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A B S T R A C T . W e e x a m i n e a n ideal ized α ω - d y n a m o m o d e l in w h i c h t h e m a g n e t i c 

fields d e p e n d o n l y o n l a t i t u d e a n d t i m e . T h e s o l u t i o n s t h a t b i furcate f rom t h e field-

free s t a t e are e i ther s y m m e t r i c or a n t i s y m m e t r i c a b o u t t h e e q u a t o r (quadrupolar 

or d ipo lar re spec t ive ly ) . Non l inear s t e a d y a n d per iod ic s o l u t i o n s , w h e t h e r s tab le 

or u n s t a b l e , c a n b e fo l lowed numer ica l ly as t h e d y n a m o n u m b e r is var ied , reveal ing 

a rich b i furcat ion s t ruc ture w i t h m i x e d - m o d e s o l u t i o n s ( lacking s y m m e t r y a bo ut 

t h e equator ) a p p e a r i n g at s e c o n d a r y b i furcat ions . T h e s e resu l t s s h o w h o w s table 

a s y m m e t r i c fields c a n occur in t h e s u n a n d i l lus trate t h e f o r m a t i o n of c o m p l i c a t e d 

s p a t i a l s t r u c t u r e in m o r e ac t ive s tars . 

W e a s s u m e t h a t t h e genera t ion of m a g n e t i c fields in a s tar like t h e s u n occurs in a 

she l l a t t h e b a s e of t h e convec t ive z o n e a n d c a n b e descr ibed b y an a x i s y m m e t r i c 

mean- f i e ld α ω - d y n a m o (Parker 1979) . In order t o i n v e s t i g a t e l a t i tud ina l s tructure 

a n d equator ia l s y m m e t r i e s w e cons ider a h i g h l y s impl i f ied m o d e l in w h i c h on ly the 

e s sent ia l p h y s i c s is re ta ined; all resul t s are therefore s tr ic t ly qua l i ta t ive . 

W e neg l ec t curva ture a n d replace spher ica l c o - o r d i n a t e s (r, θ,φ) b y cartes ians 

( 2 , x , y ) respect ive ly . T h e n w e m a y cons ider a m a g n e t i c field Β = (Q,B,dA/dx) 

t h a t d e p e n d s o n l y o n t h e c o l a t i t u d e χ a n d o n t i m e t. In t h e w e a k field l imit 

t h e toro ida l field Β is crea ted b y t h e sheared a z i m u t h a l v e l o c i t y u = u ^ s i n x y 

w h i l e g e n e r a t i o n of t h e po lo ida l vec tor p o t e n t i a l A t h r o u g h he l ic i ty is represented 

b y t h e p a r a m e t e r a = a 0 c o s x w h i c h is a n t i s y m m e t r i c a b o u t t h e equator (x = 
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π / 2 ) . I n t h e n o n l i n e a r r e g i m e w e i n t r o d u c e p a r a m e t e r s r , / c a n d λ t o r e p r e s e n t 

q u e n c h i n g of t h e α-effect , q u e n c h i n g of d i f fe ren t ia l r o t a t i o n a n d e n h a n c e d losses 

t h r o u g h m a g n e t i c b u o y a n c y r e s p e c t i v e l y ( J o n e s 1 9 8 3 ; W e i s s e t a l . 1 9 8 4 ) . T h u s we 

o b t a i n t h e n o n d i m e n s i o n a l i s e d s y s t e m 

dA/dt = DBcosx{\ + tB2)'1 +d2A/dx2 , (1) 

dB/dt = (dA/dz) s i n x ( l + κΒ2)~1 + d2B/dx2 - XB3 . (2) 

H e r e t h e d y n a m o n u m b e r D = —α0ωΚ3/η2, w h e r e R is t h e l a t i t u d i n a l l e n g t h sca le 

a n d η is a t u r b u l e n t d i f fus iv i ty (cf. S t i x 1 9 7 2 ) . T h e b o u n d a r y c o n d i t i o n s a t t h e 

p o l e s a r e A = Β = 0 a t χ = 0 , π . 

E q u a t i o n s (1) a n d (2) p o s s e s s a t r i v i a l f ield-free s o l u t i o n A = Β = 0 . B r a n c h e s 

t h a t b i f u r c a t e f r o m t h i s t r i v i a l s o l u t i o n invo lve m a g n e t i c f ields t h a t a r e e i t h e r s y m -

m e t r i c ( q u a d r u p o l e ) o r a n t i s y m m e t r i c (d ipo l e ) a b o u t t h e e q u a t o r , w i t h dB/dx = 

A = 0 o r Β = dA/dx = 0 r e s p e c t i v e l y a t χ = π / 2 . F o r D > 0 w e e x p e c t t o find 

a n t i s y m m e t r i c d y n a m o w a v e s m i g r a t i n g t o w a r d s t h e e q u a t o r b u t a s D is i n c r e a s e d 

f r o m z e r o t h e first b i f u r c a t i o n , a t D « 9 , is t o a b r a n c h of s t e a d y q u a d r u p o l e so-

l u t i o n s . A b r a n c h of o s c i l l a t o r y d i p o l e s o l u t i o n s a p p e a r s a t D « 1 0 2 , fo l lowed b y 

o s c i l l a t o r y q u a d r u p o l e s o l u t i o n s a t D « 2 6 4 . 

F i g u r e 1. B i f u r c a t i o n d i a g r a m for t h e c a s e κ = λ , τ = 0 , s h o w i n g t h e m e a n s q u a r e 

t o r o i d a l field (B2) a s a f u n c t i o n of t h e d y n a m o n u m b e r D ( n o t t o s c a l e ) . Sol id 

( b r o k e n ) l ines i n d i c a t e s t a b l e ( u n s t a b l e ) s o l u t i o n b r a n c h e s . S t e a d y q u a d r u p o l e a n d 

o s c i l l a t o r y d i p o l e , q u a d r u p o l e a n d m i x e d - m o d e s o l u t i o n s a r e d e n o t e d b y 5 Q , D , Q 

a n d M r e s p e c t i v e l y . 
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(a) 

t i m e 

F i g u r e 2 . B u t t e r f l y d i a g r a m s w i t h c o n t o u r s of t h e t o r o i d a l field B(x,t) for m i x e d -

m o d e p e r i o d i c s o l u t i o n s . Fu l l ( b r o k e n ) c o n t o u r s i n d i c a t e p o s i t i v e (nega t ive ) 

v a l u e s of B. B o t h s o l u t i o n s o b t a i n e d w i t h a t o t a l of 14 m o d e s a t D = 2 7 0 0 , 

w h e n s y m m e t r y (a) is s t a b l e a n d s y m m e t r y (b) is u n s t a b l e . 
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N o n l i n e a r b e h a v i o u r c a n b e fo l lowed b y e x p a n d i n g A a n d Β a s t r u n c a t e d F o u r i e r 

s e r i e s ( w i t h a t o t a l of 30 m o d e s ) . S t e a d y o r p e r i o d i c s o l u t i o n s c a n t h e n b e f o u n d 

n u m e r i c a l l y b o t h w h e n t h e y a r e s t a b l e a n d w h e n t h e y a r e u n s t a b l e . F i g u r e 1 

s h o w s t h e b i f u r c a t i o n s t r u c t u r e w h e n κ = λ a n d τ = 0 . S t a b i l i t y is t r a n s f e r r e d 

f r o m s t e a d y q u a d r u p o l e s o l u t i o n s t o a b r a n c h of p e r i o d i c m i x e d - m o d e s o l u t i o n s 

( l a c k i n g a n y s y m m e t r y a b o u t t h e e q u a t o r ) a t D « 134 a n d t h e n c e t o p e r i o d i c 

d i p o l e s o l u t i o n s a t D = 1 5 7 . T h e a n t i s y m m e t r i c d i p o l e s o l u t i o n s r e m a i n s t a b l e u n t i l 

D « 2 5 8 0 w h e n t h e y lose s t a b i l i t y t o m i x e d - m o d e s o l u t i o n s . A f t e r s u c h a s e c o n d a r y 

b i f u r c a t i o n t h e m i x e d - m o d e s o l u t i o n s w i t h p e r i o d Ρ r e t a i n e i t h e r t h e s y m m e t r y ( a ) : 

B{x,t) = -B(x,t + \P) o r t h e s y m m e t r y ( b ) : B{x,t) = Β{π - x , t + \P). T h e s e 

s y m m e t r i e s m a y b e los t in a t e r t i a r y b i f u r c a t i o n . S o l u t i o n s w i t h s y m m e t r y (a) on ly 

h a v e fields t h a t a r e c o n s i s t e n t l y s t r o n g e r in o n e h e m i s p h e r e t h a n in t h e o t h e r , w h i l e 

t h o s e w i t h s y m m e t r y (b) h a v e p e r s i s t e n t fields of t h e s a m e s i g n a t t h e e q u a t o r . 

F i g u r e 2 s h o w s e x a m p l e s of b u t t e r f l y d i a g r a m s for b o t h c a s e s . 

T h e b r a n c h of o s c i l l a t o r y q u a d r u p o l e s o l u t i o n s is i n i t i a l l y u n s t a b l e b u t finally 

g a i n s s t a b i l i t y a t D « 2 3 3 5 . F o r a r a n g e of p a r a m e t e r v a l u e s t h e r e a r e t h e n t w o 

s t a b l e p e r i o d i c s o l u t i o n s w i t h d i f ferent b a s i n s of a t t r a c t i o n a s we l l a s a n u m b e r of 

u n s t a b l e s o l u t i o n s w i t h d i f ferent s y m m e t r i e s . A t l a r g e r v a l u e s of D t h e r e a r e st i l l 

m o r e b i f u r c a t i o n s w h o s e d e t a i l s d e p e n d o n t h e n u m b e r of t e r m s i n c l u d e d in t h e 

s e r i e s . 

T h e s e r e s u l t s d e m o n s t r a t e t h a t l i n e a r t h e o r y g ives a q u a l i t a t i v e l y m i s l e a d i n g 

p i c t u r e of b e h a v i o u r in t h e n o n l i n e a r r e g i m e (cf. B r a n d e n b u r g e t a l . 1989 ; S c h m i t t 

& S c h ü s s l e r 1 9 8 9 ) . S t a b l e s o l u t i o n s a r e d e t e r m i n e d b y a c o m p l i c a t e d b i f u r c a t i o n 

s t r u c t u r e l ike t h a t i l l u s t r a t e d in F i g u r e 1. F o r s m a l l D t h e r e e x i s t p u r e q u a d r u p o l e 

a n d p u r e d i p o l e s o l u t i o n s a s we l l a s m i x e d - m o d e s o l u t i o n s r e s e m b l i n g b e h a v i o u r 

o b s e r v e d in t h e s u n , w h e r e a 1 0 % a s y m m e t r y in m a g n e t i c flux h a s p e r s i s t e d over 

s e v e r a l cyc le s ( T a n g e t a l . 1 9 8 4 ) . A s D i n c r e a s e s s u b s i d i a r y b i f u r c a t i o n s l e a d t o 

m u l t i p l e s o l u t i o n s w i t h r i c h e r s p a t i a l s t r u c t u r e . M o r e o v e r , d y n a m i c a l effects c a n 

p r o d u c e c h a o t i c t i m e d e p e n d e n c e (Wei s s e t a l . 1 9 8 4 ) . W e s h o u l d t h e r e f o r e e x p e c t 

t o find c o m p l i c a t e d s p a t i o t e m p o r a l p a t t e r n s of a c t i v i t y in r a p i d l y r o t a t i n g s t a r s . 
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