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HOPF ALGEBRAS OF COMBINATORIAL STRUCTURES

WILLIAM R. SCHMITT

ABSTRACT A generalization of the definition of combinatorial species 1s given by
considering functors whose domains are categores of finite sets, with various classes
of relations as morphisms Two cases 1n particular correspond to species for which one
has notions of restriction and quotient of structures Coalgebras and/or Hopf algebras
can be associated to such species, the duals of which provide an algebraic framework
for studying invariants of structures.

1. Introduction. The theory of species, first developed by André Joyal in 1981
(see [5]), has provided a pliable language for combinatorial enumeration which has
since been extensively used (see e.g. [2], [6], [7], [8], [9], [10]). The purpose of the
present work is twofold. First, Joyal’s notion of species is extended in such a way
that combinatorial structures are classified according to their functorial properties. In
particular, the existence of substructures and quotient structures can be expressed in
much the same way that the notion of species renders the concept of a combinatorial
structure generally. We do this by a slight change in the definition of a species. Instead
of taking the category of finite sets and bijections as our starting point, as Joyal does, we
consider some notable subcategories of the category of finite sets and all relations. Of
particular importance are the categories having partially defined bijections and partially
defined surjections as morphisms. Functors from these two categories to the category of
sets provide the definition of species for which “restriction” and “quotient” of structures
are defined, respectively.

Second, we reexamine the objective of Joyal’s machinery from the point of view of
Hopf algebras. Joyal’s notion of species is, roughly speaking, a set-theoretic analog of
the concept of generating function, and algebraic properties of generating functions find
pleasing—and, we believe, definitive—equivalent renderings in species-theoretic terms.
Thus, in theory, one might altogether dispense with the use of generating functions in
enumeration, and deal directly with the objects themselves. Such an approach, however,
puts greater focus than ever on the problem of determining the “natural” algebraic
operations to be used in studying a given family of combinatorial structures, operations
which should be dictated by the structures themselves, rather than via numerical devices,
such as generating functions.

We approach this problem from the point of view of the theory of Hopf algebras. It
has long been noticed that various decompositions of combinatorial objects can be most
clearly expressed using the concept of coproduct in a coalgebra. When a suitable product
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of objects under consideration is defined, usually corresponding to disjoint union, the
associated coalgebra inherits a bialgebra, or Hopf algebra, structure. The question thus
arises as to what is the minimum of additional structure that is to be imposed on a species,
in order that a coalgebra and/or Hopf algebra can be naturally associated.

Remarkably, it turns out that the generalizations we propose in order to speak the
language of “substructure” and “quotient structure” are just such minimal requirements.
The Hopf algebras thus obtained are generalizations of two classical examples of Hopf
algebras, namely, the Hopf algebra of polynomials in one variable, and the Faa di Bruno
Hopf algebra (see [4]). We thereby obtain a large variety of new examples of Hopf
algebras. Furthermore, the correspondences established between species, on one hand,
and coalgebras and Hopf algebras, on the other, are functorial.

The Hopf algebras associated with species may be viewed as sophisticated counting
schemes which supplement, or perhaps even replace, the naive use of generating functions
in enumeration.

2. Relational categories and species. A relation f:U — V from a set U to a set
V is a subset of the cartesian product U X V. The domain and the range of f: U — V
are the sets D(f) = {x € U : (x,y) € f, forsomey € V} and R{f) = {y € V : (x,y) €
f, for some x € U}, respectively. If f: U — V and g: V — W are relations, then the
compositiongof: U— Wis the set {(u, w) : (u,v) € f and (v, w) € g, for some v € V}.
The converse of arelation f: U — V is the relation f ~!: V — U given by f~! = {(v, u) :
(u,v) €f}.

Let Rel denote the category having all finite sets as objects and all relations as
morphisms. A relational category is a subcategory of Rel which contains all bijections
in its class of morphisms. Since all relational categories have the same class of objects,
we refer to them just by naming their morphisms.

The set of all relational categories forms a partially ordered set C, ordered by inclusion
of morphism classes. This partially ordered set is actually a lattice, for if C; and C, are
relational categories, then their least upper bound, or join, C; V C; is generated by taking
all compositions in Rel of morphisms from the categories C; and C,, and the greatest
lower bound, or meet, C; A C; is obtained by intersecting the classes of morphisms of
C; and C,. The maximal element of C is Rel, and the minimal element is the category
B of bijections.

The following relational categories are of basic importance: I, injections; I°?, coin-
jections (converses of injections); S, surjections; and S°, cosurjections (converses of
surjections). In fact, we have the following result.

PROPOSITION 2.1. The category Rel is equal to the join 1V I°P VSV S in the lattice
C of all relational categories.

PROOF. Let f: U — V be any morphism in Rel. Define f;: U — D(f) to be the
coinjection {(x,x) : x € D(f)}, and let f>: D(f) — f be the cosurjection {(x, (x, y)) :
(x,y) € f}. Let f3:f — R(f) be the surjection {((x, y).y) :(x,y) € f}, and define
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fa:R(f) — V to be the injection {(y,y) : y € R(f)}; then the relation f is equal to the
composition f3 o f3 o f» o f]. L

The various joins of the categories I, I°?, S, and S are fundamental. For example,
the category F of functions is equal to S V I, because any function factors as an injection
composed with a surjection. The join S V I’? is the category S, of partially defined
surjections. A morphism f: U — V in S, consists of a pair (W. f), where W C U, and f
is a surjection from W onto V. We also have the categories F, =1V I’? V §, of partially
defined functions, and I, = I V I°?, of partially defined injections.

There are many other relational categories besides B and the joins that can be formed
from the set {I,1°?,S,S°?}. For example, if k is some fixed positive integer, one has
the relational category of all surjections f such that each block of the kernel of f has k”
elements, for some r > 0 which depends on the choice of f. It should be interesting to
classify all relational categories, and thus attempt to determine the structure of the lattice
C.

DEFINITION 2.2. A species is a functor from some relational category to the category
F of functions.

Usually it is important to specify on which category a species is defined. Thus a
species having a relational category C as its domain is called a C-species.

The above is a refinement of the definition of species given in [5], as a functor from
the category of bijections to itself. Such species can be identified with B-species in the
obvious manner.

Suppose C is a relational category and F is a C-species. An F-structure on a set V
is an ordered pair (G, V), where G € F(V). In general, we assume the underlying set
V is understood and refer to the elements of F(V) themselves as F-structures on V. If
G € F(V),H € F(U), and H = F[p](G) for some bijection p: V — U, then G and H are
said to be isomorphic, denoted by G ~ H. Isomorphism is an equivalence relation on
the class of all F-structures. The equivalence class containing an F-structure G, denoted
by [G], is called the isomorphism class or the type of G.

Two F-structures G and H are weakly isomorphic, denoted G ~ H, if there is a
relation @: V — U in C with converse o' also in C, such that F[a](G) = H and
Fla™'"|(H) = G. Weak isomorphism is also an equivalence relation on F-structures. The
weak isomorphism class of an F-structure G will be denoted by (G). For any species F,
the collections F of all isomorphism classes and F of all weak isomorphism classes of
F-structures form countably infinite or, in some cases, finite sets.

For any relational category C, the category of C-species is the category having all C-
species as objects and natural transformations as morphisms. Thus a morphism a: F — E
between C-species F and E consists of maps ay: F(V) — E(V) for all finite sets V, such
that whenever g: V — U is a relation in C, the diagram

Fv)y 2% Ev)
2.1 Flel | | Elg)
FU) 2% EW)
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commutes. If ary is a bijection for all V, then a: F — E is an isomorphism of species. We
usually write F' = E, if F and E are isomorphic species.

3. Species with restrictions.

3.1. Definition and examples. Let I’ be the category of coinjections. A species with
restrictions, or R-species, for short, is an I°’-species F which satisfies |F(§))| = 1. Let V
be a finite set, U a non-empty subset of V, and let py y: V — U be the converse of the
inclusion map from U into V. The relation py y is a coinjection, called the coinclusion
from V to U. Suppose F is an R-species and G € F(V) is an F-structure on V. The
F-structure F{py y]1(G) on U is called the restriction of G to U, and denoted by G|U. If
U is the empty-set, then G|U is equal to the one-element set F(). If W is a subset of U,
then the functoriality of F together with the fact that py w = py.w o py y implies that

(3.1) (G|U)|W = G|W.

EXAMPLE 3.1 (R-SPECIES). 1) The uniform species U is defined by U(V) = {V} for
all sets V. Since there is only one U-structure on any set, restrictions can be defined in
only one way, thus U is an R-species.

2) A graph is simple if it has no loops or multiple edges. Thus, a simple graph can be
defined as a pair (V, E), where V is a finite set and E is a set of pairs of elements of V.
Let G;(V) be the set of all simple graphs with vertex-set V. If H € Gy(V) and U C V,
let H|U be the induced subgraph of H, with vertex-set U and edge-set consisting of all
edges of H which are contained in U. Thus G; is an R-species.

3) Let M(V) denote the set of all matroids having point set V. M is an R-species in two
different ways: Given N € M(V) and U C V, one can define N|U as either the matroid
restriction or contraction of M to U.

4) Let L(V) be the set of all linear orderings of the set V. Given a linear order on V,
any subset of V naturally inherits a linear ordering. Thus L is an R-species.

5) Let C(V) denote the set of all cyclic orderings of the set V. Any cyclic ordering of
V naturally induces cyclic orderings on all subsets of V. Thus C is an R-species.

6) Let S(V) be the set of all simplicial complexes ontheset V.If G € S(V)and U C V,
then G|U is the simplicial complex {WNU:We G} ={We G: W U}.

7) Let G be any family of graphs which is closed under the formation of vertex-
induced subgraphs, and let F;(V) be the set of all graphs with vertex-set V which are
isomorphic to some element of G. Then F g is an R-species. Some examples are: forests;
planar graphs; complete graphs; all k-colorable graphs, for some fixed k; all graphs
having some fixed excluded set of minors; and all vertex-induced subgraphs of some
fixed graph H.

8) Let F.(V) be the set of all forests G having vertex-set V, such that each tree in
G has a distinguished “root” vertex. If G is a forest on V and U C V then the induced
subgraph G| U is clearly a forest. For each tree T in G|U, let T’ be the tree in G having T
as a subtree. Define the root of T to be the (unique) vertex of T which is closest (in 7”)
to the root of 7. Hence F, is an R-species.
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EXAMPLE 3.2 (MORPHISMS OF R-SPECIES). 1) For any R-species F with F(V) # (),
for all V, there is a natural transformation y, from F to the uniform species U, where 1y
is the unique map from F(V) to the one-element set U(V), for each set V.

2) Given any linear order on the set V one can construct a cyclic order on V by letting
the minimal element of V be the immediate successor of the maximal element of V. This
defines a morphism of R-species L — C.

3) A morphism x: G; — S from the R-species of graphs to the R-species of simplicial
complexes is given by letting xv(G) be the collection of independent subsets of the
vertex set V of the graph G.

4) Let M, and M. be the R-species of matroids with restriction to subsets given by
matroid restriction and contraction respectively. For any set V, define dy: M, (V) — M (V)
by dy(N) = N*, the dual matroid of N. The maps dy define a isomorphism of R-species
d:M,— M.

3.2. Cocommutative coalgebras of R-species. From now on, K will be some fixed
commutative ring with identity. Given an R-species F, let Br be the free K-module
having the set F of isomorphism types of F-structures as a basis. Define linear maps
Alﬁp——bﬁl.'@ﬂpandﬂ‘ﬂp——'[(by

(3.2) AlG] = S [G|UI® [G|V — U,
ucv
and .
([G] = 1ifv=90

0 otherwise,
for any F-structure G on a set V.

PROPOSITION 3.1. For any R-species F, the K-module Br is a cocommutative K-
coalgebra, with comultiplication A and counit € defined as above.

PROOF. First we need to show that A is well-defined by 3.2. In order to do this,
suppose that [G] = [H] for some G € F(V) and H € F(W). Then there is a bijection
p: V — W such that F[¢](G) = H. Using the bijection ¢, we can write A[H] as

AlH] = }_ [H|p(D)] @ [H|p(V — U)).
ucv
It follows from the functoriality of F that G|U ~ H|p(U) for any subset U of V; thus,
comparing the above expression for A[H] with equation (3.2), we see that A[G] = A[H],
and so A is well-defined. If A is applied either to all of the terms on the left, or all of
the terms on the right side of the tensor product in equation (3.2), then in either case we
obtain (again, using the functoriality of F) the sum

3 [GlU @ [G|U] @ [G|Us.
U,.Uy.Us
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taken over all all ordered triples U, U,, U; of pairwise disjoint subsets of V whose union
is equal to V. Thus A is coassociative. It is easy to see that € is well-defined and has the
counitary property

2 €lGIU]- [GIV — Ul = 3 [G|U]-€[G|V - U] = [G].

ucv ucv
Thus Br is a coalgebra. The cocommutativity of Bg is obvious. [

Suppose F and E are R-species and a: F — E is a natural transformation. Then there
is a linear map &: By — Bg defined by

alG] = [ay(G)],

for any F-structure G on a set V.

PROPOSITION 3.2. If o: F — E is a morphism of R-species, then the corresponding
map &: ‘B — Bg is a coalgebra map.

PROOF. Let G be an F structure on a set V. Then

Ao d[G] = ) [av(G)|UI® [ay(G)|V — Ul

Ucv

Since « is a natural transformation, this can be written as

> ley(Gl D] @ [ay-uy(GlV — V)],

ucv
which is equal to (& ® &) o A[G]. Also, & preserves the counit ¢, because ¢[G] depends
only on the size of V, Therefore & is a coalgebra map. ]

We thus have the following theorem.

THEOREM 3.3. The correspondence F +— Br is a functor from the category of R-
species and natural transformations to the category of cocommutative coalgebras and
coalgebra maps.

3.3. Cocommutative Hopf algebras of exponential R-species. Suppose F is a species.
An assembly of F-structures is a finite set of F-structures whose underlying sets are
nonempty and mutually disjoint. If F satisfies F(#) = ), then the exponential of F is
the B-species E = exp F whose structures are assemblies of F-structures. Thus an E-
structure G on a set V has the form G = {Gg : B € 7}, where 7g is a partition of V
and Gg € F(B), for each block B € m¢. The structures Gg are the components, and the
partition 7 is the underlying partition, of the E-structure G. The unique E-structure on
the empty-set is the empty assembly (. The sum G + H of two assemblies of F-structures
G and H is the disjoint union of G and H. Any assembly G = {Gp : B € 7} can thus be
written as G = Yper, {Ga}-

https://doi.org/10.4153/CJM-1993-021-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1993-021-5

418 WILLIAM R. SCHMITT

If F is any species then the species of non-empty F-structures is the B-species Fy
defined by
_[F(V)if V#0
FD=19 "irv=p.
If F happens to be an R-species, then the exponential E = exp Fj becomes an R-species
as follows: if G = {GB :B e 7rg} is an E-structure on V and U C V, the restriction of G
to U is defined by

(3.3) GlU={Gp|BNU:B€ ngand BNU #0}.

In other words, the restriction G| U of G is obtained by taking the assembly of restrictions
of the individual components of G.

Any R-species E which coincides with an exponential exp F on the subcategory B is
called an exponential R-species, and in this case we write E = exp F.

EXAMPLE 3.3 (EXPONENTIAL R-SPECIES). 1) The species of partitions IT is equal to
exp Uy, where U is the uniform species. Since U is an R-species, it follows that IT is also
an R-species.

2) The species of permutations X is equal to exp Cyp, where C is the species of cyclic
orders. Since C is an R-species, it follows that X is also an R-species.

3) The species G, of simple graphs is equal to exp G., where G, denotes the species
of non-empty connected simple graphs. We have already seen that G, is an R-species.
The situation here is different from the previous examples, for even if |G.(0))] were equal
to one, G, would not be an R-species.

Suppose E = exp F is an exponential R-species. E is coherent if, for any E-structure
G ={Gp : B € mg} onaset V, the following condition holds:

(34 GlU= > {Gg}BNU.

Beng

BOU#D
for all subsets U of V. In particular, if F is an R-species, then E = exp F|, is a coherent
R-species whenever restriction of E-structures is defined by equation (3.3). The species
of simple graphs G; is an example of a coherent exponential R-species which is not of
this form.

If E = expF is an exponential species, then the set of types E is a commutative

monoid, with product given by

(3.5) (G[H] = [G + H].

for assemblies G and H. The identity element of E is [()], the type of the empty assembly.

If E = expF is an R-species, then the coalgebra B is also an algebra; that is, the
monoid algebra of E. The mapping [G] — [{G}], for all F-structures G, defines an
algebra isomorphism from the polynomial algebra K[F], having types of F-structures as
indeterminates, onto ‘Bg.
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PROPOSITION 3.4. Suppose E = expF is a coherent, exponential R-species. Then
B ~ K[F] is a commutative, cocommutative K-Hopf algebra, with antipode S:Br — Bg
given by

Vi L
B6) SIGl=3 > DUGUI = UoliG|Us — Uil - - - [G|Uy — Up 1]

k=0 p=U,C --C U=V
UI#UI+|

for any E-structure G on a set V.

PROOF. First, we must show that Bg is a bialgebra, i.e. that A: B — Br ® Bg and
€: Be — K are algebra maps. If G; € E(V)) and G, € E(V;) and V; and V, are disjoint,
then

A(GIIIG) = ). [Gi+GUIR G +G|(ViUV,y) — Ul

UCTVUV,

which is equal to

S Y (G +GUi ULl @ [Gr + G (ViU V) — (U U L)
U, CV, U,CV,
Using the coherence of E, equation (3.4), and the definition of product, equation (3.5),
this can be written as

> 2 [GHUING| U2 @ [Gy| V) — Ui[G2| V2 — Ua,
UiV U>CV,
which is equal to A[G1]A[G:]. Hence A is multiplicative. It is trivial to check that e also
is multiplicative.
To see that B is a Hopf algebra, we must show that the map S defined by equation (3.6)
satisfies the following identity, and is thus an antipode.

(01 if [G] = [0],

(3.7 > SIG|UI- G|V —Ul= } IG|U]-SIG|V — U] = 0 otherwise

ucv ucv
for any G € E(V). Equation (3.7) is obvious for [G] = [@]. If G is not empty, the first
sum in equation (3.7) can be written as S[G] plus the sum

(3.8) S SIG|UT-[G|V — U],
ucv

taken over all subsets U of V with U # V. Using equation (3.6) for S, the sum (3.8) can
be written as

1|
>y X DIGIUN = Vol [G|Uy — U 1IGIV = U,
UCVk=0 p=y,C.- CU=U
UI#UI+|
which equals —S[G], according to formula (3.6). Thus the first sum in equation (3.7)
vanishes. The second sum in equation (3.7) vanishes, similarly. L]
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Note that formula (3.6) for the antipode S of Bg can be written more compactly as

SIG1= > (=)=t TTIGIBI,
m€T(V) Ben
where |7| denotes the number of blocks of a partition 7 € TTI(V).

If F and E are exponential species, a natural transformation a: F — E is additive if
apw(G + H) = ay(G) + ay(H), whenever G and H are assemblies of F-structures on
disjoint sets U and V respectively. If a: F — E is additive, where F = exp F), then it is
uniquely defined by its restriction a;: Fi — E. A morphism of exponential species is an
additive natural transformation.

If a: F — E is a morphism of coherent exponential R-species then the coalgebra map
&: Br — Bg is in fact a Hopf algebra map. Thus we have the following theorem.

THEOREM 3.5. The correspondence F — By is a functor from the category of coher-
ent exponential R-species to the category of commutative, cocommutative Hopfalgebras.

EXAMPLE 3.4 (THE BINOMIAL HOPF ALGEBRA). The uniform species U (which is a
coherent R-species) is equal to exp X, where X is the singleton species, given by X(V) =
{V}if|V| = 1, and X(V) = 0, otherwise. Letting x be the unique type of X-structure, we
see that By is isomorphic to the binomial Hopf algebra K[x], where Ax = l @ x +x @ 1,
(see [4],[12]).

EXAMPLE 3.5 (PARTITIONS). The species of partitions Il = exp Uy is a coherent R-
species. Let x, be the type of the unique U-structure on a set with n > 1 elements, and
let xo = 1 be the type of the empty partition. The Hopf algebra By is isomorphic to the
polynomial algebra K{xi, x, . . .], where

Ax, = Ig) (Z) Xk @ Xn—k;s

foralln > 0.

If E = exp F is a coherent R-species, with F(V) # (), for all non-empty sets V, then the
unique morphism F — U defines a morphism of exponential species E — I1. Therefore
we have a (surjective) Hopf algebra map Bz — Bp, for all coherent exponential R-
species E.

3.4. Connected structures and lattices of contractions. Suppose E = exp F is a coherent
R-species. An E-structure G is connected if it is an assembly consisting of exactly one
F-structure. In particular, the empty E-structure is not connected, and any E-structure on
a one element set is connected.

The following proposition justifies the use of the term “connected” in this general
context by showing that, when two such structures intersect non-trivially, then their union
is connected. This is a basic property of connected objects in any category.

PROPOSITION 3.6. Let G € E(V), where E = exp F is a coherent R-species. If G|U,
and G|U, are connected, for Uy, Uy C V, and UyNU, # 0, then G|U, U U, is connected.
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PROOF. Let 7gy,uy, be the underlying partition of the assembly G|U; U U,. By the
functoriality of E, G|U; = (G|Uy U Up)|U; for i = 1,2, and by hypothesis, the underlying
partition gy, of G|U; is equal to {U;}, for i = 1, 2. By equation (3.4), there must exist
blocks B; € TGIU, U, such that U; C B;, i = 1,2. But then the B; must have non-empty
intersection, since Uy N U, # §. This implies that B; = B, = U, U U,. Thus G|U; U U,
is connected. =

If E = exp F is a coherent R-species and G is an E-structure on a set V, a partition
m € II(V) is called a contraction of G if G|B is connected for all B € 7. The set of all
contractions of G, denoted by I1.(G), is partially ordered by refinement.

PROPOSITION 3.7. Let E = exp F be a coherent R-species and G be an E-structure on
a set V. The set I1.(G) of contractions of G is a sup-sublattice of the partition lattice

).

PROOF. If o, 7 € II.(G) then the join ¢ V 7 is equal to the join of ¢ and 7 in I1(V)
because, whenever a block B of ¢ and a block C of m have non-empty intersection, G
restricted to the union B U C is connected by Proposition 5. Let 7 be the meet of o and
7 in II(V). Then in I1.(G), 0 A m = Upe, 7|5, Where 7 p is the underlying partition of
the assembly G|B, for each block B of 7. m

I1.(G) is thus called the lattice of contractions of G. In the case that E is the species
G; of simple graphs, I1.(G) is the usual lattice of contractions of the graph G.

4. Hereditary species.

4.1. Definition and examples. A hereditary species (or H-species, for short) is an S,-
species, where S, is the category of partially defined surjections. Suppose F is an H-
species, and G is an F-structureonaset V. If 7 € I1(V)isapartitionof V,and py ,: V — 7
is the canonical surjection, the quotient G/ is the F-structure on the set 7 defined by
G/m = Flpy:1(G). The restriction G| is defined to be the assembly {G|B : B € 7}.
Now suppose that 7 is a subpartition of V, that is, 7 is a partition of some nonempty
subset U of V. Let py y: V — U be the coinclusion and let py »: U — 7 be the canonical
surjection. The natural morphism from V to 7 is the partial surjection py » = py.» © pv.u-
The subquotient G/ is the F-structure on 7 defined by G /7 = Flpy - 1(G).

If f:V — U is a partial surjection, then the kernel of f, is the subpartition of V
kr = {f'(x) : x € U}. So f can be expressed as the composition g o pv.,» Where
g:kr — U is the natural bijection. Therefore, in order to show that a species F is
hereditary, it suffices to describe how subquotients of F-structures are constructed and
to verify functoriality.

EXAMPLE 4.1 (H-SPECIES). 1) The uniform species U is an H-species.

2) The species L of linear orders is an H-species. Suppose G is a linear ordering of
a set V, and 7 is a subpartition of V. The subquotient G/ is obtained by ordering the
blocks of 7 according to the order of their maximal elements. Of course, this works if
we use minimal instead of maximal elements.
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3) The species G, of simple graphs 1s an H-species Let G be a simple graph with
vertex-set V, and suppose 7 is a subpartition of V The subquotient G/ 1s defined as the
graph with vertex-set 7, having an edge between blocks B; and B; 1f and only 1f there 1s
some edge of G which has one endpoint in By and the other endpoint in B,

4) The species R of relations 1s an H-species Suppose G € R(V) 1sarelationon V If
h V — U 1s a partial surjection, define R[h](G) U — U to be the relation ho Go h '
If g U — W 1s another partial surjection then R[g o h](G) = (goh)oGo(goh) ' =
go(hoGoh og ! whichisequal to R[g] o R[A](G) Thus R 1s functorial Note that
we don’t use here the fact that the relations f and g are partial surjections Hence, we
have actually shown that the species of relations 1s a Rel-species, and thus 1s a C-species
for any relational category C

42 Bualgebras of H-species 1f T and o are partitions of a set Vand 7 < ¢ (1e each
block of ¢ 1s a union of blocks of 7), then o / 7 denotes the partition of the set 7 induced
by o

Suppose F 1s an H-species, and G = Ype,,,{Gg} 18 an assembly of F-structures on a
set V For o < g n I1(V) and each block B of 7, let g|B € T1(B) denote the restriction
of o to B The restriction of the G to ¢ 1s the assembly of F-structures on V given by
Glo = Tper,Ga|(c|B), which has ¢ as underlying partition The quotient of G by o 18
the assembly on the set o given by G /o = per, {Gp/(0]B)} The underlying partition
of G/o1smg/o

PROPOSITION 4 1 Suppose F 1s an H-species and G 1s an assembly of F structures
onaset'V IfT < o are partitions of V, then the following identities hold

[(Glo)|r] = [G]7].

[(G/DI(e/D]=[Glo)/ ],
(G/D/[(a/TN=1G/0]

PrROOF It clearly suffices to consider the case that G 1s an assembly consisting of one
element H € F(V) Suppose C € Tand B € o satisfy C C B We have from equation (3 1)
that (H|B)|C = H|C It follows that (G|o)|r and G|t are 1dentical So, 1n particular, they
are 1somorphic

If B € o, then the restriction TIB 1s an element of the induced partition o / 7 Let
pveg V— Band p,p T— 7| B be the coinclusions and let py, V — 7 and pp 18 B—
7|B be the canonical surjections Then pg -5 pv 8 = p; -5 pv - and hence (H /7)|(7|B) =
Flp, ;g1 o Flpv - J(H) = Flpg -jp) o Flpv gl(H) = (H|B)/ (t|B), by functoriality Theretore
(G/m)|(c/7) and (G|o) /7 are 1dentical, and thus 1somorphic

Let py, V— oand p. ofr T 0‘/7‘ be the canonical surjections, and let g o — ()’/T
be the natural byection By definition, H /o = Flpy ,1(H) and (H /1) /(0 /T) = Flp, o/rlo
Flpy -1(H) Therefore (H/7)/(c/7) = Fgl(H/0), since g © py, = p, ./, © pv, Hence
the third 1dentity follows "
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For any H-species F, define # to be the free module over K with basis consisting of all
isomorphism classes of (exp Fo)-structures. The natural product of types of assemblies,
equation (3.5), gives % an algebra structure, and the correspondence [G] «— [{G}]
defines an isomorphism between the polynomial algebra K[F] and #;.

Define linear maps Ay : Hr — Hp @ Hr and €: Hp — K by

4.1 Ay[Gl= 3 [Glo]l®[G/al,
o€ll(V)
o<ng
and
e[G] = 1 if ¢ consists of singletons or is empty

0 otherwise,

for any (exp Fp)-structure G on a set V.

PROPOSITION 4.2. For any H-species F, Hg is a commutative K-bialgebra with co-
product Ay and counit € defined as above.

PROOF. The proof that Ay is well-defined by equation (4.1) is similar to the proof
that A is well-defined in Proposition 2, and is thus omitted. For coassociativity, suppose
G is an assembly of F-structures on a set V. Then

4.2) (Aw @D o Ay[Gl= Y [(Glo)|T1®[(Glo)/TI®[G/o].
T,0€l(V)
While

IRAx)0Ax[Gl = 37 3 [GITI®G/NM®G/7)/]

T€ll(V) vell(r)
T<mG 'VSWG/T

> G UG/D(e /M@ UG/T) /(0 /],

T.oell(V)
T<0<mg

which is equal to the right-hand side of equation (4.2), by Proposition 4.1. Thus A is
coassociative.

To see that Ay is an algebra map, suppose G and G, are assemblies of F-structures
on sets V| and V3, respectively. Then Ay ([G1][G2]) is given by
> UG +G)|ol®@ (G +Gy)/ o]

a§7rGI Ung,

> Y [Gilon]lGa|o2]l ® [Gi/011[G2 [ 02]

01<7G, 027G,

= Ay [G1]Ax[Go].

Ay Gy + G,]

Hence Ay is an algebra map. It is easy to see that e is also an algebra map. Thus %4 is a
bialgebra. [

If a: F — E is a morphism of H-species, then there is a corresponding algebra
map &: Hr — Hg defined by &[{G}] = [{av(G)}], whenever G is an F-structure on a
non-empty set V.
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PROPOSITION 4.3. If a: F — E is a morphism of H-species, then the corresponding
map &: Hp — Hg is a bialgebra map.

PROOF. By definition, & is an algebra map. Let G be an F-structure on a non-empty
set V. Then

Mod{Gh= ¥ (ITHavGIBY) ® {an(G)/a}l.

o€ll(V) ‘Beo

Since « is a natural transformation, this can be written as

> (MHasGIB}) @ oG/}

o€ll(V) "Beo

which is equal to (& ® &) 0 Ay [{G}]. Also, itis clear that € o & = ¢, hence & is a bialgebra
map. n

Thus we have the following theorem.

THEOREM 4.4. The correspondence F — Hg is a functor from the category of H-
species and natural transformations to the category of commutative bialgebras and
bialgebra maps.

4.3. Hopf algebras of simple H-species. A species F is simple, if |[F(V)| = 1 whenever
|V| = 1. If F is any simple species, then the exponential E = exp Fy is an I-species. For if
a: U — Vis an injection and G is an assembly of F-structures on U, then the assembly
E[a)(G) on V, called the extension of G to V, can be defined by

Ela)G) =E[a)G)+ Y. {F{x}},

x€V—R(a)

where @ is the bijection defined by o from U onto the range R(«) of «, and {F ({x})} is
the assembly consisting of the unique F-structure on the set {x}.

Let F be a simple H-species. Then exp F' is an I,-species, where assemblies of F-
structures restrict as usual by equation (3.3) and extensions are given as above. It follows
that two assembies of F-structures are weakly isomorphic if and only if they are they are
isomorphic after deleting all of their singleton components.

Let % be the free K-module having the set of all weak isomorphism classes of non-
empty (exp Fo)-structures as a basis. Defining products of weak isomorphism classes
by

(G){H) = (G +H).
makes # an algebra, isomorphic to the polynomial algebra over K having types of

F-structures on sets of two or more elements as indeterminates. If [V| = 1 and G is

the assembly consisting of the unique F-structure on V, then (G) is the multiplicative
identity of He.
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Define linear maps Ay : Hy — Hy @ Hy and €: Hy — K by

4.3) Ay(G)= 3 (G|o)®(G/a),
o€ell(V)
and

e(G) = 1 if g cqnsmts of singletons
0 otherwise,
for any non-empty (exp Fo)-structure G on a set V.

PROPOSITION 4.5. For any simple H-species F, Hy is a commutative Hopf algebra
over K with Ay and € defined as above. The antipode S: Hy — Hy is given by

14
4.4) S(G)=3" Z(“1)k<(G|01)/Uo)<(Gle)/Ul> < ((Glow) [ ox—1)s
k=0
where the inner sum is over all chains oy < 0} - - - < oy in I[1(V)having oy = ng and oy

the partition of V into singletons.

The proof that § is an antipode is essentially the same as that given in Proposition 3.4.
Both antipode formulas are special cases of the general formula for antipodes of incidence
Hopf algebras given in [12].

The following theorem is now apparent.

THEOREM 4.6. The correspondence F — Heisa Sfunctor from the category of simple
H-species to the category of commutative Hopf algebras.

EXAMPLE 4.2 (THE FAA DI BRUNO HOPF ALGEBRA). The uniform species U is a sim-
ple H-species. The corresponding Hopf algebra #y is isomorphic to the Faa di Bruno
Hopf algebra, investigated in [4], [12] and [3]. In this case, the antipode formula (4.4)
has been shown (in [3]) to be equivalent to the Lagrange formula for the inverse of a
formal power series under composition.

4.4. Comodule coalgebras of H-species. Suppose Br and H are, respectively, the
cocommutative and non-cocommutative Hopf Algebras corresponding to a simple H-
species F. Define a linear map v{: Bp — Hr ® Bp by ¥(1)=1® 1 and

vIGl= 3 (G|o)®[G/ol,

oell(V)
whenever G is an F-structure on a set V, where |V| > 1.

PROPOSITION 4.7. The pair (Br, V) is a left Hy-comodule coalgebra.
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PROOE. To see that Br is a left f(p-comodule, one must show that (e ® /) o1 = I and
(Ay @ D) oy = (I ®Y) o), where I denotes either the identity map on Bg or that on H,
depending on where it appears in an expression. The first of these equations is trivial. The
proof of the second is essentially identical to the verification that A, is coassociative.

The statement that B is a left :i[p-comodule coalgebra (see [1], p. 137), means that
the structure maps A and € of By are Hp-colinear. In other words,

4.5) IR®A)op=uRIRNo(IRTRNo(YRY)oA
and
(4.6) I®e)op=(mRI) ok,

where p: .”:[p ® ﬁp — f{p and n: K — f[p are the multiplication and unit of j:l;-“, and
T: Br ® Hy — H @ B is the twist map, determined by T([G] ® (H)) = (H) ® [G], for
all [G] ® (H) € Br @ F.

Equation 4.6 is trivial. In order to verify equation (4.5), suppose G € F(V), where
|[V| > 1. Then (I ® A) o Y[G] is given by

@7 Y (G| 0) @G/ @ [(G/o)|— .

o€ll(V) 7Co

On the other hand, (v ® 1) o A[G] is given by

Y Y Gl ] e)elG|U)/ae((Gl(V-1)) | 02)@[(GI(V-1)) /o2 ].

UCV g, €ll(VU) o, €ll(V-U)

Hence, (@ IR DNo(IRT®I) o (¥ ® 1) o A[G] equals

> (G| (01b02) @ (GIV) /a1 @ [(GI(V = U)) /2],

UCV a,€T(U) 0,€TI(V-U)
which is equal to (4.7), by functoriality. Thus equation 4.5 follows. L]

Suppose H is the bialgebra of the H-species F and 121: Br — Hr @ Br is defined by
P(1)=1®1and
YIGl= Y [Glol®I[G/al,
o€ll(V)
whenever G is an F-structure on a set V, where |V| > 1. A proof identical to that of
Proposition 4.7, with square brackets replacing all angle brackets, shows that the pair

(Br, {b) is a left #p-comodule coalgebra.

5. Invariants of structures. If # is any Hopf algebra over K then the subset
Alg(#, K) of the dual algebra #*, consisting of all algebra maps from 4 to the ring K,
forms a group under the product in #(*, with the counit € as an identity. The inverse of a
map f € Alg(#H,K) is given by f~! = f o S, where S is the antipode of # (see [13] for
details).
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Let F be a simple H-species, and let % be the corresponding Hopf algebra. The
product of elements f and g in f[F* is given by

f-8(G)= % f(Glo)g(G/o),
o€ll(V)
o<mg
for any assembly of F-structures G on a set V having underlying partition 7.

The dual f{; is called the algebra of invariants of F-structures. The group of algebra
maps Alg(%, K) is denoted by My and called the group of multiplicative invariants
of F-structures. Any f € M is uniquely determined by the values it takes on weak-
isomorphism classes of F-structures.

Since Br is a left :fﬁ.—-comodule, it follows that B is a left 5;{;~module, where the
action of f € f[; on [G] € Bris given by

flGl= ¥ fYG| m)IG/n,
mell(V)
forGE F(V)and V#Q.If V=0, then [G] =1,andf- 1 =f(1)- 1.
For any f € Mg, let f: By — Br be the left multiplication map [G] — f[G]. It is a
formal consequence of Proposition 4.7 that f is a coalgebra automorphism of Br. Thus
we have the following proposition.

PROPOSITION 5.1. For any simple H-species F, the correspondence f — f defines an
action of the group of multiplicative invariants Mg on the coalgebra By.

EXAMPLE 5.1 (SIMPLE GRAPHS). Let G; be the simple H-species of simple graphs,
and let K be the ring of integers. Define multiplicative invariants v, 7, € Mg, by

1 if G is connected
0 otherwise,

V(G) = {

1 if G has no edges
0 otherwise,

n6) = |

and
G) =1,
for all graphs G. The inverse pof ( in Mg, is givenby u(G) = (—1)""!(n—1)!, whenever
G has n vertices. The invariant p is the Mobius function of the lattice of partitions
(see [11]).
The product v - 7 is given by
von(G)= ¥ v(G|on(G/a),
o€ll(V)
for any graph G with vertex-set V. The single non-vanishing term of this sum occurs
when ¢ is equal to 7, the partition of G into connected components. Therefore, we have
the identity v - 1) = ¢, or equivalently, n~! = p - v in M, .
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The automorphism of B¢, corresponding to

WILLIAM R SCHMITT

lis thus given by

oGl =} [G/al,

where the sum is over all color partitions o (i.e. partitions of the vertex set into in-
dependent sets) of G. The automorphism fi o 7 of B¢, thus generalizes the chromatic
polynomial of a graph.

1.
2.

3.

4.

10.

11.

12.

13.

REFERENCES

E Abe, Hopf Algebras, Cambnidge University Press, Cambridge, 1980

H Décoste, G LaBelle and P Leroux, Une Approche Combinatoire Pour L'itération de Newton-Raphson,
Advances in Applied Mathematics 3(1982), 407416

M Haiman and W Schmutt, Antipodes, Incidence Coalgebras and Lagrange Inversion in One and
Several Variables, Journal of Combinatonial Theory (A) 50(1989), 172-185

S Jomand G -C Rota, Coalgebras and Bialgebras in Combinatorics, Studies 1n Applied Mathematics
61(1979),93-139

. A Joyal, Une Théorie Combinatoire des Séries Formelles, Advances in Mathematics 42(1981), 1-82

G Labelle, Une Nouvelle Démonstration Combinatoire des Formules d’Inversion de Lagrange, Ad-
vances in Mathematics 42(1981),217-247

, Eclosions Combinatoires Appliquées a I'Inversion Multidimensionelle des Séries Formelles,
Journal of Combinatorial Theory (A) 39(1985), 52-82

, Une Combinatoire Sous-Jacente au Théoréme des Fonctions Implicites, Journal of Combinato-
nal Theory (A) 40(1985), 377-393

, On Combinatorial Differential Equations, Journal of Mathematical Analysis and Applications
113(1986),344-381

J Labelle, Applications Diverses de la Théorie Combinatoire des Espéces de Structures, Ann Sc1 Math

Québec 7(1983), 58-94

G C Rota, On the Foundations of Combinatorial Theory I, Theory of Mobius Functions,Z Wahrschein-
lichkeitstheorie 2(1964), 340-368

W Schmutt, Antipodes and Incidence Coalgebras, Journal of Combinatorial Theory (A) 46(1987),
264-290

M Sweedler, Hopf Algebras, Benjamin, New York, 1969

Department of Mathematical Sciences

Memphis State University
Memphis, Tennessee 38152

USA

https://doi.org/10.4153/CJM-1993-021-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1993-021-5

