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Abstract In this paper, we construct the first examples of complex surfaces of general type with
arbitrarily large geometric genus whose canonical maps induce non-hyperelliptic fibrations of genus
g =4, and on the other hand, we prove that there is no complex surface of general type whose canonical
map induces a hyperelliptic fibrations of genus g > 4 if the geometric genus is large.
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1. Introduction

Let S be a smooth projective surface of general type over C and Ky its canonical divisor.
Denote by ¢, the map determined by the complete linear system |nKg|. We call ¢; the
canonical map, and ¢, (n > 2) the pluri-canonical maps of S.

Much progress has been made in the study of the pluri-canonical maps; see for instance,
Reider’s method [15]. However, the case of canonical map is different. Most of the methods
used in the study of the pluri-canonical maps are no longer valid. In [2], Beauville first
studied the canonical map systematically.

In this paper, we are mainly interested in the case when the image of the canonical map
is a curve, in which case we say that S admits a canonical fibration or § is a canonically
fibered surface. In fact, by blowing up the possible base points of the rational map ¢; and
the Stein factorization, one obtains a fibration f : X — B, which is called a canonical
fibration following Sun [17]. Denote by g the genus of a general fiber.

S<~———-—-X

Nl

Pre($)—1 o) B

The following result was established in [2].

Theorem 1.1 (Beauville). If S admits a canonical fibration of genus g and x(Og) > 21,
then 2 < g <5, and
K3 > 3p,e(S) —6.

In the same paper, Beauville also constructed examples of canonically fibered surfaces
with ¢ = 2 and 3, where the geometric genus can be arbitrarily large. See also [3, 14, 19,
20, 25, 26] for such examples. We also refer to [13] for a systematical study of canonically
fibered surfaces with g = 2. In [20], Xiao improved the above inequality in the case when
g = 2 (with one exception where § is minimal with K§ =1 and p,(S) =2):

K2 >4pg(S)—6, ifg=2.
In fact, the above inequality holds for all canonically fibered surfaces, cf. [23, 24]. The
following questions arise naturally (cf. [21, Problem 6]).

(1) Does there exist any surface of general type with a canonical fibration of genus
g = 4 or 5 with arbitrarily high geometric genus.

(2) When S admits a canonical fibration of genus g, find the largest ¢(g) such that
K§ 2 ¢(g) - pg(S) + some constant.

As mentioned above, Xiao proved that ¢(2) = 4. Beauville showed in [2] that c(g) >
2g — 2. More precisely, he proved

K3 > (28 —2)(pg(S) — D).

In [16, 17], Sun proved that
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Theorem 1.2 (Sun). (i) If S admits a canonical fibration of genus g and pg(S) > 2g —
2, then

k2> (2 2+2g_2( (S)—1)
s = 8 26— 1 Pg

(ii) If S admits a canonical fibration of genus g = 3, then

K5 > 2 pe(s)— 2.

8(g —1)?
2¢—1 °

(iil) If S admits a canonical fibration of genus g which is hyperelliptic, then

1
2<g _ —)(pg(S) +1)—-8(g—1) ifg(B)=0,
K3 > f
2<g_§>pg(5) if §(B) = 1.

In particular, there is no surface of general type admitting a hyperelliptic canonical
fibration of g =5 if either g(B) =1 or pg(S) = 53 —15¢(S).

Very recently, Chen [5] studied the non-hyperelliptic canonical fibration of genus 3,
which together with Sun’s result confirms that there is no surface of general type with
a canonical fibration of genus g =5 if either g(B) =1 or pg(S) > 1952. However, it has
been always mysterious whether there exists a surface of general type with a canonical
fibration of genus g = 4 or not.

Our main results are the following.

Theorem 1.3. (i) There exist a sequence of surfaces of general type with arbitrarily
large geometric genus which admit non-hyperelliptic canonical fibrations of genus
g =4.
(ii) There exists mo surface of general type which admits a hyperelliptic canonical
fibration of genus g > 4 if either g(B) =1 or pg(S) > 212 —-72q(S).

Remarks 1.4. (i) Together with Chen’s result [5], our examples settle the question of
which genera can appear in a canonical fibration.

(ii) Tt is not difficult to construct surfaces of general type which admit hyperelliptic
canonical fibrations of genus g = 2 or 3 as remarked above; see also Example 4.10.
Hence the bound on the genus appearing in a hyperelliptic canonical fibration is
sharp.

Outline of the exclusion of hyperelliptic canonical fibrations of genus g > 4. Let S be
a surface admitting a hyperelliptic canonical fibration, and f : X — B be the induced
fibration of curves of genus g > 2. It is well known that the base B is either elliptic or
rational. The technique differs in these two cases.

In the case when B is elliptic, the relative canonical divisor Kx,p = Kx. Hence one
deduces a decomposition (announced in [7], and a complete proof can be found in the
recent paper [4])

f+Ox(Kx) = L& F,
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where £ is an ample line bundle on B with h%(£) = Pg(S), and F is a unitary subbundle
on B with rank F = g — 1. We will show that, up to a suitable étale base change, F
becomes trivial (cf. Proposition 4.1). Together with the slope inequality for hyperelliptic
fibrations with positive relative irregularity (cf. [9, Theorem 1.4]), we prove that

Theorem 1.5. Assume that S admits a hyperelliptic canonical fibration of genus g. If the
base B is elliptic, then g < 3, and

) {4pg(S> ife=2,

57 18pe(S) ifg=3. (1.1)

If the base B is rational, then we do not have such a decomposition for f,Ox(Ky), and
the above technique does not work any more. Write

where D (resp. V) is the horizontal (resp. vertical) part of the fixed part Z contained in
|Kx|, and M is the moving part. It is clear that M = (p; — 1)F, where F is a general
fiber of f. To obtain a lower bound on K §, it suffices to bound the canonical degree of D,
i.e., the intersection Ky D, from below. This will be done by applying the hyperelliptic
involution on X together with the Riemann—Roch theorem on the associated ruled surface
(cf. Lemmas 4.5 and 4.7). As a consequence, we show that

Theorem 1.6. Assume that S admits a hyperelliptic canonical fibration of genus g. If the
base B = P!, then

K > 3(g— D(pg(S) —2). (1.2)

Remarks 1.7. (i) The idea of bounding the canonical degree of D wusing the
hyperelliptic involution on X and the Riemann-Roch theorem on the associated
ruled surface goes back to Sun [16, 17]. In fact, Sun has studied in [16] the case
when the horizontal fixed part D = (2¢g —2)C with C being a section of f, and
obtained the same bound (1.2) in this special case.

(ii) The inequality (1.2) together with (1.1) improves Sun’s bound in the case when
S admits a hyperelliptic canonical fibration of genus g = 3. When g =2, (1.1) has
already been proved by Xiao [20]; while (1.2) is weaker than Xiao’s.

Combining the above bound together with the logarithmic type Miyaoka—Yau
inequality for surfaces of general type, we exclude the existence of a surface of general
type with a hyperelliptic canonical fibration over P! of genus g > 4.

Organization. Our paper is organized as follows. In §2, we do some preliminaries and
introduce the notations. In § 3, we construct a sequence of surfaces of general type which
admit non-hyperelliptic fibrations of genus g =4. In §4, we exclude the existence of
surfaces of general type with a hyperelliptic canonical fibration of genus g > 4 along the
idea illustrated above.
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Figure 1. Canonical fibration.

2. Preliminaries

In this section, we recall some facts and fix the notations.

We always work over the complex number. By a surface we mean a smooth projective
two-dimensional variety, and by a curve in a surface we mean a reduced one-dimensional
subvariety. An integral divisor (or simply a divisor) is a finite sum Y _ n;C;, where C;’s
are irreducible curves and n; € Z. A rational divisor is a finite sum Y_ r;C;, where C;’s
are irreducible curves and r; € Q. A divisor D = ) n;C; is said to be effective, denoted
by D > 0, if n; > 0 for any i; it is said to be nef (numerically effective) if DC > 0 for any
irreducible C in the surface. Linearly and numerically equivalent relations between two
divisors will be denoted by ‘=’ and ‘~yum’, respectively. Similar notions apply also to the
rational divisors.

Let S be a smooth projective surface of general type over C and Kg its canonical
divisor. Denote by p, = h9(Ks) the geometric genus, by ¢ = h'(Ks) the irregularity, and
by x = x(Os) the Euler characteristic of the structure sheaf. The canonical map, denoted
by ¢1, is the map determined by the complete linear system |Kg].

We are interested in the canonically fibered surfaces, i.e., the surfaces whose canonical
map has one-dimensional image. By Stein factorization and minimal blowing up the
possible base points, we obtain a relatively minimal fibration f : X — B of genus g > 2,
which we call a canonical fibration following Sun [17], see Figure 1.

It is well known that the base B is either rational or elliptic. Xiao proved in [19] that
either g(B) = ¢ =1, or g(B) =0 and g < 2. Let Z be the fixed part of |Kx|, and F be
a general fiber of f. Then there exists an effective divisor Z on X, and a line bundle £
on B with p, = hO(L), such that

Kx = Z+f*(£) ~num Z—i—(pg—l-i-g(B))F,

and that
[+Ox(Kx) = L & Fo, (2.1)

where Fy is a locally free sheaf on B with rank Fy = g — 1 and h°(Fp) = 0.

When the fibration f induced by the canonical map is hyperelliptic, we say S has a
hyperelliptic canonical fibration. In this case, the hyperelliptic involution on the general
fiber of f realizes the surface X (up to the blowing-up of the isolated fixed points of
hyperelliptic involution) as a double cover of a ruled surface.

We end this section by the following observation, which will be used to prove
Theorem 1.6 in §4.2.
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Lemma 2.1. Let p : P — P be a sequence of blow-ups of a geometmcal ruled surface
¢:P—> B. Let g =¢op: P—> B be the induced ﬁbmtzon and T C P a general fiber of
¢@. Then for any irreducible curve CC P witha:=C-T > 0, one has

hO(C+dT) = x(Op) + @+ 1d+1(C*—Kp-C)
= 1-g(B)+(@+ d+3(C* - Kp-O). (2.2)

Proof. This follows directly from the Riemann-Roch theorem. In fact, since (Kp — C-—
dl')-T' = -3 < 0, one has

h>(C +dT) = hi®(Kp — C —dT) = 0.

Hence
hO(C +dT) > x(C +dD)
= x(Op) +1(C+dT)?* = K- (C+dTD))
= x(Op) +@+d+3(C*—Kp-O).
This proves (2.2). O

3. Non-hyperelliptic canonical fibration of genus g =4

In this section, we will construct the first examples of surfaces of general type
with arbitrarily large geometric genus whose canonical maps induce non-hyperelliptic
fibrations of genus g = 4.

3.1. The construction

In this subsection, we construct a series of surfaces S, fibered over P!.

Let P=P' xP!, D, ={t}xP' € P with t+ =0,1,00, and A C P be the diagonal.
Let Wy : Yg — P be the cyclic triple cover of P! branched over Dy+ Dj + Dss. Then
Yo = E x P!, where E is the elliptic curve obtained by a cyclic triple cover ng : E — P!
branched over {0, 1, 00}. Let ¢g: Yo — P! be the projection. Denote by Co; C Yo the
inverse image of D; for t € {0, 1, 00}, and by Hp C Yy the inverse image of A. Then
Cos-Hy =1 for t € {0, 1, o0}.

Let ¢ : P! — P! be the cyclic triple cover branched over {0, oo}, and Y| = ¥ Xpl y, P!
the fiber product. Let ¢ : Y1 — P! be the induced fibration. Denote by Ci; C Y the
inverse image of Co;, and by H; C Y| the inverse image of Hy. Then Cj; intersects
H; transversely at three points, which are mapped by ¢; to three different points
{q11, q12, q13} € P

Let ¥ : P! — P! be the cyclic triple cover branched over {g12, q13}, and Y = Y Xpl y,
P! the fiber product. Let ¢, : ¥» — P! be the induced fibration. Denote by Ca; C Y5 the
inverse image of Cy;, and by Hy C Y, the inverse image of H;. The inverse image ¥, ! (g11)
consists of three points, which we denote by {g21, g22, 23}

Let ¥3 : P! — P! be the cyclic triple cover branched over {g23, 23}, and Y3 = ¥, XPpl y
P! the fiber product. Let ¢ : Yo — P! be the induced fibration. Denote by C3; C Y3 the
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inverse image of Cy;, and by H3 C Y3 the inverse image of H;. The inverse image ¥, ! (q21)
consists of three points, which we denote by {g31, g32, ¢33}

Continuing this process, we obtain a sequence of surfaces Y, together with divisors
{C}'ZOa Cnly Cnoo, Hn} - Yn-

{Cm, Hn} ~ {C2t, HZ} {Clt, Hl} {COt, H()} {Dt’ A}
v, n| l Wy 1 41 1 Yy 1
Y 3:1 o Y2 3:1 n 3:1 Yo 3:1 P
l% \ l l lm lm
IPI Yn . Pl ) Pl Y1 Pl - Pl
3:1 3:1 3:1

By construction,
Y, ZExP', vn>0.

Moreover, Cp; is mapped to a point under the projection Y, — E for ¢t € {0, 1, co}. Let
', €Y, be a general fiber of ¢,. Note also that the curve E is just the elliptic curve
given by

Y =x(x =1,

and the cover ng : E — P! is given by (x, y) — x. Hence for any general xo € P!, one
has the following linear equivalence relation

ng(x0) = Rg,
where Rg C E is the reduced ramified divisor of 7. Hence for any general xo € P!,

(Woo---oW,)*({xo} x P') = (W1 0---0W,)" (¥ ({xo} x P1)
= (\I—’l 0--+0 \I/n)*(Coo + Co1 + C()oo)
= Cyo+ Cp1 + Cheo,

and therefore,

H, = (Woo---0W,)"(A)
= (Wpo---oW,) (A1 +A2)
= (Woo---oW,) (A1) + (Yoo---0W,) (A2)
= Cno+ Cni + Cnoo + 3"y,

where A1 = {xo} x P! € P and A, = P! x {x9} € P are the two general fibers on P.
When n > 1, let I';; € Y, be the fiber of ¢, over g,;. Then

Rn = CnO+Cn1 +Cnoo +Hn +Fn1
is 2-divisible. Hence we can construct a double cover

Ty Xn — Y,
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branched exactly over R,. By a minimal resolution of the singularities, we obtain a smooth
surface S,. Moreover, S, admits a fibration f, : S, — P! induced by ¢,, and the genus
of a general fiber of f, is g = 4.

S, = X,

Ttn

=

=
~ -<—§<<'<— I

3.2. The invariants

In this subsection, we will prove that the surfaces S,’s (n > 2) constructed in the last
subsection admit non-hyperelliptic canonical fibrations of genus g = 4. To this aim, we
first compute the invariants of S, as follows.

Proposition 3.1. Let f, : S, — P! be the fibration constructed in the last subsection. Then
the following statements hold.
(i) , 1
Kg =43"—=4), x(Os,)=;3"-1). (3.1)
(if)
— _1lan
q(Sn) =1, pe(Sn) =53"=1D). (3.2)
(i) Let F, € S, be a general fiber of f,. Then Ks, — 3’17_3Fn is effective and Kg, is nef
ifn>2.
Proof. (i) As m is a double cover branched over R,, we may assume that 7, is determined
by
Oy, (R)) = L?
for some suitable invertible sheaf L,. To resolve the singularities of the double cover 7,
we perform the canonical resolution.

Sy =X, =——=x®O T xe-n My M xO ——,
ﬁ:n(f)t Lﬂ(rn ,,mL Ln«»:n
7, yo 5 ye-n S22y 5 y0 Y,

where &’s are successive blowing-ups resolving the singularities of R©® := R,,; and the
map 79 : X® — Y@ is the double cover determined by

Oy () = (L9)°
with . .
{Rm =& (RUD) —2[m;_1/21&;,
L — gi*(L(i_l)) ® Oy (—[mi-1/21&),
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where & € Y® is the exceptional divisor of the blowing-up &, m;_; is the multiplicity of
the singular point y;_; € RY~D, [ ] stands for the integral part, and L® = L,.

By the construction in the last subsection, the singularities of the branch locus R, are
one of the following.

(1) The intersection between H, and C,o: H, intersects C,o in exactly 3n-1 points,
each of which is a simple singularity of H, of multiplicity 3. Hence each point in
H, N Cyo is a simple singularity of R, of multiplicity 4. In fact, locally around an
intersection point of H, and C,q, the map Wpo---o W, is given by

u=x3, v=y3,

and H, (resp. Cy) is given by x> —y3 =0 (resp. y = 0). Denote by &0 S Y, the
set of exceptional curves over H, N C,o. The local picture is as follows.

An intersection point between H, and Cyy.

(2) The intersection between H, and Cpeo: this case is completely the same as the above
case. That is, H, N Cpeo consists also of 3"~ points, each of which is a singularity
of R, of multiplicity 4. Denote by &0 C ?n the set of exceptional curves over
Hy N Croo.

(3) The intersection between H, and C,j, but not over {gni,qn2,qn3}: there are
3"~ — 1 points in {Hn N Cn1 }\{<p71 (gn1 +gn2 + qn3)}, each of which is again a simple
singularity of R, of multiplicity 4. The local situation is exactly the same as above,
so we omit the local computation. Denote by &,; C I7n the set of exceptional curves
over {Hn N Chy }\{(p_l (gn1 +qn2 + QnS)}~

(4) The singularities over {gu1, gn2, gn3}: these are singularities of multiplicity of at
most three, which are negligible for the double cover. In fact, locally around an
intersection point of H, and C,| over g1, the map Wyo---o W, is given by

and H, (resp. Cpo, resp. T'y1) is given by x —y3 =0 (resp. y = 0, resp. x = 0). The
rest singularities can be worked out similarly, and the resulted picture looks as

follows.
' '
‘ ‘
. .
Xnoo Cnoo Ynoo | Cnoo Znoo | Cnoo
/ /
‘ ‘
Y Cni nl ‘\ Cul Zn1 '\ Cni
Ha : Ha : Ha
‘ ‘
*n0 Cno Yn0 i Cno Zn0 i Cno
over g1 over qn2 over ¢,3
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Let I?n = R" C Yn be the branch locus of 7, and & :=&jo0---0&; : 17,1 — Y, the
composition of the blowing-ups. Then by the formulas for double covers (cf. [12, §1]),
one gets that (where & = &0+ En1 + Enoo)

K3 =2(Ky, +3F,)’
= 2(&*(Ky, + 3 R0 —5)2
— 43" —4);
x(0s,) = 2x(O5) + Y (Ky +1R,)- R,
= 22O, + 5 (£ (Ky, + R,) — €) - (6" (Ro) — 4)
3" =1).

This proves (3.1).
(ii) Since x(Os,) = pg(Sy) —q(Sy) + 1, it suffices to prove ¢(S,) = 1 in view of (3.1).
Note that ¥, = E x P! by construction. It follows that

q(Sn) 2 q(Yp) = 1.

On the other hand, the direct computation shows that the geometric genus of F, is
g(Fy1) = 1, where F),; is the fiber of f, over g,;. Hence the geometric genus of F,| is
g(Fn1) = 1. Thus by [8, Lemma 4.1],

q(Sp) < g(Fu1) = 1.

Therefore, ¢(S,) = 1 as required.
(iii) Let £ C Y, (resp. &, € Y,) be the exceptional curve over x,o (resp. Xpc0), and
5{11 C Y, be the union of the exceptional curves over {x,1, yu1, zn1}.- Denote by C,; C Y,

the strict transform of C,; for ¢t € {0, 1, oco}. Then by construction, we have
6nt = %‘*(Cnt) - gnt - g/

nt»

vt € {0, 1, oo}

Note also that
3" -3

1
KY,, + ERn = Cuo+Cui +Cpoo +

Let € = £+ Ent +Enoos & = Elg+ & +Ehoe, and T, C ¥y, be a general fiber of ¢. Then

Iy

n

. 1~
Ks, = 7, (Kyn +—R,,>

(
E*(Cno+Cn1 + Croo+ 3n2_31“n) —5)
3

— 3 _ _ _ ,
Fn+CnO+Cnl+Cnoo+5

3" -3 - — —_
= 5 F,,+n,f(a,o+cn1+Cnoo+5’).
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Hence Ks, — 3'12—73Fn is effective as required. Moreover, one verifies easily that there is
no (—1)-curve contained in 7, (fn() +Cphi + Choo +€’) if n > 2. Therefore, Kg, is nef if
n > 2; this is because any possible (—1)-curve of S, would be contained in the fixed part
of |Ks,|, and hence in 7, (En() +Chi+Choo + 5/). This completes the proof. O

The above proof shows that for n > 2,

3"-3
Ks =

n T

Fy+ 7 (Cno+ Cui + Croo +&').

Together with (3.2) one sees that 7, (Eno +Cp1 + Croo + 5/) is the fixed part and 3’12—_3Fn
is the movable one of the linear system |Kg,|. Hence it follows that

Theorem 3.2. Ifn > 2, then the surface S, admits a non-hyperelliptic canonical fibration
of genus g = 4.

Remark 3.3. In our construction, the choice of the fiber I';; is not essential. More
precisely, we construct the double cover of Y,, branched over C,9 4+ Cy1 + Cyoo + Hy + Tt
If we replace I'y;; by I'y;, where I',, is any fiber of ¢,, then we can also construct a
double cover of Y, branched over C,o+ C,1 + Cpoo + Hy, + 'y, and the resulted smooth
surface S), (by resolution of the singularities) admits also a non-hyperelliptic canonical
fibration of genus g =4. In fact, if I, is general, then the intersection between I',
and Cpo+ Cy1 + Croo + Hy is again negligible. The same computation applies without
any change to S,. When it happens that ', passing though a singular point of
Cno+ Cni1 + Choo + Hp, one can still show that S, admits a non-hyperelliptic canonical
fibration of genus g = 4 by a further careful study of the canonical resolution. We leave
the details to the interested readers.

4. Hyperelliptic canonical fibration

In this section, we are going to exclude the existence of surfaces of general type with a
hyperelliptic canonical fibration of genus g > 4. Hence we assume in this section that S
is a surface of general type which admits a hyperelliptic canonical fibration of genus g.
Let f : X — B be the induced hyperelliptic fibration as in Figure 1. As remarked in §1,
the technique differs in the elliptic and rational cases. We deal with in §4.1 the elliptic
case, and in §4.2 the rational case.

4.1. The case of elliptic base

In this subsection, we consider the case when the base B is elliptic, and prove Theorem 1.5.

Before going to the proof, we prove a general property relating to the triviality of the
unitary part contained in the Hodge bundle for a hyperelliptic fibration. The idea of the
proof goes back to [9].

Proposition 4.1. Let f: X — B be any non-trivial hyperelliptic fibration of g > 2, and
wx/p = Ox(Kx — f*Kp) the relative canonical sheaf. Assume that

fxoxp=ADF (4.1)
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is the decomposition of the Hodge bundle fiwx/p into its ample and unitary part (cf.
[4, 7]). Then after a suitable finite étale base change, F becomes trivial, i.e.,

F= O%r, where r = rank F.

Proof. To prove the statement, we may assume that F # 0. By construction, F
corresponds to a unitary representation of the fundamental group

p:m(B) — U(r).

If the image of p is finite, then using the quotient 71 (B) — Im(p), one can construct a
finite étale cover B — B. Moreover, after this base change, the pull-back of F corresponds
to the trivial representation. In other word, F becomes trivial and we are done. Therefore,
it suffices to derive a contradiction if p has infinite image.

By the stable reduction theorem (cf. [1, 6]), there exists a base change ¢ : B— B
of finite degree, possibly ramified, such that the pull-back fibration f : X —> B is
semi-stable. According to [9, Theorem A.1], applying possibly a further base change,
we may assume that

f*a)y/g = A O@F, where A is ample. (4.2)

Here we recall that the pull-back ﬁbratlon f X > B is constructed as follows. Let X be
the resolution of singularities of X xp B. Then f: X > Bis just the relatively minimal

model of X;.
3 0 N ~ @
X X4 XxpB———>X
ft f1L l j.f
B B F— % _B

Note that there is an inclusion f*a)X/B C ¢* frwx/p (cf. [18, p. 231]). As
rankf;w;(/g =rank ¢* frwx/p = g,
the quotient Q := (¢*f*wx/3)/(f*a);/§) is a torsion sheaf. Hence one gets a morphism:
p: f*w;(/g — ¢*F.

It follows that the quotient Q := (qb*]—")/p(ﬁkw;g/g) is also a torsion sheaf. Note that
deg(p(f*wX/B)) 0, since it is a quotient of the Hodge bundle f*a)X/B Note that

0 = deg ¢* F = length (Q) + deg(p(frwg,5))-

Hence Q is zero, and the morphism p is surjective.
By construction, ¢*F comes from the following unitary representation

71(B) U(r)
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If p has inﬁnitg image, then p has also infinite image since @, (7[1 (E)) has finite index in
71(B). Since A in (4.2) is ample, it maps to zero by p. Therefore we have a surjective
morphism:

®q 7
p:0; I — ¢*F.
.. ®q 5 .. .
Note that the trivial bundle O ! corresponds to the trivial representation (hence also

. . = . . S
unitary representation) of 7(B). Hence by [11], ¢*F is a direct summand of OE 7
which implies that the representation ¢ corresponding to ¢*F is also trivial. This gives
a contradiction. O

Proof of Theorem 1.5. We first show that g <3. In fact, since g(B) =1, wx/p =
Ox(Kx). By the Riemann-Roch theorem together with the semi-positivity of fiwx/ s,
one sees that the locally free sheaf Fy appearing in (2.1) is semi-stable of degree zero.
Combining this with the decomposition (4.1), it follows that Fo is a unitary subsheaf.
Accordmg to Prop051t10n 4.1, after a suitable étale base change ¢ : B — B, the pull-back
fibration f : X — B satisfies

f*a)g/g =L O;‘?(g_l), for some ample line bundle L.

In other word, the relative irregularity g5 = q(i) - g(g) = g — 1. As the base change is
étale and f is non-trivial, f is again a non-trivial fibration. Thus by [22, Theorem 1] (see
also [9, Proposition 3.2]), one gets g — 1 = g7 < %, which shows that g < 3.
Let f be the pull-back fibration above. Since the base change is étale, it follows that
g(B) = g(B) = 1 and that
0% 5 = Ky = deg(¢) - K§,
deg fiwy/ 5 = x(Og) = deg(®) - x (Ox).
By [9, Theorem 1.4], one has the slope inequality
, A1)
X/B g—q;
Combining these together, we obtain that
K3 =K} > 45— Dx(Ox).

Since ¢ = g(B) =1 by [19], x(Ox) = x(Os) = pg. Hence we complete the proof. O

WV

4.2. The case of rational base

4.2.1. Technical lemmas. Let o be the hyperelliptic involution on X. Let € : X—>X
be the blowing-up at the isolated fixed points of o. Then o lifts to an involution on f and
still denoted by o by abuse of notatlon By construction, the quotlent surface P = X /{o)
is smooth and ruled over P!. Let p : P — P be a contraction of P to a geometrical ruled

surface.
X X
i |7
Pl

Pl

€
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Let F (resp. F) be a general fiber of f (resp. f), and T (resp. I') its image in P (resp.
P). Let ZI;.:] €; € X be the union of the exceptional curves of €, and

Ky =Z+(pg—1F, Kx=Z+(ps—DF.
Here Z and Z are the fixed parts of |[K%| and |Kx|, respectively, and

k
Z= e*(Z)+Zgj-
j=1

Lemma 4.2. Let C C Z be any irreducible curve fized by o, i.e., o(p) = p for any p € C.
Then the multiplicity of C in Z is even.

Proof. Let n be the multiplicity of C in Z and p € C be a general point. As C is fixed
by o by assumption, we may assume that (analytically) locally around p, C is given by
y = 0, and the action of ¢ is given by

o) =x, o(y)=-y.
Take a general element w € HO(K %). Then locally around p, we can write
o = y"h(x, y)dx Ady, such that h(0,0) # 0.
Moreover, locally around p, one has
o w = —(—y)"h(x, —y)dx Ndy.

Since pg(ﬁ) =0, the induced action of o on HO(Kg) is just the multiplication by —1.

Hence 0*w = —w, which implies that
Y'h(x,y) = (=y)"h(x, —y).
Therefore n is even, since h(0, 0) £ 0. O

Corollary 4.3. There exists an effective divisor Z' € P (resp. effective Q-divisor Z' C ﬁ)
such that Z = w*(Z') (resp. €*(Z2) = n*(Z")).

Proof. It is clear that Z is o-invariant. Hence it can be decomposed into sum of
o-irreducible curves:
Z = Zmizi.

Let Z] = m(Z;). Then
{n*(z;) =2Z; if Z; is fixed by o,
n*(Z])) = Z; otherwise.
By Lemma 4.2, m; is even if Z; is fixed by o. Hence
m;Z;

Z =n*Z), where Z' := ZmiZ; - Z
Z; fixed by o
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Let Z];=1 & c X be the union of the exceptional curves of €, and Zl;zl 5} C P their

images in P. By construction, Zl;zl &; are contained in Z and fixed by o. Hence

k
~, 1
r_ L /
zZ'=7 22 &
j=1

is an effective Q-divisor, and satisfies that

k
*Z) =22 - Zgj = e*(2).
j=1

This completes the proof. O

Let
Kx=Z+(p,—DF =D+V+(p,— DF, (4.3)
where D (resp. V) is the horizontal (resp. vertical) part of the fixed part Z. In the rest

part of this subsection, we would like to derive a lower bound on the canonical degree of
D, i.e., the intersection KxD. We introduce the following notion.

Definition 4.4. A curve C C X (or C C i) is said to be o-invariant (resp. o-fixed; resp.
o-irreducible) if 6 (C) € C (resp. if 0 (p) = p for any p € C; resp. if there is an irreducible
curve Cg such that either C = Cy = o (Cy) or C = Cy +(T(C0)).

It is clear that both D and V in (4.3) are o-invariant. In particular, D can be
decomposed into sum of o-irreducible curves:

D= Zn,‘D,‘, (4.4)

Then
> nipi=2g-2. (4.5)
i=1
We arrange the indices such that D; is o-fixed for 1 <i < g, and D; is not o-fixed for
to+1<i <t Foreach 1 <i <t let D; C X be the strict transform of D;, and C; C P

be its image. The o-irreducibility of D; implies that C; is an irreducible curve for each
1<i<zt.

Lemma 4.5. For 1 <i < tg, one has

i 3
KxD; > %(Pg— 1)+Z(KX+Di)Di =

i 3 ~ ~
%(Pg_l)‘FZ(Kﬁ—FCi)Ci. (4.6)
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Proof. Since D; is o-fixed, it follows that D; = 5,- = a and

e“(D;) = D;, 7*(C;) = 2D;. (4.7)
Together with the adjunction formulas, one obtains

2
KxD; = —D?+ (K5 +C)C; = - +KpCi. (4.8)

By Corollary 4.3 and its proof, 5,- is the fixed part of the linear system |5i +(pg — 1)F|,
where T" is a general fiber of ¢. Thus,
hO(Ci + (pg — DT) = pg.

Note that 51‘ .-T'=D;-F. Combining the above equality with Lemma 2.1, one obtains
that
K3C; > C? +2Bi(pg — D).

From this together with (4.8), it follows that
KxD; > 3C7 +2Bi(pg — 1) = 3D} +2B;(pg — 1).

Hence

Bi 3 3 ~ ~
KxD; > g(pg— D+ 7(Kx+D)D; = Z(pg = D+ 7 (Kp+ C)C;.

This proves (4.6). O

Bi

Remark 4.6. In the case where D; is a section of f, one has f; =1 and hence (4.6)
becomes Ky D; > %(pg —4), which has already been obtained by Sun [16].

Lemma 4.7. Forty+1<i <t, one has
KxD; > Bi(ps — 1)+ (Kp+C)C;. (4.9)
Proof. Assume that

k
€*(D;) = D; +ij5',
j=1
where £;’s are the union of the exceptional curves of €. Since D; is o-irreducible and not
o-fixed, one has 7*(C;) = D;. Hence

k
2C? =D} =D} =) b2 (4.10)
j=1
Moreover, by Corollary 4.3 and its proof, C; is the fixed part of the linear system ICi +

(pg — 1)F|, where T is a general fiber of ¢. Thus

hO(Ci + (pg — DT) = pg.
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Note that 5,- T = %Di - F. Combining the above equality with Lemma 2.1, one obtains
that
K5Ci > pi(pg— 1) +CT. (411)
Let R C X be the ramification divisor of 7. Then by construction, Z’;Zl & c R and
D; ¢ R. Hence
(Kg+Di)Di = (n*(Kp+Cp) + R) - 7*(C))
= 2Kz +C)Ci+R-D;
k
> 2(Kp+C)C; +) b (4.12)
j=1
Combining this with (4.10) and (4.11), one obtains that

k
KxD; = —D,~2+(K)“(+5i)5i+zbj(bj -1
j=1
k k
—D} +2(Kp+CCi+ Y b+ bjbj—1)
j=1 j=1

WV

= 2Kp- Ei
2Bi(pg — 1) +2C?

WV

k
2Bi(pg— )+ D} = > b7,
j=1

Therefore,
1 k
KxDi > Bi(pg =D+ 5 | KxDi+D} = b
j=1
1 k k
= Bipe =D+ | KgDi+ D7+ bjbj ==Y 07
j=1 =1
> Bi(pg — D+ (K +CnCi.
We use (4.12) in the last inequality above. This proves (4.9). O

4.2.2. The bound. In this subsection, we derive a lower bound on K_% when B = P!,
and complete the proof of Theorem 1.3(ii). First, we prove the following proposition.

Proposition 4.8. Assume that py, > 3, and |Ks| induces a hyperelliptic fibration. Then
the moving part of |Kg| has no fized point, i.e., X = S in Figure 1.

Proof. Assume that the moving part of |Kg| has a fixed point. Then there exists a
(=1)-curve E contained in the fixed part of |[Kx| and it maps surjectively to B. If E is
fixed by the hyperelliptic involution o, then by Lemma 4.5 one has

—1=Kx-E>3(pg—1)—3>—3.

https://doi.org/10.1017/51474748017000500 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748017000500

226 X Lii

which is a contradiction. If E is not fixed by the hyperelliptic involution o, then by
Lemma 4.7 one gets

—1=Kx-E>2(p,—1)—2>2 if o (E) = E,
—2=Kx-(E+0(E)) >2(p,—1)—2>2 ifo(E)#E.

We thus get a contradiction too. This completes the proof. O
We next prove a lower bound on Kg when B = P!

Proof of Theorem 1.6. We may assume that p, > 3. Hence X = S is already minimal
by Proposition 4.8. In particular, Ky is nef. Therefore by (4.3), (4.5) together with
Lemmas 4.5 and 4.7, we obtain

K5 =K% > KxD+(pg— DKxF
Iy ﬂ 3 t
> Y (G —0=3)+ X milfitpe—1D-2)
i=1 i=ty+1
+2(g = Dpg — 1)
t ﬁ 3
> Y (5 e =D =3) +26 = D(pe =D
i=1
3 t
= 3<g—1)<pg—1>—§;n,~

2 3 —D(pg—2).
This completes the proof. O

Finally, we exclude the existence of hyperelliptic canonical fibrations of genus g > 4
when the geometric genus is large.

Proof of Theorem 1.3(ii). Assume that there exists a surface S of general type with p, >
212 — 72q, which admits a hyperelliptic canonical fibration of genus g > 4. We will derive
a contradiction.

By Theorem 1.5, the base of the induced hyperelliptic fibration is B = P!. Since Dg >
212 —72q, it follows that p, > 3. Hence X = § and K is nef by Proposition 4.8. We use
the notations introduced in §4.2.1. Based on (4.3) together with Lemmas 4.5 and 4.7, we
obtain that

+ 3 ni(Bi(pe— 1) —2) +2(g = D(pg — . (4.13)
i=ty+1

Because each D; is fixed by the hyperelliptic involution for 1 < i < 1o, it follows that
every D; is smooth and they do not intersect each other for 1 < i < ty9. Hence by applying
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the logarithmic Miyaoka—Yau inequality (cf. [10]) to the pair (X , Zfozl Di), one obtains
that
IO 0] 2
3C2<X \ ZDi) = (Kx—i-ZD,‘) .
i=1 i=l1

Kx +2D;)D; . (Kx +2D;)D;
9X(@X)+Zu_9(pg_q+1)+z%,
i=1 i=1

Combining this together with (4.13), (4.5) and Lemma 4.5, we obtain that
(9—3(2— D) (pg — 1)+ 189

>Z<3nl4 Z(Kx+Di)Di+K2D1)+ > ni(%(!’g_l)—Z)
i=1 i

Equivalently, one has

i=ty+1
0 12n; Bi
>SS (223 ke oo+ Pl -1 )
;( L= (Kx+ D) Dy + 5 (pe = 1)
122g—2) -5 1
> ——— (=2)+=(ps— D).
16 (=2)+ 8([7g )
By rearrangement, we get
48g —72qg + 20
Dg < o8 — T2 +20 <212-72q, ifg>=4
24g —95
This contradicts the assumption. O

Remarks 4.9. (i) According to the proof, if § is a surface of general type admitting a
hyperelliptic canonical fibration of genus g > 4, then the base B = P!, and

48¢ —72¢ + 20
P S T4 05

In particular,

212-72¢ it g =4,
Pe < 724 — 10
S -2 re=s.
25

(ii) X.-T. Sun points out to the author that the technique used in the case of the
rational base applies also to the case of the elliptic base. In fact, applying the method
here to the case of the elliptic base, one verifies without much difficulty that g < 3 and
Kg > 3(g — 1) p,. However, this bound is a little weaker than that in (1.1) when g =2 or
3.

We end this section by constructing a sequence of hyperelliptic canonical fibrations
of genus g = 3, where the geometric genus can be arbitrarily large. In fact, one shows
without difficulty that our examples are generalized-hyperelliptic surfaces, which were
systematically studied by Zucconi in [25, 26].
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Example 4.10. Let F be the hyperelliptic curve of genus 3 defined by u?> = v® —1, and
71 be the involution of F defined by 7 (u, v) = (—u, —v). Then 71 has no fixed point, and
I' = F/(t1) is of genus 2. Let Cy be any hyperelliptic curve of genus go > 2, and op the
hyperelliptic involution. Then 7 := (1, 0p) is an involution on the product F x Cop, and
admits no fixed point. Hence the quotient surface S = F x Cy/(t) is smooth, and admits
a (non-trivial) hyperelliptic fibration f : S — P! = Cy/(00). One computes easily that

Ki=8(go—1), x(Os)=go— 1.

Moreover, by construction, S admits another fibration & : S — I' = F/(1;). Hence ¢(S) =
g(I") = 2, which implies that p,(S) = x(Os) —14+g(S) = go. It follows that

f+Os(Ks) = Opi(go — 1) ® Opi1 (—2)2.

Hence S is a surface of general type admitting a hyperelliptic canonical fibration of genus
g = 3. Moreover, when go goes to the infinity, the geometric genus of S can be arbitrarily
large.
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