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endomorphisms of (P')”

Dragos Ghioca, Khoa D. Nguyen and Hexi Ye

ABSTRACT

We prove Zhang’s dynamical Manin—-Mumford conjecture and dynamical Bogomolov
conjecture for dominant endomorphisms @ of (P!)”. We use the equidistribution
theorem for points of small height with respect to an algebraic dynamical system,
combined with an analysis of the symmetries of the Julia set for a rational function.

1. Introduction

1.1 Notation

As always in algebraic dynamics, given a self-map f on a variety X, we denote by f™ its nth
iterate (for any non-negative integer n, where f° denotes the identity map). We say that x € X
is periodic if there exists n € N such that f"(x) = z; we call = preperiodic if there exists m € N
such that f™(x) is periodic. Also, for a subvariety V' C X, we say that V is periodic if f"(V')
equals V for some n € N; similarly, we say that V' is preperiodic if f™ (V) is periodic.

1.2 The dynamical Manin—Mumford conjecture

Motivated by the classical Manin—-Mumford conjecture (proved by Laurent [Lau84] in the case
of tori, by Raynaud [Ray83] in the case of abelian varieties and by McQuillan [McQ95] in the
general case of semi-abelian varieties), Zhang formulated a dynamical analogue of this conjecture
(see [Zha06, Conjecture 1.2.1]) for polarizable endomorphisms of any projective variety. We say
that an endomorphism ® of a projective variety X is polarizable if there exists an ample line
bundle £ on X such that ®*L is linearly equivalent to £&? for some integer d > 2. As initially
conjectured by Zhang, one might expect that if X is defined over a field K of characteristic 0 and
® is a polarizable endomorphism of X, and the subvariety V' C X contains a Zariski dense set of
preperiodic points, then V is preperiodic. We prove that Zhang’s conjecture holds for dynamical
systems ((P1)", ®), where ® is given by the coordinatewise action

(@1,...,2n) = (filz1),. .., falzn)), (1.2.1)

where each rational function f; is not a Lattés map. A Lattés map f : P! — P! is a rational
function coming from the quotient of an affine map L(z) = az + b on a torus T (elliptic curve),
ie. f=00LoO ! with ®:7 — P! a finite-to-one holomorphic map; see [Mil04] by Milnor.
We prove the following result.

Received 18 May 2017, accepted in final form 9 January 2018, published online 21 May 2018.

2010 Mathematics Subject Classification 37P05 (primary), 37P30 (secondary).

Keywords: dynamical Manin—-Mumford conjecture, equidistribution of points of small height, symmetries of the
Julia set of a rational function.

This journal is (© Foundation Compositio Mathematica 2018.

https://doi.org/10.1112/50010437X18007157 Published online by Cambridge University Press


http://www.compositio.nl/
http://www.ams.org/msc/
http://www.compositio.nl/
https://doi.org/10.1112/S0010437X18007157

D. GHiocA, K. D. NGUYEN AND H. YE

THEOREM 1.1. Let f1,..., fn € C(x) be rational functions of degree d > 2, and let ® : (P*)" —
(PYHY™ be given by their coordinatewise action as in (1.2.1). Assume that none of the rational
functions f; is a Lattés map. If a subvariety V C (P')" contains a Zariski dense set of preperiodic
points under the action of ®, then V is preperiodic.

We will prove Theorem 1.1 as a consequence of a more general statement, which we will state
in §1.3.

1.3 Statement of our main results

We first need to introduce the notion of exceptional rational functions; they are rational functions
which commute with more functions of degree larger than one than a generic rational function
does (note that generic rational functions commute only with their iterates). The first examples
of such exceptional functions are the monomials %, and then related to them we have the
Chebyshev polynomials. The Chebyshev polynomial of degree d is the unique polynomial T}
with the property that for each z € C, we have Ty(z + 1/2) = 2¢ + 1/2%. For two rational
functions f and g, we say they are (linearly) conjugate if there exists an automorphism 7 of P!
such that f =n~togon. We call exceptional any rational map of degree d > 1 which is conjugate
either to 2%, or to £Ty(z), or to a Lattés map.

We prove the following result.

THEOREM 1.2. Let n be a positive integer, let f; € C(x) (for i = 1,...,n) be non-exceptional
rational functions of degree d; > 2, and let V' C (PY)" be an irreducible subvariety defined over C.
Assume:

(1) either that V contains a Zariski dense set of preperiodic points under the action of
(1, xn) = (fi(z1),..., fu(zy)) and that dy = do = -+ = dy;

(2) or that fi,..., f, € Q(z), that V is defined over Q, and that there exists a Zariski dense
sequence of points (714, ...,2n;) € V(Q) such that lim;_, > i1 Efj (xj4) = 0, where ﬁfj
is the canonical height with respect to the rational function f;.

Then there exists a finite set S of tuples

(4,7) € {1,...,n} x{1,...,n}

along with (¢;,¢;) € N x N and curves C;; C P! x P! which are preperiodic under the

coordinatewise action (x;,x;) — (ffi (), fgj (x)) such that:

J
(i) deg(f/") = deg(f;’); and

(ii) V is an irreducible component of

) ) (Ciy), (1.3.1)

where m; ; : (P1)" — (P')? is the projection on the (i,7)th coordinate axes for each
(i,7) € S.

Our Theorem 1.2 answers Zhang’s dynamical Manin-Mumford conjecture (over C) and
a slightly more general form of Zhang’s dynamical Bogomolov conjecture (over Q) for
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endomorphisms of (P')" (see [Zha06, Conjectures 1.2.1 and 4.1.7]). Note that any dominant
(regular) endomorphism of (P')" has an iterate which is of the form

D= (f1,...,fn): (Pl)" — (Pl)n;

see also [GNY17, Remark 1.2]. Our result is slightly stronger than the one conjectured in [Zha06]
since in part (2) of Theorem 1.2 we do not assume the endomorphism ® = (fi,..., f,) is
necessarily polarizable (i.e., the rational maps f; might have different degrees). On the other hand,
we exclude the case when functions f; are conjugate to monomials, £Chebyshev polynomials,
or Lattés maps since in those cases there are counterexamples to a formulation when ® is not
polarizable (see [GTZ11] and [GNY17, Remark 1.2]). Moreover, if at least two of the maps f;
are Lattés, then even assuming & is polarizable, one would still have to impose an additional
condition in order to get that the subvariety V is preperiodic (see [GTZ11, Theorem 1.2]). In our
next result (see Theorem 1.3) we prove the appropriately modified statement of the dynamical
Manin-Mumford conjecture (as formulated in [GTZ11, Conjecture 2.4]) for all polarizable
endomorphisms of (P1)".

THEOREM 1.3. Let n € N, let f; € C(x) (for i = 1,...,n) be rational functions of degree d > 1,
let @ : (P1)» — (PY)™ be defined by

(1. son) = (@), fulen))

and let V C (P1)" be an irreducible subvariety. Assume there exists a Zariski dense set of smooth
points P = (ai,...,a,) € V(C) which are preperiodic under ® and moreover such that the
tangent space Ty,p of V at P is preperiodic under the induced action of ® on Grgim v (T(Pl)n7p),
where Grgim v (1] (1, p) Is the corresponding Grassmannian. Then the subvariety V must be
preperiodic under the action of ®.

1.4 Brief history of previous results towards the dynamical Manin—Mumford
conjecture and the dynamical Bogomolov conjecture

Motivated by the classical Bogomolov conjecture (proved by Ullmo [Ul198] in the case of curves
embedded in their Jacobian and by Zhang [Zha98] in the general case of abelian varieties),
Zhang formulated a dynamical analogue also for this conjecture (see [Zha06, Conjecture 4.1.7])
for polarizable endomorphisms @ of any projective variety X. So, if X is defined over a number
field K then one can construct the canonical height hg for all points in X (Q) with respect to the
action of @ (see [CS93] and also our § 3.4) and then Zhang’s dynamical version of the Bogomolov
conjecture asks that if a subvariety V' C X is not preperiodic, then there exists € > 0 with the
property that the set of points # € V(Q) such that he(z) < € is not Zariski dense in V. Since
all preperiodic points have canonical height equal to 0, the dynamical Bogomolov conjecture
is a generalization of the dynamical Manin—-Mumford conjecture when the algebraic dynamical
system (X, ®) is defined over a number field.

Besides the case of abelian varieties X endowed with the multiplication-by-2 map ® (which
motivated Zhang’s conjectures), there are known only a handful of special cases of the dynamical
Manin-Mumford or the dynamical Bogomolov conjectures. All of these partial results are for
curves contained in P! x P! (see [BH05, GT10, GTZ11, GNY17]). We also mention here the
paper of Dujardin and Favre [DF17] who prove a result for plane polynomial automorphisms
motivated by Zhang’s dynamical Manin—-Mumford conjecture. Our Theorem 1.2 is the first result
towards the dynamical Manin-Mumford and the dynamical Bogomolov conjectures for higher
dimensional subvarieties of (P!)".
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The case n = 2 in Theorems 1.2 and 1.3 (i.e., V is a curve in P! x P!) was established in
[GNY17, Theorems 1.1 and 1.3]. Even though the general strategy in our present proof follows
the one we employed in [GNY17], there are significant new obstacles that we need to overcome;
for more details, see §2.4.

1.5 Preperiodic subvarieties

The conclusion from Theorem 1.2 covers the main result of Medvedev’s PhD thesis [Med07]
(whose main findings were published in [MS14, Proposition 2.21]) who showed that any invariant
subvariety V' C (P!)" under the coordinatewise action of n non-exceptional rational functions
must have the form (1.3.1). Our result is stronger than the results from [Med07, MS14] since we
only assume that a subvariety V' C (P!)" contains a Zariski dense set of preperiodic points under
the action of ® := (f1,..., fn) and then we derive that V' must have the form (1.3.1) (see also
our Theorem 1.4). Medvedev and Scanlon assume that V' is invariant by ® (or more generally,
preperiodic under the action of ®) and then using the model theory of difference fields, they
conclude that V' must have the form (1.3.1). We do not use model theory; instead, we use algebraic
geometry (including the powerful arithmetic Hodge index theorem of Yuan and Zhang [YZ17])
coupled with a careful analysis for the local symmetries of the Julia set of a rational function.
We state below our formal result which covers the main result of [Med07] thus providing the
form of any preperiodic subvariety in (P')” under the split action of n non-exceptional rational
functions.

THEOREM 1.4. Let n € N, let fi,..., f, € C(z) be non-exceptional rational functions of degrees
> 1, and let ® be their coordinatewise action on (P1)". If V' C (P!)" is a preperiodic subvariety
under the action of ®, then there exists a finite set S of pairs (i,7) € {1,...,n} x {1,...,n}
along with curves C;; C P! x P' which are preperiodic under the coordinate wise action
(i, zj) = (fi(zi), fj(x;)) such that V' is an irreducible component of (; ;yeg WZJ-I(CZ-J), where
m;+ (PH)" — (PY)? is the projection on the (i, j)th coordinate axes.

1.6 The dynamical Pink—Zilber conjecture

Analogous to asking the dynamical Manin—-Mumford conjecture as a dynamical variant of the
classical Manin—-Mumford conjecture, one could formulate a dynamical Pink—Zilber conjecture,
at least in the case of split endomorphisms. The following statement is implicitly raised in [GN16].

CONJECTURE 1.5. Let n € N let f1,...,f, € C(z) be non-exceptional rational functions of
degrees > 1, and let ® : (P')” — (P!)” be their coordinatewise action (z1,...,z,) — (fi(z1),
<.y fa(zn)). For each m € {0,...,n}, we let Per™ be the union of all irreducible subvarieties of

(P1)" of codimension m, which are periodic under the action of ®. If V' C (P!)" is an irreducible
subvariety which is not contained in a proper periodic subvariety of (P1)", then V' N Perldim(V)+1]
is not Zariski dense in V.

We exclude exceptional rational functions in Conjecture 1.5 since in those cases we rediscover
the classical Pink-Zilber conjecture; for more details on the Pink-Zilber conjecture, see [Zan12].

In Conjecture 1.5, if V' C (P!)" is an irreducible hypersurface, then we recover essentially
the dynamical Manin—-Mumford conjecture we proved in Theorem 1.2. Quite interestingly, the
same Theorem 1.2 can be used (along with other results) in order to solve Conjecture 1.5 if
V' C (P')" has dimension 1 or codimension 2 and each f; is a polynomial defined over Q (see the
forthcoming paper A dynamical variant of the Pink—Zilber conjecture by Ghioca and Nguyen).
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1.7 Plan for our paper

In §2 we show that in order to prove Theorems 1.1, 1.2 and 1.3, it suffices to assume that
V C (P')" is a hypersurface which projects dominantly onto any subset of (n — 1) coordinate
axes of (P1)™. Thus we are left to prove our results for hypersurfaces H (see Theorem 2.2), which
will be done over the remaining sections of our paper; the conclusion in Theorem 1.4 will follow
from the ingredients we develop for proving Theorem 1.2.

In §§3 and 4 we set up our notation, state basic properties for the Julia set of a rational
function, construct the heights associated with an algebraic dynamical system and define adelic
metrized line bundles which are employed in the main equidistribution result (Theorem 4.1). We
note that Theorem 4.1 (of Yuan [Yua08]) is a crucial ingredient in our proof. In §5 we prove
that under the hypotheses of Theorem 2.2, the measures induced on the hypersuface H C (P!)"
from the dynamical systems

(Y™ fr X o X fima X figr X o0 X fn)

are all equal (for i = 1,...,n). Also, in §5 we prove Proposition 5.2, which is a crucial step in
our proof of our main results (for more details on this step and also on our overall proof strategy,
see §2.4).

In §6 we show how to use the equality of the above measures to infer the preperiodicity of
H, assuming also that H satisfies an additional technical hypothesis (see Theorem 6.1). In §7
we finalize the proof of Theorem 2.2 (and thus finish our proof for Theorems 1.1, 1.2 and 1.3).
We conclude our paper by proving Theorem 1.4.

2. Reduction to the case of hypersurfaces

In this section we present various reductions which we will employ in proving Theorems 1.1, 1.2
and 1.3. We also provide additional details regarding the overall strategy for our proof.

2.1 Some reductions
We start with the following important reduction.

PRrROPOSITION 2.1. It suffices to prove Theorems 1.1, 1.2 and 1.3 under the additional hypothesis
that V C (PY)" is a hypersurface which projects dominantly onto any subset of n — 1 coordinate
axes.

Proof. First we prove that it suffices to assume in each of the Theorems 1.1, 1.2 and 1.3
that V C (P')" is a hypersurface. Indeed, we assume Theorems 1.1, 1.2 and 1.3 hold for all
hypersurfaces and we derive the same conclusion for all subvarieties of (P)™. So, let V' C (PY)" be
an irreducible subvariety of dimension D < n—1 satisfying the hypotheses of either Theorem 1.1,
or of Theorem 1.3, or hypothesis (1) (or (2)) of Theorem 1.2. Then there exist D coordinate axes
(without loss of generality, we assume they are x1,...,2p) so that the projection 7 of (P!)” onto
its first D coordinate axes remains dominant when restricted to V. For each j = D + 1,...,n,
we let m; be the natural projection map of (P')" on coordinates z1,...,zp,z;, and we let
H; :=m;(V). Then H; C (P!)P*! is a hypersurface satisfying the hypotheses of Theorem 1.1,
or of Theorem 1.3, or hypothesis (1) (or (2)) of Theorem 1.2 with respect to the coordinatewise
action of the rational functions fi,..., fp, f;. Furthermore, for each j = D +1,...,n, we let
Hj C (PY)" be the hypersurface H; x (P1)"~P~1 C (P1)" (i.e., we insert a copy of P! on each
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coordinate axis not included in the set {1,...,D,j}). Then also H; C (P')" is a hypersurface
satisfying the hypotheses of either one of the three Theorems 1.1, 1.2 or 1.3. Let

n
H:= () Hj (2.1.1)
j=D+1

clearly, V € H and so, D = dim(V) < dim(H).

Since dim(V) = D and 7|y : V — (P')? is a dominant morphism, then we conclude that
there exists a Zariski open subset U C (P')? such that for each o € U, the fibre 7~!(«) is finite.
Therefore for each o € U and for each j = D+1,...,n, we have that there exists a finite set S, ;
with the property that if (a1,...,a,) € ﬁj and (a1,...,ap) = «, then a; € S, j. Thus for each
o € U, we have that there exist finitely many points (ay, ..., a,) € H such that (ai,...,ap) = .
Hence V is an irreducible component of H ; moreover, any irreducible component W of H for
which 7|y : W — (PY)P is a dominant morphism has dimension D.

If Theorem 1.2 holds for hypersurfaces, then each hypersurface I:Ij C (P')"™ must have the
form (1.3.1) since each one of these hypersurfaces satisfies the hypotheses of Theorem 1.2.
Actually, since each H ;j is a hypersurface, then we must have

Hj = ;; (Ciy)
for some curve C; ; C P! x P!, which is preperiodic under the action of (x;, x;) (ffl (), ffj (x4))
for some ¢;,¢; € N with the property that deg( ffi) = deg( ffj). Because V is an irreducible
component of H (see (2.1.1)), we obtain the desired conclusion in Theorem 1.2.

Now, if Theorems 1.1 or 1.3 hold for hypersurfaces, then each hypersurface ﬁj c (PHm is
preperiodic under the action of ® := (fi,..., f,). Thus, also H is preperiodic under the action
of @ (see (2.1.1)). Combining the following facts:

e H is preperiodic;
e V is an irreducible component of H;
e cach irreducible component W of H for which 7|y : W — (P')? is a dominant morphism
has dimension D; and
e cach variety ®” (V) (for m € N) projects dominantly onto (P!)?,
we obtain that V itself must be preperiodic under the action of ®, as desired.

Now, once we reduced proving Theorems 1.1, 1.2 and 1.3 to the case V C (P1)" is a
hypersurface, we can reduce further to the special case when V' projects dominantly onto each
subset of (n — 1) coordinate axes. Indeed, assuming otherwise, then (without loss of generality)
we may assume V = P! x Vj for some hypersurface Vo C (P')"~!. Therefore, it suffices to
prove Theorems 1.2 and 1.3 for the subvariety Vo C (P!)"~! under the coordinatewise action
of the rational functions fo,..., f,. A simple induction on n finishes our proof. (Finally, as an
aside, we observe that in light of [GNY17, Theorem 1.1], then due to the reduction proved in
Proposition 2.1, we have that Theorem 1.2 is equivalent with proving that if n > 2 and also
if each f; is non-exceptional, then there is no hypersurface H C (P!)" projecting dominantly
onto each subset of (n — 1) coordinate axes of (P')” such that H contains a Zariski dense set of
preperiodic points; this is exactly what we will be proving in Theorems 2.2 and 6.1.) O

2.2 A technical result
The next result (proven in §7) in conjunction with [GNY17, Theorems 1.1 and 1.3] yields the
conclusions of each of the three Theorems 1.1, 1.2 and 1.3.
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THEOREM 2.2. Let n > 2 be an integer, let f; € C(z) of degree d; > 2 (for i =1,...,n) and
let H C (PY)" be an irreducible hypersurface projecting dominantly onto each subset of (n — 1)

coordinate axes. If there is a Zariski dense sequence of points (1, ...,%n;) € V(C) such that:
(1) either each (x1,...,n;) is preperiodic under the coordinatewise action of (fi,..., fn) and
alsod; =dy = --- =dy;

(2) oreach f; € Q(x) (fori=1,...,n), V is defined over Q and lim;_, » Py ﬁfj (xj4) =0,
then the following must hold:

(i) either each fi(z) is conjugate to z*% or to +Ty,(z);
(ii) or each f; is a Lattés map (fori =1,...,n).

2.3 Our main results as consequences of the technical result
We show next how to derive Theorems 1.1, 1.2 and 1.3 from Theorem 2.2.

Proof of Theorem 1.2. As shown in Proposition 2.1, it suffices to prove Theorem 1.2 for
irreducible hypersurfaces V', which project dominantly onto each subset of (n—1) coordinate axes
of (P1)™. Since no f; is exceptional, then Theorem 2.2 yields that the case of such hypersurfaces
is vacuously true when n > 2. The case of curves V C (P!)? is proven in [GNY17, Theorem 1.1],
which concludes our proof. O

Since both Theorems 1.1 and 1.3 have similar statements and proofs, we will show next in
parallel how to derive these two results from Theorem 2.2.

Proof of both Theorems 1.1 and 1.3. Again wusing Proposition 2.1, it suffices to prove
Theorems 1.1 and 1.3 for irreducible hypersurfaces V', which project dominantly onto each
subset of (n — 1) coordinate axes of (P!)". The case n = 2 in Theorem 1.3 was already proven
in [GNY17, Theorem 1.3]. On the other hand, note that [GNY17, Equation (11)] yields that
for a plane curve (neither horizontal, nor vertical) which contains infinitely many preperiodic
points under the coordinatewise action of two rational functions fi; and fo, if f; is conjugate
to a monomial or +=Chebyshev polynomial, then fo must also be conjugated to a monomial or
+Chebyshev polynomial. Furthermore, if we assume n > 2, then Theorem 2.2 yields that:

(i) either for each i = 1,...,n we have that f;(z) = v; '(z) o 2* o vy(x) or fi(z) = v; (z) o
(£Ty(z)) o v;(x) for some automorphisms v; : P! — P!,
(ii) or each f; is a Lattes map corresponding to some elliptic curve E; (for i = 1,...,n).
Therefore, from now on, we work in both Theorems 1.1 and 1.3 under the assumption that either
hypotheses (i) or (ii) above are met.

If condition (i) is satisfied, then at the expense of replacing V' by ©(V), where © is the
automorphism of (P!)" given by

D(x1y .. ymy) = (vi(x1), .. vn(zn)),

we may assume that each f;(z) is either ™ or +Ty(x). Next, let u : G?, —> (PY)" be the
morphism given by
Bty m) =5 (1 (1), (),
for rational functions p; which are:
o ui(x) =2 if fi(z) = 2% and
o pi(z) =z + (1/z) if fi(z) = £Ty(x).

1447

https://doi.org/10.1112/50010437X18007157 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007157

D. GHiocA, K. D. NGUYEN AND H. YE

Then there exists an irreducible subvariety W of u~*(V) C G”, (projecting dominantly onto V/
through the map p), which contains a Zariski dense set of preperiodic points under the action
of ®: G, — G, given by

(21, ... 2n) = (i, ..., £aE?).

Hence, W contains a Zariski dense set of torsion points of GJ,,. Laurent’s theorem [Lau84] (the
original Manin—-Mumford conjecture for tori) yields that W is a subtorus, thus preperiodic under
the action of ®. This proves that V = u(W) is preperiodic under the action of

(xla ce 7':Un) = (fl(xl)v v afn(wn))a

as desired in the conclusion of Theorem 1.1. Furthermore, we note that in this case, the conclusion
of Theorem 1.3 holds without the extra hypothesis regarding the preperiodicity of the tangent
subspaces under the corresponding induced action; we will only need this extra assumption when
dealing with hypothesis (ii) above, i.e., when the maps are Lattés.

Now, we assume condition (ii) is verified and so, each f; is a Lattés map which satisfies
pio; = fi op; where p; : E; —> P! and v; : B; —> E; are morphisms satisfying deg(v1) =
deg(ye) = -+ = deg(¢,) because the Lattés maps f; have the same degree. Then there
exists an irreducible component W of p~'(V) C E := [[l_, Ei (where p : E —> (P")" is the
morphism given by p; X -+ X p,) with the property that it contains a Zariski dense set of
(smooth) points P which are preperiodic under the action of the endomorphism ¥ of E given by
Y1 X - -+ X 9y, and moreover, the tangent space of W at P is preperiodic under the induced action
of ¢ on G gim(w) (TE,P)’ where T p is the tangent space of E at P and Grgim(w) (TE,P) is the
corresponding Grassmannian. Since each v; is an isogeny of E; of same degree, we get that 1)
is a polarizable endomorphism of E and so, [GTZ11, Theorem 2.1] yields that W is preperiodic
under the action of . Therefore V = p(W) is preperiodic under the action of

(1, oymn) = (fi(z1), ..., folzn)),

as desired in the conclusion of Theorem 1.3. O

2.4 Strategy for our proof
The remaining sections of our paper are dedicated to proving Theorem 2.2. The setup is as
follows:
e n>2and H C (P')" is a hypersurface projecting dominantly onto each subset of (n — 1)
coordinate axes;
e fi,...,fn are rational functions of degrees larger than 1 acting coordinatewise on (P!)";
and
e H contains a Zariski dense set either of preperiodic points or of points of small height
(see (2) in Theorem 1.2) under the action of (x1,...,2z,) — (fi(x1),..., fu(zn)).
If at least one of the functions f; is not exceptional, then we will derive a contradiction. Now, if
some f; is conjugated to a monomial or £Chebyshev polynomial, then we prove that each of the
n rational functions must be conjugated to a monomial or +£Chebyshev polynomial. Similarly, if
one of the functions f; is a Lattés map, then we prove that each f; must be a Lattés map. We
obtain this goal (see Theorem 6.1) by showing a similitude between the Julia sets of each one
of the rational functions f;. In turn, the relation between the Julia sets is a consequence of a
powerful equidistribution theorem for points of small height.
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More precisely, using the equidistribution theorem of [Yua08] for points of small height on
a variety (see [Cha06] for the case of curves and also [BR06] and [FRO6] for the case of P'), we
prove that under the above hypotheses for H and f;, then the measures fi; induced on H by the
invariant measures corresponding to the dynamical systems

(Y™ fr X o X fimg X figr X o0 X fn)

are equal (for each i = 1,...,n). Using a careful study of the local analytic maps which preserve
(locally) the Julia set of a rational map (which is not exceptional), we obtain the conclusion of
Theorem 1.2. Even though our arguments resemble the ones we employed in [GNY17] to treat
the case of plane curves (i.e., n = 2), there are significant new complications in our analysis.

Indeed, using Yuan’s arithmetic equidistribution theorem [YuaO8] for points with small
height on a space of dimension n > 2, we first get connections for the (n — 1,7 — 1)-currents
(coming from dynamics) on a hypersurface H C (P!)”. From these connections, we are able to
construct many symmetries for the aforementioned (n — 1,n — 1)-current. A further analysis of
the symmetries for such an (n—1,n — 1)-current yields additional symmetries of the Julia set on
the one-dimensional slices of (P!)". Applying the rigidity of the symmetries of the Julia set
on the one-dimensional slices, we are able to derive the rigidity of the symmetries of the entire
(n—1,n—1)-current, from which we derive the desired conclusion regarding H and the dynamical
system (f1,..., fn) (see the proof of Theorem 6.1). It is precisely the study of the rigidity of this
(n — 1,n — 1)-current (for n > 2) which provides the new proof of Medvedev’s result [Med07],
which otherwise could not have been obtained from the arguments from our previous paper
[GNY17].

Also, in order to finish the proof of Theorem 2.2 by showing that the hypotheses of
Theorem 6.1 are met, we need to know that for a hypersurface H C (P')" as in Theorem 2.2,
for each point (ay,...,a,) € H,

if a1,...,a,_1 are preperiodic, then also a,, is preperiodic. (2.4.1)

If n = 2, this fact was known for quite some time (see [Mim13] which publishes the findings
of Mimar’s PhD thesis [Mim97] from 20 years ago). However, if n > 2, in order to prove
(2.4.1) (see our Proposition 5.2 in the case each f; and also H are defined over Q), we need
to use arithmetic versions of the Hodge index theorem proved by Faltings [Fal84] and by Hriljac
[Hri85] for arithmetic surfaces and proved by Moriwaki [Mor96] for higher dimensional arithmetic
varieties, and also, we use crucially the new arithmetic Hodge index theorem proved by Yuan
and Zhang [YZ17]. Furthermore, in order to derive (2.4.1) in the general case (over C) we
need a specialization argument based on a result of Yuan and Zhang [YZa, YZb] regarding the
specialization of a Zariski dense set of preperiodic points for a polarizable endomorphism defined
over a base curve.

3. Complex dynamics and height functions

In this section, we introduce the Julia set of a rational function, some of its properties and also
the arithmetic height functions associated with an algebraic dynamical system.

3.1 The Julia set

Let f : P! — P! be a rational function defined over C of degree dy > 2. The Julia set Jy is
the set of points = € P(lc for which the dynamics is chaotic under the iteration of f. The Julia
set Jy is closed, non-empty and invariant under f. Let z be a periodic point in a cycle of exact
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period n; then the multiplier A of this cycle (or of the periodic point z) is the derivative of f™
at x. A cycle is repelling if its multiplier has an absolute value greater than 1. All but finitely
many cycles of f are repelling, and repelling cycles are in the Julia set .J¢. Locally, at a repelling
fixed point = with multiplier A, we can conjugate f to the linear map z — A -z near z = 0 (note
that A\ # 0 since the point is assumed to be repelling). For more details about the dynamics of
a rational function, we refer the reader to Milnor’s book [Mil00].

There is a probability measure iy on IF’}C associated with f, which is the unique f-invariant
measure achieving maximal entropy logdy; see [Bro65, Lyu83, FLM83, Man83|. Also pf is the
unique measure satisfying

pf(f(A)) =ds - pg(A) (3.1.1)
for any Borel set A C P{. with f injective when restricted on A. The support of us is Jy, and
p(x) =0 for any o € ]P’(lc. Moreover, uy has continuous potential, in the sense that locally there
is a continuous subharmonic function u(z) such that the (1, 1)-current satisfies

ddeu(w) = dpiy(a),
and then (3.1.1) is equivalent to
ddu o f(a;) = df : duf(a:).

3.2 Measures on a hypersurface associated with a dynamical system
Let

A~

flxr, ... xn) = (fi(z1), ..., fa(zn))

be an endormorphism of (}P’}C)” with f; being a rational function of degree d; > 2 for 1 < ¢ < n.

For i =1,...,n, denote
fir=(fro oo ficts firts oo fn) (3.2.1)
as an endormorphism of (PL)"~! with invariant measure
it = gy X gy X gy X g (3.22)
Let H C (P{)"™ be an irreducible hypersurface projecting dominantly onto any subset of (n — 1)
coordinates, i.e., the canonical projections 7; : (P*)" — (P!)"~! (where for each i = 1,...,n, f;

is the projection of (P')™ onto the (n — 1) coordinates forgetting the ith coordinate axis) restrict
to dominant morphisms (#;)|g : H —> (P')"~!. By abuse of notation, we denote the restriction
(73)|m also by 7r;. We define probability measures fi; (for @ = 1,...,n) on H corresponding to
the dynamical system ((P{)" !, fl) More precisely, for each ¢ = 1,...,n, we pullback fi; by 7;
to get a measure 7 1; on H so that

i fti(A) = ii(7:(A))
for any Borel set A C H such that 7; is injective on A. Another way to interpret this is that for
t = (z1,...,2n) € H, we have that d(7}f;)(t) is an (n — 1,n — 1)-current on H given by

dﬁ:ﬁz(t) = ddu; (xl) VANEREIVA ddcui_l(xi_l) A ddcuiﬂ(xi“) VANCIEVAN ddcun(xn),

where u; is a locally defined continuous subharmonic function with dd“u; = duy, for each j =1,
...,n. Hence we get the probability measures on H:

f; =7 fi;/deg(w;) fori=1,... n.
Similarly, one has that

fii=di-di—y-dig1---dp-f1; fori=1,...,n.
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3.3 Symmetries of the Julia set
Let ¢ be a meromorphic function on some disc B(a,r) of radius r centred at a point a € J;. We
say that ¢ is a symmetry on Jy if it satisfies the following properties:

o x € B(a,r)NJy if and only if ((x) € ((B(a,r)) N Jg; and

o if Jy is either a circle, a line segment, or the entire sphere, there is a constant o > 0 such

that for any Borel set A where (|4 is injective, one has p17(C(A)) = a - us(A).

A family S of symmetries of Jy on B(a,r) is said to be non-trivial if S is normal on B(a,r)
and no infinite sequence {(,} C S converges to a constant function. A rational function is
post-critically finite (sometimes called critically finite), if each of its critical points has finite
forward orbit, i.e. all critical points are preperiodic. According to Thurston [Thu85, DH93], there
is an orbifold structure on P! corresponding to each post-critically finite map. A rational function
is post-critically finite with parabolic orbifold if and only if it is exceptional; or equivalently its
Julia set is smooth (a circle, a line segment or the entire sphere) with smooth maximal entropy
measure on it; see [DH93].

3.4 The height functions
Let K be a number field and K be the algebraic closure of K. The number field K is naturally
equipped with a set (i of pairwise inequivalent non-trivial absolute values, together with positive
integers N, for each v € Qx such that:

o for each o € K*, we have |a|, = 1 for all but finitely many places v € Qg;

e every a € K* satisfies the product formula

HveQK’O"v v =1. (3.4.1)

For each v € Q, let K, be the completion of K at v, let K, be the algebraic closure of K, and
let C, denote the completion of K,. We fix an embedding of K into C, for each v € Q- hence
we have a fixed extension of |- |, on K. If v is Archimedean, then C, = C. Let f € K(z) be a
rational function with degree d > 2. There is a canonical height h fon P!(K) given by

~ n
[K(z): }n—)ooTeGal(f/K)-X Ve

where F' : K? — K? and X are homogenous lifts of f and respectively z € P!(K), while
|(21, 22)||» := max{|z1|v, |22|v}. By product formula (3.4.1), the height h¢ does not depend on the

choice of the homogenous lift F' and therefore it is well defined. As proven in [CS93], h #lx) =0
with equality if and only if x is preperiodic under the iteration of f.

4. Adelic metrized line bundles and the equidistribution of points of small height

In this section, we set up the height functions and state the equidistribution theorem for points
of small height, which would be used later in proving the main theorems of this article. The
main tool we use here is the arithmetic equidistribution theorem for points with small height on
algebraic varieties (see [Yua08]).

4.1 Adelic metrized line bundle
Let £ be an ample line bundle of an irreducible projective variety V over a number field K. As
in §3.4, K is naturally equipped with absolute values | - |, for v € Qx. A metric || - ||, on L is a
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collection of norms, one for each ¢t € V(K,), on the fibres £(t) of the line bundle, with

lees(®)llo = lexfulls@)]lo

for any section s of £. An adelic (semipositive) metrized line bundle L = {L,{] - ||l }veq, } over
L is a collection of metrics on L, one for each place v € Qk, satisfying certain continuity and
coherence conditions; see [Zha95a, Zha95b, YZ17].

There are various adelic metrized line bundles; the simplest adelic (semipositive) metrized
line bundle is the line bundle Opi(1) equipped with metrics || - ||, (for each v € Qg), which
evaluated at a section s := ugZy + u1Z; of Opi(1) (where wug,u; are scalars and Zy, Z; are the
canonical sections of Op1(1)) is given by

‘UOZO4-U1Z1H
max{| 2o, [21]v}

Is(fz0 : 2]}l :=

Furthermore, we can define other metrics on Opi(1) corresponding to a rational function f
of degree d > 2 defined over K. We fix a homogenous lift F : K? — K? of f with homogenous
degree d. For j > 1, write FV = (Fy,j, F1,5). For each place v € Q, we can define a metric on
Op1(1) as

lugzo + w121y
max{| Fo,j (20, 21)|o, [F1,j (20, 21) [o } /¢

where s = uyZy+u1 Z1 with ug, uy scalars and Zy, Z; canonical sections of Opi(1). Hence {Op1(1),
{II - llo,Fj }veay } is an adelic metrized line bundle over Op1(1).

A sequence {L,{|| - [|v,j }veqy }j=1 of adelic metrized line bundles over an ample line bundle
L on a variety V is convergent to {L, {|| - ||s }veqy }, if for all j and all but finitely many v € Qf,
we have that || - ||v; = || - |lo, and moreover, {log (|| - [|v.;/| - [lo)}j>1 converges to 0 uniformly on
V(C,) for all v € Q. The limit {£,{]| - ||v}vea, } is an adelic metrized line bundle. Also, the
tensor product of two (adelic) metrized line bundles is again a (adelic) metrized line bundle.

A typical example of a convergent sequence of adelic metrized line bundles is {{Op1(1),
{II * llo,F,j }veax } }j=1 which converges to the metrized line bundle denoted by

Is([z0 = 21]) o5 = (4.1.1)

Lr = {Op (1, {1l - ourocsai (4.1.2)

(see [BRO6] and also see [Zha95b, Theorem 2.2] for the more general case of a polarizable
endomorphism f of a projective variety).

As usual, we let f = (f1,---, fn) with f; being a rational function of degree d; > 2 defined
over the number field K for 1 < ¢ < n. Fix a homogenous lift F; for each f; and denote

Fi=(F,..., F).

We let 7; be the ith coordination projection map from (P!)" to P!. We construct an adelic
metrized line bundle on (P)" as follows

Lp={Lp M, 7} = (L) ® (13LR) @ - @ (7, LF,), (4.1.3)
where the metric || - ||, 7z on Lz is the one inherited from the metrics || - ||, on Opi(1) for
1<e<n.
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4.2 Equidistribution of small points
For a semipositive metrized line bundle £ on a (irreducible and projective) variety V defined
over a number field K, the height for ¢t € V(K) is given by

~ 1
hz(t) = Gal(K/K) 1] Z Z —Ny - log [[s(y) ]|, (4.2.1)

yeGal(K/K)t veQk

where |Gal(K /K) - t| is the number of points in the Galois orbits of ¢, and s is any meromorphic
section of £ with support disjoint from Gal(K/K)-t. A sequence of points ¢; € V(K) is small if
limjﬁoo/ﬂz(tj) = EZ(V), and is generic if no subsequence of ¢; is contained in a proper Zariski
closed subset of V; see [Zha95b] for more details on constructing the height for any irreducible
subvariety Y of V' (which is denoted by EZ(Y)) We use the following equidistribution result due
to Yuan [Yua08] in the case of an arbitrary projective variety.

THEOREM 4.1 [Yua08, Theorem 3.1]. Let V' be a projective irreducible variety of dimension n
defined over a number field K, and let £ be a metrized line bundle over V such that L is ample
and the metric is semipositive. Let {t,} be a generic sequence of points in V (K) which is small.
Then for any v € Q, the Galois orbits of the sequence {t;} are equidistributed in the analytic

space VE&" with respect to the probability measure dp, = c1(L)y/deg, (V).

When v is Archimedean, V" corresponds to V(C) and the curvature c1(£), of the metric
|- lo is given by ¢1(L), = (99/mi)log]| - ||»- If v is a non-Archimedean place, then V@™ is the
Berkovich space associated with V' (C,), and Chambert-Loir [Cha06] constructed an analog for
the curvature on V{&". The precise meaning of the equidistribution statement in Theorem 4.1 is
that

|
I _ 5y = tho, 422
oo | Gal(KJK) - 4] 2. Gy=m (4.2.2)
yGGal(K/K)-tj

where §, is the point mass probability measure supported on y € VE", while the limit from
(4.2.2) is the weak limit for the corresponding probability measures on the compact space Ver.

4.3 Some examples

For the dynamical system (P!, f) corresponding to a rational function f defined over a number
field K and of degree dy > 2, at an Archimedean place v, it is well known that the curvature of
the limit of the metrized line bundles

{Op: (1), {1l

is a (1, 1)-current given by dj ¢, which is independent on the choice of F'. Combining the definition
(3.4.2) of the canonical height hy of f, with the height (4.2.1) of points for an adelic metrized
line bundle and the definition (4.1.1) and (4.1.2) of Lp, we get

hz, (z) = hy()

which is independent of the choice for the lift F' of f.
We conclude this section by noting that in the case of the metrized line bundle Zﬁ on

0, Fyj foeQ 11

(P1)" associated with an endomorphism f of (P')" (see §4.1), at an Archimedean place v, the
(n,n)-current satisfies the formula:

a(Lp)y =n!-dp, (4.3.1)
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where fi = pif, X -+ X piy, is the invariant measure on (IP’}Cv)” associated with the endomorphism

=01, jn) To see this, we first notice that since v is Archimedean, then C, = C and so,
by taking (00/mi)log|| - ||, 7 we get

er(Lp)e = dd(uy (z1) + - + tn (), (4.3.2)

where u;(x;) is a locally defined continuous subharmonic function on IP’}CU with dd®u; = duy, for
1 <17 < n. Hence
a(Lp)y =nl-ddui(z1) A~ Addug(z,) = n! - di,

and so, the equality from (4.3.1) follows. Moreover, for a point t = (ay, ..., a,) € (P!)*(K), from
(4.1.3) we see that

~

hs (t) = hyp(a1) + - + hy, (an). (4.3.3)

F

5. Measures and heights on a hypersurface

In this section we study the measures and the corresponding heights on a hypersurface in (P*)";
this allows us to obtain two important technical ingredients (Theorem 5.1 and Proposition 5.2)
which will later be used in proving Theorem 2.2. So, let f = (f1,..., fn) be an endomorphism
of (P1)" defined over a number field K, with degrees d; > 2 for each rational function f; (for
1 <i<n). Also, let H C (PY)™ be an irreducible hypersurface defined over K, which projects
dominantly onto each subset of (n — 1) coordinate axes.

5.1 Adelic metrized line bundles on the hypersurface

Foreachi=1,...,n,asin (3.2.1), we let f; be the endomorphism of (PH"~! given by forgetting
the ith coordinate axis (along with the action of f;) in the dynamical system ((P1)", f). Let F}
be a homogenous lift of f, as in § 3.2 and then similar to (4.1.3), we construct an adelic metrized
line bundle ZE on (PY)"~! such that when v is Archimedean, we have

a(Lp)y ' =(n—1)!-di

(for each 1 < i < mn), where the probability measure fi; on (P(%:v)”_l is the one appearing in (3.2.2).
For each i = 1,...,n, we recall from § 3.2 that the projection

it H — (PH?

is the one given by forgetting the ith coordinates; 7; is a finite, dominant morphism (due to our
assumption on H). We let
Lp o= AZ‘LE (5.1.1)

be an adelic metrized line bundle on H, which is the pullback of the adelic metrized line bundle
L (on (PY)"=1) by the morphism ;.

5.2 Height functions on the hypersurface
For each i = 1,...,n and each t = (ay,...,a,) € H(K), using (4.3.3) we conclude that

hz, (1) =hy (@) + -+ by (aim) + Dy (aie) + -+ by, (). (5.2.1)

Hence EZF (t) = 0 with equality if and only if a; is preperiodic under f; for each j # ¢ with
1 < j < n. So, if the set of all t € H(K) for which EZF, (t) = 0 is Zariski-dense on H, then each
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essential minima e;(Lz .) (for j =1,...,n, defined as in [Zha95b]) are equal to 0. Therefore,
using the inequality from [Zha95b, Theorem 1.10], we conclude that

EZF_ (H) = 0. (5.2.2)

5.3 Equal measures on the hypersurface
Now we are ready to prove the following result.

THEOREM 5.1. Suppose that there is a generic sequence of points t; = (z1,...,%n;) € H(K)
such that R
lim hf1 (:El J) + -+ hfn(l'nd') = 0.

]—)OO

Thenﬂlzﬂgz---:ﬂn.

Proof. This is an immediate consequence of Theorem 4.1 applied to the sequence of points
tj = (x1,...,2n;) € H(K) with respect to the adelic metrized line bundles £ for 1 <i < n.
Indeed When v is Archimedean, using (5.2.2) and the assumption on the pomts tj € H we get
that the Galois orbits of t; in H equidistribute with respect to the probability measures fi; on
H(C) for each i € {1,...,n}. Hence fi1 = fig = - -+ = [ip,. O

5.4 Preperiodic points on hypersurfaces
In this section we prove the following important result; we thank Xinyi Yuan and Shouwu Zhang
for several very helpful conversations regarding its proof.

PROPOSITION 5.2. Let n > 2 be an integer, let f1,..., f, € C(x) be rational functions of degrees
d; > 2 and let H C (PY)" be an irreducible hypersurface which projects dominantly onto any
subset of (n — 1) coordinate axes. Assume:

(1) either that H contains a Zariski dense set of preperiodic points under the action of
(x1y...yxn) = (fi(z1),..., fu(zs)) and that dy = - -+ = dy;

(2) or that fi,...,f, € Q(z), that H is defined over Q, and that there exists a Zariski dense
sequence of points (1 j,...,%n ;) € H(Q) such that limj_oo > i, /ﬁfi (xi;) = 0, where /ﬁfi
is the canonical height with respect to the rational function f;.

Then there exists i € {1,...,n} such that for any (a1, ...,a,) € H(C) with a; being preperiodic
under the action of f; for each j € {1,...,n}\{i}, we must have that also a; is preperiodic under
the action of f;.

We prove first that hypothesis (2) in Proposition 5.2 yields the desired conclusion, and then
we prove that part (1) may be reduced to part (2) in Proposition 5.2 through a specialization
result of Yuan and Zhang [YZa, YZb].

Proof of Proposition 5.2 assuming hypothesis (2) holds. Since the case n = 2 was proven in
[Mim97] (see also [Mim13]), from now on, we assume n > 2. We assume each f; € Q(x) and
also that H is defined over Q.

We use the notation as in §5.1; so, we consider the adelic metrics E (fori=1,...,n) on
H, defined as in (5.1.1). For the sake of simplifying our notation, we will denote from now on the
tensor product of two line bundles M7 and My as M; + Ms. We denote by Pic(H) the group
of (adelic) metrized line bundles on H.
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LEMMA 5.3. Proof of Proposition 5.2 assuming hypothesis (2) holds. There exist real numbers
¢ (fori=1,...,n) not all equal to 0 such that the metrized line bundle

Zo =C ‘CF

1

++eply €Pic(H)@R (5.4.1)
has the property that Ly - x = EZO () = 0 for each x € H(Q).

Proof of Lemma 5.3. We thank Shouwu Zhang for suggesting to us the proof of this lemma,
which follows the idea used in the proof of [YZ17, Theorem 4.13].
We let £; € Pic(H) be the line bundle supporting EFi’ ie.,

Li=7i0p(1)® - @7 10p(1) @ 754 Op (1) ® - @ 1, O0p (1),

where 7; is the induced projection map of H onto the jth coordinate axis of (P!)" (for each
j=1,...,n).

CLAIM 5.4. Proof of Proposition 5.2 assuming hypothesis (2) holds. There exist real constants
¢i,...,¢n (not all equal to 0) such that the line bundle Ly := Y. ¢L; € Pic(H) ® R is
numerically trivial.

Proof of Claim 5.4. The main ingredient in our proof is a result on arithmetic intersections,
which generalizes the classical Hodge index theorem (see [YZ17, Theorem 5.20]). We let

n
Ly:=) L; € Pic(H); (5.4.2)

i=1
then £ is ample (since it is the pullback of an ample line bundle on (P!)” undgr the natural
inclusion map H < (P!)"). We find the real numbers ¢; so that Lo := > 1 | ¢;L; satisfies the
following two conditions:
(A) Lo-L772=0;
(B) £2- L3 =0.
Condition (A) above yields a linear relation between the unknowns ¢;. On the other hand,
condition (B) yields a quadratic form in the variables ¢;. This quadratic form is not positive-
definite since (from the generalization of the Hodge index theorem proven in [Fal84, Hri85,
Mor96]) we know that generically, for any line bundle M satisfying M - L"f_g = 0, we have that
M2 L”f_g < 0. Also, this quadratic form is not negative definite since £? - ﬁ?_?’ = E’f_l >0
(because L1 is ample). Therefore, there exist real numbers ¢;, not all equal to 0 such that

Ly satisfies both conditions (A) and (B) above. Then [YZ17, Theorem 5.20] yields that Ly is
numerically trivial, as claimed. O

Now let ¢y, ..., c, € R satisfy the conclusion of Claim 5.4 and define
Zo = Z CiZFi S W(H) ® R.
i=1

We consider next the adelic metrized line bundle £; := Yo ZF-? note that the generic fibre

of L1 is the ample line bundle £; from (5.4.2). Using our hypothesis (2) from Proposition 5.2,
i.e., the existence of a Zariski dense set of points on H of height tending to 0, we obtain that
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each of the successive minima e;(£1) = 0 for j = 0,...,n — 1. Note that for each j = 0,...,n,
we have
e;(L1) == sup inf h7 (z
i) SN SN
codimpg (Y)=j

and so, indeed hypothesis (2) of Proposition 5.2 yields that e;(£;) = 0. In particular, e,(£1) =0
and thus Z? = 0. The exact same argument applied for each 4;,%2 = 1,...,n and for each
my1, mg € N to the metrized line bundle L;, i, mym, := L1 +m1Ly +maLly yields again

’Ll Z2

(L1 + mlfﬁil + mgfﬁm)” =0. (5.4.3)

Keeping i1 and iz fixed and letting m; and mg vary in N, we see that (5.4.3) yields that Z{O :

Zﬁ ZJ; = 0 for non-negative integers jo, j1, jo such that jo + j1 + jo = n. Hence
1 ]

2 —Sn—2

Lo-Ly " =0 (5.4.4)

moreover, because the numbers ¢; satisfy the construction from Claim 5.4 (see condition (A) in
the proof of the aforementioned Claim), we also have that

Lo-LY2=0. (5.4.5)

Furthermore, since each £, is semipositive, we obtain that (with the terminology from [YZ17])

Ly is L£1-bounded, i.e., there exists m € N (any integer larger than max; |c;| would work) such
that both m - £1 — Lo and m - £1 + Ly are semipositive.

Since £, may not necessarily be arithmetically positive, we alter £; by adding to it an
arbitrarily positive metrized line bundle *(C) where C is a positive metrized line bundle on

Spec(Q) and ¢ : H —> Spec(Q) is the structure morphism (for a similar application, see the
proof of [YZ17, Theorem 4.13]). Then L would still be £;-bounded with respect to this new
metrized line bundle le := L1 + ¢*(C). Because the generic fibre of £ is numerically trivial

(according to our choice of the numbers ¢; satisfying the conclusion of Claim 5.4), then (5.4.4)
and (5.4.5) yield

Lo- (L) =0 and Lo (L))" 2=0. (5.4.6)

Thus the hypotheses of [YZ17, Theorem 3.2] are verified and so, we obtain that the metrized
line bundle Lg is itself numerically trivial, i.e., hz,(x) = 0 for each z € H (Q). This concludes
the proof of Lemma 5.3. O

So, by Lemma 5.3, there exist suitable constants ¢; € R (for i = 1,...,n), not all equal to
0 such that the metrized line bundle Lo :=c1 - Lp + -+ cnLp € Pic(H) ® R is numerically
trivial on H and therefore, for each o € H(Q), we have that Lo -a = 0, i.e.,

z; ¢+ hz, () =0. (5.4.7)

Since not all ¢; are equal to 0, then there exists some ig € {1,...,n} with the property that

1+ -+ Cig—1 + Cigr1 + -+ e #F 0. (5.4.8)
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Now, for any a := (a1,...,a,) € H(Q) and for any i = 1,...,n, we have that
/l{zﬁi(a) =hyp(ar) + -+ gy (@im1) + by (@e1) + -+ by, (an), (5.4.9)
as shown in (5.2.1). Now, if
hp(a) = - =hyg (@i-1) = By, (@iger) = -+ = hy, (@) = 0,

then (5.4.7), (5.4.8) and (5.4.9) yield that also /ﬁfio (ai,) = 0, as claimed in the conclusion of
Proposition 5.2. This concludes our proof of Proposition 5.2 assuming each rational function f;

along with the hypersurface H are defined over Q. O

Proof of Proposition 5.2 assuming hypothesis (1) holds. We let K C C be a finitely generated
extension of Q such that each f; € K(z) and also H is defined over K. We argue by induction on
r:= trdegg K; the case r = 0 is already proved using Proposition 5.2 with hypothesis (2). Hence,
we assume the conclusion of Proposition 5.2 holds whenever r < s (for some s € N) and we prove
that it also holds when r = s. We know there exists an infinite sequence S of points a; € H(C)
such that «; has its ith coordinate preperiodic under the action of f; (for each i = 1,...,n).
Also, we let

d = deg(f1) = deg(f2) = -+ = deg(fn)

Then we let Ky be a subfield Q ¢ Ky C K such that trdegi K = 1 and we let C be a curve
defined over K whose function field is K (at the expense of replacing both Ky and K by finite
extensions, we may assume C is a projective, smooth, geometrically irreducible curve). We fix
some algebraic closures Kq C K of our fields.

There exists a Zariski dense, open subset C' C C such that we may view each f; as a base
change of an endomorphism f; ¢ of ]P%; similarly, H is the base change of a hypersurface Ho C
(P},)™, while S is the base change of a subset Sc C H¢. For each geometric point ¢t € C(Kp), the
objects Hc, f; c and S¢ have reductions Hy, f;; and respectively Sy, such that S; C He consists
of points with their ith coordinate preperiodic under the action of f; ¢, for each i =1,...,n.

CLAIM 5.5. There exists a Zariski dense, open subset Coy C C' C C such that for each t € Cy(Ky),
the set S; is Zariski dense in H;.

Proof of Claim 5.5. We let ¥ := (fi1,..., fn—1) be the coordinatewise action of these rational
functions on the first n — 1 coordinates of (P1)"; since dy = -+ = d,,_1 = d > 1, we know that ¥
is a polarizable endomorphism of (P')"~'. We let S be the projection of the set S on the first
n — 1 coordinate axes of (P!)"; because S C H is dense and H projects dominantly onto the
first n — 1 coordinate axes, we conclude that S C (P')"~! is also dense. Note that each point of
S is a preperiodic point for U. As before, we let S; be the specialization of the set Sc at some
point ¢ € Cy(Kp).

As proven in [YZb, Theorem 4.7] (see also [YZa, Lemma 3.2.3]), the set S; € (P1)" ! is still
Zariski dense for all the Ky-points ¢ of a dense open subset Cy C C. Here it is the only point
in our argument where we use that d; = --- = d,, because Yuan and Zhang [YZb, YZa] show
that specializing a Zariski dense set of preperiodic points for a polarizable endomorphism yields
also a Zariski dense set of preperiodic points for all specializations in a dense, open subset of
the base; in their proof, they employ a result of Faber [Fab09] and of Gubler [Gub08] regarding
the equidistribution of subvarieties of a given polarizable dynamical system (X, ®) with respect
to the invariant measure of ®. (As an aside, we note that the results of [YZa] were recently
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published in [YZ17], while [YZb] has been updated to [YZ13] using slightly different arguments.)
Finally, since S; C (P')"~! is Zariski dense, then the Zariski closure of S; must have dimension
n — 1 because S; projects to S; on the first n — 1 coordinate axes of (PYHY". Hence S; C H; is
Zariski dense, which concludes the proof of Claim 5.5. O

Let Cy be the Zariski dense, open subset of C' satisfying the conclusion of Claim 5.5. At the
expense of perhaps shrinking Cy to a smaller, dense, open subset, we may assume that

deg(fit)=d>1 foralli=1,...,n and each t € Cy(Kp). (5.4.10)

For each t € Cyp(Q), our inductive hypothesis (which can be applied since each f; and also H are
defined over Ko and trdegg Ko < s) yields the existence of some index i; € {1,...,n} which has
the property that for each o € H;(Q), if we know that the jth coordinate of « is preperiodic under
the action of f;; for each j € {1,...,n}\{i;}, then also the i;th coordinate of « is preperiodic
under the action of f;, ;.

Let hc(+) be a height function for the points on C(Kj) corresponding to a divisor of degree
1 on C, constructed with respect to the Weil height on Kj. Note that if trdegp Ko = 1, then we
construct the Weil height on the function field Ky/Q as in [BG06]. At the expense of replacing
Cy by an infinite subset Uy for which

sup he(t) = +oo, (5.4.11)
teUy
we may even assume that for each ¢ € Uy, there is the same index iy := iy € {1,...,n}

satisfying the above property. We show next that this index iy would satisfy the conclusion
of Proposition 5.2 for H.

Indeed, let a = (ay,...,a,) € H(K) with the property that for each j € {1,...,n}\{io}, we
have that a; is preperiodic under the action of f;. Then for each ¢t € Uy we have that each a;;
(for j € {1,...,n}\{i0}) is preperiodic for f;; and so, also a;, is preperiodic under the action
of fi,t- Therefore, the canonical height

By (ig,t) =0, (5.4.12)

where iALfZ.O’t(‘) is the canonical height corresponding to the rational function f;;; (which has

degree larger than 1; see (5.4.10)), constructed using the Weil height on Kj. Using [CS93,
Theorem 4.1], we have that

hfio,t (@igt) =~

lim = hy, (aiy), (5.4.13)

he(t)—>oo  he(t)

where h fi, () is the canonical height of f;, constructed with respect to the function field K/Kj.
Equations (5.4.11), (5.4.12) and (5.4.13) yield that

/}\Lfio (ai,) = 0. (5.4.14)

If fi, € K(z) is not isotrivial over Ky, then [Bak09] (see also [Ben05] for the case of polynomials)
yields that (5.4.14) is equivalent with saying that a;, is preperiodic under the action of f;,, as
desired. Now, if f;, is isotrivial over Ky, then there exists a linear transformation

v:P! — P! (defined over K)
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such that v=!o f;, ov € Ko(z). If v™1(a;,) € Ko, then since we know there exists even a single
specialization t such that a;,; is preperiodic for f;, we get that also a;, is preperiodic for f;,. On
the other hand, if v~!(a;,) ¢ Ko, then v~ 1(a;,) cannot be preperiodic for v=! o f;; o v € Ky(x)
and so, a;, is not preperiodic for f;,, contradiction. This concludes the proof of Proposition 5.2
under hypothesis (1). O

6. Hypersurfaces having a Zariski dense set of preperiodic points

In this section, we prove Theorem 6.1, which (essentially) says that there is no hypersurface
H containing a Zariski dense set of preperiodic points under the coordinatewise action of some
rational functions f;, along with some additional technical conditions. To make things simple,
we work on a hypersurface H C (P')"*! of dimension n and use the following notation

j,':(ﬂ?l,...,l'n), Qz(xly"wxnfl)

and hence a = (a1,...,ay),a = (a1,...,an—1), etc. We denote by D(a,r) C C the usual disk of
radius r centred at a; also, we use the following notation for polydiscs:

D, _1(a,r) = D(aj,r) X -+- X D(an—1,7) and Dy(a,r) = Dy_1(a,r) X D(ay,r).

For the benefit of our readers, we split our proof of Theorem 6.1 into several subsections,
each one presenting a different step in our argument.

6.1 Statement of our theorem

THEOREM 6.1. Let n > 2, let f; be rational functions defined over C of degrees d; > 1 (for
1 <i<n+1),and let H C (P)"*! be an irreducible hypersurface defined over C which
projects dominantly onto each subset of n coordinate axes. For each i =1,...,n+ 1, let ﬁ be
the coordinatewise action on (P')" given by

(1?1, ce s Li—1y Litly - - ,l“n+1) g (f1(1?1)7 cey fifl(xifl)v fi+l($i+l)a cey fn+1($n+1))-

Let fi; be the measures on H induced from the dynamical systems ((P')", f;) and assume that
fli = fint1 for 1 <i < n. Also assume that there is a point (a,by) € HNC" ! witha = (a1, ..., an),
such that:

e aq; is a repelling fixed point of f; for 1 < i < n; and

o by := fuy1(bo) is a fixed point of fn41; and

e there is a holomorphic germ h(Z) at a with h(a) = by, and (Z,h(Z)) € H(C) for all z € C"

in a small (complex analytic) neighbourhood of a. Moreover, for each i = 1,...,n we have
that 9
= a 0.
51 8$l (CL) 7&

Then the functions f; must be exceptional, and moreover, they are
e cither all of them conjugate to monomials and +Chebyshev polynomials,
e or all of them Lattés maps.

Proof. As we previously stated, we will prove Theorem 6.1 over the next several subsections of
§6. To summarize, in §6.2 we construct a local symmetry g of the Julia set Jy,  , as in (6.2.1)

fixing by and with multiplier A of absolute value greater than one. This, coupled with a refined
analysis of the dynamics of f;, allows us in §§6.3 and 6.4 to construct two normal families of local
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symmetries ¥y (as in (6.4.1)) and ®; (as in (6.4.2)) preserving the (n,n)-current corresponding
to pg X -+ x pg, (up to a scaling). Using Proposition 6.4, we reduce the symmetries ®, of
the (n,n)-current to the symmetries ®,(a,z,) of Jy, for fixed av € Jy, x --- x Jy, . Finally,
combining this with the rigidity (proven by Levin [Lev90]) of the symmetries of the Julia set, we
finish the proof of Theorem 6.1 in §6.7.

6.2 Julia sets and invariant measures
From the assumptions of Theorem 6.1, the multiplier

Ai o= fi(ai)

has absolute value |A;| > 1 for 1 <4 < n. So, each a; is in the support of the Julia set Jy, of
fi, for i =1,...,n. Thus (a,by) is in the support of fi,+1 and because fi,, = fin4+1, we get that
(@,bp) must be in the support of fi,. Therefore, by must be in the support Jy, , of uy, . Hence
b1 = fnt1(bo) € Jy,., and so, it has multiplier

pi= frlz+1(bl)

of absolute value |p| > 1. Let jo be the local degree of the map f,+1(x) at z = by, and let g(x)
be a holomorphic germ on P! at by which is one of the following branches

g(:E) = f;.h o fn+1 o fn+1($) (6.2.1)

satisfying g(by) = bg. Although there are jy different choices for g(x), in the rest of this section
we fix our choice g(x) for such a branch. An easy computation shows that

A= g'(bo) = %/p (6.2.2)

is a joth root of the multiplier p of f,y1 at b;. Since py,., admits no atoms on P! and
Pfpir (frni1(A)) = dng1-py, ., (A) for any Borel set A with f,, 1 being injective on A, the definition
of g(x) yields that

Hfri <g<A)) = dn+1 “Hfnga (A)

for any Borel set A in a small neighbourhood of bg.
LEMMA 6.2. The multiplier A of g(x) at by has absolute value || > 1.

Proof of Lemma 6.2. We first assume that |[A\| < 1 and then prove the lemma by deriving a
contradiction. Using (6.2.2) and the fact that |p| > 1, we get that |A\| = 1.
Pick a positive integer m with d,, < dj, ;. Let

Doo () := (z, h(z, fn(zyn))) and P11(Z) := (z,9™ o h(Z)) (6.2.3)

be functions locally defined in a neighbourhood of @ € C", mapping that small neighbourhood
of @ into a neighbourhood of (a,by) € C™. Since fi,, = fin+1, there exists some ¢ > 0 with

Poo(fin) = c-dp - finp1r and @Yy (fin) = ¢ dplyy - finta. (6.2.4)

The measures fi, and fi,+1 (defined in (3.2.2)) appearing in (6.2.4) are restricted on some small
neighbourhood of @ (respectively of (a,by)). Let A be the polydisc given by A := D, _1(a,r1) X
D(ay,r2) for very small ro and much smaller 7. We claim that ®1;(A) C ®go(A). To see this,
let 79 be very small and we see that f,,(D(ap,r2)) ~ D(an, |A\n|r2). As |A| = |9 (bo)| =1 < |\
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and S, = (Oh/0zy)(a) # 0, using (6.2.3) we can pick some very small ro and a much smaller r;
such that
®11(A) C Dp_1(a,r1) x D(bg, 72 - |Bnl - [An]"?) € Poo(A). (6.2.5)

However, combining (6.2.4) with d,, < d}’,; gives
fin(®11(A)) > fin(Poo(A)),

which is a contradiction. This concludes the proof of Lemma 6.2. O

6.3 A special sequence of tuples of positive integers
Now since |A| > 1 and |\;| > 1 for 1 < i < n, we can pick a sequence of tuples of positive integers

(Jes 1,6+ - -+ dnye) such that j, — oo as £ — oo and moreover,
‘ jl,l’ | jlyzl Ajn,f
n J—
hm inf Ik h inf | 2 im === = 1. (6.3.1)

It will be useful later in our argument (see Lemma 6.8) that our sequence of tuples
(Jes G105 - -+ Jn,e) satisfies the following arithmetic property in addition to (6.3.1). We want that
for every N € N, there exist £5 > £; > N such that

Jto =Jo, and  Jig, = jig, for 2 < i< n while j10, = j1 + 1. (6.3.2)

In order to achieve (6.3.2), we may replace the original sequence of tuples {(j¢, ji,¢;- - Jn,e) } 024
by the larger sequence {(j, ji - -, 75 ¢)}72, for which

Jor—1 =Jar =Je and  jiop 1 = jiop = Jiu
for i = 2,...,n, while
Jioe—1 =Jie and  Jio,=j1e+1
and still the new sequence {(j;, J| s -- -, ) }72, satisfies (6.3.1) and the fact that j, — oo as

¢ — oo. For the sake of simplifying our notation, we will denote our new sequence of tuples also
as {(Je, 1,6, Jne)}321, but we note that this sequence of tuples satisfies (6.3.2).

6.4 Local symmetries for the Julia sets

From [Mil00], we know we can conjugate f; (for 1 < ¢ < n) and ¢ to linear maps in small
neighbourhoods of the repelling fixed points. More precisely, there exist holomorphic germs ¢;
at x = 0 satisfying

$i(0) = a;, dp+1(0) = by, ¢(0) = ¢;z+1(0) =1 forl1<i<n

and
¢t o fiodi(x) =N -x for 1 <i<n,
while
Oni1 090 dni1(x) = A
We notice that for (z1,...,z,) in a neighbourhood of @ € C", we have an equality of germs:
' L » -1
goho (fi7 (@), fa " (20)) = Pngr 0 (/\M ' <¢1 = ) o ~($n)>>’
Ajl 4 )\.zzn,f

where hy = <Z>;J1r1 oho (¢p1,...,¢,) and fi_1 is the germ of a branch of the inverse of f; at
x; = a; with f;*(a;) = a;. So, using also (6.3.1), then for very small o > 0 and all # in the ball
B(a,rg) C C™ of radius ro, the map

G gt oho (F7 L ()
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is well defined and uniformly bounded on B(a,rg) for all £ > 1. Next, we construct the function

U(E) := (x1,..., 201, h(Z))

for £ = (z1,...,2,), which is locally one-to-one at & = a since 3, = (9h/0xy)(a) # 0. Shrinking
ro if necessary, we let

U(#) =T o (a1, an_1, g o ho (f; 75, .., £ 7"0)())
= (21,...,Tn_1,he(T)) (6.4.1)

for all € B(a,ro) and all £ > 1, where hy is some local analytic function on B(a, o) satisfying
(6.4.1).

LEMMA 6.3. The family of functions {h¢(Z)}¢>1 restricted on B(a,ro) is a normal family.

Proof of Lemma 6.3. Since & > gt oho (f{”,..., fn’"")(&) is uniformly bounded on B(a,ro)
for all £ > 1, then that hy (defined as in (6.4.1)) is uniformly bounded on B(a,ry), i.e., there
exist R > 0 such that

hz(B(fL, To)) C B(bo,R) cC

for all £ > 1. Hence hy is a distance non-increasing map from B(a, r) (with respect to the Bergman
metric) to B(bg, R) (with respect to the hyperbolic metric). Thus {hs(Z)}¢>1 is equicontinuous
on B(a,rg), or equivalently, {h/(Z)}¢>1 is a normal family. O

From Lemma 6.3, we can pick a subsequence of {¥},~; which converges uniformly on
B(a,rp). By passing to a subsequence, without loss of generality, we can assume that the sequence
{W;}e>1 itself converges uniformly to

Uo(z) := lim Uy(7)

{— 00
and satisfies (6.3.2) with ¥g(a) = a and Vo(z) =: (21,...,Tn—1,ho(Z)). Since

Oho .. . Ohy,_ A
%(a) = 8—%(@) = A

=140,
the map Wy is locally one-to-one at & = a. Shrinking 7 if necessary, we can further assume that
the sequence of maps

Uyl oWy(3) = (21, .., op—1, u(F)) = By(Z) (6.4.2)

converges uniformly to the identity map on B(a,rg) as £ — oco. The next goal is to show that
®, is the identity map for all large ¢; see Lemma 6.7.

6.5 Equal currents

PROPOSITION 6.4. Let r1 and r9 be positive real numbers and let uy, ..., u, and u be continuous
subharmonic functions on D(0, 1), respectively on D(0,72). Let § be a holomorphic map from
D,(0,71) to D(0,r9) and moreover, assume the following two (n,n)-currents satisfy the relation:

dduy(x1) A -+ A ddup(xn) = ¢ - ddur(x1) A - AddUp—1(xp—1) A ddu o 6(Z)

on D, (0,r1) for some constant cy > 0. Then for any given point a in the support of ddu(z1) A
<+« A ddup—1(xn—1), we have the following equality of (1,1)-currents on D(0,71):

ddup (xy) = ¢o - ddu o 0(a, xy,).
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Proof of Proposition 6.4. Let a be a point in the support of dd®uj(z1) A -+ A ddup—1(xp—1). It
suffices to show that for any C'*° real function ¢ with compact support on D(0,71), one has

/ o(zy) ddup(zy) = co/ o(zp) dduo 0(a, xy,).
D(0,r1) D(0,r1)
To see this, we let p be the measure on D,,_1(0,71) with

dp(z) := co - ddur(x1) A -+ Addup—1(2n—1)

and let /i be the measure on D,,(0,r1) with

. dz, N\ dx,
dp(z) := dp(z) A i

For each small positive real number r, we let n,.(z) be a C*°-function on D,,_1(0, r1) satisfying
the properties:
e 0<n <1
e 1), is supported on D,,_;(a,r); and
e n,=1on D,_i(a,r/2).
From the proportionality assumption of the two (n,n)-currents, we get

1</ U du) / o dd°u,, = clo / nr(2)p(en) du(z) A ddup ()

Co

- /u 0 0(&) dp A dd* (1)

— [ mi@uob@) 2pen) i@ (6.5.1)

— [ n@elon) duta) n ddouo6(3)

where A is the Laplacian and the right-hand side is integrated over the domain Dn(f),rl).
Similarly we derive that

( / T du) / o dd®u o O(ar, 7n) = / 1 (2)u 0 0, ) D) ().

Now let
0:(2) := nr(2) - (uob(a, zn) —uob(2)) - Ap(wn)
which is supported on D,,_1(a,r) x D(0,r1). Hence as u o 6 is continuous and ¢ has compact

support on D(0,71), there exist constants €, — 0 as » — 0 such that for any z € Dn((),rl), we
have

10,(2)| < nr(2) - €
Consequently

0.1 M Z) - €r d[lz T
1/(70ddcun - /(,Oddcu o Q(Q’ xn) < fDn(Oa 1) ( ) ( )
" b sy (@) dp()

=€ C1

with ¢; = fD(O,rl) 1- (dzy A dzy)/(—4mi). Now letting » — 0, the conclusion in Proposition 6.4
follows. =
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6.6 The rational functions must be exceptional

The next result yields half of the conclusion in Theorem 6.1 by showing that if f,; is an
exceptional rational function, then each f; is exceptional, and moreover, each f; is either Lattees
or not, depending on whether f, 1 is a Lattés map, or not.

COROLLARY 6.5. The following statements hold:
e if f,41 is conjugate to a monomial or a +Chebyshev polynomial, then each f; (for
i=1,...,n) is conjugate to a monomial or a +Chebyshev polynomial.
e if f,41 is a Lattés map, then each f; is a Lattés map.

Proof of Corollary 6.5. So, we assume that f, 1 is exceptional. Without loss of generality, we
show that f, is exceptional as well and moreover, it is Lattes if and only if f,11 is a Lattes map.
Since f; (and f,41) has continuous potential near a; (respectively near by) and moreover, a; € Jy,
which is the support of iy, then Proposition 6.4 along with the hypotheses of Theorem 6.1 yield
that the map h(a,-) which sends a neighbourhood of a, € Jy, to a neighbourhood of by € Jy,
preserves the measures up to a scaling, i.e., for some ¢ > 0

P Mifpr =€ i, (6.6.1)

In [Lev90, Theorem 1], it was shown that there exists an infinite non-trivial family of symmetries
on Jy if and only if f is post-critically finite with parabolic orbifold; hence (6.6.1) (see also §3.3)
yields that f,, must be exceptional.

By a theorem of Zdunik [Zdu90], a rational function f is Lattes if and only if J; is P! and yu s
is absolutely continuous with respect to Lebesgue measure on P!; therefore, (6.6.1) yields that
fn is Lattes if f,,41 is Lattes.

Assume that f,,1 is conjugate either to a monomial or £Chebyshev polynomial. Then (6.6.1)
yields that Jy, is a one-dimensional topological space of Hausdorff dimension 1. According to
Hamilton [Ham95], a Julia set which is a one-dimensional topological manifold must be either
a circle, closed line segment (up to an automorphism of P!) or of Hausdorff dimension greater
than one; thus Jy, is itself a circle or a closed line segment (up to an automorphism of P!). This
yields that f,, must be conjugated to a monomial or a +Chebyshev polynomial, which concludes
the proof of Corollary 6.5. a

6.7 Conclusion of our arguments
Corollary 6.5 yields that all we have left to prove in Theorem 6.1 is that f, 11 must be exceptional.
So, from now on, we assume that f, 11 is non-exceptional and we will derive a contradiction.

LEMMA 6.6. Let S be the family of symmetries of Jy, on D(ay,r) for some r > 0. Then there
exists € > 0 such that for any ( € S with

sup |((z) — x| <
z€B(an,r)

we must have ((z) = x for x € D(ap, ).

Proof of Lemma 6.6. Suppose this lemma is not true, then there exists a sequence of integers
€, > 0 with ¢, — 0 as £ tends to infinity, and a sequence of functions (, € S, which are not the
identity map, such that

sup |Ge(z) — | = €. (6.7.1)
z€D(an,r)
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Consequently, {(¢(x)}¢>1 is a normal family with no subsequence having a constant limit (because
(¢ tends to the identity map as £ — o). By Levin’s result [Lev90], {{;}¢>1 must consist of finitely
many elements, which is a contradiction because there are infinitely many distinct real numbers
€¢ as in (6.7.1). O

LEMMA 6.7. There exists N € N, such that ®; is the identity map on B(a,rq) for all £ > N.

Proof of Lemma 6.7. By abuse of notation, let ji,+1 and fi, be the measures fin,41 and fi, in
(3.2.2) restricted on D, (a,r1) and respectively, on D, (b, r2) for b = (a1,...,an—1,bp) and small
radii r1,ry. Since fi, = fin+1, there exist constants ¢, > 0, such that

Dy (fint1) = ¢+ fint-

By Proposition 6.4, we see that for any « in D,,_1(a,m1)NJf, X -+ x Jg, |, the map hy(a,-) is a
symmetry of Jy, on D(ay,r2). Moreover, the functions fy(Z) converge uniformly to h(Z) := x,
on Dy(a,r;) as ¢ tends to infinity. Applying Lemma 6.6, there exists N € N, such that for any
¢> N and any « in Dy_1(a,71) N (Jp x -+ x Jf, ), we have

hg(g, xn) = Tn

for each z, € D(an,1). Since a; is an accumulating point in Jy, for each i (see [Mil00]), when
¢ > N, the zero locus of the equation fy(Z) —x,, = 0 on D, (a,r1) cannot have dimension < n—1,
i.e., hy(Z) is identically equal to z,, and so, @, is the identity map. This concludes the proof of
Lemma 6.7. O

Let N be the positive integer appearing in Lemma 6.7. Pick ¢ > ¢; > N with j,, > j,, and
j@gz = j@gl for 1 <2< n. Let

mi = Jie, — Jie, for1<i<n and my41 = je, — Jo-
LEMMA 6.8. With the above notation for m;, let
HY = (f0, ., ) (H) © (PLE,
Then (f{"™,..., fy i )(H') =H'.
Proof of Lemma 6.8. From Lemma 6.7 (see also (6.4.1)), we have that
g oo (fi ML f (@) = ¢ o ho (fTV2 L )3
on Dy (a,rp), or equivalently
h(z)=g™* oho(fi™, ..., ")(Z). (6.7.2)

Let
W(E) = frt oho (f7™, o fa ™ )(E)

on a neighbourhood of a. Now consider the analytic equation

h/(i‘) — Tp4+1 = 0
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on a neighbourhood of (a,b1) € P¢ x IP)(IC. The zero set of this equation is an analytic set of
dimension n passing through the point (a, b1). For Z close to a, the points of the form (Z, h'(Z))
lie on the hypersurface H'. Combining (6.2.1) and (6.7.2), we get

W o (s fm) () = 741 o 0 (3).

Hence for points Z close to @, the points (f{™',..., f, 1" )(& W (&)), which are points on
(I fot ) (H) satisfy also the equation R'(Z) — op41 = 0. Finally, as both H’ and
(i fo ) (H') share an analytic set of dimension n in a neighbourhood of (a,b),
they must be identical. So H’ is fixed by the endomorphism (f{"',..., f,%4") of (PY)"*!, as
desired. 0O

We recall that our sequence of tuples (j¢, ji,¢,- - -, jn,) satisfies condition (6.3.2). Therefore,
we can choose some integers ¢o > ¢1 > N such that jy, = jy, and also, j; ¢, = ji¢, fori =2,...,n,

while j1 4, = j1,¢, + 1 and then apply Lemma 6.8 to the tuple of integers
mi = Jigy — Jiey for 1<i<m and mpi1 = jo, — Joy-
We have that m; = 0 for each i = 2,...,n+ 1, while m; = 1. Therefore, Lemma 6.8 yields that
(f2,id,...,id)(H) = (f1,id,...,id)(H), (6.7.3)

where the action in (6.7.3) on coordinates x; for 2 < i < n + 1 is given by the corresponding
identity maps. Equation (6.7.3) yields that H is a hypersurface of the form P! x Hy (for some
hypersurface Hy C (P')"), contradicting thus our hypothesis that H projects dominantly onto
any subset of n coordinate axes. Hence f,,+1 (and thus each of the f;, as shown in Corollary 6.5)
must be exceptional; this concludes our proof of Theorem 6.1. O

7. Conclusion of our proof

In this section we finish our proof of Theorem 2.2 and then we prove Theorem 1.4. Since we
showed in Proposition 2.1 that it suffices to assume in Theorems 1.1, 1.2 and 1.3 that the
subvariety V' C (PY)" is a hypersurface projecting dominantly onto each subset of (n — 1)
coordinate axes, then this will conclude our proof for each one of those theorems; note that
we proved the above three theorems in §2.3 as a consequence of Theorem 2.2.

Proof of Theorem 2.2. So, we have a hypersurface H C (P!)" (for some integer n > 2) containing
a Zariski dense set of points satisfying either hypothesis (1) or hypothesis (2) in Theorem 2.2.
Furthermore, H projects dominantly onto any subset of (n — 1) coordinate axes of (P1)". We let
f; (for i =1,...,n) be the measures introduced in §3.2.

LEMMA 7.1. We have i1 = jig = -+ = [ip.

Proof of Lemma 7.1. If each f; and also H are defined over Q (i.e., hypothesis (2) in Theorem 2.2
is met), then the conclusion of Lemma 7.1 follows immediately from Theorem 5.1. So, assume
now that each f; and also H are defined over C, and moreover hypothesis (1) in Theorem 2.2 is
met; in particular, deg(f1) = deg(f2) = -+ = deg(f,). We prove the result in this general case
using a specialization technique similar to the one employed in the proof of Claim 5.5.

So, we let K be a finitely generated subfield of C such that each f; and also H are defined over
K, and let K be a fixed algebraic closure of K in C. We know there exists an infinite sequence
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S :={(x14,...,2n;)} C H(C) such that each z;; is a preperiodic point for f; for i =1,...,n
and for each j > 1. Then the functions f; are base changes of endomorphisms f; g of IP’}< (for
i=1,...,n); similarly, S is the base change of a subset S C H(K). We can further extend f; i
to endomorphisms
fiv: IP%] — ]P’%]

over a variety U over Q of finite type and with function field K. For each geometric point
t € U(Q), the objects fi 7 and Sy have reductions f;; and S; such that S; consists of points with
coordinates preperiodic under the action of the f; 7. We also let fi;¢ (for i = 1,...,n) be the
probability measures on H; obtained as pullback through the usual projection map onto (n — 1)
coordinates (with the exception of the ith coordinate axis) of the invariant measures on (P&)"~1
corresponding to each f;; for j # 4. As proven in Claim 5.5 (using [YZb, Theorem 4.7] and also
[YZa, Lemma 3.2.3]), we obtain that the subset S; C H is still Zariski dense for all the Q-points

t in a dense open subset Uy C U. Thus, as proven in Theorem 5.1, we conclude that

fug = fiog =" = fing

for each t € Up(Q). Since Up(Q) is dense in U (C) with respect to the usual Archimedean topology,
while the measures fi;; vary continuously with the parameter ¢ (since from the construction, the
potential functions of these measures vary continuously with the coefficients of f;;), we conclude

that

fae = flo,p ="+ = fint
for all points in U(C) including the point corresponding to the original embedding K C C. Thus
1 = fio = - -+ = iy, which concludes the proof of Lemma 7.1. O

Lemma 7.1 yields that the hypotheses of Proposition 5.2 are met and so, we know that
there exists an index i, which we assume (without loss of generality) to be n so that for each
a:=(ay,...,an) € H(C), if a; is preperiodic under the action of f; fori=1,...,n—1, then also
an is preperiodic under the action of f;,.

Since all but finitely many periodic points of a rational map are repelling, and also, there is
a Zariski dense open subset of points a € H such that the restriction of the natural projection
map 7|g : H —> (P1)"~! on the first (n — 1) coordinate axes is unramified, then we can find a
point (z1,,...,2n0) € H(C) satisfying the following properties:

(a) x;0 is a periodic repelling point for f; for each i =1,...,n — 1; and

(b) there is a non-constant holomorphic germ hq defined in a neighbourhood of Zg := (z1,. ..,
Tn—1,0), With ho(Zo) = 2,0 and (Z, ho(Z)) € H(C) for all Z in a small neighbourhood of Zy.
Moreover, we also have that

Oho
8952-

Note that hypothesis (7.0.1) can be achieved since the points satisfying (0h/0z;) = 0 live in a
proper Zariski closed subset of H (i.e., inequality (7.0.2) is an open condition which can be seen
from computing the partial derivatives using implicit functions). It is essential in this case to
know that H projects dominantly onto each subset of (n — 1) coordinates, i.e., H is not of the
form P! x Hy for some hypersurface Hy C (P*)"~! since otherwise condition (7.0.1) would not
necessarily hold.

Proposition 5.2 and condition (a) above yield that z, o is preperiodic for f,,. At the expense
of replacing each f; by ff (for a suitable positive integer £), we may assume that:

(Zg) #0 foreachi=1,...,n—1. (7.0.1)
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e 1, is a repelling fixed point of f; for 1 <i < n — 1;
o x,1:= fn(zno) is a fixed point of f,; and

e there is a holomorphic germ h(Z) near Zop = (21,0,...,2Zn—1,0) With h(Zo) = x50, and
(2,h(%)) € H(C) for all # € (P)»}(C) in a small (complex analytic) neighbourhood of
Zg. Moreover, for each i = 1,...,n — 1 we have that

oh
= T 0. 7.0.2
i = (@) # (.02

Then all hypotheses in Theorem 6.1 are met; this yields that each f; must be either all conjugate
to monomials and +Chebyshev polynomials, or they are all Lattes maps, which concludes our
proof of Theorem 2.2. O

We finish our paper by proving Theorem 1.4.

Proof of Theorem 1.4. First we observe (similar to the proof of Proposition 2.1) that it suffices
to prove that each irreducible, preperiodic hypersurface H C (P')" is of the form ury ].I(Ci’j) (for
a pair of indices 7, j € {1,...,n}), where C; ; C P! x P! is a curve, which is preperiodic under the
action of (z;, ;) = (fi(z:), fj(z;)) (and 7; ; is the projection of (P!)" onto the (i, j)th coordinate
axes). Indeed, just as in the proof of Proposition 2.1, we obtain that any preperiodic subvariety
V C (PY)" is a component of an intersection of preperiodic hypersurfaces, thus reducing our
proof to the case V is a hypersurface.

Since the case n = 2 was proved in [GNY17, Theorem 1.1], from now on, we assume V C (P!)"
is a hypersurface and n > 2. Then, at the expense of replacing ® = (f1,..., fn) by an iterate
of it and also replacing the hypersurface V by a suitable ®*(V) (for k& € N), we may (and do)
assume that V is invariant under the action of ®. Also, we may assume V projects dominantly
onto each subset of (n — 1) coordinate axes of (P*)" since otherwise V = P! x V; and then we
can argue inductively on n (because Vo C (P!)"~! would be invariant under the induced action
of ® on those (n — 1) coordinate axes). Next we will prove there are no such hypersurfaces, thus
providing the desired conclusion in Theorem 1.4.

We let 7|y : V — (P1)"~! be the projection on the first n — 1 coordinate axes; we know
there exists a Zariski open subset U C (P')"~! such that «|;,'(8) is finite for each 8 € U.

Now, let 8 := (ai1,...,an—1) € U(C) such that each a; is periodic under the action of f;. We
claim that each point a € V(C) satisfying 7|y () = § is preperiodic under the action of ®, i.e.,
its last coordinate is preperiodic for f,. Indeed, since 3 is periodic, then for some positive integer
m, we have that ®™(a) € 7|,/ (8) and because 7|, () is a finite set, we conclude that the last
coordinate of o (and therefore, « itself) must be preperiodic, as claimed.

At the expense of shrinking U to a smaller, but still Zariski dense, open subset, we may
even assume 7|y is unramified above each point of U. Then we can argue as in the proof of
Theorem 2.2 and find a point (z1,...,2Zn) satisfying the conditions:

(a) ;o is a periodic repelling point for f; for each i =1,...,n —1; and

(b) there is a non-constant holomorphic germ hg defined in a neighbourhood of Zy := (z1,. ..,
Tn—1,0), With ho(Zo) = zpn0 and (Z, ho(Z)) € V(C) for all Z in a small neighbourhood of Zy.
Moreover, we also have that (Oho/0z;)(Z¢) # 0 for each i.

Furthermore, after replacing ® by yet another iterate, we get that each z; ¢ is fixed by f;. Then
we meet the hypotheses of Theorem 6.1 and since we assumed that each f; is non-exceptional,
we derive a contradiction. This concludes our proof of Theorem 1.4. O
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