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In this note, we prove a formula for the cancellation exponent k, n between division
polynomials ¥, and ¢,, associated with a sequence {nP},cn of points on an elliptic
curve E defined over a discrete valuation field K. The formula greatly generalizes
the previously known special cases and treats also the case of non-standard Kodaira
types for non-perfect residue fields.
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1. Introduction

Let P be a point on an elliptic curve E defined over a discrete valuation field K.
In this paper, we study some properties of the sequence {nP},cy of the multiples
of the point P. It is known that this sequence has some remarkable properties, in
particular when a Weierstrass model is fixed

y2 + a1y +asy = x>+ a2x2 + asr + ag

the elements nP = (¢, (P)/V2(P),w,(P)/¥3(P)) for P € E(K) satisfy certain
recurrent formulas (see properties (A), (B), (C), p. 4 or |20, Exercise 3.7]).

When the curve F is defined over a number field the sequence of polynomials
(¥n(x,y))nen has been studied as an example of a divisibility sequence, a notion
which was studied classically for Lucas sequences and by Ward for higher degree
recurrences. Many results are known, including [27] and [18].

Over function fields, in particular over the function field of a smooth projective
curve C over an algebraically closed field k, one can study the set of effective divisors
{D,,p} where D,,p is the divisor of poles of the element 2(nP) for a fixed n, cf. [9],
[14], [15], [4].
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2 B. Naskrecki and M. Verzobio

The question which we investigate in this paper is to what extent, for a fixed
discrete valuation v in the field K, the numbers v(1,(P)) and v(¢,(P)) can be
both positive and what is the maximum exponent r for the power 7" of the local
at v uniformizing element = € K which divides both ), (P) and ¢,(P). Such a
situation only happens when the point P has bad reduction at the place v and we
produce a complete formula that deals with all Kodaira reduction types.

Our main result shows that the main theorem of Yabuta and Voutier [26], which
applies for finite extensions of @Q,, holds for more general discrete valuation fields.
Our proof applied to the case of QQ, is much shorter and depends exclusively on the
elementary properties of the Néron local heights. Up to some standard facts from
[10, 11], and [19] our proof of Equations (1.2) and (1.3) is essentially self-contained.
The calculations that reveal the exact form of &, , for a given reduction type of
place v are calculated using explicit arithmetic models, cf. [6, 24], and [22].

Let n be a positive integer and define

Fon = min {0 (U2(P)) v (6 (P))} . (1.1)

THEOREM 1.1. Let R be a discrete valuation ring with quotient field K. Let v be
the valuation of K. Let E/K be an elliptic curve defined by a Weierstrass model
in minimal form with respect to v, let P = (z,y) € E(K) and let n be a positive
integer.

If P # O s non-singular modulo v, then

ky,n = min (0, n*v(z(P))). (1.2)
If P # O s singular modulo v, then
kyn = n?c,(P) — co(nP). (1.3)

The function c,(nP) will be defined in definition 2.3 and it is periodic in n.
The value of nc,(P) — c,(nP) is computed in Table 1, for the case of standard
reduction types at v, and in Table 2 for the case of non-standard reduction types.
The constants mp and ap will be defined in the next section.

If the residue field x is perfect, then the Kodaira symbol of the curve is one of
those of Table 1 and it can be computed using [20, Table C.15.1]. If « is not perfect,
one can compute the Kodaira symbol of the curve using [22, 23]. If the Kodaira
symbol is not one of the symbols in Table 1 and P is singular modulo v, then the
Kodaira symbol is one of those in Table 2.

We also emphasize that the formula for the cancellation &, ,, is a quadratic poly-
nomial in n with rational coefficients which depend only on the correction terms
¢y(P). When K is a function field of a curve over an algebraically closed field, the
quantity ¢, (P) was defined by other means in Cox—Zucker [5] and used extensively
by [16] in his theory of Mordell-Weil lattices. There are two key facts that make
the proof ultimately very short.

1. The Néron local height is a sum of two ingredients: local intersection pairing
with the zero section and the ‘correction part’ which depends only on the
component which the given point hits at the place v, cf. [10], [12],[2] [7].
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Table 1. Tables of the common valuation kyn for standard Kodaira types

Kodaira symbol mp kon = n2cv(P) —cv(nP)
IIr- 2 3n?/2 if n =0 mod mp
3(n? —1)/2 if n # 0 mod mp
v 3 4n?/3 if n =0 mod mp
4(n? —-1)/3 if n # 0 mod mp
II1 2 n?/2 if n =0 mod mp
(n% —1)/2 if n # 0 mod mp
2% 3 2n?/3 if n =0 mod mp
2(n% —1)/3 if n # 0 mod mp
I, 2 n? if n =0 mod mp
n?—1 if n % 0 mod mp
I, 4 n?(m +4)/4 if n =0 mod mp
(n? —1)(m +4)/4 if n=1,3 mod mp
(n%(m+4)/4) —1 if n=2modmp
Im m n2 ap(m — ap) _n (m — n/) n = apn(mod m)

ged(ap,m) m m

Table 2. Tables of the common valuation kyn for non-standard Kodaira types

Kodaira symbol mp kv = n?cy(P) — co(nP)

Xo 2 n? if n =0 mod mp
n?—1 if n # 0 mod mp

Kom 2 mélz if n =0 mod mp
m(n2_1) if n Z# 0 mod mp

Tm 2 n? if n =0 mod mp
n?—1 if n Z 0 mod mp

2. The valuation v(t,(P)) is a quadratic polynomial in n whose coefficients
depend on the local Néron height at arguments nP and P, respectively, and
on the valuation of the minimal discriminant A of the elliptic curve E, cf.
lemmas 3.3,3.6. In the case of finite extensions of Q,, this was already proven
in [21].

On the way we reprove in our setting some results of [1] and obtain a much simpler
analysis of the "troublemaker sequences’ used by Stange [21] and [26] in their
proofs. In the number field case, the sequence k, , received considerable attention
during the last 30 years, with [1, 3, 8] attempting to understand the shape of k, .
In this case, [26] established the precise value of k, ,. The goal of this paper is
to extend their result to the most general setting. One can easily check that our
Table 1 agrees with [26, Table 1.1].

The study of the sequence k, , has some interesting applications. For example,
knowing the behaviour of k, , was necessary to show that every elliptic divisibility

https://doi.org/10.1017/prm.2024.7 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.7

4 B. Naskrecki and M. Verzobio

sequence satisfies a recurrence relation in the rational case, cf. [25]. In § 4 we will
show how theorem 1.1 helps to generalize that result. Another application can be
found in [21] and [8], where the study of k, ,, was necessary to study the problem
of understanding when a multiple of P is integral.

2. First definitions

Let R be a discrete valuation ring with quotient field K and residue field . Let v
be the valuation of K and assume that v(K*) = Z. Let E be an elliptic curve over
K which is a generic fibre of the regular proper model 7 : £ — Spec R = {o, s}. The
fibre B, = 71 (s) is the special fibre (singular or not). We denote by & — Spec R =
{0, s} the associated Néron model which is the subscheme of smooth points over R.
Assume that Weierstrass model of F is in minimal form with respect to v and let
P = (z,y) € E(K). We denote by A the discriminant of the minimal model E.

The point P € E(K) extends to a section op : Spec R — € by the Néron model
property. Let ®, denote the group of components of the special fibre E;. We have a
natural homomorphism comp, : E(K) — ®, which sends the point P to the element
of the component group. We say that the point P is non-singular modulo v if
the image comp,(P) is the identity element, otherwise the point P is singular
modulo v.

Let Ey(K) C E(K) be the kernel of comp,, i.e. the group of points that reduce
to non-singular points modulo v. Every element comp, (P) belongs to a cyclic com-
ponent of ®,. Let ap be the order of this component and let mp be the order of
comp, (P) in ®,.

In the proof of theorem 1.1, without loss of generality, K may be replaced by its
completion. So, we will assume that K is complete (with respect to v).

DEFINITION 2.1. Let (P.O), denote the local intersection number of the point P €
E(K)\ {O} with the zero point O at v defined by the formula

(P.O), = max{0, —v(z(P))}

for the minimal model E. In particular, (P.O), > 0 if and only if P reduces to the
identity modulo v and then P is non-singular. For more details on local intersection,
see [19, Section IV.7].

REMARK 2.2. For the behaviour of the sequence of integers {(nP.O),}n, see
[14, Section 7 and Lemma 8.2] in the function field case and [21, Lemma 5.1]
in the number field case.

DEFINITION 2.3. With a pair (P,v) we associate a rational number c,(P) which

1s called the correction term. Let X:(P) be the local Néron height as defined in
[10, Theorem III.j.1]. Define

co(P) = (P.O)y + v(A)/6 — 2X,(P). (2.1)

REMARK 2.4. Observe that ¢,(P) depends only on comp,(P). This follows from
[11, Theorem 11.5.1] when P is singular modulo v and from [19, Theorem VI.4.1]
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when P is non-singular modulo v. In particular, [19, Theorem VI.4.1] shows that
¢y(P) =0 when P is non-singular modulo v. In lemma 3.4 we will show how to
explicitly compute ¢, (P). Finally, note that the definition of local Néron height in
[10, Theorem II1.4.1] is given for discrete valuation fields, as is noted by Lang in
[10, p. 66].

The division polynomials are defined in [20, Exercise 3.7]. We recall the properties
that we will use:

(A) If nP is not equal to the identity O of the curve, then

¢n(P)
z(nP) = ;
P = )
(B) The polynomials have integer coefficients and depends only on x(P). Seen as

polynomials in z(P), 12 (x) has degree n?> — 1 and ¢, (x) is monic and has
degree n?;

(C) For all n > 1,
$n(P) = 2(P)Y5(P) = Yn1(P)ns1(P).
(D) Foralln >m >r,
Ut (P)¥n-m(PYV2(P) = Ynsr(P)n—r (P (P) = s (P)m—r(P)5.

REMARK 2.5. Our proof clearly works also for number fields. In that setting the
result was known [26], but the two proofs are completely different. Indeed, the
proof of Yabuta and Voutier is almost completely arithmetical, while ours is more
geometrical.

REMARK 2.6. We will work assuming that v(0) = co. Under this assumption, our
theorem works also in the case when nP = O. In this case ¥2(P) =0 and then

kon(P) = v(¢n(P)).
3. Proof of the main theorem
We start this section by recalling some classical facts on the local Néron height.
LEMMA 3.1. The following hold:
e For all R,Q € E(K) with R,Q,R+Q # O,

Ao(R+Q) + MR — Q) = 22, (R) +20,(Q) + v(z(R) — 2(Q)) — v(A)/(a |
3.1

e The Néron local height does not change if we replace K with a finite extension.
Moreover, A, (+) does not depend on the choice of the minimal Weierstrass model
defining the curve.

o If comp,(P) = comp,(P"), then A,(P) = A,(P").
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e If P ¢ Ey(K), then X;(P) Just depends on the image of P in E(K)/Ey(K).

Proof. For the first two statements, see [10, Theorem III.4.1 and Page 63]. For the
last two, see [11, Theorem 11.5.1]. O

LEMMA 3.2. If P has non-singular reduction, then
Xo(P) = v(A)/12 + (P.O), /2.

Proof. See [19, Theorem VI1.4.1] for the case of perfect fields and [10, Chapter
ITI, §4, §5] for the general case. Observe that A,(P) is denote by A,(P) in both
[10, Chapter III, §4, §5] and [19]. O

LEMMA 3.3. If nP # O, then

Xo(nP) = n? X, (P) + v(thn(P)) —

where A is the discriminant of the curve.

D v(A), (3.2)

Proof. This lemma is stated as an exercise in [19, Exercise 6.4 (e)]. First, assume
that P is a non-torsion point. We prove the lemma by induction. If n =1, it is
obvious since 11 (P) = 1. If n = 2, then it follows from [19, Theorem VI.1.1]. Note
that, in [19], it is assumed that s is perfect, but the proof of the theorem works
in the exact same way without that requirement, cf. [10, Chapter III, §4, §5]. So
we assume that the lemma is true for ¢ < n and we show that it holds also for
n+1>23. Put R=nP and Q = P. So, R,Q, R+ Q # O. Then, by lemma 3.1,

M ((n+ 1DP) = —hu((n— 1)P) + 20 (nP) + 20 (P) + v(z(nP) — a(P)) — &)

For the definition of division polynomials we have

Pn(P)
¥ (P)

=z(P)+

z(nP) —z(P) = —xz(P)

1/)n+1(P)7/Jn71(P)
¥a(P)
_ ¢n+1(P)7/1n71(P)
ba(P) '
Put d,, = X;(nP) — (1, (P)) and then combining (3.3) and (3.4) we have
v(A)

—xz(P)

(3.4)

dn+1 =2d, —dp_1 +2d; —

By induction, we have d; = i?d; — (i — 1)v(A)/12 for i < n and then
2(n® —1) —1)2-1)+2
dngr = (20% — (n— 1) + 2)d; — v(A < " (n-)7=1)+ )

12
(n+1)2 -1
12 )

= (n+1)%d; —v(A) (
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Therefore,

—

Ao((n+1)P) = v(Yn11(P)) + dpya

= 0(Yns1(P)) + (n + 12X, (P) — v(A) <(”+1)—1> .

12

Now, we need to prove the lemma in the case when P is a torsion point. Fix
n € N. First, we can assume that K is complete since clearly the statement does
not change. In a finite extension of K we can find a non-torsion point P’ such that
(P — P'.0), is very large. The choice of P’ will depend on n. Thanks to lemma 3.1,
the Néron local height does not change if we replace K with a finite extension, so
we can assume P’ € E(K). Since (P — P'.0), is very large, (nP.O), = (nP".0),
and (P.O), = (P'.0), (this is certainly true if (P — P’.0), > (nP.O),). Moreover,
comp, (P) = comp,(P’) and then, from lemma 3.1, X;(P) = X;(P’) and X;(nP) =
X:(nP’). Furthermore, v(1,,(P)) = v(¢,(P’)) since 1, is a continuous function and
v is discrete. We know that the lemma holds for P’ since it is a non-torsion point

and then
- - _ n2 —
A(nP) = Xo(nP') = n?As(P) + v(n(P)) — " Lo(A)
= 120, (P) + v(n(P)) — = o L. O

Recall that, in the case k perfect, the Kodaira symbol of an elliptic curve can be
computed using [20, Table C.15.1]. The analogous reference for the non-standard
Kodaira symbols is [22, 23]. Recall that ap and mp are defined at the beginning
of § 2.

LEMMA 3.4. The value of ¢,(P) is provided as a function of the Kodaira symbol
and mp in the following table.

Kodaira symbol mp cv(P)
Any 1 0
11 2 1/2
17 2 3/2
Iz 2 1
Xo 2 1
Kom 2 m/2
Tm 2 1
v* 3 4/3
v 3 2/3
I 4 (m +4)/4
I m ap(m—ap)
" ged(ap,m) m

In the last line, we are assuming that 0 < ap < m.
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Proof. Recall that, by definition 2.3,

co(P) = (P.O), +v(A)/6 — 2x,(P).

—

Assume that P has non-singular reduction. By lemma 3.2, we have \,(P) =
v(A)/12 4+ (P.O), /2. Hence, ¢,(P) = 0.

If P has singular reduction, then (P.O), = 0 since the identity is a non-singular
point. The calculation of the values of ¢,(P) is based on the information obtained
from the resolution of singularities performed on Weierstrass minimal model. By
lemma 3.1, X;(P) does not depend on the choice of the minimal Weierstrass
model defining the curve. So, ¢,(P) does not depend on the choice of the minimal
Weierstrass model.

If the residue field x is perfect, Tate algorithm [24] proves the existence of the
flat proper regular model of an elliptic curve. The procedure of Tate was extended
in the work of Michael Szydlo [22, 23] for any elliptic curve over DVR, in particular
to the case when k is not a perfect field. We will refer to this general procedure as
GTA (Generalized Tate’s algorithm).

When char k # 2,3 the values of ¢, (P) can be determined from the data obtained
by the procedure of Tate. In fact, one follows the calculations in [6, Proposition 6]
and notes that the valuation of the minimal model and the valuation of the (z,y)
coordinates of the point which reduces to the singularity are uniform across all
fields with char x # 2,3, cf. [23, §4.1] and in particular [23, Table 1].

We will explain now in detail the computations for residue fields of char-
acteristic 2 and 3, when new reduction types arise and some care must be
taken. We essentially follow the strategy laid out above and supplement it with
the data about valuations of the coefficients provided in [22, 23]. When the
fibre at v has reduction type Iy, II, II* or any of the following non-standard
Kodaira types: Z1, Zo, X1, Y1,Y2, Y3, K}, Koy, 11, the group of components is trivial
(see [23, Equation (20)]).

Case mp = 1. In such a case P has non-singular reduction and then, as we
pointed out at the beginning of the proof, ¢,(P) = 0.

Case mp = 2. Since comp, is a group homomorphism and &, = 7/27Z it fol-
lows that if P ¢ FEy(K,), then ¢,(2P) = 0 and ¢, (P) = ¢,(3P). Moreover, (P.O), =

—

(3P.0O), = 0, hence \,(P) = X;(3P) We get from lemma 3.3 for n = 3 that

8X(P) = 20(A)/3 = v(ts(P)).
From the definition of ¢,(P) (see equation (2.3)) we get that

co(P) = v(¥s(P))/4.

For notational convenience, put z = x(P). Since ¥3(P) = 3z% + b3 + 3bsa? +
3bgx + bg it remains to calculate the valuation estimates for the suitable quanti-
ties. For their definition, see [20, Section III.1]. By [23, Equation (20)], the only
non-standard Kodaira types that we have to consider are X5, Ks,,, and T},.
Types IT1,111*,I,. We follow the argument in [6, Proposition 6] combined with
the valuation tables in [23] for the non-perfect field cases. Notice that, for these
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types, Tate’s algorithm works in the exact same way in the perfect and non-perfect
field case (see in particular [23, Tables 1, 4, 5]).

Type Xs. It follows from [22, p.41] that we can construct a minimal model where
v(ar) = 1, v(az) = 2, v(as) = 2, v(as) = 2, v(ag) > 4 and the sequence of blowups
at the singular points resolve the model in such a way that the point P = (z,y) &
Ey(K,) has v(z) > 2, cf.[23, Table 5]. It follows that v(bs) > 2, v(bs) = 3, v(bg) > 4
and finally v(bg) = 4. Thus, we have v(1)3(P)) = 4 and then ¢,(P) = 1.

Type Kap,. It follows from [23, Table 6] that v(bs) = 2, v(by) = 2, v(bs) = 2m,
and v(bg) = 2m. The resolution procedure in [22, §6.12] implies that for the min-
imal model with the previous assumptions we have v(x) > m. Hence, we obtain
v(¢3(P)) = 2m, proving that ¢,(P) = m/2.

Type T,,. In the resolution [22, pp. 48-51] the valuation of z is equal to 1, cf.
[22, p. 51]. It follows from [23, Table 7] that all terms of 13(P) but 3z? have
valuation at least 5. Hence v(¢3(P)) = 4 and thus ¢,(P) = 1.

Case mp = 3. Type IV, IV*. First of all, observe that Ao (P) = XZ(—P). Indeed,
if we put \{ o '(P ) =\ (— ) then /\’ satisfies (3.1). Thanks to [10, Theorem II1.4.1],
we have )\’ =\, since A, is unique. So, A, (2P) = X;(—P) = X;(P) Using lemma
3.3 with n = 2, we have

s (p) = "o (r)

and, by (2.1),

2
() = (PO), + U2 o5 (p) = WWED)),
From the definition of 13(P) we have 3 (P) = 4x(P)3 + byx(P)? + 2byx(P) + bg.
Since j\:(P) does not depend on the choice of the minimal Weierstrass equation
defining the curve, we can assume that the coefficients satisfy GTA. In the case for
the type IV, we have v(bz) > 0, v(bs) > 1, and v(bg) = 2. Moreover, v(z(P)) > 0
holds due to the resolution construction. Hence,

2 = v(bg) = v(4x(P)> + box(P)? + 2byz(P) + bg) = v(v2(P)) = 3¢, (P)

and we are done. A very analogous calculation reveals that for the type IV* we
have ¢,(P) = 4/3.

Case mp > 3. We obtain for every residue field, even non-perfect the values
of ¢,(P) are subject to more complicated counting rule. We basically follow the
argument described in [6], enhanced by the classification of fibres by Szydlo [23].

Type I, (mp =4). Following [17, p.353] we note that if P ¢ Fy(K,), then
compy, (P) = comp,(—3P) = comp, (3P) since comp, is a homomorphism and X, is
unique, cf. case mp = 3. Therefore, we can apply again lemma 3.3 with n = 3 to con-
clude that ¢,(P) = v(13(P))/4. The explicit formulas follow from the inspections
of Tables in [23].

Type I,,. The correction formula for the multiplicative type can be explained
in several ways. The down-to-earth approach is to invoke the theory of the Tate
curve [10, IIT §5| which is independent of the residue field. We extract ¢,(P) =
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k(m — k)/m for the intersection of P with the k-th cyclic component from [10,
Thm. 3.5.1], cf. [19, Thm. 6.4.2(b)] and [6, Propositions 5,6]. O

REMARK 3.5. A more conceptual approach to the proof of lemma 3.4 follows from
abstract intersection theory developed by Néron, cf. [12]. This is an analogue of
the calculations one can do in the theory of elliptic surfaces, cf. [19, IIT §8]. This is
a very general approach that would in principle allow us to calculate all correction
terms using just the suitable fibral divisor. In fact, none of the references treats
properly the case of non-perfect fields so we refrain from giving here all the fine
details of this argument.

LEMMA 3.6. Let P be a point on the elliptic curve E as above. For every n such
that nP # O, we have

v(2(P)) = (nP.0), — n*(P.O), + n’c,(P) — c,(nP).
In particular, n*c,(P) — ¢, (nP) is an integer.

Proof. From (3.2) we have

— n?—1 —
V(Y (P)) = Ay (nP) + D v(A) — nzx\v(P)
From definition 2.3 we have
—~ v(A)  ¢e,(P)  (P.O),
P)= -
Ao ) 12 2 + 2

Hence,

T 12 2 2 YA
a(8) | Le(P)  nX(PO),
12 2 2
_ (nP.O), n*(P.O), 1, 1
= 5 5 +2n cy(P) 2cv(nP). O

REMARK 3.7. Thanks to the previous lemma, one can easily show that the valuation
v(1, (P)) is independent of the choice of the minimal Weierstrass model.

Put np as the smallest positive integer such that npP reduces to the identity
modulo v. Observe that np does not necessarily exist.

LEMMA 3.8. Let k be an integer. If (kP.O), > 0, then (mkP.O), > (kP.O), for all
m > 1. Moreover, if np exists, then (kP.O), > 0 if and only if np | k.
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Proof. Put P’ := kP and by assumption we have v(z(P’)) < 0. Hence, v(¢,,,(P’)) =
m2v(x(P")) (recall that ¢,,(P’), seen as a polynomial in x(P’), is monic) and
(Y5, (P")) = (m? = Do(z(P")). So,

v(@(mkP)) = v(¢m (P) = v(yy, (P")) < v(x(P")) = v(z(kP)) < 0.
Now, we prove the second part of the lemma. If np | k, then (kP.O), > 0. If np {
k, then k = gnp +r with 0 <7 < np. Recall that the identity is a non-singular
point of the curve reduced modulo v. Hence, if (kP.O), > 0, then kP reduces to
the identity modulo v and then also the point rP = kP — g(npP) reduces to the
identity. This is absurd from the definition of np. O

PROPOSITION 3.9. Assume that P has non-singular reduction and (P.O), = 0.
Then, kyn(P) =0 for alln > 1.

REMARK 3.10. This proposition was proved for number fields by Ayad [1]. Their
proof works also in our case, but it is very different from ours.

Proof. Since P has non-singular reduction, then c¢,(kP)=0 for any k (see
lemma 3.4). Hence, from lemma 3.6, v(yy(P)) = (kP.O), for all k such that
kP # O.

Assume nP # O. If (nP.O), > 0, then due to lemma 3.8 the numbers ((n — 1)
P.O), and ((n+ 1)P.0), are equal to zero. Therefore, v(,(P)?) = (nP.O), > 0,
V(Yn—1(P)Yp41(P)) =0 and v(¢,(P)) =0 from the properties (A), (B), (C),
proving ky ,(P) = 0.

If (nP.O), = 0, then v(¢,(P)?) = 0 and v(¢,,(P)) = 0, hence again k, ,,(P) = 0.
Here we are using that the polynomials ©2 and ¢,, have integer coefficients.

Assume now that nP = O. Then ¢2(P) = 0 and so ¢,,(P) = 1,_1(P){,41(P).
Observe that ((n £ 1)P.0), = 0 since otherwise (P.O), would be strictly positive.
Hence, ky n+1(P) = v(2 ., (P)). For the first part of the lemma, k, ,+1(P) = 0 and
then

kv,nfl(P) + k'u,n+1(P)

=0. (]
5 0

0(¢n(P)) = v(Yn-1(P)bn41(P)) =

Now, we are ready to prove our main result.

Proof of theorem 1.1. Assume that P has non-singular reduction. If v(z(P)) < 0,
then, using that 1?2 (resp. ¢,,) has integer coefficients and degree n? — 1 (resp. n?),
we have v(12(P)) > (n? — 1)v(z(P)) and v(¢,(P)) = n?v(x(P)) (recall that ¢, is
monic). So, ky n(P) = n*v(x(P)). If v(z(P)) = 0, then (P.O), = 0 and we conclude
thanks to the previous proposition.

Assume now that P has singular reduction, that np exists, and that np | n. Then,
v(x(nP)) < 0. Therefore, v(¢,(P)) < v(¢2(P)) and s0 ky, = v(¢n(P)). Since P is
singular we have v(x(P)) > 0. Indeed, if v(z(P)) < 0 then P is the identity modulo
v and the identity is a non-singular point. Therefore, v(¢,(P)) < v(z(P)y2(P)).
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Recall that ¢, (P) = 2(P)Y2(P) + -1 (P)thns1 (P). So,
v(én(P)) = v(¥n41(P)) + v(¢n-1(P)).

Observe that (n+1)P # O and then in particular ((n+1)P.0), =0. Recall
that ¢,(P) depends only on comp,(P) and observe that ¢,(P) = ¢,(—P). Thus,
¢y((n£1)P) = ¢,(P) since mp | np | n. Hence, we can apply lemma 3.6 and we
have

(n+1)2%c,(P) —co((n £ 1)P)  ((n+1)% = 1)c,(P)

’U(wnil(P)) = 9 = 2

Thus,
kv,n = U(¢n(P)) = U(ql)n—l(P)d’fwl(P)) = HQCU(P) = nch(P) - cq,(nP).

Here we are using that ¢, (nP) = 0 since nP is non-singular.

It remains to prove the case when P has singular reduction and that np does not
exist or it exists but np { n. In this case v(z(nP)) > 0 and so ky ,, = v(12(P)) > 0.
Observe that (P.O), = (nP.O), = 0 and then from lemma 3.6,

ko = v(¥2(P)) = n’c,(P) — c,(nP).

To conclude the proof, we want to show how to compute the values n?c,(P) —
cy(nP), as we did in Tables 1 and 2. If the Kodaira symbol is not I,,,, then the
value can be computed directly using lemma 3.4. If the Kodaira symbol is I,,,, then
one can easily prove that a,p = apn mod m. Therefore,

sap(m—ap) n' (m—n')

n?cy(P) —c,(nP) =n - - -

with n’ the smallest positive integer such that apn = n’ mod m. O

4. A corollary and an example

In this section, we want to show an application of the main theorem and an exam-
ple. Let E be an elliptic curve defined by a Weierstrass equation with coefficients
in the principal ideal domain R with fraction field K. Given a point P € E(K),
one can define a sequence of integral ideals B,, that represents the square root of
the denominator of the fractional ideal (z(nP))R (the fact that the denominator is
a square follows from the fact that E is defined by an equation with integer coef-
ficients). The sequence of the B, is a so-called elliptic divisibility sequence. If R is
a principal ideal domain, we consider a choice of 3, such that B,, = (3,) and then
we have a sequence {3, }nen of elements in R such that [, generates the square
root of the denominator of (z(nP))R. The choice of 3, is clearly not unique. In
[25], it is proved that, if K = Q and we choose the (3, in an appropriate way, the
sequence {f, }nen satisfies a recurrence relation. The two main ingredients of the
proof of this fact are the study of the behaviour of the sequence k, , for all finite
places in Q and a recurrence relation that is satisfied by the sequence {¢,,(P)}nen.
Thanks to the main theorem of this paper, we know the behaviour of k, ,, in a very
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general case and then we can generalize the result of [25] to the case when K is
not Q. Indeed, we can prove the following.

COROLLARY 4.1. Let R be a principal ideal domain with field of fractions K. Let
E be an elliptic curve with a minimal Weierstrass model over R and let P € E(K).
Define M(P) as the smallest positive integer such that [M(P)]P is non-singular
modulo every mazimal ideal of R.

We can define a sequence {8, }nen of elements in R such that:

e (3, generates the square root of the ideal generated by the denominator of x(nP);

e For all triples (n,m,r) of positive integers such that n = m > r and any two of
them are multiples of M (P), we have

5n+mﬁn7mﬁ72s = ﬂn+rﬁn77‘/621 - 5m+7‘5m77"6721-

Proof. The proof follows easily from the proof of [25, Theorem 1.9] and theorem
1.1, so we just sketch it. We define 3, such that 32 = ¢2(P)/ ged(¢n(P),v2(P)).
We can define the gecd since R is a PID. We have

UntmUn-m®? = Yntrbn— i, = Ymgrm—rh,  foralln>m >r.
We divide this equation by
ged(on(P), ¥ (P)) - ged(9m (P), ¥ (P)) - ged(6r(P), ¥7 (P))
and we obtain
LonnBrntmBn-mBi = Ly BrtrBnrBiy, = Lini B s Bm—r B

where

L _ ng(¢m2+m1 (P)?wgng—i-ml (P)) ng(d)mQ_ml (P)7 7277,2—m1 (P))
S ged(m, (P), ¥7,, (P))? ged(dm, (P), 7, (P))?

Note that

'U(Lml,mg) = kv,m1+m2 + kv,mlfmg - 2kv,m1 - 2kv,m2'

If my or my is a multiple of M (P), then v(Ly,, m,) = 0 for each v thanks to theorem
1.1. Therefore, Ly, m, = 1 and, since two of n, m, r are multiples of M (P), we have

5n+mﬁnfmﬂg = 6n+rﬁnfr53n - 6m+r/6m7r5721~ O

Our original goal was to compute k, , when K is a function field since, as we
explained in the introduction, &, , is related to elliptic divisibility sequences and
elliptic divisibility sequences over function fields received much attention in the last
years. Hence, we show an example where we explicitly compute k, ,, in the function
field case. For more details on the following examples, see [13].

EXAMPLE 4.2. Let k=C, C =PL, and K = k(C). Then, K = C(t). Consider
the elliptic curve y? = x(x — f?)(x — g?) defined over K where (f,g,h) = (t* —
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1,2t,t2 +1). Notice that f2+g?>="h2 Let P=((f—h)(g—nh),(f+9)(f—h)
(g — h)) € E(K). We denote by v; the place such that v; (¢t — 1) = 1. One can easily
show that F is singular modulo vy since vy (f) = 1. Moreover v1(g — h) = 2 and then
vi(x(P)) > 0 and vy (y(P)) > 0. So, P is singular modulo v. By direct computation,
v1(Ag) =4 and v1(j(E)) = —4. Then, E is in minimal form over K,,, and E/K,,
has Kodaira symbol I,. By direct computation, 2P = (#* + 2% + 1, —2t° + 2t) and
then 2P is non-singular modulo vy, observing that vy (z(2P)) = 0. So, ap,,, = 2 and
mpy, = 2. Using lemma 3.4, we have

24-2)

o, (P) = 4

=1.
Therefore, thanks to theorem 1.1,

n? —1if n is odd,

n? if n is even.

kvl,n(P) = {

This agrees with the direct computation of some cases for n small. If n = 2, then
3(P) = 4(2(P)(2(P) — f2)(@(P) — g)) = 16(t2 + 2t — 1)2(#2 — 2t + 1)?
and vy (¢3(P)) = 4. If n = 3, then
V2(P) = 256(t* 4 4t — 1)2(t2 4+ 2t — 1)*(t — 1)8

and so vy (¥3(P)) = 8. Moreover, v;(¢3(P)) =18 and v;(z(P)) = 2. Therefore,
using ¢, (P) = z(P)Y2(P) — ¥yn—1(P)n11(P) we obtain

$o(P) = (8(£2 + 2t — 1)(£2 — 2t + 1)) (2(t — 1)?)
—16(t* + 4t — 1)(#* + 2t — 1)%(t — 1)*

and then v(¢py(P)) = 4. In the same way v1(¢p3(P)) = 10. Hence, we conclude that
kv1,2 =4 and ]4)1;173 =8.
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