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Generalisations of Turan’s main theorems on
lower bounds for sums of powers

A. J. van der Poorten

In his book, Eine neue Methode in der Analysis und deren
Andwendungen, P. Turan proved a number of new theorems given lower
bounds for sums of powers. Since it was only his intention to
demonstrate a new type of result, his bounds are by no means best

possible nor are his proofs easily susceptible of improvement.

We generalise Turdn's so-called Main Theorems to exponential sums
with polynomial coefficients by a simple method involving only
the evaluation and estimation of certain determinants. This
approach gives in each case a result known to be asymptotically
correct in the various exponents, and when specialised to the
case of constant coefficients it provides in each case best-known

results.

Our method moreover applies in more general circumstances and
provided only that the determinants which arise can be
conveniently estimated serves to provide lower bounds for other

than exponential sums.

Let 01, Gz, ..., o, be complex numbers and a;, dy, «.., a,

complex constants not all zero, and
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16 A.J. van der Poorten

m
frz) = } akaZ .
k=1
Turdn [8] considered lower bounds for the quantity

max 0L

n+1lsusn+m N, f)

where WN(u, f) is a suitable normalising factor so that the lower bound

might be independent of either

(A) the ak-values
or (B) the ak—coefficients.

We generalise Turdn's theorems so that the ak become polynomial
expressions in z .

Turdn's Second Main Theorem [§; Satz IX, pp. 46-52] was to the effect

that m "
kgl akakl m
= S .
max z [ ] min a1+...+aZ
ntl<usntm oy |¥ 2he?(n+om)’) 1
m m
where ]all = ]az] zZ .00z ]aml . The quantity @&; = f—————————}
2he? (n+2m)

was improved by Vera T. S&s and P. Turédn [7] who replaced it by

m
[21—(’;—"5;] with 1.321 <4 < 2623 (< 2u) . Subsequently S. Uchiyama

(9] improved a lower bound 1.473 < A found by E. Makai [3] and showed
that e < A < 8e , observing that the new upper bound was contained in the
$6s and Turén paper [7]. E. Makai [4] then showed that 2e/log2 <A and
that we could take

m m-1
9 = L(m+n)] ’
giving the right order of magnitude in =n . More recently Makai [6]

constructed an example to show that in any event ke <4 .
We prove a more general result.

THEOREM 1. et ap, ap, ..., o, be complex numbers so arranged that
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Lower bounds for sums of powers 17

loy| 2 |aj| , 1=j<m, and |a1—aj| = lagap| for 1=jsksm.

Denote by F a function of the form

m m p(k)
-1 2
F(z) = } p(2)d = § ¥ a 2"
k=1 KUK g2y gm K8 k
where p(l), ..., pfm) are non-negative integers with sum O , and s

1l=k=m, 1=s = p(k), complex constants not all zero. Further write

A
Fy(z) = kzl pk(z)az , 1lsl=<m.

Then if n, r, u are integers such that n= -1, 1<r <o and

u=s=n,
g-r
max  LEWL 5 g7 [——Be‘;;‘: 0)] min ‘ng"l) (o).
n+isusn+o oy |¥ : 1<lsm
and

o-1
max lELELL > %(§ET%Z£137J min IFZ(u)
n+lspsn+o |ap |M Be 1<lsm

COROLLARY. If aj, Qs eves a, denote complex constants, then in
particular

T u

|k§1 4|

max — E4 %.[8 ¢_1 ]m-l min
nelspsndm |ag |M ¢ (m+n) 1sism

ay+.. .+aZ

Apart from its greater generality our result is non-trivial in
circumstances where Turdn's result collapses. In the particular case of

constant coefficients we do obtain the best-known result, of Makai [5].

Further Turdn had shown (First Main Theorem) [§; Satz VII, pp. 38-L1]
that

’g 2
a; o
kkl
k=1 .

a1+a2+...+am N

m
m
max =
e Iam‘u [2e(n+m)J
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18 A.J. van der Poorten

where Iam] =< Iajl » 14 =m. This result was improved by I. Dancs
[1] who replaced the quantity

m=1

Q = m m b ._l_ m
2 2e (n+m) Y 22|z (n+m)

which gave the correct order in »n . Subsequently E. Makai [4] wused a

combinatorial argument to prove an exact result, showing the best possible

{T )

The corollary to our Theorem 2 is this best possible result.

value for &, to be

~THEQREM 2. Let ay, Oy, ..., o, be complex numbers so arranged
that o | < |aj| » 1=gJ =m. Denote by F a function of the form

o= § o= 1P
F(z) = p,(z)a, = a,, 2 [>
. k k k=1 s=1 ks k

where p(l), ..., p{m) are non-negative integers with sum o , and a,

E

S
1=<k=m, 1=s=p(k), complex constants not all zero. Then if n, u

are integers such that n = -1, u=n,

max 1z | = E QZ—l [n—u+l-1]—l Fu) ,

n+LSUSn+o fam]p 1=1 -1

where we note that

[n—u+Z—l] pl-1 < [n—u+0] S0-1 [22(n—u+0)]0_1 _
121 -1 o-1 o-1
COROLLARY. If aji, ap, +ess a, denote complex constants, then in
particular
| et
a,o
L7k k’ m -1
max -513;————-2 21'l [n;f;l] a1+a2+...+am
n+l<usn+m Iam]u =1

This is a best possible result in the sense that the right hand side

cannot be replaced by a greater quantity for any n or m . It seems
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Lower bounds for sums of powers 19

likely that our general result similarly is exact. Indeed all bounds in
our proof are exact, and in any event an argument we present at the end of
this introduction shows that the general result is in a sense a special

case of the Corollary.

Turdn's Main Theorems are type-A results in that the lower bound is
independent of the ak—values. Our method also easily provides a type-B

result where the lower bound is independent of the aks—coefficients.

Here Dancs and Turdn [2] had shown that

)
z 2 ak us_la; 1 )
k=1 s=1 <° _op2 (g )2mPHzPle-1
max o = (n"’mOJ m s
n+l<psn+m z § a s-1 o u
o by |%ks ¥ k
=1 s=1
where
min |ah-ak| max |ak|
1<htksm - 1<k=m
- =8 (<1), “in To T <4 (=z1).
min ak min G.k
1<ksm 1<ksm

Whilst Coates [0] had proven

p

? s-1 n
max a, 1 o
k m-

0=psSmp-1 'k=1 s=1 5 K (p 1)!6( 1)p x min(l A,mo—l)
max |akp] - (64) p-1 ’ i
1=k<m

where in addition 4' = max |ak| .

1<ksm

Our result generalises that of Coates and improves that of Dancs and
Turdn giving the correct exponents. In the particular case when the
coefficients are constant our result is as good as that of Turdn's book

[8; Satz XI, pp. 53-56]. We prove
THEOREM 3. Let ay, Qp, «.., o be distinct complex numbers, and

denote by F a function of the form

s-1 z
z ak B

m p(k)
} )} a

m
F(z) = p, (z)a% =
kzl k k ks

k=1 s=1

where p(1), ..., p(m) are non-negative integers with sun o , and Qg
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20 A.J. van der Poorten

l1=k=m, 1=s = p(k), complex constants not all zero. Further let

§, = min |oy-a.| ; A= max |a.|,
hi<ithsn Y 1<jsm Y
8
(1=2) 6§ = min T > max p(k) =p .
1<hsm 'Th 1=<ksm

Then if n 1s an integer = -1, for each ht , 1 <h =m
1 st =op(h),

E)

+t .a-p(h . h)-t
T *") (min |a | 18,01 %)
max s
n+1<U<n+o ,ahtl (n+o)°(h)'t (1+4)°71
COROLLARY 1.
m p(k)
-1 u
’Z } e
- - ks k o-=-1
max mk—;(i)l z 2—1 o-1 "
n+1<psn+o 3 la s=1|, |u o(n+o)" T (144)
k=1 s=1 | K8 g K

COROLLARY 2. In particular if ay, dss +--, a, are complex

constants

m

u
kzlakak' luh n+l 62—1
max ‘ra I e -1
n+lsusn+m h (1+4)
whenee if min |o.| =1,
1<jsm ¢
T ]
a,o
ko1 kK k N 6m-l
max >

HLEuSm rg lay | e ¥ m(eaf"
k=1 k k

Finally we illustrate how the expressions we study arise naturally.

It is not difficult to show that, given numbers bo’ by, ..., b the

0 b
the solution to the difference equations

b e + bc

oCnto + bye ew+be =0, n=0,1,2, ...,

+ .
n+g-1 n+o-2 on

https://doi.org/10.1017/50004972700041575 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700041575

Lower bounds for sums of powers 21

is of the form
n n
e, = p1{n)ay + pz(n)ag + ...+ pm(n)am , m=0,1, 2, .. ,
where

boz0 + blzzo—l + ...+ bc = bo(z-al)p(l)(z-az)p(Q) - (z-am]p(m) s

and pl(t), ees pm(t) are polynomials of degree respectively at most
D(l)-l, LR 1 p(m)-l .

It is of course evident from this description that the functions we
study only represent a confluent case of those originally studied by

Turén.

LEMMA 1. Let F be a function of the form
n
F(z) = } bkgk(z) s by, ..., b complex constants ,
k=1 i

where gy, .., g, are functions analytic on some domain G of the
complex plane.
Further let =2y, 23, ..., az, be points of G ; let Sy, 825 «vvs s,

be non-negative integers; and let H(yis «--» yz) be a form linear in

Yls ooy yz (leEYl).

(s;)

Finally denote by LYy (L=1%, J =n) the cofactor of g; ke (zi)
in the determinant

(si]

(zi)

Then there is an integer | such that 1 = U =n and

A= l
195 1=j,i=n *

F(S“)(z )| = 2D (1ys- 5P (7)) |
I |&l

i=1!

4] _ .
a1l =4(1) s ... =4(1) =n.

Aij(l),...,Aij(z))

Proof. Appropriately differentiating at 2,, 32, ..., z, we obtain
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22 A.J. van der Poorten

a system of n 1linear equations in b;, ..., b_ »

(Si)

n
kzl bkgk (zi) =F (Zi) > l=i1=n,

Thus

n
H(bj(l),...,bj(z)) A= Z H(Aij(l),...,Aij(l))F

whence

(c,)
F

X max
1<u=n

&) -

n
H(bj(l)""’bj(w)l ol = 1 |H(Aia'(1)""’%j<z))

and the assertion follows. We note that the result remains meaningful
though trivial even if the denominator on the right-hand side of the
result should vanish,-provided we then interpret the lower bound to be

zero (this is the natural interpretation, in our examples, by continuity).

The Lemma reduces the problem of determining lower bounds like those

of Turdn to that of finding upper bounds for gquotients of the form
n

Z H(Aij(l),...,Aij(Z)) /1a) .
1=1

One useful technique runs as follows: writing

. = . . P s . 5.5 2
4 B30y egp))/8» 1 sisn

we find a polynomial & such that

Q2) = q1 * qz + q33% + ... +qnzn :

LEMMA 2. If Q(z) <s given as a sum of terms of the form

§(z2-81)(z-85) ... (Z—Br)

say
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Az) = ] 8;(a-B) oo (287 ))

J
then
n
L lasl < 11651 Gelss ) e ol
n
Proof. izl lg;| 1is the sum of the sbsolute values of the
coefficients of @ . But

l6] (a+lerl) ... (a+]8,1)

is obviously as large as the sum of the absolute values of the

coefficients of the polynomial
§(z-81) ... [z-Bp)

whence the given inequality follows from the triangle inequality for the

absolute value of complex numbers.

Henceforth p(l), ..., p{m) denote non-negative integers with sum

m
1 olk) =0
k=1
and Qg s l1<k=m, 1<s=p(k), denote 0 complex numbers not all
zero. Further p;, ..., p, denote the polynomials
p(k) ool
Bl = )
s=1
of respective degree at most p(l)-1, ..., p(m)-1 (and the convention

that a polynomial of degree < 0 is identically zero).
We will consider functions F of the form

m p(k)

! 1 a

m
F(z) = kz Py (2)f (=) = kszs_lfk(Z)
=1

k=1 s=1

so that we will be applying the main lemma (Lemma 1) to ¢ functions

zs_lfk(z) , 1=k=m, 1<s <p(k),
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24 A.J. van der Poorten

and evaluating cofactors of O x 0 determinants of the form

1 (s5)

— t- .
A= z; fﬁ (zi) e l<iso0; 1=st=<oplh), 1<h=m.

Here %, t index rows and < indexes columns; the above ht, 7 index
indicating that we are displaying the ht, 7 element of the determinant.
We always denote the cofactor, i.e. the determinant of the minor together

with the appropriate sign, of the Aht, ¢ element Ai ht -
t]

On occasion it will be appropriate to note explicitly that, say, the
ht row is strictly the p(1) + ... + p(h-1) + ¢ row; we then write
p(1) + ... + p(h-1) + t = o(ht) for convenience.

Turén's Main Theorems concern lower bounds for sums of powers of
complex numbers. We shall more generally consider such sums with

polynomial coefficients, and thus define

w2 Wz

3 m z
filz) = e =07, «ees fh(z) =e =0
where W), W, ««., w, ~are arbitrary complex numbers (in the extended

sense, so that ah may be zero) and af, a?, ey a; are well defined if

z takes only rational integer values; we use the a's only in that

context.

Since the essence of our method is the evaluation or estimation of
certain determinants and their cofactors, we describe precisely those cases
for which this may be conveniently done.

To begin with we will find the lower bounds for

i H
max IF(u) = I p e .
H=n+l,...,n+0 k=1

By the main lemma we must then consider the determinant

-1

= 3 n+i < < < . < 7 <
A= [(n+) oy lht,i’ 1<h=m, 1=t=<ph); 1=1=0g,

and various linear forms in its cofactors. Different such linear forms

will provide us with lower bounds appropriate in different circumstances.

Our technique for evaluating A and expressions in its cofactors runs
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as follows: we introduce formal quantities
Opy o 1<hs=m; 1=t¢tz=ph),
and the Vandermonde determinant

n+1,

D= 1o

ht,t °
D 1is of course easily evaluated, and we obtain
fﬂT n+l T~T
_ { “ks (o Y™ JT]}
k=1 s=1 Jr<ks

where of course Jr < ks means o(gr) < o(ks) i.e. either J < k or

(
J =k and »r < s) , whence more conveniently

TmI a1 {azgl [jiT ( kl)] %_%‘%_T } .

J=1 r=1

But it is easily seen that exactly

S (A pu OO

A=
) k=1 s=1
1<ksm;1<s=p(k)
m plk) k-1
STTIT o G TT Ges)®@)
k=1 s=1 J=1

The reader may be able to see that the differentiation gives the
above result; to describe the situation more clearly we however
explicitly indicate how and why we obtain a tidy result in this and

slightly more general circumstances.
LEMMA 3. Denote by P the product
m k) s=1
P= Hi{ H )

and let Ry, R, be functions in the W 1<h=m; 1=tz=ph),

t
which are divisible by P , <.e. so that

lim R. (2 =1,2)
/P ’
%28 "
1<k<m;l=<s=<p(k)
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exists (in effect every factor in P occurs in an appropriate

factorisation of R) . Then
(L8 o))
o Rl
) k=1 s=1 \ K8 3%, o (R
1im m_ p(k) s-1 = lm g
s (1T T (40 2] A
all ks | ‘k=1 s=1 ks all ks

Proof. Write R = Pg . Then

. {TQT_ (k) [aks séi;JS—I}PQ =  1lim Q{Iﬂli?_l [ ks aa } —1}P

aks+ak k=1 s=1 aks*ak s=

" all ks all ks

+ terms which vanish when limits are taken

= | 1lim @ 1'7'%LT (s-1)1

uks+ak k=1 s=1
all ks

and the result of the lemma follows immediately.

With the aid of Lemma 3 it is now easy to give explicit expressions
for such combinations of the cofactors of A as are, in the sense of the
lemma, divisible by P . 1In other cases we unfortunately obtain an

annoyingly untidy expression.

. n+i
We denote by Di,ht and respectively Ai,ht the cofactor of aht
. L t-l  nti .
and respectively (n+i) oy in D and respectively A . In just

the same way as we derived A from D it is clear that

8 nt = { T—T) [ks %, ] —l}Di,ht .

o5 (Uit
all ks
But the Di ne B8re determined by the equations
s
L2_s = Z ol l=k=m; 1=s8 =p(k)
n+l ks, ht ks z ht - = ? - -
ht

(where dks,ht is the well-known Kronecker &) , which assert that Di,ht
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-1

is exactly the coefficient of =z in the polynomial
b k) 2-0y
+ -
ot k=1 5=l (%nt™%s
kstht

Unfortunately this expression is not, in the sense of Lemma 3,
divisible by the product P so that we must obtain an unpleasant

expression for the cofactors Ai ht * We return to that expression later;
s

for the moment we list various linear forms in the A

it for which we

can obtain a relatively tidy exact expression.

Thus for any U we have by the above expressions

p(h) m_ p(k) s-1 p(h)
u t-1 9 u
o Z u A, = 1lim {I [a ————J } o4 D.
h =1 1,ht o, k=1 =1 ks Baks o1 ht "1 ,ht
s k
all ks

and by Lemma 3 and the above expressions

= the coefficient of 2z° 1 1in the polynomial

p(h) m plk) { z-a
@ = e
o, -u t=1 o k=1 s=1 ht ks
ks "k ht ks%ht
all ks

Similarly for r a positive integer and a fixed branch of the log
function

p(h) (. _
((;_1)5 r (08 @) b ne

T {T_T‘$—T [ ks do, ] -l} pﬁh) (108 aht)r-l Di,ht ?

aks+ak k=1 g=1 t=1
all ks

t=1

which by Lemma 3 becomes
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(2) = the coefficient of z°"* in the polynomial

p(h) (log aht)r—l fﬁT (k) { z-op

lim A — RS

a, »a,  t=1 ot k=1 s=1 (%t %s

ks k ht k8+ht

all ks

We consider the following linear form in the Ai ht
1 p(h) A,
r-1)! r-t ht
S(r——l%(logah) Gty (=r<o)
h=t t=1 ?
where 1 =1 =m ; the corresponding linear form in the coefficients aks
is then
t o(h) A
-1) d yr-1 z
(3) (L (106 0,)7 g, = {(-) T op (z)a}
el =1 (r-1! ht  da ne1 B Maso
For convenience writing
z 1 p(h)
t-1 =
F(z)= ) p(a)a® =7 V a2, 1=slsm,
L = R = R
(so that F (z) = F(z))» the above linear form is F;r-l)(o)
-1

We have observed above that q; is exactly the coefficient of 2z

in the polynomial

1 p(h) (log aht)r'l m k) [ z-0n
AL —at TITT =]
Org™® h=1 t=1 o k=1 s=1 ht ks
8 Kk ht k3+ht
all ks

Neglecting the limit for a moment, Qz(z) is exactly that polynomial
of degree 0 - 1 such that
r-1
[log aht)

(o) = o 1
ht

=0 I+41 <=h<m; 1=<¢t=oplh).

IA
&
1A
o~
)
1A
A
1A
kel
S
~

Taking the quantities aht as formally distinct these conditions
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determine QZ .

Suppose now that

max |a.| =1
1<j<m

and rearrange Q;, Gy, ..., am such that o) =1 and
(s) 0= |1-0y] = ... = |1-a,| < R < |1-a
where R and the integer 1 , 1 <1 =<m , are to be fixed later. We

suppose that the distinct quantities aht lie arbitrarily close to the

&, 1=h=m.

h
Still neglecting the limit in Ql(z) we write it as an interpolation

series

(6)
Q;(z) = bll+b12(z-ﬁl1)+bls(3—a11)(Z-G12)+~--+bmp(m)(z-a11)---(Z-am,p(m)_l)-

By the conditions (4) defining QZ we obtain the interpolation

coefficients b as contour integrals

“ht
1 (lgg,z)r_ldz
(7) bht='2?7'.'J ey s, 1=<h=<smj; 1=¢tz<soplh),
C z (z'u’ll)"'(z_aht)

where the contour includes all of the points op, ..., al but excludes
the points aZ+l’ ey am and the origin. The integrals remain well

defined when the relevant limit is taken and indeed we can drop any

implicit assumption that the ah be distinct. For our contour we will
take the circle |l—z| = R assuming then that R is chosen <1 .

We sketch the procedure we now follow. 1In order to determine a lower

bound for
T H
max F(u) = ] pp(way
p=n+l,... ,n+0 k=1

we require by Lemma 1 to find an upper bound for the sum

https://doi.org/10.1017/50004972700041575 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700041575

30 A.J. van der Poorten

I't~1Q

ey |qi|
and by Lemma 2 we know that
m p(h)
hzl tzl Byl (*lonn]) ... (l+lah,t—1|)

is such an upper bound. To determine this bound we require the following
lemma of Makai [5; pp. 180-181], an analogue of a well known theorem of
Chebychev. We gquote the lemma without proof.

LEMMA (Makai). If 0=<8=<1, ard P(z) <s a monic polynomial of
degree n then there exists a circle |1-z| =R with 0 <R < § such
that everywhere on the circle

|P(2)| = 2(8/8)" .

We thus choose & (we determine a specific optimal choice later) and

thus R and [ such that

[1-a,| <R < 8= |1-ay,|

Then everywhere on the contour |l-z| = R we have

|(log z)r_ll - 1= log(l—é)}r-l < ((5/1—(5)1”_l < §7L
et |~ (1-6)"*L (1-6)™*7 (1-6)"*7

and by Makai's lemma on the contour

(z-a11) ... (z-amp(m)) 2 2(8/4)°

whence a fortiori, certainly

>2(8/8)° , 1<hsm; 1=<¢tz=oph)

(2—0.11) .. (Z—O.ht)

Hence we see that

6r-l 220—1 220—1
ams . n+r ° o = o-r n+r °
(1-8) 8 8§ (1-6)

i

<L
ht| = 2m °

Recalling that |op| =1 (1 =h=m) we obtain that
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o m p
izl q;| = th L Ib | (1+]ar]) ... (l+lah,t—ll) (where a,, = o)
g 220-1 i1

IA

i=1 Go—r(l_s)n+r :

236—1/60-r . (1_6)n+r .

1A

We are still free to choose & optimally (thus determining 7). It is

easy to see that the best choice is

8§ = %ig- (recalling 1 = r =< 0)
and then
n+r
(2-8)" (7 [1 + ——0""] PRACEN

a 1 p(h) A. Gy
(8) min ) D) iz:___ (10g ah)r-t 1Aht| < 8r[82£n+0)}
1sism i51 1pe1 e -7

provided only that aj, Gz, ..., &  are as in (5), and r <o .

Taking » = 1 and comparing the expressions (2) and (1) observing
that the latter is simply the former with »r =1 and n replaced by

n - u we can read off the following result:

(9) in ()Z, % o%h) o -1 Ai,ht} - 8[82(n-u+o)]

1slsm i=1 ln=1 =1 a o-1

o-1

when 0], G2, ..., o, are as in (5) and u < n+l (this condition is

required to preserve our estimates which, perhaps implicitly, are based
on the premiss that »n , or in this case n - u , is large relative to the

other constants).

We note that the relevant linear form to this last result is
1 p(h)

(10) oty = 2 p, (W = F,(u)
hzl tzl h ne = L Ph Z
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Finally the above upper bounds for the relevant linear forms and
Lemma 1 immediately give the results quoted as Theorem 1, for by the Lemma

we immediately have that there is a u such that 1 =y =0 and

min lFé"'l)(o)l

IF(n+u)| z o A 15%5? 7 s
min | (r-1)! (1og a )r-t 7,ht
1=ism im1 lngy sy (-t h a

the numerator and denominator being respectively the same linear form in

respectively the coefficients a; . and the cofactors Ai ks Y (3)
t]

whilst similarly by (10) we see that there is a U such that 1 =y =g

and
min IFZ(u)I
|P(n+u)| = S ls%smp(h) » .
e 113D e
1<lsm i=1 '‘h=1 t=1

Purther we may, since F(z) is homogeneous in the aZ , make the relevant
changes to the condition (5) that we make in our statement of the theorenm.

If in contrast to the condition (5) on the ah we have

min Ia. =1
1sjsm 9

say o = 1l , we obtain a quite different result. We consider the linear

form

h=1 t=1
which we have seen by (2, 3) is tantamount to considerinél

m p(h) Ai,ht

h=1 t=1 8

with 7 replaced by »n - u . We thus follow the same chain of argument

as before to obtain
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o m plh) A
SR RIS S B
where

1 dz

(e Phe ™ ot Jc £ (zm001) . (e )
U = O s =h=m,; 1= t=op(h), and the contour is such as to
contain Gy, Q2, ..., o, but exclude the origin. We suppose that u 1is
an integer and < n+l . Then the only singularity outside the contour in

the above integrands is a multiple pole of the origin, and to be explicit
we may take as contour € a small circle (radius < 1) about the origin
in the negative direction. In order to evaluate the residue of the
integrand as 2 = 0 we note that on the contour always |z| < laksl

whence

-1 -1
{(z—all)...(z-aht)} = {(—l)o(ht)all...aht(1~z/a11)...(1-z/aht)}

(where o(ht) = p(1) + ... + p(h-1) + £)
ht) S
( )0( (a1 ) 1l e 2"
ht = W, ht
and
u
- -2(11) -A(12) ~A(ht

cu,ht = Z 11 G2 ht( )

where the sum is taken over all non-negative integers A(11), ..., A(hz)

with sum .
Since in any event Iaksl 21, all ks, e, is maximal when

u

@ =03 = ... =0_ . Then cu is the coefficient of 2" 1in the power

m

)-o(ht)

series expansion of (1-z and it follows that

. u+0(ht)-l] (uro(nt)-1)1

Wit = [ o(ht)-1 (o(ht)1) 1wt

Finally applying the residue theorem to the integral (12) we obtain

|b

htI = [all"'“ht)-ll Icn-u,hti

https://doi.org/10.1017/50004972700041575 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700041575

34 A.J. van der Poorten

whence

< In-uro(ht)-1
ety | Ibyl = [ o(ht)-1 ]

But then

lbhtl(l+|a11|)"'(l+|ah,t—l')

+1]...[|aift_l +1] = [n-u—c(ht)—l]gc(ht)—l .

_ 1 (] -1
= lall"'ahtl'bhtl'iuht’[‘all o(ht)-1

Thus by (11)

o m po(h) A. o
d u _t-1 1,ht n-utr-1| .r-1
| o u T’fz[r_l ]e

=1 'h=1 ¢t=1 r=1l

By Just those observations we made at the end of the proof of Theorem 1,

Theorem 2 now follows.

turdn's Main Theorems, which our Theorems 1 and 2 generalise, are
A-type inequalities in the sense of our introduction; we now turn to a

corresponding B-type inequality.

o A,

By Lemma 1 we only require an upper bound for Z —EZEE, since
1=1
g A
max )] = |ay,| 1 A——'
1=<u=<c =1 '"Z,ht
But
Bi mt i-1
_-TK__ = the coefficient of =z in the polynomial
1 ) m  p(k) 3 s-1 D - (k) a=0 o
i %z B on+l l a, -0
o, -0 k=1 s=1 ks o k=1 s=1 ht ks
ke K ksdnt Wt rsdnt
all ks
_ i-1 )
= * the coefficient of =z in the polynomial
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(m [4z—ak]p(k) (z-ah)t—l
k=1 %n% ()
k+h
m ;
(3 | (o, sgzax(r){az+r—k(r)(p—l—k(r))!(z-ah)I—I(ah-qj)p(J)}
h) 75
) ; itk
ret+l az+r(p_l)!I—T(ah_aj)p(J)

J=1

| Jgth

where the sum is taken over all non-negative integers A(r) with sum

p(h)-t such that A(p(k)) =1 and Xr) S r-t , t+l < r < p(h) .

Put
§, = min |ah-a.| A = max a.l
1<j<m J 1sjsm 19
Jth

and recall that by Lemma 2 we find the upper bound for the sum of the
absolute value of the coefficients of the polynomial by finding upper
bounds for the absolute value of the coefficients of products of terms of

the form (z-ak) s, whilst terms of the form (z—ak) are replaced by
(a +.|ak|) .

We study the rather ugly sum in the expression (13), observing that

1 Z 1|3—(';"1') ]P—l-)\fr'”! <1

(t-1)1 & Ly (2-1)1

Inside the product sign we have, apart from the factorials, when

AMr) = 1 , exactly

m p.
n+r-1 J
—— z (z_a)_,l
=1 &y =0 h

which corresponds to a contribution to the upper bound of at most
(n+0-1)(1+4) (n+o)(1+4
i 5] 71 mn(e,1.5,)
min{|o,[,9, nl2%,

For A(r) > 1 we can then see that
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36 A.J. van der Poorten

(n+c)x(r)(1+A)
{min(lahl,dh)}x(r)

is an appropriate contribution. Hence applying Lemma 2 to (13) we have

9 |Be,me| (n20)°P)-t (142072
, A +t.0-p(h), . (n)-t °
i=1 Iahln 8, p( ){mln(lah|,6h)}p

Theorem 3 now follows.
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