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ABSTRACT

We study a family of mixed Tate motives over Z whose periods are linear forms in the
zeta values ((n). They naturally include the Beukers—Rhin—Viola integrals for ((2) and
the Ball-Rivoal linear forms in odd zeta values. We give a general integral formula for
the coefficients of the linear forms and a geometric interpretation of the vanishing of the
coefficients of a given parity. The main underlying result is a geometric construction of
a minimal ind-object in the category of mixed Tate motives over Z which contains all
the non-trivial extensions between simple objects. In a joint appendix with Don Zagier,
we prove the compatibility between the structure of the motives considered here and
the representations of their periods as sums of series.

1. Introduction

1.1 Constructing linear forms in zeta values
The study of the values at integers n > 2 of the Riemann zeta function

=Y

k>1

goes back to Euler, who showed that the even zeta value ((2n) is a rational multiple of 72",
Lindemann’s theorem thus implies that the even zeta values are transcendental numbers. It is
conjectured that the odd zeta values ((3), ((5), ¢(7),... are algebraically independent over Q[r].

Many of the results in the direction of this conjecture use as a key ingredient certain families
of period integrals which evaluate to linear combinations of 1 and zeta values:

/w:a0+a2((2)+~~-+an((n), (1)

with a; € Q for every k. We can cite in particular the following results (see Fischler’s Bourbaki
talk [Fis04] for a more complete survey).

— Apéry’s proof [Apé79] of the irrationality of ((2) and ((3) was simplified by Beukers [Beu79]
by using a family of integrals evaluating to linear combinations ag + a2((2) and ag + a3¢(3).

— Ball and Rivoal’s proof [Riv00, BRO1] that infinitely many odd zeta values are irrational
relies on a family of integrals evaluating to linear combinations (1) for which all the even
coefficients ao, a4, ag, . . . vanish.
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ODD ZETA MOTIVE AND LINEAR FORMS IN ODD ZETA VALUES
— Rhin and Viola’s irrationality measures [RV96, RVO01] for {(2) and ((3) are built on
generalizations of the Beukers integrals and precise estimates for the coefficients as and as.

In view of diophantine applications, it is crucial to have some control over the coefficients ay
appearing in linear combinations (1), in particular to be able to predict the vanishing of certain

coeflicients.
In the present article, we study the family of integrals
P(xy,...,xy)
w with w = dxry - dx,, 2
o ot 0
where n > 1 and N > 0 are integers and P(z1,...,z,) is a polynomial with rational coefficients.

This family contains the Beukers—Rhin—Viola integrals for ((2) and the Ball-Rivoal integrals. We
say that an algebraic differential form w as in (2) is integrable if the integral in (2) is absolutely
convergent. Our first result is that such integrals evaluate to linear combinations of 1 and zeta
values, with an integral formula for the coefficients.

THEOREM 1.1. There exists a family (o2,...,0,) of relative n-cycles with rational coefficients
in (C*)"™ — {1 ---x, = 1} such that for every integrable w we have

/[ L= () F aa)) + o a0
0,1]"
with ap(w) a rational number for every k, given for k = 2,...,n by the formula
ag(w) = (27ri)_k/ w. (3)

Ok

The case n = k = 2 of this theorem is Rhin and Viola’s contour formula for {(2) [RV96,
Lemma 2.6]. We note that in Theorem 1.1, the relative homology classes of the n-cycles o are
uniquely determined, see Theorem 4.9 for a precise statement. Furthermore, they are invariant,
up to a sign, by the involution

T:(l‘l,...,l‘n)l—>(:L’l_l,...,wr_bl), (4)

which implies a general vanishing theorem for the coefficients ax(w), as follows.
THEOREM 1.2. For k = 2,...,n the relative cycle 7.0} is homologous to (—1)’“*10;@. Thus, for
every integrable w:
(i) if 7.w = w then ap(w) = 0 for k # 0 even;
(ii) if 7.w = —w then ax(w) = 0 for k odd.

This allows us to construct families of integrals (2) which evaluate to linear combinations of 1
and odd zeta values, or 1 and even zeta values. This is the case for the integrals (see Corollary 5.6)

[T
[0,1]»

(—z1- 2N dxy - - dxy,
where the integers u;, v; > 1 satisfy 2u; +v; = N + 1 for every ¢. Depending on the parity of the
product (n + 1)(INV + 1), the differential form is invariant or anti-invariant by 7 and we get the
vanishing of even or odd coefficients. This gives a geometric interpretation of the vanishing of
the coefficients in the Ball-Rivoal integrals [Riv00, BRO1], which correspond to special values of
the parameters u;, v;.
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The fact that the vanishing of certain coefficients in the Ball-Rivoal integrals could be
explained by the existence of (anti-)invariant relative cycles was suggested to me by Rivoal
during a visit at Institut Fourier, Grenoble, in October 2015. The special role played by the
involution 7 was first remarked by Deligne in a letter to Rivoal (17 February 2001, Princeton,
NJ).

In an appendix written jointly with Don Zagier, we give an interpretation of the
coefficients ay(w) appearing in Theorem 1.1 in elementary terms, that is in terms of the natural
representations of the integrals in (2) as sums of series. This should be viewed as a geometric
version of the dictionary between integrals and sums of series which is used in [Riv00, BRO1]. It
also gives an elementary proof of the vanishing properties of Theorem 1.2, which is essentially
already present in the literature, see e.g. [Riv00, BRO1], [Zud04, § 8] and [CFRO8b, §3.1].

The existence of the integral formulas (3) follows from the computation of certain motives,
which are the central objects of the present article and that we now describe.

1.2 Constructing extensions in mixed Tate motives

Recall that the category MT(Z) of mixed Tate motives over Z is a (neutral) Q-linear tannakian
category defined in [DGO05] and whose abstract structure is well understood. The only simple
objects in MT(Z) are the pure Tate objects Q(—k), for k an integer, and every object in MT(Z)
has a canonical weight filtration whose graded quotients are sums of pure Tate objects. The only
non-zero extension groups between the pure Tate objects are given by

Extyrz)(Q(—(2n 4+ 1)),Q(0)) = Q (n>1). (5)

Furthermore, a period matrix of the (essentially unique) non-trivial extension of Q(—(2n + 1))

by Q(0) has the form
1 ¢(2n+1)
0 (2mi)?tt )’

The difficulty of constructing linear combinations (1) with many vanishing coefficients reflects the
difficulty of constructing objects of MT(Z) with many vanishing weight-graded quotients [Brol6,
§1.4]. In particular, the difficulty of constructing linear combinations involving only 1 and
C(2n + 1) reflects the difficulty of giving a geometric construction of the extensions (5).

In this article, we construct a minimal ind-object Z°94 in the category MT(Z) which contains
all the non-trivial extensions (5). The construction goes as follows. We first define, for every
integer n, an object Z(" € MT(Z) whose periods naturally include all the integrals (2). More
precisely, any integrable form w defines a class in the de Rham realization Zc(lg), and the unit
n-cube [0, 1] defines a class in the dual of the Betti realization Z](;)’v, the pairing between these
classes being the integral (2). The technical heart of this article is the computation of the full
period matrix of Z(),

THEOREM 1.3. We have a short exact sequence
0—Q0) = 2" - Q(-2) & & Q(-n) > 0

and Z™ has the following period matrix which is compatible with this short exact sequence:
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1 ¢2) <¢B) - - ¢n=1) ((n)
(27i)?
(27i)3 0
0 (2mi)n—t
(2mi)™
Concretely, this theorem says that we can find a basis (vg,vs,...,v,) of the de Rham

realization Z gfg (which we will compute explicitly in terms of a special family of integrable forms)

and a basis (¢g, 2, -..,¢n) of the dual of the Betti realization Z](gn)’v, such that the matrix of

the integrals (y;, v;) is the one given. The basis element ¢y is the class of the unit n-cube [0, 1]™.

Expressing the class [w] € Z(g%) of an integrable form w in the basis (vg, va,...,v,) as

[w] = ap(w)vo + as(w)va + -+ - + an(w)vy,

and pairing with the dual basis of the Betti realization gives the proof of Theorem 1.1, with the
cycles (o2,...,0,) chosen as representatives of the classes (2, ..., pn).

The involution (4) plays an important role in the proof of Theorem 1.3. It induces a natural
involution, still denoted by 7, on the quotient Z(™ /Q(0) = Q(-2) @ --- & Q(—n).

THEOREM 1.4. For k = 2,...,n, the involution 7 acts on the direct summand Q(—k) of
Z(™) /Q(0) by multiplication by (—1)¥~1.

This readily implies Theorem 1.2. Now if we write

2M/Q(0) = (2 /Q(0))+ ® (2™ /Q(0))-
for the decomposition into invariant and anti-invariants with respect to 7 and write p : 2" —
Z(™) /Q(0) for the natural projection, we may set

Znodd . =1 z() /Q(0)) )

whose period matrix only contains odd zeta values in the first row. The objects Z()-0dd € MT(Z)
form an inductive system, and the limit

Zodd — lim Z(n),odd

n

has an infinite period matrix

1<) <6 ()

(27i)3
(27i)? 0
(2mi)”
(6)
0
We call 2°94 the odd zeta motive.
345

https://doi.org/10.1112/50010437X17007588 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007588

C. DuprPONT

1.3 Related work and open questions

This article follows the program initiated by Brown [Brol6], which aims at explaining and
possibly producing irrationality proofs for zeta values by means of algebraic geometry. However,
the motives that we are considering are different from the general motives considered by Brown,
and in particular, easier to compute. It would be interesting to determine the precise relationship
between our motives and those defined in [Brol6] in terms of the moduli spaces M 3.

In another direction, an explicit description of the relative cycles defined in Theorem 1.1
could prove helpful in proving quantitative results on the irrationality measures of zeta values,
in the spirit of [RV96, RV01].

It is also tempting to apply our methods to other families of integrals appearing in the
literature, such as the Beukers integrals for ((3) and their generalizations. One should be able,
for instance, to recover Rhin and Viola’s contour integrals for ((3) [RV01, Theorem 3.1]. The
symmetry properties studied by Cresson et al. [CFR08a] can probably be explained geometrically
via finite group actions as in the present article. The ad hoc long exact sequences appearing
here should be replaced by more systematic tools such as the Orlik—Solomon bi-complexes
from [Dupl7].

Finally, it should be possible to extend our results to a functional version of the periods (2),
where one replaces 1 —x7 - - - x,, in the denominator by 1—z z1 - - - &, with z a complex parameter.
Such functions have already been considered in [Riv00, BRO1]. The relevant geometric objects are
variations of mixed Hodge—Tate structures on C—{0, 1}, or mixed Tate motives over A}@ —{0,1}.

1.4 Contents

In §2 we recall some general facts about the categories in which the objects that we will be
considering live, and in particular the categories MT(Z) and MT(Q) of mixed Tate motives over Z
and Q. In §3 we introduce the zeta motives and examine their Betti and de Rham realizations.
In §4, which is more technical than the rest of the paper, we compute the full period matrix of
the zeta motives, which allows us to define the odd zeta motives. In §5, we apply our results to
proving Theorems 1.1 and 1.2 on the coefficients of linear forms in zeta values.

2. Mixed Tate motives and their period matrices

We recall the construction of the categories MHTS, MT(Q) and MT(Z), which sit as full
subcategories of one another, as follows:

MT(Z) — MT(Q) — MHTS.

2.1 Mixed Hodge—Tate structures and their period matrices
DEFINITION 2.1. A mixed Hodge—Tate structure is a triple H = (Hggr, Hp, «) consisting of:

— a finite-dimensional Q-vector space Hp, together with a finite increasing filtration indexed
by even integers: - -+ C Wy(,_1)Hp C Wa,Hp C --- C Hp;

— a finite-dimensional Q-vector space Hgr, together with a grading indexed by even integers:
Har = @,,(Har)2n;
— an isomorphism « : Hqr ®q C — Hp ®q C;
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which satisfy the following conditions.

— For every integer n, the isomorphism « sends (Hggr )2, ®g C to Wa, Hg ®g C.

— For every integer n, it induces an isomorphism oy, : (Hqr)2n ®g C = (WanHp /Wy(,,—1)Hp)
®q C, which sends (Hgr)2n to (WanHp/Wo(,—1)Hp) ®q (271)"Q.

We call Hg and Hgr the Betti realization and the de Rham realization of the mixed
Hodge—Tate structure, and « the comparison isomorphism. The filtration W on Hp is called
the weight filtration. The grading on Hgg is called the weight grading, and the corresponding
filtration Wo, Hqr := @kgn(HdR)% the weight filtration.

Remark 2.2. More classically, a mixed Hodge—Tate structure is defined to be a mixed Hodge
structure [Del71, Del74] whose weight-graded quotients are of Tate type, i.e., of type (p,p)
for some integer p. One passes from that classical definition to Definition 2.1 by setting
Hp := H and Hgr = @,WanH/Wy;_1)H. The isomorphism « is induced by the inverses
of the isomorphisms

(WanH /Wy 1y H) ©g C <— (WanH ©g C) N F"(H g C) (7)
(multiplied by (27i)™) which express the fact that the weight-graded quotients are of Tate type.

It is convenient to view the comparison isomorphism o : Hqr ®g C = Hp ®q C as a pairing
HY ®g Hir — C, p v {(p,v), (8)
where (-)¥ denotes the linear dual. The weight filtration on Hy is defined by
W_o,Hy, := (Hg/Wo(,—1)Hg)",
so that we have
Woon HE /W _g(n1) HE = (Wan Hp /Wo(n_1)Hp)".

The pairing (8) is compatible with the weight filtrations in that we have (p,v) = 0 for ¢ €
W_omHpY, v e Wop,Hyr and m < n.

If we choose bases for the Q-vector spaces Hyr and Hp, then the matrix of « in these bases,
or equivalently the matrix of the pairing (8), is called a period matriz of the mixed Hodge—Tate
structure. We will always make the following assumptions on the choice of bases.

— The basis of Hp is compatible with the weight filtration.

— The basis of Hggr is compatible with the weight grading.

— For every n, the matrix of the comparison isomorphism «,, in the corresponding basis
is (27i)™ times the identity.

This implies that any period matrix is block upper-triangular with successive blocks of (274)™ Id
on the diagonal. Conversely, any block upper-triangular matrix with successive blocks of (274)™ Id
on the diagonal is a period matrix of a mixed Hodge—Tate structure.

Ezample 2.3. Any matrix of the form

1 x * * *
0 2w O * *
0 0 2w * *
0 0 0 (@2m)? 0
0 0 0 0 (2m)?
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defines a mixed Hodge-Tate structure H such that Hqr = (Hqr)o @ (Har)2 ® (Hqr )4 has graded
dimension (1,2,2).

2.2 The category of mixed Hodge—Tate structures

We denote by MHTS the category of mixed Hodge—Tate structures. It is a neutral tannakian
category over O, which means in particular that it is an abelian Q-linear category equipped with
a Q-linear tensor product ®. We note that an object H € MHTS is endowed with a canonical
weight filtration W by subobjects such that the morphisms in MHTS are strictly compatible
with W. We have two natural fiber functors

wp : MHTS — Vectg and wgr : MHTS — Vectg 9)

from MHTS to the category of finite-dimensional vector spaces over Q, which only remember the
Betti realization Hp and the de Rham realization Hgygr respectively. We note that the de Rham
realization functor wqr factors through the category of finite-dimensional graded vector spaces.
The comparison isomorphisms « gives an isomorphism between the complexifications of the two
fiber functors:

war ®g C = wp ®q C. (10)

For an integer n, we denote by Q(—n) the mixed Hodge—Tate structure whose period matrix
is the 1 x 1 matrix ((277)"). Its weight grading and filtration are concentrated in weight 2n,
hence we call it the pure Tate structure of weight 2n. For H a mixed Hodge—Tate structure, the
tensor product H ® Q(—n) is simply denoted by H(—n) and called the nth Tate twist of H. A
period matrix of H(—n) is obtained by multiplying a period matrix of H by (27i)". The weight
grading and filtration of H(—n) are those of H, shifted by 2n.

2.3 Extensions between pure Tate structures

The pure Tate structures Q(—n) are the only simple objects of the category MHTS. The
extensions between them are easily described. Up to a Tate twist, it is enough to describe
the extensions of Q(—n) by Q(0) for some integer n. The corresponding extension group is given
by

C/(2mi)"Q ifn >0,

0 otherwise.

Extpyrs(Q(—n),Q(0)) = {

More concretely, the extension corresponding to a number z € C/(27i)"Q has a period matrix

(6 mr)

We note that the higher extension groups vanish: Extyyts(H, H') = 0 for r > 2 and H, H' two
mixed Hodge—Tate structures.

Ezample 2.4. For a complex number a € C — {0, 1}, the cohomology group H!'(C*,{1,a}) is an
extension of Q(—1) by Q(0) corresponding to z = log(a) € C/(27i)Q. It is called the Kummer
extension of parameter a.
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2.4 Mixed Tate motives over

Let DM(Q) denote Voevodsky’s triangulated category of motives over Q [Voe00]. It is a Q-linear
triangulated tensor category whose objects can be described in terms of complexes of varieties
and whose morphisms can be described in terms of algebraic cycles (in particular, in terms of
Bloch’s higher Chow groups). There are invertible objects Q(—n) € DM(Q), where Q(—1) is
the reduced motive of the multiplicative group G,,, shifted by —1 (we work with cohomological
conventions). The triangulated subcategory of DM(Q) generated by these objects is denoted
by DMT(Q). By using the relation between higher Chow groups and rational K-theory [Blo86]
and Borel’s computation of the rational K-theory of number fields [Bor77], Levine defined a
natural ¢-structure on DMT(Q) [Lev93]. The heart of this ¢-structure is denoted by MT(Q) and
called the category of mized Tate motives over Q. It is a (neutral) tannakian Q-linear category
which contains the objects Q(—n).

There is a faithful and exact functor

MT(Q) - MHTS (11)

from MT(Q) to the category MHTS of mixed Hodge—Tate structures, which is called the Hodge
realization functor ([DGO5, §2.13], see also [Hub00, Hub04]). It sends the object Q(—n) € MT(Q)
to the object Q(—n) € MHTS. Composing (11) with the fiber functors (9) gives the Betti and
de Rham realization functors, still denoted by

wp : MT(Q) — Vectg and wgr : MT(Q) — Vectg, (12)

and we still have a comparison isomorphism (10). We note that any object in MT(Q) is endowed
with a canonical weight filtration W by subobjects such that the morphisms in MT(Q) are strictly
compatible with W. The realization morphisms are compatible with the weight filtrations.

Remark 2.5. The functors (12) are fiber functors for the tannakian category MT(Q). In
particular, they are conservative.

The extension groups between the objects Q(—n) are computed by the rational K-theory
of Q [Lev93, §4] and hence given, after Borel [Bor77], by

@p prime Q ifn=1,
EXtI{/IT(Q) (Q(—n),Q(0)) = Q if nis odd > 3, (13)
0 otherwise.

As in the category MHTS, the higher extension groups vanish in MT(Q). The morphisms
Extyr(g)(Q(—n), Q(0)) — Extyrs(Q(—n), Q(0)) = C/(27)"Q (14)

induced by (11) are easy to describe. For n = 1, the image of the direct summand indexed
by a prime p is the line spanned by the class of the Kummer extension of parameter p, i.e.,
by log(p) € C/(27i)Q. For n > 3 odd, the image is the line spanned by ((n) € C/(27i)"Q. Thus,
the morphism (14) is injective for every n. This implies the following theorem [DGO05, Proposition
2.14].

THEOREM 2.6. The realization functor (11) is fully faithful.

This theorem is very helpful, since it allows one to compute in the category MT(Q) with
period matrices; in other words, a mixed Tate motive over Q is uniquely determined by its
period matrix.
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2.5 Mixed Tate motives over Z
Let MT(Z) denote the category of mixed Tate motives over Z, as defined in [DGO05]. By definition,
it is a full tannakian subcategory

MT(Z) — MT(Q)

of the category of mixed Tate motives over Q, which contains the pure Tate motives Q(—n) for
every integer n. An object of MT(Q) is in MT(Z) if and only if it has no subquotient isomorphic
to a non-split extension of Q(—n) by Q(—n + 1).

The extension groups in the category MT(Z) satisfy the following properties:

(1) EXtI{/IT(Z)(Q(_l)aQ(O)) =0;
(2) the natural morphism Ext,l\/l-r(z)(@(—n), Q(0)) — Ext,{”(@) (Q(—n),Q(0)) is an isomorphism
for n # 1.

As in the categories MHTS and MT(Q), the higher extension groups vanish in MT(Z).
For n > 3 odd, there is an essentially unique non-trivial extension of Q(—n) by Q(0) in the
category MT(Q), which actually lives in MT(Z). A period matrix for such an extension is

Apart from the case n = 3 (see [Brol6, Corollary 11.3] or Proposition 4.11 below), we do not
know of any geometric construction of these extensions.

3. Definition of the zeta motives Z(™)

We define the zeta motives Z(™ and explain how to define elements of their Betti and de Rham

realizations. In particular, we define the classes of the Eulerian differential forms, which are

elements of the de Rham realization Zgl;) constructed out of the family of Eulerian polynomials.

We also note that the zeta motives fit into an inductive system --- — Z=D — z0) 5 ...
which is compatible with the Eulerian differential forms.

3.1 The definition
Let n > 1 be an integer. In the affine n-space X,, = A& we consider the hypersurfaces

Ay, ={z1 -z, =1} and
By= |J {m=0yu | {mi=1}.

1<i<n 1<i<n

The union A, U B, is almost a normal crossing divisor inside X,: around the point P, =
(1,...,1), it looks like z1 -+ zp(21 + - - + 2,) = 0 (set z; = exp(z;)). Let

Wn:)an—>Xn

be the blow-up at P, and E, = m, L(P,) be the exceptional divisor. ‘We denote respectively
by A, and B, the strict transforms of A,, and B,, along 7,. The union A, U B, U E,, is a simple
normal crossing divisor inside X

There is an object 2™ € MT(Q), which we may abusively denote by

20 = H"(X,, — Ay, (B U Ey) — (B U Ey) N Ay),
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such that its Betti and de Rham realizations (12) are (7 € {B,dR})
Zg?n) = HY(X,, — A, (B, UE,) — (B, UE,) N A,).

We now give the precise definition of Z (’i), along the lines of [Gon02, Proposition 3.6]. Let us
write Y = X,, — 4,, and 9Y = (B, UE,) — (B,UE,)NA,, viewed as schemes defined over Q. We
have a decomposition into smooth irreducible components 0Y = J, 9;Y’, where i runs in a set
of cardinality 2n + 1. For a set I = {i1,...,14,} of indices, we denote by 9;Y = 9,,Y N---N ;Y
the corresponding intersection; it is either empty or a smooth subvariety of X of codimension r.

We thus get an object

e oy | ]ay— | |]ay->Y -0 (15)

1I|=3 1]=2 1I|=1
in Voevodsky’s triangulated category DM(Q), see §2.4. The differentials are the alternating
sums of the natural closed immersions. One readily checks that the complex (15) lives in

the triangulated subcategory DMT(Q). By definition, the object Z(™ in MT(Q) is the nth
cohomology group of the complex (15) with respect to the ¢-structure.

DEFINITION 3.1. For n > 1, we call Z™ € MT(Q) the nth zeta motive.

Remark 3.2. For n = 1, the blow-up map 7 : )2'1 — X is an isomorphism and ﬁl = (), so that
we get Z(0 = H 1(A(1@, {0,1}). We have a long exact sequence in relative cohomology

0— HO(AY, {0,1}) > H(A) — H'({0}) & H({1}) > 20 — o,
which shows that HO(A}@a {0,1}) = 0 and that we have an isomorphism Z() ~ Q(0).

Remark 3.3. We will prove in Proposition 4.12 that Z( is actually an object of the full
subcategory MT(Z) — MT(Q). It would be possible, but a little technical, to prove it directly
from the definition by using the criterion [GMO04, Proposition 4.3] on some compactification
of X,, — A,.

3.2 Betti and de Rham realizations, 1

We now give a first description of the Betti and de Rham realizations of the zeta motive Z(.
We let C, denote the functor which assigns to a topological space the complex of singular

chains with rational coefficients. By definition, the dual of the Betti realization Z](Bn)’v is the nth

homology group of the total complex of the double complex

- P Co(01Y(C)) — P Co(9rY (C)) —= Co(Y(C))
=2 1=1

- P 19,V (C)) — C1(Y(C))

i1 (16)

A

> Ca(Y(0))
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obtained by applying the functor C, to the complex (15). One readily verifies that this complex
is quasi-isomorphic to the quotient complex Co(Y (C))/Ce(9Y (C)), classically used to define the
relative homology groups HE(Y,0Y) = HJ"(Y(C),dY (C)).

We let Q3 - denote the complex of sheaves of algebraic differential forms on the smooth
n

variety 0rY, extended by zero to Y. By definition, the de Rham realization ZSR) is the
hypercohomology of the total complex of the double complex of sheaves

= @ ley -~ @ QgIY I QQ,

1]=2 I|=1
L
Y Y
7|=1 (17)
V< Q%,
v

where the vertical arrows are the exterior derivatives and the horizontal arrows are the alternating
sums of the natural restriction maps as in the complex (15).

The comparison morphism between the Betti and de Rham realizations of Z( is induced,
after complexification, by the morphism from the double complex (17) to the double complex
(16) given by integration. Note that one first has to replace (16) by the double complex of sheaves
of singular cochains.

3.3 Betti and de Rham realizations, 2

We now give descriptions of the Betti and de Rham realizations of Z(™ that allow one to work
directly in the affine space X, and do not require to work in the blow-up )Z'n The justification
of the blow-up process goes as follows. Suppose that one wants to find a motive whose periods
include all absolutely convergent integrals of the form

P(z1,...,24)
e day, 1
fop Tt o 19

where P(z1,...,2,) is a polynomial with rational coefficients, and N > 0 is an integer. On
the Betti side, we note that the boundary of [0, 1] intersects the divisor A, (C) of poles of the
differential forms at the point P,(C). The blow-up process is thus required in order to have
a class that represents the integration domain. On the de Rham side, the blow-up process is
required in order to only consider absolutely convergent integrals of the form (18). This is made
precise by Propositions 3.4 and 3.6 below.

We start with the Betti realization. Let us write /in = A,, — P, and note that this is not a
closed subset, but only a locally closed subset, of X,,.

PROPOSITION 3.4. The blow-up morphism , : )?n — X,, induces an isomorphism

o

Z](Sn),\/ =5 H8(X,,(C) — Ap(C), By(C) — B, (CT) N A, (T)).
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Proof. The blow-up morphism m, is the contraction of the exceptional divisor FE, onto the
point P,,. Thus, this is a consequence of the classical excision theorem in singular homology, see
for instance [Hat02, Proposition 2.22]. O

As a consequence of Proposition 3.4, we see that the unit n-square 0" = [0,1]" C X,,(C) —
A, (C) defines a class
0 e 200,

When viewed in X, (C) — A,(C), it is the class of the strict transform (", which has the
combinatorial structure of an n-cube truncated at one of its vertices.

We now turn to a description of the de Rham realization of Z(™). Instead of giving a general
description in terms of algebraic differential forms on X,, — A,,, we will only give a way of defining

many classes in ZC(&), which will turn out to be enough for our purposes.

DEFINITION 3.5. An algebraic differential n-form on X,, — A,, is said to be integrable if it can
be written as a linear combination of forms of the type

(1—2)" 1 (1= 2)  f (2, 2n)

o) day -+ da, (19

w =

with v1,...,v, > 1 and N > 0 integers such that v;1 +---+ v, > N + 1, and f(x1,...,2,) a
polynomial with rational coefficients.

The terminology is justified by the following proposition.

PROPOSITION 3.6. Let w be an algebraic differential n-form on X, — A,. If w is integrable,

then ) (w) does not have a pole along E,, and thus defines a class in Z(g%). In particular, the

integral
/ (W) = / w
0 n

is absolutely convergent and is a period of Z(").

Proof. We write w as in (19). We note that the only problem for absolute convergence is around
the point (1,...,1). Let us thus make the change of variables y; = 1 — x; for ¢ = 1,...,n,
and g(y1,...,yn) = (=1)" f(z1,...,zn). We write h(y1,...,yn) =1—(1—y1)--- (1 —yp) so that

we have . .
v1— VU —
Y Y g(ylaayn)
w = dyl co dy .
Ay, yn)N "
There are n natural affine charts for the blow-up m, : X,, — X, of the point (0,...,0), and
by symmetry it is enough to work in the first one. We then have local coordinates (21, ..., 2n)
on X,,, which are linked to the coordinates (y1,...,yn) = mn(z1,..., 2n) by the formula
(Y1, -y Yn) = (21,2122, ..., 212n).

The problem of convergence occurs in the neighborhood of the exceptional divisor E,,, which is
defined by the equation z; = 0. Since h(0,...,0) = 0, we may write

h(z1, 2129, ..,212n) = 21 h(21, ..., 2n)
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with (21, . . ., 2,) a polynomial such that h(0,...,0) = 1. The strict transform A, of A, is thus
defined by the equation h(z1, ..., z,) = 0. We note that we have dy; - - - dy,, = z{"*ldzl <-dzp, SO
that we can write

2007 (21 29)2 7 e (212) g (21, 2129, - - -, 212 ot —N—
() = 2 (2122) NEI )" g(z1, 2120 1%n) Pz e dzy, = Nl
2 h(z1, . 20N
where 2 has a pole along A,, but not along FE,,. The claim follows. O

We make an abuse of notation and denote by
(v € 24/

the class of the pullback 7 (w) for w integrable, so that the comparison isomorphism reads

@)= [ w

We note the converse of Proposition 3.6, which we will not use.

PROPOSITION 3.7. Let w be an algebraic differential n-form on X,, — A,,. If the integral fDn w is
absolutely convergent, then w is integrable.

Proof. In the coordinates y; = 1 — x;, we write

P(yla"'7yn)
= DWW gy, dy,
h(ylu"'7yn)N

with P(y1,...,yn) a polynomial with rational coefficients. If the integral |, w is absolutely
convergent in the neighborhood of the point (0,...,0), then after the change of variables

d(21,. .. 2n) = (21,2122, ..., 212n)
we get an absolutely convergent integral in the neighborhood of z; = 0. We write, as in the proof
of Proposition 3.6,
5 (w) = P(Zl,2i227 ey 212n)
Z{V_n+1h(

'.dz .
)N 1 n
Zly+++9Rn
Let us write

Py, .. oyn) = Y Agyptheegin !
a

with A\, € Q for every multi-index a = (ay, ..., ay). We then have

_ ar+-+ap—n az—1 anp—1
P(z1,2z129,...,212n) = g Ag 2] "2y e gimT
a

Let v denote the smallest integer such that there exists a multi-index a with |a| := a1+ - -+a, = v.
We then have an equivalence
P(z1,2122, ..., 212n) ~u—0 2] " Q(22,...,2n),

where Q(22,...,2n) = 3|42y Aa 25271 zen—1 We also have the equivalence

h(z1y .. y2n) ~as0 L+ 220+ -+ + 2n,
from which we deduce
Q(z2,. .., 2n)
(Tt 25+ + 2N
This gives an absolutely convergent integral in the neighborhood of z; = 0 if and only if v > N+1,
which is exactly the integrability condition. O

dzo -+ dzy,.

¢* (W) ~z—0 20 N T dz
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3.4 The Eulerian differential forms
Recall that the family of Eulerian polynomials E.(x), r > 0, is defined by the equation

Brla) _ S G+, (20)

— )+l
(1 —2a)r =
We refer to [Foal0] for a survey on Eulerian polynomials. If 7 > 1, then (20) is equivalent to
E.(x) 1/ d\" 1
——=—|r— .
(1—z)tt 2\de) 1-2z

For instance, we have Fy(z) = E1(z) = 1, Eo(x) = 1+, E3(x) = 1 + 4z + 2. The Eulerian
polynomials satisfy the recurrence relation

Eri1(z) = z(1 —2)E.(2) + (1 + ro)E.(z). (21)
For integers n > 2 and k = 2,...,n, we define a differential form

(n) Enfk(xl T xn)
e e, T

Note that we have wﬁ”) =dxy--dry /(1 — 21 xp).

LEMMA 3.8. For k =2,...,n, the form w,(cn) defines a class [wlin)] € Z((i%) and we have
(O, lwi D) wyp = G(k). (22)

Proof. The first statement follows from Proposition 3.6. The computation of the period is then
straightforward using the definition (20) of the Eulerian polynomials:

/ W =0+ 1)nk/ (21w wn) dwy - dp =D (G +1)7" = (k). .
- ~ o) 70

For every n > 0, we define w(()") = dx1 - - - dx,; we also have the class [w(()n)] € Z,dr, whose

pairing with the class [("] is

(@) = [ ol =1,
We call the differential forms w,gn), for k=0,2,...,n, the Fulerian differential forms.

3.5 An inductive system
For n > 2 there are natural morphisms

iz 5 z(0) (23)

in the category MT(Q), that we now define. We fix the identification X,,_; = {z,, = 1} C X,,,
which implies the equality A,—1 = A, N X,,_1. Let us set

B,= |J{zm=0u (J {m=1},

1<i<n 1<i<n—1

so that we have B, = B}, U X,,_1, and B,—1 = B}, N X,,_1.
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o In tbe blow—yp X@ we thus get an embed(iing )~(n_1 - )an and identifications Avn_l = ﬁn N
Xn-1, Bh-1 =B, NX,_1 and E,_1 = E, N X,,—1. Thus, the complex in DM(Q) that we have
used to define Z("1) is the subcomplex

1= 11=2
oY CXn1 Y CXn_1

of the complex (15) that we have used to define Z (") shifted by 1. Taking the nth cohomology
groups with respect to the t-structure gives the morphism (23).
In the Betti and the de Rham realizations, the morphism (23) is also induced by the inclusion
of double subcomplexes of (16) and (17).
We define the ind-motive
2 =lim 2",
n

viewed as an ind-object in the category MT(Q), and simply call it the zeta motive.
The map Z.}(Bn),v : Zl(gn)’v — Z](Bn_l)’v given by the transpose of the Betti realization of (™)

satisfies
i (o) = [0 (25)

More generally and loosely speaking, if ¢ is a chain on )Zn((C) — An((C) whose boundary is
on B, (C)U E,(C), then il(gn)’v([a]) is the class of ‘the component of the boundary of o that lives

on X,,_1(C)’. According to Proposition 3.4, one can also work with chains on X,,(C) — fin((C).
We note that (25) allows us to define a class

O] € 2y =1lim 2.
n

Remark 3.9. There are (alternating) signs in the differentials of the complexes (15)—(17), that
we leave to the reader. This also induces signs on the different components of the inclusions of
subcomplexes such as (24); these signs are fixed once and for all by (25).

The next proposition shows that the Eulerian differential forms w,gn) are compatible with the
inductive structure on the zeta motives.

ProrosiTiON 3.10. For integers n > 2 and k = 0,2,...,n — 1, the map z'g;g : Z((fl;_l) — ng{)
(n—1) (n)]

sends the class [w, '] to the class [w)
Proof. Since all the differential forms that we are manipulating have no poles along the
exceptional divisors E,_1 and E,, it is safe to do the computations in the affine spaces X,
and X,,; we leave it to the reader to turn them into computations in X,,—; and X,, by working
in local charts as in the proof of Proposition 3.6. Let us first assume that k € {2,...,n—1}. We

put
(n—1) _ ann—l—k(xl T xn) der - d
Mk (1 —ry - '.Tn)n_k I Tn—1,
viewed as a form on X,,. Then we have (77/,(?_1))”(”_1 = w](cn_l) and (77,(:_1))‘3;71 = 0. A diagram
chase in the double complex (17) shows that i((ﬁg([w,(gn_l)]) is the class of

(—1)" " (d(n M)
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(the sign is here to be consistent with the Betti version, see Remark 3.9). We have

0 ann—l—k(xl T xn)
Orn, \ (1 =21 ap)"F
and one easily sees that setting x = x1 - - - x,, we have

0 (l‘nEn_l_k(IL‘l - xn)> Cz(l-a)E, 4 @)+ 1+ (n—1-k)2)E,1-k(2)
9o\ (- zyt ) = -

(—1)”71 d(n,gn_l)) = ) dxy - --dz,

Using the recurrence relation (21), one then concludes that

Enfk(xl co xn)
(1 —xT1 xn)n—k+1

For k = 0, this is the same computation with n(()") =x,dr1 - dr,—1 and

(n)

(—1)”_161(7715.”_1 ) = dry---dr, =w, .

(-1t d(n(()n_l)) =dzxy---dx, = w(()n). O
Proposition 3.10 allows us to unambiguously define classes
lwi] € Zar
for k =0,2,3,..., whose pairing with the class [0 € ZJ is
([0 [wol) =1 and ([0]; [we]) = C(K) (k= 2).

Remark 3.11. The proof of Proposition 3.10 can be thought of as a cohomological version of the

relation
/ wl(cn) :/ w,gn_l),
n |:|n71

which may be proved using Stokes’s theorem and the recurrence relation (21).

PROPOSITION 3.12. For integers n > 1 and k = 0,2,...,n, the class [w,gn)] lives in the pure

weight 2k component of ng{).

Proof. For k =0, Proposition 3.10 and the fact that the maps i((i’iﬁ{) are compatible with the weight
gradings implies that it is enough to do the proof for n = 1; this case is easy since Z(1) = Q(0)
only has weight 0. We now turn to the case k = 2,...,n. Thanks to Proposition 3.10 and the fact

that the maps igg are compatible with the weight gradings, it is enough to check it for k = n.

By (7), we need to prove that the class of wén) is in F ”ng{). Let Y be a smooth projective
variety of dimension n, D be a normal crossing divisor inside Y, and Z be a closed subvariety

of Y of dimension < n — 1. Then we have
F'HiR(Y —D,Z—-ZND)= Im(HO(QQ(log D)) — Hlxr(Y —D,Z —-ZnD)).

Thus, it is enough to prove that there is a compactification Y of )~(n — ﬁn such that Y —

(X, — Ay) is a normal crossing divisor D, and such that wgn) has logarithmic singularities

along D. Since wﬁﬁ) does not have poles along E,,, we can work on X,, — A,, instead. Let us start
with Y7 = (P')" with coordinates ((1: y1), ..., (Zn : ¥n)), and D; the divisor given by the union
of the subvarieties {y; = 0} for i = 1,...,n, and the subvariety {z1---x, = y1---y,} (this is
the closure of A,). This is not enough since D; is not a normal crossing divisor. We then finish

thanks to the following lemma. O
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LEMMA 3.13. Let ¢ : Y — Y1 be the iterated blow-up of all the codimension-2 subvarieties Z; ; =
{yi = x; = 0}, i # j, in any order. Then D = ¢~1(Dy) is a normal crossing divisor inside Y

and ¢* (wgn)) has logarithmic singularities along D.

Proof. This is checked locally on the standard affine cover of Y, consisting of 2™ affine spaces.
By symmetry of the variables, it is enough to look at the charts U, with affine coordinates
(y17 s Yrs Trgdy - 7$n)7

for r =0,...,n. We note that in the chart U, the divisor D; is the union of the subvarieties {y; =
0} for i =1,...,r, and the subvariety {y; -+ y» = Zy41 - - - T, }. In that chart the differential form
that we are looking at is (up to a sign)

dyy - - dyr dxpyq -+ - dxy,
yre gy Y — Tpga s Tn)

w =

We proceed by induction on r. For r = 0, Dy only consists of {1 ---x, = 1}, which is a normal
crossing divisor, and w has logarithmic singularities along D;. The subvarieties Z; ; do not
intersect Up, so the blow-ups do not change anything. For a given r = 1,...,n, let us look at
the blow-up of Z; , = {y1 = z,, = 0} (this is enough for reasons of symmetry) in the chart U,.
There are two natural affine charts A™ — U,. for the blow-up.

(i) On the first chart, the blow-up map is given by

(Yly oo s YUry Ty e ooy Tr) = (V1o ooy Upy Updy « vy Up—1, V1Up).

The preimage of D; consists of the subvarieties {v; = 0} for i = 1,...,r, and the
subvariety {va -+ v, = 41 - up}. The pullback of w is
- dvy - - dvp dupy - - - duy, dvy ,

w = = — Aw .
’Ul...’UT(/UQ...UT_ur+1...un) ’Ul UZ...UT(U2...’UT_ur+1...un)

, dvg - - - dvy dupgy - - - duy,

We note that {v; = 0} is the exceptional divisor and that the total transforms of the
subvarieties Z; ; are empty in this chart. By the induction hypothesis (with n replaced by
n — 1), the pullback of w’ by the successive blow-up of the subvarieties Z; ; with ¢ # 1 has
logarithmic singularities. Since dv;/v; has logarithmic singularities along {v; = 0}, we are
done.

(ii) On the second chart, the blow-up map is given by

(yla sy Yrs Treg1y - - ,l’n) = (’Ulun,UQ,. <oy Ups Upg 1, - - ,Un).

The same argument as in the first chart applies. O

3.6 A long exact sequence

We now show that the morphism i : Z("=1) — z() fits into a long exact sequence. We first
define objects of MT(Q):

Z(n),r = HT()?n - Avna (En U Eﬂ) - (En U En) N gn)

and - ~ o~ ~ ~
' z(n)r _ H (X, — Am(Bq/l UE,) — (B,UE,) NA,),

so that Z(™ = Z(™):n We leave it to the reader to fill in the technical definitions of these objects
by mimicking that of Z(" from §3.1.
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PROPOSITION 3.14. For n > 2, we have a long exact sequence in MT(Q):

PN Z(nfl)’rfl — Z(TL),’I’ — /Z(n)vr — Z(nfl)’r — Z(n)7T+1 — . (26)

Proof. The objects Z(—1)-* Z():* and’Z("):* are defined via objects in DMT(Q) that we denote
by C"=1_ () and 'C™ respectively, C™ being the complex (15) and C(=1) the subcomplex
(24). Now there is an obvious exact triangle

Y

cn=V[-1] — o™ — 1o L

in DMT(Q), which gives the desired long exact sequence after taking the cohomology with respect
to the t-structure. a

We note that the map Z(~1)-»=1 5 Z():m in the long exact sequence (26) is exactly (™).

4. Computation of the zeta motives Z(™)

This section is the technical heart of this article, where we compute (Theorem 4.9) the full
period matrix of the zeta motives Z(. The main difficulty is showing that the motives 7™,
introduced below, are semi-simple. For that we use the involution 7 defined in the introduction
and the computation of the extension groups in the category MT(Q). We then define the odd
zeta motive and compute its period matrix. We finish with an elementary (Hodge-theoretic)
proof that the motives 7™ are semi-simple.

4.1 The Gysin long exact sequence

Since the divisor A,, is smooth, it is natural to decompose the motives Z(-" thanks to a Gysin
long exact sequence. In the next proposition, the definition of the objects H®(X,,, By,) and H®(A,,
B, N A,) of MT(Q) is similar to that of Z(") from §3.1.

PROPOSITION 4.1. For n > 1, we have a long exact sequence in MT(Q):

cov = H" (X, Bn) — 27 > H™™ Y (A,, By N Ap)(—1) > H'Y(X,, B,) - 2™+l .
(27)
Proof. Recall from [Voe00, (3.5.4)] the existence of a Gysin exact triangle in the category DM(Q).

For the pair (X,, Ay,), it reads (with cohomological conventions)
Xy — X — A, — A, (-1)[-1] 5

and is an exact triangle in the category DMT(Q). Applying this triangle to every pair (9,
0rY N A,,) in the complex (15) and taking the cohomology with respect to the ¢-structure leads
to a long exact sequence

> HT()’ZmEnUEn) - HT()?n_Avna (énUEn) _A/n) - Hr_l(gm (EnUEn)ﬂAvn)(_l) o
in MT(Q). One finishes with the fact that the natural morphisms
H"(Xn,BoUE,) — H'(Xn,B,) and H' YA, (B, UE,)NA,) — H YA, B,NAy)

are isomorphisms. This can be checked in the Betti realization (see Remark 2.5), where it is a
consequence of the excision theorem as in the proof of Proposition 3.4. a
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4.2 The motives H*(X,,, B,)
The computation of the motives H®(X,, B,) appearing in the long exact sequence (27) is
relatively easy.

12

PROPOSITION 4.2. (i) We have H"(X,,, B,) = 0 for r # n, and an isomorphism H"(X,,, By,)

Q(0).
(ii) A basis for the de Rham realization Hl, (X, By,) is the class of the form dxy - - - dxy,.
(iii) A basis for the Betti realization H2(X,, By,) is the class of the unit n-cube 0" = [0, 1]".

Proof. By the relative Kiinneth formula we have H*(X,,, B,) = H®*(X1, B1)®" so that it is enough
to prove the proposition for n = 1. This has already been done in Remark 3.2. a

4.3 The motives H*(A,, B, N A,)
For n > 1, we realize the n-torus as 7" = {x; - - - 5,41 = 1}, and we have subtori Ti”_1 ={z; =
1} cT™fori=1,...,n+ 1. We define

T(n),r — " <T’rz’ U T;nl) and IT(n),r — H" <Tn’ U T;n1>,
1<i<n+1 1<i<n
which are objects in MT(Q) (whose definition is similar to that of Z(™ from §3.1) and write

70 — gn ang ) = rg)n

We then have
Hrfl(An’ B, N An) o~ T(nfl)ﬂ’fl'

By mimicking the proof of Proposition 3.14, one produces a long exact sequence in MT(Q):

oo > gla=lr=1 () r(n)r _ q(n=l)r _ q(n)r+l (28)

PROPOSITION 4.3. (i) We have 'T"™" = 0 for r # n, and an isomorphism 'T (") = H™(T™) =

Q(=n).
(ii) We have T"" = 0 for r # n, and short exact sequences in MT(Q):

i(n)
0— 70D 15 70 o g7y - 0. (29)

Proof. It (i) is proved, then (ii) follows from the long exact sequence (28). By choosing
coordinates (z1,...,x,) on T™ we see that we have

T = <<Ab —qopr, | i = 1}> ~ (A — {0}, (1) = (70T

1<i<n

where we have used the relative Kiinneth formula. Thus, it is enough to prove (i) for n = 1,
which is easy since “7(1)* is nothing but the reduced cohomology of A}@ —{0}. O

Remark 4.4. We note that the morphism j™ : 71 — 7 in (29) is defined in the same way
as the morphism (" : Z(*=1 — 2 from §3.5.
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We note that we have 7 = HO(pt, pt) = 0, so that Proposition 4.3 implies that we have

gl T {Q(—k) if ke {1,...,n},

0 otherwise.

In the next proposition, we will prove that the weight filtration of 7(™ actually splits
in MT(Q). For that we introduce the involution 7 which acts on the tori 7" by

T (T, Tng1) > (xflv'--’xv;qltl)'

This induces an involution, still denoted by 7, on the objects 7" and 7" of MT(Q), such
that all the maps in the long exact sequence (28) commute with .

PROPOSITION 4.5. (i) The short exact sequences (29) split in MT(Q), hence we have
isomorphisms:

TW2Q(-1) 9 Q(-2) @ --- © Q(-n).
Thus, a period matrix for T is the diagonal matrix Diag(2mi, (27i)2, ..., (2mi)").
(ii) The involution T acts on the direct summand Q(—k) of T\") by multiplication by (—1)*.

Proof. We first note that 7 acts on H'(T') by multiplication by —1. It is enough to prove
it in the de Rham realization, where it follows from 7.dlog(z1) = —dlog(x1). Thus, 7 acts
on gr%T(") =~ H™(T") = HY(TY)®" by multiplication by (—1)", and we are left with proving (i).
We denote by 7 = ’7;(”) @ 7™ the direct sum decomposition of 7" into its invariant and
anti-invariant parts with respect to 7. We have to prove that we have isomorphisms

71(271) ~ 7:£2n+1) ~Q(-2)dQ(—4) & --- & Q(—2n)
and
T+ o 7 (2n42) o Q-1)®Q(-3)&--- & Q(—(2n +1)).

We only prove the statements corresponding to the invariant parts, the statements corresponding
to the anti-invariant parts being proved similarly. We use induction on n, the case n = 0 being

trivial: ’7:£0) = ’7:£1) = 0. The short exact sequences (29) imply that we have short exact sequences

0— 7j£2n+1) — 7;E2n+2) - Q(-(2n+2)) -0 and 0— 7j£2n+2) — 7:£2n+3) — 00— 0.

Using the induction hypothesis we see that we have

Extirrig)(Q(—(2n +2)), T ) 2 Extlyr(g) (Q(—(2n + 2)),Q(=2) © Q(—4) & - ® Q(~2n))
= GB EXtII\AT(Q)(Q(*2k)7Q(O))

1<k<n

where we have used (13). Thus, the first short exact sequence splits. The second short exact
sequence then completes the induction. O

)

Remark 4.6. From the short exact sequences (29) it is clear that, for every n, 7:1(17{ has a

basis (wgn), e ,w,g")) which is compatible with the weight grading, such that wgn) is the class
of the form dlog(x1) A --- A dlog(z,,), and such that these bases are compatible with the short

exact sequences (29).
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4.4 The structure of the zeta motives
We can now determine the structure of the zeta motives 2, for n > 1.

THEOREM 4.7. (i) We have a short exact sequence in MT(Q):

0= Q0) > 2™ 25 7D (_1) L g, (30)

with T (1) 2 Q(=2) & - & Q(—n).
(ii) We have a short exact sequence in MT(Q):

3(n)

0— 2= 15z 5 Q(—n) - 0. (31)

(iii) These short exact sequences fit into a commutative diagram

0 0 0
(n—1)
0—Q(0) —> 2(=H L T-D(_1) o
= l(n) j(n_l)
()
0 Q(0) Zn) L g-1)(_1) — 0 (32)
0 0 Q(—n) ——=Q(-n) —0
0 0 0

where all rows and columns are exact.

Proof. Assertion (1) follows from Propositions 4.1, 4.2 and 4.5. The commutativity of (32) follows
from the compatibility of the long exact sequences (26) and (28). A diagram chase implies that
(31) is exact. O

Remark 4.8. The difference between the sign (—1)¥ in Proposition 4.5(2) and the sign (—1)*~1
in Theorem 1.4 comes from the Tate twist (—1) in the short exact sequence (30).

THEOREM 4.9. (i) The classes

of the Eulerian differential forms provide a basis (U(()n),vén),...,vgn)) of the de Rham

realization Z((;;’{) which is compatible with the weight grading.
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(ii) There exists a unique basis (gp((]n), gpgn), ce @%n)) for the dual of the Betti realization Z](gn)’v
which is compatible with the weight filtration and such that the period matrix for Z™ in
the v-basis and the @-basis is

1 ¢2) <@ - - Cn=1) ((n)
(27i)?
(27i)3 0
(33)
0 (2mi)n1
(2mi)™

Proof. (i) Proposition 3.12 says that v,in) is in the pure weight 2k component of Z((i%). Thus, it is

enough to show that it is non-zero, which is a consequence of the equalities ([(0"], vén)> =1#0
and ([0, v{™) = C(k) £ 0 for k=2,...,n.

(ii) We put gpén) = [0"]. Let (¢§n71), e ws:l)) be a basis of 7}5"71)’\/ for which the period
matrix is diagonal, as in Proposition 4.5. Let p(™ denote the morphism Z( — 7(=1 (1),

»V : 7§n—1),v — Z](gn)’v. Then we

and let us consider the transpose of its Betti realization p](Bn
can put go,(cn) = pgl)’v(zp,(i_ll)) for k = 2,...,n. The fact that this gives a basis of Z](Bn)’v is a
consequence of the short exact sequence (30). The fact that the period matrix is as required

follows from Lemma 3.8 and Proposition 4.5. The uniqueness statement is obvious. O

We have already noted that the classes U’(Cn) are compatible with the inductive system of

the zeta motives. By the uniqueness statement in Theorem 4.9, this is also the case for the
(n)

classes ¢, 7, and the zeta motive Z has an infinite period matrix
1) 3 W
(27i)?
(27i)3 0
(2mi)*

4.5 The odd zeta motive

Let us write 71 = Tinfl) e ’T_(nfl) for the direct sum decomposition into its invariant and
anti-invariant parts with respect to 7, and let us write p(™ : 2(n) — (=1 (—1) for the surjection
appearing in the short exact sequence (30).
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DEFINITION 4.10. The nth odd zeta motive Z(™-°44 is the object of MT(Q) defined by
2ot ()T D (1)),
We obviously have a short exact sequence
0 — Q(0) —» ZModd _, 7D 1y 5 g (34)
with

T2 P Q-2k+1)).

3<2k+1<n

We note that there are morphisms

Z'(n),odd : Z(nfl),odd N Z(n),odd
such that (2244 ig an isomorphism for every integer n. The limit
ZOdd - hmz(n),odd
w
is an ind-object in MT(Q) that we simply call the odd zeta motive.

PRrROPOSITION 4.11. (i) We have a direct sum decomposition

z o gmedd g By Q(—2k). (35)

2<2k<n

(ii) A period matrix for Z2n+1).0dd o z(2n+2),0dd jg

L¢3 <¢6B) - - (2n—1) ¢(2n+1)
(27i)3
(27i)° 0
(36)
0 (2mi)2n—!
(27”')2n+1

Proposition 4.11 implies that the odd zeta motive Z°I4 has an infinite period matrix (6). In
particular, Z(3)24d ig the essentially unique non-trivial extension of Q(—3) by Q(0) in MT(Q).

Proof. This is a consequence of the short exact sequence (30) and the vanishing of the
extension groups Ext,lvl-r(@) (Q(—2k),Q(0)), see (13). An alternative proof which does not use
(n)

the computation of extension groups goes as follows. A basis for Zégpdd is given by v, ° and
the véz)ﬂ, for 3 < 2k 4+ 1 < n, and a basis for Zl(gn)’Odd’v is given by go(()n) and the gog,z)ﬂ,

for 3 < 2k + 1 < n. This gives the desired shape for the period matrix (36). Now, Euler’s
solution to the Basel problem implies that we have ((2k) = Aoy, (274)?* for every integer k > 1,
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with Ao = —Bar/2(2k)! € Q. Thus, we may replace the basis (<p(()n), @én), cee gm(ln)) of Theorem 4.9
by the basis (’4,0((]”), cpg"), e gp,(f) ) with

‘0§ = g — Z Aok @gz)
2<2k<n
to get a period matrix similar to (33) where the even zeta values ((2k) in the first row are
replaced by 0. This implies the direct sum decomposition (35). O
We finish by proving that all the objects in MT(Q) considered earlier actually live in the full
subcategory MT(Z).

PROPOSITION 4.12. The zeta motives Z(™ and the odd zeta motives Z(™)0dd

category MT(Z).

are objects of the

Proof. Thanks to the direct sum decomposition (35), it is enough to prove it for the odd zeta
motives. Let us recall the definition [DGO05, Définition 1.4] of the category MT(Z). According
to the tannakian formalism, the de Rham realization functor MT(Q) — grVecty induces an
equivalence of categories

MT(Q) = grRep(g3;)

between MT(Q) and the category of graded finite-dimensional representations of a graded Lie
algebra giiQR. The degree in ggR is half the weight. This Lie algebra is non-positively graded. The
category MT(Z) is defined as the full subcategory of MT(Q) consisting of objects H such that
the degree —1 component of ggR acts trivially on Hgg. This is obviously the case for Z(™)0dd,
which is concentrated in weights 0 and 2(2k + 1) with 2k + 1 > 3 by the short exact sequence
(34). O

Remark 4.13. A tannakian interpretation of the odd zeta motive goes as follows. Let g%V be
the graded dual of the fundamental Lie algebra gZ of the tannakian category MT(Z). It is an
ind-object in MT(Z), independent of the choice of a fiber functor [Del89, Définition 6.1]. Then
one has a short exact sequence

0— Q(0) > g*" - u™" >0,
where u”Z is the pro-unipotent radical of gZ. One views Z° inside the exact subsequence
0— Q(0) — zodd _, yZabV

where uZaP:V =~ D1 Q(—(2k + 1)) is the graded dual of the abelianization of u”.
4.6 An elementary computation of the motives 7 (™)
We give an elementary proof of Proposition 4.5, which only uses basic algebraic topology. The

proof is Hodge-theoretic, and the only drawback is that we have to use the full faithfulness of
the Hodge realization (Theorem 2.6). Let us consider the relative homology group

T = (@, U o= U, = 1),

1<i<n
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By homotopy invariance, one may replace every C* by the unit circle S' = {|z| = 1} — C* and
the divisor {z; ---x, = 1} by its intersection with (S!)?, and we get

7;371),\/ o Hrsling< U {gjz = 1} U {171 In = 1})
1<i<n
Let us look at the projection [0, 1] — (51)n7 (t1,... tn) — (e2m‘t1, . ,eZm'tn), Then by excision
we can write
T(n)\/NHmng(()l U {tZQZ}U{tl—I— +tn€Z}>.
1<i<n

This is simply the singular homology of the unit hypercube [0,1]" relative to the union of its
faces {t; = 0} and {t; = 1}, for 1 < i < n, and the hyperplanes {t; +---+ t, = k} for k =0,1,
.,n. We note that these hyperplanes cut the unit hypercube into polytopes

Aln, k) ={(t1,...,tn) €[0,1]" | k<t + -+t < k+ 1},

for k =0,...,n — 1. We note that A(n,0) is the usual n-simplex; the polytopes A(n,k) are
usually called hypersimplices.

LEMMA 4.14. (i) The classes [A(n k:)] for k=0,...,n—1, form a basis of 7]3(")’\/
(ii) The morphism ]](3 7}; 7}3§n_1)’v sends

(a) [A(n,0)] to [A(n = 1,0)];
(b) [A(n, k)] to [A(n—1,k)] —[A(n—1,k—1)] fork=1,...,n —2;
(¢) [A(n,n—1)] to =[A(n —1,n — 2)].

Proof. (i) This is clear by excision, since collapsing the boundary of [0,1]" and the
hyperplanes {¢t; + - +t, = k} onto a point creates a wedge sum of n spheres of dimension n,
one for each hypersimplex.

(ii) Recall (see Remark 4.4 and §3.5) that j](;)’v computes ‘the component of the boundary
that lives on {x, = 1}’. In the t-coordinates, {x,, = 1} corresponds to {t, = 0} (counted
positively) and {t,, = 1} (counted negatively). In case (b), the intersection of A(n, k) with {¢,, =
0} is A(n — 1,k) and its intersection with {¢, = 1} is A(n — 1,k — 1), which proves the claim.
Cases (a) and (c) are similar. O

Remark 4.15. One may check that the sum of the classes [A(n, k)], for k =0,...,n — 1, is sent

to 0 by the morphism jl(gn)’v. This is because this sum is represented by the unit square [0, 1]"

in the t-coordinates, or by the compact n-torus (S1)® C (C*)" in the x-coordinates, which has
empty boundary.

The FEulerian numbers are the coefficients of the Eulerian polynomials and are denoted by

symbols (}):
n—1

En(z) = Z<Z> z*.

k=0
They satisfy many beautiful identities, including the following recursion, which can be deduced

from (21): L i
<k>:(n_k)<k—1>+(k+1)< k >

The following lemma is a classical result due to Laplace [Foa77, §2].
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LEMMA 4.16. For k =0,...,n — 1, the volume of the hypersimplex A(n, k) is the ratio (};)/n!.

Recall from Remark 4.6 that, for every integer n > 1, 7;%) has a basis (wgn), e ,wﬁf‘)) which
is compatible with the weight grading and with the morphisms j((ﬁ?{) : ’7;%71) — 721(&). We let P,
be the period matrix of 7" with respect to the w-basis and the A-basis from Lemma 4.14.
The first period matrix P; is simply the 1 x 1 matrix (274). Let us introduce the following n x n
integer matrix encoding the family of Eulerian numbers:

=3

|
—_
—
/}/\
~~— ~—F—7-—

TERERRER
2 ()

PRrROPOSITION 4.17. The period matrices P, satisfy the recurrence relation

0
0

—

2mi)"
n!

Proof. Recall the short exact sequence (29)

i(n)
0— 70D 15 70 5 g7y - 0

and the fact (see Remark 4.6) that the morphism j(™ is compatible with the w-bases. Then
Lemma 4.14 shows that the first (n — 1) columns of P, are as stated. It only remains to compute
the entries in the last column, i.e., compute the integral of the n-form dzi/x1 A --- Adxy, /), on

a hypersimplex A(n, k). After the change of variables (x1,...,z,) = (e?™1, ... €2™) one sees
that this integral is simply (27¢)" times the volume of A(n, k), and completes the proof thanks
to Lemma 4.16. O

We note that the period matrices P, are not block upper-triangular. This is because the A-
basis is not compatible with the weight filtration. We thus have to introduce a change of basis.
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Let (Qn)n>1 be the family of matrices (with rational entries) defined by @1 = (1) and the
recurrence relation

0
0
Qn: Qn-1 A;Ll
0
0 0 01| n!
The first terms are
i 1 1 _1
1 _1 1 ! 12 12 1
11 3 "6 3 11 11
Q= (1), QQ:G 12)’ Q=|1 0 -1|, Q=|2 B 2 &
1 1 1 2 2 2 2
1 1 1 1
Let us put
=" A(n,0)
R A(n,1)
:Qn
n() A(n,n —1)

We view E,gn) as a relative cycle with rational coefficients. The change of indexing is here to

remind the reader that E,(Cn) lives in weight <2k. We have thus proved the following result.

PROPOSITION 4.18. The classes [Z,(cn)], for k =1,...,n, form a basis of 7;3(n),\/ and the period
matrix of T in the w-basis and the X-basis is the diagonal matrix Diag(2mi, . . ., (27i)").

Proof. This amounts to saying that the product Q,, P, is the matrix Diag(2mi, ..., (274)™), which
is easily proved by induction on n using Proposition 4.17. O

By using Theorem 2.6, we thus get an alternate (Hodge-theoretic) proof of Proposition 4.5.
Remark 4.19. Proposition 4.18 implies that we can choose (Eg"fl), cee Egln:ll)) as representatives
for the classes (1#;"_1), . ,w(n_l)

n—1

) from the proof of Theorem 4.9.

Remark 4.20. One can easily prove that the last row of the matrix @, is filled with 1s,

which means that E&”) is homologous to the unit hypercube [0,1]". In the z-coordinates, it

is homologous to the compact n-torus (S*)™ c (C*)".

5. Linear forms in zeta values

We apply our results from the previous section to prove Theorems 1.1 and 1.2 from the
Introduction.
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5.1 Integral formulas for the coefficients
THEOREM 5.1. For w an integrable algebraic differential form on X,, — A,,, we have

/[ 9= 0(e) + a0+ () (37)
0,1]™
with ay(w) a rational number for every k, given for k = 2,... n by the formula

ax(w) = (2mi) ™ (o, [w]). (38)
Proof. According to Proposition 3.6, the class [w] defines an element in Z, gr, hence we may

write
[w] = ap(w)vo + as(w)va + -+ - + an(w)vy,
with ai(w) € Q for every k. Pairing with the class cp[()n) = [O"] gives the equality (37), and pairing

with the class gp,(cn), k=2,...,n, gives the equality (38). O

Remark 5.2. If we represent the class gp,(gn) by a relative cycle U,(Cn), then (38) becomes

ap(w) = (2mi) 7" /(n)

Tk

Here we will not give explicit representatives for the classes 90,(6"). Recall from the proof

of Theorem 4.9 that the class @,gn) is the image by the map p](Bn)’V : 713(71_1)’\/ — Z](Bn)’v of an

(n

element wl(;:l), which by Remark 4.19 can be represented by the cycle X,

then how to compute the map pg)’v at the level of cycles. Such a task would involve the following

ingredients. Let 7' C C™ be a tubular neighborhood of A4,,(C) in C". Let us denote by p : T' —
Ay (C) the corresponding projection, and by dp : 9T — A, (C) the projection corresponding to
the boundary of the tubular neighborhood; it is an S'-bundle. The natural map H; "¢(A4,(C)) —
H$(C™ — A,(C)) can be computed at the level of singular chains by mapping an r-cycle o to
the (r+1)-cycle (3p)~!(c). We note that since A4, (C) does not intersect the hyperplanes {z; = 0},

we can do the computation with a tubular neighborhood inside (C*)™ and get representatives
)V

_11). The question is

in (C*)™. Now if we want to play this game for the relative homology groups Z](gn , we need the
tubular neighborhood to be ‘compatible’ with the subvariety B, (C), in the sense that p should
pull back A,(C) N B,(C) to B,(C). At this point, it is probably easier to ask for something
weaker than a tubular neighborhood, i.e., something that is a tubular neighborhood on a dense
open subset of A, (C) (this does not change anything for the integral formulas). We will not try
to give formulas here and postpone this discussion to a future article. Nevertheless, we can give
more explicit formulas than (38) in two situations.

5.1.1 The highest weight coefficient. Let us fix real numbers p1, ..., pp—1, pn > 0 and let us
introduce the cycle S ¢ C™* — A, (C) defined by the conditions

1

lz1] = p1,- -, [Tp=1] = Pn-1, S TEEE—
"L‘l .. .xn—l

Tn — = Pn-

PROPOSITION 5.3. Let w be an integrable differential form on X,, — A,,. Then the highest weight
coefficient a,(w) from Theorem 5.1 is given by the integral formula

an(w) = (2mi) " / w.

S(n)

369

https://doi.org/10.1112/50010437X17007588 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007588

C. DuprPONT

Proof. The integral formula is obviously independent of the choice of p1,...,pn—1,pn and we

can assume that we have p; = --- = p,_1 = p, = 1. We have noted in Remark 4.20 that the

highest weight basis vector wgl__ll) of ’Tén_l)’v can be represented by the (n — 1)-torus {|z1| =

-+« = |xp_1| = 1}. Since this has an empty boundary we can make the computation explained
in Remark 5.2 with the choice of any tubular neighborhood of A,,(C) in C", for instance the
one defined by |z, — 1/(z1 -+ xn—1)| < 1, with projection map p(x1,...,2,) = (x1,...,Zp_1,
1/(z1---xp_1)). The pullback of the (n — 1)-torus by the projection dp is exactly S, O

The case n = 2 is Rhin and Viola’s contour integral for (2) [RV96, Lemma 2.6].

5.1.2 The case of forms with simple poles. We say that a differential form on X,, — A,, has
a simple pole along A, if it can be written as

w=a+dog(l—x1-z,)AB,
where « and 8 do not have poles along A,,. The residue of such a form along A,, is the restriction
Res(w) = Bja,,-

Recall that the relative cycles E,gn_ll) were defined in §4.6.

PROPOSITION 5.4. Let w be an integrable differential form on X,, — A, which has a simple pole
along A,,. Then the coefficients ay(w), k = 2,...,n, from Theorem 5.1 are given by the integral

formulas
ag(w) = (27ri)k+1/ Res(w).
by

(n—1)
k—1

Proof. Recall from the proof of Theorem 4.9 that we have defined
, ~1
o =i (),

where (¢§n_1), ce wgl__ll)) is a basis of 7;;"_1)’\/ for which the period matrix is diagonal. In the
light of Remark 4.19 we see that 1/),(;:1) is the class of the cycle E,(Cn:ll), hence we get

ap(w) = 2m) " EEY (S, ) = @rd) IS el (),

where the extra 2mi comes from the Tate twist at the target of p(™. Since w has a simple

pole, pgfzg([w]) is simply the class of Res(w), hence the result. O

5.1.3 Vanishing of coefficients.

THEOREM 5.5. For w an integrable algebraic differential form on X,, — A, we have:

(i) if 7.w = w then ag(w) =0 for k # 0 even;
(i) if 7.w = —w then ax(w) = 0 for k odd.

Proof. Let us assume that we have 7.w = w, and let us write x for the image of [w] in 7;1(17{_1).

Then we have 7.x = z; according to Proposition 4.5, this implies that x only has components of
weights 2k with k£ even. Thus, [w] € Z(g?{) only has components in weight 0 and 2k with £ odd,
which implies that we have ax(w) = 0 for k # 0 even. The second case is similar. O
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Let us write an integrable form as

P(xlw"axn)
= dry---d 39
w (17931”“%”)]\7 T Tn ( )
with P(z1,...,2,) a polynomial with rational coefficients and N > 0 an integer. Then we have
Tw=4w & Pr1,...,25) =2(~=D)V (@ 2,) V2P x ). (40)

5.2 The Ball-Rivoal integrals
We apply Theorems 5.1 and 5.5 to a special family of integrals.

COROLLARY 5.6. Let u1,...,Up,v1,...,0, = 1 and N > 0 be integers such that vi + - + v, >
N + 1. Then the integral
ui—1 L up—1 1— vi=1, ., (1 — vp—1
/ i g (1 — 1) - (1—xy) dy - - dz,, (41)
[0,1]n (1 — X1 xn)

is absolutely convergent and evaluates to a linear combination
ap + a2((2) +as((3) + - -+ + anl(n)

with ay, a rational number for every k. If furthermore we have 2u; +v; = N + 1 for every 1, then
we get:

(i) if (n+1)(N + 1) is odd then aj = 0 for k # 0 even;
(ii) if (n+1)(N + 1) is even then ay = 0 for k odd.

Proof. This is a direct application of Theorem 5.5. The polynomial

P(xy,...,mp) = a8 g N (1 — ) (1 = )t
satisfies
P(x1,... @) = (—1)ntorttongduto=3 . gunton=3ppl gy
Let us assume that we have 2u; +v; = N + 1 for every ¢, then v +--- + v, =n(N + 1) (mod 2)
and we get
P(xh LR xn) = _(_1)(71+1)(N+1)(_1)N+n(x1 T xn)N_2P(xI17 s ’xgl)’
hence the result, in view of (40). O

Corollary 5.6 applies in particular to the special case
N=©2r+1m+2, w=rm+1, vi=m+1
for some integer parameters r,m > 0 satisfying n(m + 1) > (2r + 1)m + 3. We then recover
the integrals considered by Ball and Rivoal [BRO1, Lemme 2]. The vanishing of the coefficients
is [BRO1, Lemme 1]. The notations (a,n,r) in [BRO1] correspond to our notations (n —1,m,r).
The integrals (41) can be expressed as generalized hypergeometric series
v (ug — D)l (v; — 1)! UL, .. Up, N
H n+1Fn ) 1
e (uz—{—vl—l)‘ Ul + V1, ., Up + Up
(N - 1)! (k)U1+U1 e (k)un+vn

If 2u; + v; = N + 1, then the corresponding generalized hypergeometric series is said to be
well-poised.

k>0
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5.3 Weight drop
In the context of Theorem 5.1, we say that the integral f[o 1jn W has weight drop if the highest

weight coefficient a,(w) vanishes. This amounts to saying that the class [w] actually lives in the
step Wo(,,—1)Zn,ar of the weight filtration, hence the terminology. We give a sufficient condition
for this phenomenon to happen.

LEMMA 5.7. Let u,v > 1 and N > 0 be integers such that u + v < N. Then there exists a
polynomial P(t) with rational coefficients such that

/1 r¢ (1 - x)vt d — P(t)
0

(1 —tx)N (1 —t)N-v
for every 0 <t < 1.
Proof. We can write
ut+v—2
21 —2) = > a(t)(1 - ta)*
k=0

with ag(t) a Laurent polynomial with rational coefficients for every k. We then have

AT I Lo A NG
(1—tz)V ;) (1 —tx)N—Fk

and all the powers of (1—tx) appearing in the denominators are > N —(u+v—2) > N—u—v+2 > 2.
Thus, we may integrate and get

[, Q0
0

1—tz)V T (AN

with Q(t) a Laurent polynomial with rational coefficients. The left-hand side has a limit when ¢
tends to 0, so Q(t) has to be a polynomial. To finish, it is enough to show that

1 xufl 1—2x v—1
(1-— t)N_”/O (1(_ tx)J)V dx

is bounded when t approaches 1. We make the change of variables s =1 —t¢, y =1 — x, and
consider integrals

1 — a\u—1,v—1
sN—v/ (1 y) Y dy
o (y+s—ys)V

with s approaching 0. Since (1 —y)* ' <1 and y+s—ys > %(y + s), it is enough to prove that

the quantities
N 1 yvfl
s _”/ ——dy
o (y+s)N

are bounded when s approaches 0. This equals

SN—U/l Y vt dy <8N—v/1 dy _ 1 1 S N-e
o \y+s) (y+sN-vit = o (y+s)N=tt N—w 1+s

and we are done. O
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ProrosiTION 5.8. Let uq,...,un,v1,...,v, = 1 and N > 0 be integers such that vi+---+v, >
N + 1. Let us assume that there exists an index i € {1,..., N} such that

u; +v; < N.
Then the integral

/ e T (L ) (L) dry---de
n
[Ozl]n

(1—z1-xy)N
is absolutely convergent and evaluates to a linear combination
ao + a2¢(2) + as((3) + -+ an—1{(n — 1)
with a; € Q for every i.

Proof. By symmetry, we can assume that u, + v, < N. Therefore, applying Lemma 5.7 to the
variables x = z,, and t = 1 - - - x,,—1 in the integral leads to the (n — 1)-dimensional integral

x’lll‘l_l .. xzi_ll_l(l _ xl)vlfl e (1 — xn_l)vnflflp(xl e xn_1>
da:l e dl’n_l.
[0,1]"=1

(]_ — Ty ‘T’I’L—].)N_vn
Since v1 + -+ vp_1 = N — v, + 1, one can then finish thanks to Theorem 5.1. O

Note that Proposition 5.8 applies in particular if for every i, 2u; + v; = N + 1. This gives
in particular a geometric interpretation of the weight drop in the Ball-Rivoal integrals [Riv00,
BRO1], which comes from the representations as hypergeometric series (42). Note that a careful
analysis of the degree of the polynomial P(¢) in Lemma 5.7 can lead to sufficient conditions for
the vanishing of the subleading coefficients.

ACKNOWLEDGEMENTS
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Appendix. An approach via series
Written jointly with Don Zagier

The aim of this appendix is to give an elementary construction of the coefficients ay(w) from
Theorem 5.1. The dictionary between integrals and sums of series leads to an interpretation of
the (de Rham realization of the) zeta motive Z, modulo weight 0, in terms of rational functions
in one variable.

A.1 Series, integrals, and zeta values

A.1.1 Series of rational functions and zeta values. We denote by Q(k) the field of rational
functions in the variable k£ with rational coefficients. Let V' denote the subspace of Q(k) consisting
of rational functions with poles in {—1, —2, -3, ...} and Vj be the subspace of functions vanishing
at co. Then V' =V @ Q[k] and the set of functions (k+j)~", with j, 7 > 1 integers, is a basis of Vj.
The forward difference operator A : Q(k) — Q(k) defined by AR(k) = R(k+ 1) — R(k) preserves
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the spaces V' and V{ and one has direct sum decompositions V' = A(V)@ B and Vp = A(Vp) & B,
where B is the space spanned by the functions (k + 1)7", for » > 1 integers. We thus have an
identification Vo/A(Vp) = V/A(V) and an isomorphism

B:V/AV) = EPQ R~ (Bi(R),BA(R),...), (A.1)

r>1

where the numbers G,(R) € Q, for R € V, are defined by

R(k) = ; (f’f?)r (mod A(V)).

For R € Vj we can write

R =3 A~ AR

for some Ry € Vi, which is unique because A : Vj — Vj is injective. Thus, the sum » 7, R(k)
is absolutely convergent if and only if R € V and $1(R) = 0, and in this case we have

> R(k) = Ro(0) + Y Br(R) C(r) € Q+ Y Q(r). (A2)
k=0 r>2 r>2
A.1.2 From differential forms to rational functions. For n > 1 an integer, we define

Qn =Qlz1,..., 20, (1 — 21 ~--mn)_1]

and we interpret an element F' € 2, as the algebraic differential n-form w = F dz1 - - - dz,.

LEMMA A.1. The formula

ar=1_ gan—1 0 if N =0,

o <x1 o )— k+N -1 1 (A.3)

|y ) = - if N > 1 '
(1= < N-1 )(k+a1)---(k+an) ' ’

for ay,...,a, =1 and N > 0 integers, defines a linear map ®,, : Q,, — V/A(V).

Proof. If we rewrite

—1 _
l—zy- -z
then its image by ®,, is
1 1 —A( 1 >
(k+ai) - (k+a,) (k+a+1)--(k+an+1) (k+a1) - (k+ap)
=0 (mod A(V)).
For N > 1, if we rewrite
1 _ -1 _
z{! - le as ot 1_375; '33%"’
(1 =21 xp) (1— 21 xy)NHL
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then we replace the function

kAN -1 |
R(k)_< N-1 >(k:+a1)---(k:+an)

by the function

e (kN 1 B 1
e 0= () (e - )
R+ kR(k) — (k+1)R(k +1)
(

N
= R(k) (mod A(V)).

This shows that the definition of @, (F) for ' € (1 — 21---2,)"NQ[z1,...,2,] is independent
of the choice of N. O

Combining with (A.1), we get well-defined maps
by : Uy —> Q, w B (Pp(w)).

Note that this is zero for » > n for degree reasons. We denote by Q" C €, the subspace of
integrable differential forms, which are the forms w such that the integral f[o 1n @ is absolutely
convergent (see Definition 3.5 and Propositions 3.6 and 3.7).

PROPOSITION A.2. For every w € Q' we have by(w) = 0 and

/ w = ba(@)C(2) + -+ ba(w)C(n) (mod Q).

[0,1]"
Proof. Let us write w = P(z1,...,2,)/(1 —21---2,)" with P(xq,...,2,) a polynomial with
rational coefficients and N > 1 an integer. Let R € V be the representative of ®,,(w) obtained
by applying (A.3) to every monomial in P(zy,...,x,) and using linearity. Then the formula
I i k+N—1\ 4
(1—x)N N-1
k=0
implies that we have
o0
/ w=Y_ R(k)
[0,1]" k=0
Thus, the sum y 72 ; R(k) is convergent, which implies that we have R € Vj and 1 (R) = 0. The
claim then follows from (A.2). O

Proposition A.2 implies that there is a well-defined map bg : QI — Q such that for every w €
Qint we have

/[0 l}nw:bo(w)+b2(w)((2)+...+bn(w)c(n)‘ (A4)

We note that applying &, to the integrals (41) leads to the hypergeometric series
representations (42).
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A.1.3 Parity. Let us recall that 7 denotes the involution (x1,...,2,) — (z7%,...,2;").
The following proposition is nothing but a generalization of the classical well-poised symmetry
of the hypergeometric series (42), and is similar to the parity considerations in [Zud04, §§]

and [CFRO8D, §3.1].

PROPOSITION A.3. Let w € (Q,, be a differential form such that 7.w belongs to €,. We have, for
every integer r > 1,

be(tw) = (1) 1b,(w).
In particular, we have:

(i) if 7.w = w then b.(w) = 0 for r # 0 even;
(ii) if 7.w = —w then b,(w) = 0 for r odd.

Proof. Let R and S be representatives of ®,(w) and ®,,(7.w) respectively, constructed as in the
proof of Proposition A.2. The involution 7 acts on differential forms by the formula

a1, an—1
1 n dxy---dx,

(1—z1-xy)N

N—-a1—1 N—anp,—1

X (_1)N+n Ly

dz; - - di,.
(1—:E1---J:n)N X1 Tn
Thus, by looking at the formula for ®,,, we see that we have S(k) = —R(—N — k). This implies,

for every integer r > 1, the equality,

5T(S) = (_1)T_1/BT(R)7
and the claim follows. O

A.2 Comparison of the coefficients
The aim of this section is to prove the following theorem.

THEOREM A.4. For every w € QI and every integer r = 0,2,...,n we have a,(w) = b.(w).

Note that this theorem would follow from the conjecture that 1 and the zeta values {(n),
n > 2, are linearly independent over Q, by looking at (37) and (A.4).

A.2.1 Inductive structure on the motives Z(™ . Let us recall from §3.5 the morphisms ién) :

Zc(l?{*l) — Zgg{), which come from the identification X,,_1 = {z, = 1} C X,,. Let us consider

an (n — 1)-form of the type
P(xi,...,xp)

= dry - dep,—
n (1_:61:6”)]\[ X1 Tn—1,

with P(x1,...,zy) a polynomial with rational coefficients and N > 0 an integer. We say that such
a form is integrable if the pullback 77 (1) does not have a pole along the exceptional divisor E,, (7,
and E,, are introduced in §3.1). This can be characterized in the same way as in Propositions 3.6
and 3.7, but we will not need such a characterization. If 5 is integrable, then its derivative dn is

integrable in the sense of Definition 3.5, and the restriction 7,1, viewed as a form on X;,_1,
n)

is also integrable. We then have classes [dn] € ngR and [1);,-1] € Z(g%_l). They are related by
the formula

in i ([Me,—1]) = (=1)" " [dn] (mod WoZ{Y),
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which is proved as in the proof of Proposition 3.10, by noticing that 7|,,—¢ is a polynomial, hence
has weight zero. This formula is the de Rham-theoretic incarnation of Stokes’s formula

(1)"_1/ dn = </ Nn=1 / nlxn:(]) :/ Nen=1 (mod Q).
[0,1]™ [0,1]n—1 [0,1]n~1 [0,1]n~1

If we now choose to make the identification X, 1 = {z; = 1} C X,,, for some index j =1,
...,n, then we get a morphism ifgg’j : ng{_l) — Z(g?{), such that i((in) = Z.((g,n‘ They satisfy the

equation
i ([, =) = (—1) M [dn) (mod Wo2 (), (A.5)

for n an integrable (n — 1)-form of the type

P(x1,...,2y)

(1_9:1“_%”)]\,dml---dxj---dmn. (A.6)

(n).j

One easily notes that the morphism idR’J does not depend on the index j, for instance by
proving that Proposition 3.10 is valid for any choice of j: for every d = 0,2,...,n — 1, the
map igg’] sends the class [w((infl)] to the class [w((in)]. We nevertheless keep the notation z’én)’]

since these morphisms have different geometric interpretations.

A.2.2 Compatibility of ®,, with the induction. The crucial point is that the morphisms ®,,

are compatible with the inductive structure (A.5) on the motives Z(g%), in the sense of the

following lemma.
LEMMA A.5. For every j = 1,...,n and every differential (n — 1)-form 7 of type (A.6) we have
O (dn) = (1) @p1 (1)4;=1) (mod A(V)).

Proof. We do the case j = n, the general case being similar. It is enough to do the proof for a

monomial
a1—1 anfl—l n
77:1.11 “.:L"n,—l .'L'% dx1d$ )
(1 -2y -zy)N "
with a1,...,ap_1 =21, a, = 0 and N > 1. We have

a1—1
xl cu'x

-1 nfld — .
(=1)"dn (a A—z1--an)¥ (1 — a1 ) V1

an—1 ai .. .0n

and thus (—1)""1®,,(dn) equals

" (k+N—1> 1 +N<k+N) 1
"\ N-1 J(k+a1) - (k+an) N J(k+a+1)-(k+ta,+1)

By writing a,/(k + an) =1 —k/(k + a,) and N(kJ]FVN) =(k+ 1)(’16\;]\1[), we get

k+N—1> 1
N—-1 J(k+ai) - (k+an-1)

<—1>"1<I>n<dn>z( By i(er) (mod A(V). O
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A.2.3 Proof of Theorem A.4. We prove Theorem A.4 by induction on n. The case n =1 is

trivial since in this case we have ag(w) = bp(w) = fol w. Let us then assume that n > 2 and that
the theorem is proved for n — 1. Recall the notation

() — G- -dan
n l_xlxn

for the representative of the highest weight basis element in Z, gr; it satisfies CIJn(wT(l")) =

(k +1)~". The short exact sequence (31) implies that, for every w € Q" we may write

w = apn(w)w™ + Z dn;
j=1

with 7; an integrable (n —1)-form of type (A.6), for every j =1,...,n. The short exact sequence
(31) actually implies that in addition we can assume that the classes of dny, ..., dn,—1 are zero,
but we will not need it here. By using (A.5) we may write

w] = ]+ Z L (1) a,=1]) (mod WoZ3).
Now Lemma A.5 implies the formula
20() = G D () (mod AV

By wusing the induction hypothesis on the forms (77j)|$j:1 and the fact that the

morphisms z((ipz’] are compatible with the bases, this implies that we have

%) =3 G (mod A0V,

which completes the proof.
We note that a restatement of Theorem A.4 is that the morphisms ®,, induce an isomorphism
of graded vector spaces

D Zar/WoZar —> (V/A(V))so,

where (V/A(V))>2 is the subspace of V/A(V') characterized by the condition f; = 0 and is
graded by the morphisms 5,, n > 2.
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