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THE INDIVIDUAL WEIGHTED ERGODIC
THEOREM FOR BOUNDED BESICOVITCH
-SEQUENCES

BY
JAMES H. OLSEN*

ABSTRACT. Let (X, %, u) be a o-finite measure space, p fixed,
1<p<w, T a linear operator of L,(X,%,u), {a;} a sequence of
complex numbers. If

n—1

1 )
lim — Y oT'f
TR =0

exists and is finite a.e. we say the individual weighted ergodic
theorem holds for T with the weights {o;}.

In this paper we show that if {o;} is a bounded Besicovitch
sequence and T is a Dunford-Schwartz operator (ie.: |T|; =1,
ITll.=1) then the individual weighted ergodic theorem holds for T
with the weights {«;}.

1. Introduction. Let (X, %, u) be a o-finite measure space, p fixed, 1<p<
o, T - - - T,, linear operators of L,(X, %, w). If T; is simultaneously a contrac-
tion of L,(X, %, u) and L.(X, %, n) (and hence a contraction of L,(X, %, n)),
then we say that T, is a Dunford-Schwartz operator. If {a¥},, k=1,...,m,
are sequences of complex numbers, we say the individual weighted ergodic
theorem holds for Ty, ..., T, with the weights {af}, k=1,...,m, if

n—1

n —1
lim ; ___.Z...Zallcl...a;an']cl...T':nmf
ms MmNyt Uy =0 kp =0

exists and is finite a.e. for every fe L, (X, %, u). Here, the limit is taken in the
sense that n,, ..., n, tend to infinity independent of each other. In this paper
we show that if {a¥}7_ o, k=1, ..., m are bounded Besicovitch sequences (see
Section 2 for definition), and T,,..., T, are Dunford-Schwartz operators,
then the individual weighted ergodic theorem holds for T with the weights

{a f}?’z 0-
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2. Preliminaries. We first define the term bounded Besicovitch sequence.

DEFINITION. Let {o;};i~, be a sequence of complex numbers. We say that
{a;}i~o is a bounded Besicovitch sequence if

(1) There exists a such that |o;|<a for every i.

(2) For every £ >0 there exists a trigonometric polynomial w, such that

1 n—1
lim = Y, |o;—w.(i)|<e.
n=* N o—o

We will also need the following facts about Dunford-Schwartz operators.

LemMa 2.1. Let T be a Dunford-Schwartz operator. Then there exists a
positive Dunford-Schwartz operator S (f=0 implies Sf=0) such that |T"f|<=
S™|f| a.e. for all fe L,(X, %, w).

Proof. See (1, Lemma VIII. 6.4).
We will also need the Dunford-Schwartz ergodic theorem [1, Theorem VIII
6.9].

THEOREM 2.1. Let T, - - - T,, be Dunford-Schwartz operators, then

1 n—1 n._.
lim ——— ) -+ Y The- Tk
Ny, .ens e L TR (Y k;==0 Kk =0

exists and is finite a.e. for all fe L,(X, %, u).

3. Main Result. We now state and prove our main result.

TaeoreM 3.1. Let (X,%,w) be a o-finite measure space, Ty,...,T,
Dunford-Schwartz operators, and {a’};_, k=1,..., m bounded Besicovitch
sequences. Then

1 n,—1 n —1
lim ————— - Z ab o ap TS - Thf
n---o tm=>® Hy "t Ay k=0 Kpn =0

exists and is finite a.e. for all fe L,(X, %, n) and all p, 1 <p <o,

Proof. First, let 6, -6, be complex numbers. Then the operators T
defined by Tif=e“T,f are Dunford-Schwartz operators, and the theorem
follows in the case that aX=e*" from Theorem 2.1 and by linearity of
converging sequences,

n —1 n —1

X 1 1 m
lim @ ——— ) --- Y al(ky)ccam™(ky)Th -« Thnf
SRR T Myt M k=0 K =0
exists and is finite a.e. for any trigonometric polynomials a',i=1,...,m.

Now fix p,1<p<w, and let fe L.(X,%, ) NL,(X,%, ). Let €¢>0 and
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choose trigonometric polynomials w'--- w™ as follows. Let w' be such that

Z P —wl(k)|<

C Oy,

where |ai|=<q; for all k. w!, being a trigonometric polynomial, is bounded on
R, so there exists m; <o such that |w'(k)|=<m, for all k. Now choose w? such
that

nl

Z O‘k 2(k)‘

lim |—

mm,as - - Q,,
Continuing by induction, choose w; such that

1 n—1 . .
= X al-wik)|<
L)

€

lim

T Qg Oy

where |w;(k)|=m; for all k, 1=i=<I—1. Now we have

n‘—l n.mfl
Lim . z ap ap TS TRf
Ny Ny k=0 k,, =0
1 nlvl n, —1
_— Y Y wiky) - wh (k) Thr - - Tf"mf‘
n]"'”mklo Kk =0
n, -1 n_ -1 m-1
<lim——— Z T Y wiky) - wik)adtt - et
Ry My k=0 k=0 1=0
—w'(ky) - wk)W (ko2 - o | e
. 1 n,—1 nm—l m—1
<lim—— ) --- Z My MQuas - O ‘a;:lzll
Ny Ay k=0 km=0 1=0

=W ki) | Il <& [Iflle

From this we conclude that the theorem is true is fe
L,(X,%,w)NLX, %, u). For arbitrary fe L,(X, %, n),

l n, n —1

_ - o .amTkl---T:(nm
"1"‘”mk10 kZO ke fn 1 f
1 n —1 n -1
= G L O[T Thef]
ny*° Ny, k;=0 K =0
A n,—1 n -1
=—4—"Y ... Y Sh...gkf|
Ry Ny =0 Km=0
by Lemma 2.1, where
IT:f|=S: Ifl.
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Applying Theorem 2.1, to the right hand side of the above inequality, we now
have the situation where

1 n,—1 n =1
. 1 k k
Hm _—‘Z"'Zakl"‘a;c"m'Tll"'Tm'"f
nycong—e Ny 0 My =0 k=0

converges a.e. on a dense set in L,(X, %, u) and

1 nlfl n_—1
Sup - Z “ e Z allcl...a:'mT‘lﬁ...Ti‘nmf < 0
e, 1R Ry =0 k=0

for all f in L,(X, %, u), which, using theorem IV: 11.3, p. 332, of [1], will
imply convergence a.e. for all fe L,(X, %, u). (See [1, proof of theorem VIII,
6.9, p. 679]). This concludes the proof of the theorem.

We remark in closing that since a uniform sequence is a bounded Besicovitch
sequence [see 3], and that the operators considered by De La Torre [see 5] are
Dunford-Schwartz [see 4], this result includes the author’s previous result for
uniform sequences and contractions with fixed points [2]. The author wishes to
express his gratitude to Prof. R. Sato of Okayama University for letting him
see preprints of related results. The author also wishes to express his gratitude
to the referee for suggesting that theorem 3.1 is true in this generality.
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