay, Qs, e Ay 1, a,
" " " " "

Qg, ay, gy, as, e QA 1, Qn,
(0) (0) (0) (0) (0 (0

Qg a1, Gy, Q3°, ... Q,"1, Qn

such that the following conditions hold.

CONDITION 5.12. We have boundary conditions (ag, a1, az,as,...,an—1,a,) = (a,2a,a,2a,...,
2a,a) and (aée),age),ag),ag), .. ,agll,a,(f)) = (0,0,0,0,...,0,0).

ConpITION 5.13. All 0! are even. (This is the analogue of Condition 5.6 when n is even.)

i
CONDITION 5.14. Ifi € {j,j+ 2,7 +4,...,j +n}, then az(j) _ aZ(j+1)_
CoNDITION 5.15. Ifie {j+1,74+3,7+5,...,5 +n— 1}, then

> a§j+1) > a(j)1 +a9 — g, (5.30)

a? > 109, + a9 T al) —a

i+1)

To further simplify, for i € {2,4,6,...,n} and 1 < j < ¥, let (51@ = agjgi)l — agi)jd. Then
by Condition 5.15 above, we have 51(1) > 51(2) > 5£3) > > (556) > 0. To simplify notation, we
also set 5(()j ) = 0 for all j, and we take the lower index 7 of d; modulo n + 2 instead of n + 1.
We are now counting n/2 + 1-tuples of integer partitions dg, d2, d4, . - . , 05, such that the following
conditions hold.
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CONDITION 5.16. All 5§j) are even.
CONDITION 5.17. 5(()j) =0.

CONDITION 5.18. Z?:l (51@% = q for all <.

z(-j ) can all be recovered from the partitions d; satisfying these conditions.
By the logic of (5.15), the generating function of such sets of partitions is the diagonal part
of the series:

The indices a

o0
II II =(eoza 2p)* (@mizia - 2)*) 7", (5.31)
m=0 4,5 mod n+2
even

i#0

which is the same as the diagonal part of

00
H H (1 — (.%'0(132 cee xn)zm(ximi+2 cee afj)2)71. (5.32)
m=0 4,7 mod n+2

even

i#0, j#n O
This completes the proof of the main theorem in the case of n even.
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