COMPOSITIO MATHEMATICA

Counting fundamental solutions to the Pell equation
with prescribed size

Ping Xi

Compositio Math. 154 (2018), 2379-2402.

doi:10.1112/S0010437X 18007480

A LONDON
FOUNDATION Vf \Tﬁ MATHEMATICAL
COMPOSITIO AR [socieTy
MATHEMATICA B |isr 1a0s

https://doi.org/10.1112/50010437X18007480 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007480
https://doi.org/10.1112/S0010437X18007480

\/ Compositio Math. 154 (2018) 2379-2402

§\

NP 0i:10.1112/50010437X 18007480

Counting fundamental solutions to the Pell equation
with prescribed size

Ping Xi

ABSTRACT

The cardinality of the set of D < z for which the fundamental solution of the Pell

equation #2 — Du? = 1 is less than DY/2** with o € [1,1] is studied and certain

lower bounds are obtained, improving previous results of Fouvry by introducing the
g-analogue of van der Corput method to algebraic exponential sums with smooth
moduli.

1. Introduction and main results
Let D be a non-square positive integer. The Pell equation is usually referred to as
— Du® =1, (1.1)
to which the solution can be written in the usual form

np = t—i—’lﬂ/ﬁ.

The classical Dirichlet’s unit theorem asserts that the set of solutions to (1.1) is non-trivial and
has the form

{np : np solution of (1.1)} = {£e} : n € Z},
where ep is called the fundamental solution of (1.1) and is given by
ep :=inf{np :np > 1}.

Writing ep :=tg —i—uo\ﬁ we have g, ug > 1, from which we deduce that to = /1 + u%D >+/D

and finally
Ep > 2\/5.

We are interested in counting the integers D for which ep or np is less than a fixed power of D.
For a > 0 and = > 2, define

S(z,a) :==[{(np, D) : 2
St(x,a) :== |{(ep,D) : 2

1/2+a}|’

Slw)

1/2+oa}|'

In his pioneer work, Hooley [Hoo84] proved the following theorem.
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P. X1

THEOREM A (Hooley). Let g satisfy 0 < g9 < 3. As & — —+0o0, one has
2

4
S(z,a) = St(x,a) = <a2 + 0(1)) Vrlog? x
T
uniformly for eg < a < %
In the same paper, Hooley [Hoo84, p. 110] also made the following conjecture.

CONJECTURE 1.1 (Hooley). For any given a > %, we have

S1(r,0) = — (4o — 1+ C(a) + o(1))y/T log? ,

T
where
0, = ]%,1}
C(Oé) = %(a_ 1)2a ]172}
%1(4a—7), ]§ +ool.

Fouvry [Foul6] made a first significant step towards Hooley’s conjecture in the case a € ]%, 1].
In fact, he proved the following theorem.

THEOREM B (Fouvry). As x — 400, one has

Stz a) > 7:2<4a—1—4<a—;)2—0(1)>\/§10g2m (1.2)

and

S(z,0) > 1<4a—1—3< ;)2—0(1)>\/510g2x (1.3)

2

uniformly for a € [3,1].

Moreover, Fouvry [Foul6] considered a conjectural estimation for short exponential sums.
CONJECTURE 1.2. There exists an absolute ¥ €[1,1], such that for any integer k > 0, one has
the inequality

hn” 2\1/2 A70
Z el —5 | <k (h,m*)"/*N
m

N<n<Ni
m=a (mod 4%),(m,n)=1

uniformly for any mtegers a, h,m satisfying h # 0,m > 1 and 2 { am, for any real number N
satisfying m < N < m? and N < N; < 2N.

Assuming Conjecture 1.2, Fouvry [Foul6] derived the following stronger lower bounds.

THEOREM C (Fouvry). Assume that Conjecture 1.2 is true for some 9 €[%,1[. Asz — 400, one

has )
Sz, a) > —(4a—1-o(1 vz log? x
2
and
1 1\?
S(z,a) > 2(4a -1+ (oz - 2> - o(l))ﬁlog%c
s

uniformly for a € [3, 1%9]
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The first inequality coincides with Hooley’s Conjecture 1.1 when « is slightly larger than %
On the other hand, Bourgain [Boul5] considered Conjecture 1.2 itself. In particular, he succeeded
in saving a power of log IV in the trivial bound for the sum involved. This allows him to improve
the lower bound (1.2) by replacing the term —4(a — )% with the term O((a — $)?*¢), where ¢
is some positive constant.

Bourgain’s improvement is of interest only if « is quite close to % and one should pay much
more attention if every parameter is to be made effective. The aim of this paper is to give another
improvement to Theorem B towards Conjecture 1.1.

THEOREM 1.1. Let z — +oo. For any fixed 6 € 0, 1[, we have
¢ 1 1\’ 1 (1 )
SH(z,0) > 4 —1-4 a—5) +erly Fy(a) —o(1) pv/zlog” x (1.4)
T

and

S(z,0) > 7:2{404 - 3(a - ;)2 + ép@)Fg(a) _ 0(1)}\/510552 . (1.5)

uniformly in « € [%, 1], where p is the Dickman function given by (A.1) and

240 — 4(5+20)a® — (T—20) a €[t 5],
Fy(a) = L 2 611+29 (1.6)
864(11 +20)~2 — (7 — 26) @ € l7y9g0 1] -

Fix 6 € ]0, 3[. One may check that Fy(«) is always positive for o € ]3,1] and monotonically

increasing in o € [3, %;29]. In particular, for o € |, &[, we take 6 = 3/a—3 such that o = ﬁ
and

L (3}t = o2 )2 e

6 \0 6—1la o

Moreover, p(2a/(6 — 11a))/o > 0.3008 for o € ]3,32]. Hence we may conclude the following
consequence.

COROLLARY 1.1. Let z — +oo. Uniformly for o € |1, %], we have

1 11 1\?> 6 1\*
fra)> —d4a-1-—(a-2) +2(a-= log?
Sz, «) 7TZ{Oz = a3 —1—5 a3 Vv log®

1 6 1\* 6 1\*
> Jsa-1-2fa-2) +2{a-= log? 2.
S(z,a) 7r2{a 5<a 2) +5<a 2) }\/Eogx

The framework of the proof is based on [Foul6]. To make the paper clear, we will present the
proof as complete as possible, but also with omitting some details that are not quite essential to
understand the underlying ideas.

The key point of proving Theorem 1.1 is a variant of Conjecture 1.2 that can be proved
unconditionally. More precisely, if one allows the moduli m? to be smooth numbers (integers
free of large prime factors), it is possible to prove the existence of ¢ in Conjecture 1.2 as long
as N is not too small. The details can be referred to Theorem 3.1 and §4. We will adopt the
g-analogue of van der Corput method, which can be at least dated back to Heath-Brown [Hea78]
on the proof of Weyl-type subconvex bounds for Dirichlet L-functions to well-factorable moduli.

and
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Instead of the AB-process in [Hea78|, we apply the BAB-process by introducing a completion in
the initial step. It is expected that one can do better on the exponential sums in Conjecture 1.2 if
better factorizations of the moduli are imposed; see [WX16] for instance in the case of squarefree
moduli. However, the improvements to Theorem 1.1 would be rather slight, since the density of
smooth numbers decays rapidly when the size of their prime factors decreases.

As an extension to Theorem 1.1, one may consider

Sf(l‘;Oé,ﬂ) = ’{(€D7D) :2<D<zx, D 7& O, D1/2+,3 <ep < D1/2+o¢}|

for « > B > 0. Conjecture 1.1 would yield asymptotics for S(z;«, 8) while «, 8 are of different
prescribed sizes. A weaker statement would assert that, for any a > 8 > 0, there exists a positive
constant ¢ = ¢(«, 8), such that

St(z;a, B) = ev/zlog?

for all large x > ¢ (a, B). This weaker statement was made unconditionally by Fouvry and Jouve
[FJ12] whenever 5 < % It is expected that the arguments in this paper can enlarge the admissible
range of S.

Notation and convention

As usual, e(z) = 2™ ¢ denotes the Euler function and w(q) counts the number of distinct prime
factors of ¢. The variable p is reserved for prime numbers. Denote by ¢’ and ¢! the squarefree
and squarefull parts of ¢, respectively; namely,

¢=[[p. &= ][ »

rllg ¥ |lq,v=2

For a real number z, denote by [z] its integral part and ||z| = min,ez |z — n|. From time to
time, we use (m,n) to denote the greatest common divisor of m,n, and also to denote a tuple
given by two coordinates; these will not cause confusions as one will see later. The symbol *
in summation reminds us to sum over primitive elements such that poles of the summand are
avoided. For a function f € L'(R), its Fourier transform is defined as

_ /R f(@)e(—

We use ¢ to denote a very small positive number, which might be different at each occurrence;
we also write X°log X <« X*¢. The convention n ~ N means N <n < 2N.

2. Fundamental transformations: after Hooley and Fouvry

We first make some fundamental transformations following the arguments of Hooley and Fouvry.
For some conclusions, we omit the proof and the detailed arguments can be found in [Hoo84]
and [Foul6].

2.1 An initial transformation
First, we write

Y D> 1= > > 1, (2.1)

O#D<z t21 uzl 1<usXa Ya(u, a)< <Y3(u)
2_Du?=1 Du?=t*—1
1<t+uyv/ DD/ 2t+e
2382

https://doi.org/10.1112/50010437X18007480 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007480

COUNTING FUNDAMENTAL SOLUTIONS TO THE PELL EQUATION

where
Xo = 3(z* — 27179, (2.2)
Y3(u) := \/&T—i—l; (2.3)
Yo (u, o) := /Y1 (u, a)u? + 1. (2.4)

Here, Y7 (u, «) is a function in u, implicitly defined by the equation
U = %(Yl(ua a)a - Yl(uv a)ilia)'

We have the following asymptotic characterization for Y2(u, ). The proof can be found in
[Foul6, Lemma 2.1] and the subsequent remark.

LEMMA 2.1. Let o > 0. The function u — Ys(u, «) is of €°°-class and satisfies the inequalities

21/2au1+1/2a < Yg(u,a) < (21/2a + 0(1))u1+1/2a (25)
and g
o« _ 1/2a
qug(u, a) = O(u’=%) (2.6)

as u — +o0o.

2.2 A first dissection of S(x, )
We truncate the u-sum in (2.1) at X /o, and the contributions from u < X/ and u > X 5 are
respectively denoted by A(x,«a) and B(x, «). Therefore,

S(z,a) = A(z,a) + B(z, a). (2.7)

Accordingly, we may define Af(z, @) and Bf(x, a) by introducing the extra restriction t+uv/D =
ep to the equation t2 — Du? = 1.
As stated by Fouvry [Foul6, Formula (4.5)], we have the following.

LEMMA 2.2. Let a € [,1]. As 2 — +00, we have
1 2
Az, a) = =+ o(1) |vzlog” . (2.8)

Our task thus reduces to proving a lower bound for B(z, a). Put R(u) := {Q (mod u?) : Q2
1 (mod u?)}. We then have

Blz,a)= Y > > 1. (2.9)

X1 /2<usXa QER(u) Yo (u,a)<t<Ys(u)
t=0Q (mod u?)

Put v(u) = |R(u)|. Thus u — ~y(u) is multiplicative and satisfies

(2.10)
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2.3 Analysis of R(u)
For u > 1, write u = 2Fug, where ug is an odd integer. The choice of (k, ) is unique for each
u 2= 1. The Chinese remainder theorem implies

2? =1 (modud),
02 =1 (mod4F).

In this way, one can establish a bijection between R(u) and R(2¥) x R(ug). Starting from (2.9),

we decompose B(z,a) by
=> Y Blx,a:¢k), (2.12)
k20 ¢eR(2k)

B(x,a;f,k:): Z Z Z 1.
27k X fp<u27F X, QER(u) Yo (2bu,0)<t<Y3(25u)
2tu t=0Q (mod u?)
t=¢ (mod 4%)
The task will be evaluating B(xz, o; &, k) for all k > 0 and &€ € R(2%). This would require the
following description of R(u) that allows us to create one more variable. This is Lemma 4.1 in
[Foul6].

? =1 (modu?) «— { (2.11)

where

LEMMA 2.3. Let u be a positive odd integer. Then there is a bijection ® between the set of
coprime decompositions of u

D(u) := {(u1,u2) : vgus = u, (u1,uz) =1, ug,us > 1}
and the set of roots of congruence
R(u) := {Q (modu?) : 0% = 1 (mod u?)}.
Such a bijection can be defined by ®(uy,us) =2, where ) is uniquely determined by the congru-

ences ) = 1 (modu?) and Q = —1 (mod u3). In an equivalent manner, we have the congruence
®(uy,up) = —ujut +usus  (modwu?). (2.13)

Here tyu; = 1 (mod us) and uaug = 1 (mod uy).

With the help of Lemma 2.3, we may rewrite B(z, a; k, ) as

B(x, 0, k) = >N > 1

2_kX1/2 <ujiuz §2_an Y2(2ku1u2,a)<t<Y3(2ku1u2)
(2uru2)=(u1,u2)=1 t=®(u1,u2) (mod u?u2)
t=¢ (mod 4F)

=: B”(z,0;&,k) + B~ (2, ;& k),
where B~ (z,a; &, k) and B<(x,«;&, k) correspond to the restrictions u; > ug and u; < ug,
respectively. Since the treatments of B~ (x,«; &, k) and B<(z,«; &, k) are similar, it suffices to

study B<(z,a; &, k) as presented in the next section.
We close this section with the trivial equality

S(z, a) :Sf(x,a)—i-S(a:,g—i), L <a<l, (2.14)

which is a consequence of the equivalence
€2D < DV/2a ep < DV/2H(@/2-1/4)

This allows us to transfer between Sf(z,a) and S(z, a).
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3. Lower bound for B(z, a)

In order to conclude the lower bound for B(z, ), we now start the study of B<(x, o; , k). Recall

that
BS(z,a;€,k) = > > 1.

27kX1/2 <u1u2<2*an Y2(2ku1UQ,o¢)§t<Y3(2ku1u2)
uy<ug t=®(u1,u2) (mod u?u3)
(2uruz)=(u1,u2)=1 t=¢ (mod 4%)

We would like to drop the multiplicative constraints 27%X; /2 < utug < 27k X, and sum over
u1, ug separately. To do so, we may introduce the following inequality

BS(z,a36,k) 2 ) > > Blr,0U,& 61,60, k), (3.1)

U & &

where we have the following.
e The summation is over all U = (U, Us) satisfying

Xa
Up <Us, Xy <2"U1U; < 5
and Uy, Us being powers of 2.
e The summation is over all £, & (mod 4%) satisfying (£1&2,4%) = 1.
e We have defined

B(z,0;U,&, &, 60,k) == Y 3 1.

ur~Uy,u2~Us Y2 (2k’u1u2,a)<t<Y3(2ku1uz)
u1=¢1,up=E> (mod 4%) t=®(u1,u2) (mod u?u2)
(2,ur1u2)=(u1,u2)=1 t=¢ (mod 4k)

Of course the condition (2,ujuz) = 1 can be dropped when k > 1. The parameter « is supposed
to be fixed and the congruence conditions modulo 4% are harmless. So to shorten the notation,
we write B(x, U) := B(z,a; U, &, &1, &2, k). Finally we shall not make precise the dependence on
k of some O-symbols, since we shall work with a finite number of values of k. The case kK =0 is
typical and really reflects the difficulties of the method.

3.1 Reduction to exponential sums: after Fouvry

The congruence condition t = ®(uy, u2) (mod uu3) implies that t = —1 (mod u3), i.e., t = —1+fu3
for some ¢ € Z. Since Y(2"ujus, ) < t < Y3(2Fujus), then there is no such ¢ if us is too large,

for instance when
uj > \/4Fzudud + 14 1.

Uy < 2892 /207, (3.2)

Hence we can suppose

otherwise B(z,U) =0
Since ujug is odd, we deduce from (2.13) the equivalence

t = ®(uy, uz) (mod uiud), t = ¢ (mod 4%) <= t = ty (mod 4*u3u2)
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with
to = fudud - (u2ud) + (2udu2 — 1)4%4% (mod 4*u2ul),

where v2u? - (u2u2) = 1 (mod 4%), udu2 = 1 (mod u?) and 4%4% = 1 (mod u3u3). Tt follows that

to 1 4ku%
— =K — + 2 mod 1
4kyu2u3 " 4ku2u2 u? ( )

with r: = (£ + 1)£363 /4%, The three terms on the right-hand side have completely different
structures: the first one is constant, the second one changes very slowly when u; and us vary,
the third one oscillates a lot when uy varies with uq fixed.

For each fixed k, we rewrite the sum B(z,U) as

B(z,U) = B(z,a; U, &, &, 6.k) = > >

u1~Ur,ug~Us Yo<t<Ys
u1=€1,u2=E€ (mod 4%) t=to (mod 4*u3u3)
(2,u1uz2)=(u1,u2)=1

where Ys := Y5(2%ujug, @) and Y3 := Y3(2Fujus). As in [Foul6], we smooth the t-sum via the
following lemma.

LEMMA 3.1. For every d > 0 there exists a smooth function g : R — R which has the two
properties

0<9<11/21/2

and
/ g(y)dy =1—0.
R

Let g be a smooth function given as in Lemma 3.1. Hence

t— (Y2 +Y3)/2
B(z,U) > ZZ Z g( s ‘ (3.3)
uy~Uy,ua~Us teZ
u1=€1,u=¢> (mod 4F) t=to (mod 4*u2u3)
(2u1ug)=(u1,u)=1

By Poisson summation, the ¢-sum becomes

Y3 — Yy x—~ [ h(Ys — Y2) 4ku3  h(2+Ya +Y3)
R h 2h - .
i Zg( w2 )\ T TR

From integration by parts, we have g(y) < (1 + |y|)~* for any A > 0. Note that

Ys —Y, _ ﬁ
4ku%u% - U1U2.

The above sum over h can be truncated to 0 < |h| < H with H = U, Usz—1/2%¢ and the remaining
contribution is at most O(z~2°'7). Therefore,
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Y5 — Y2 _(h(Y3 —Y3)
Bevz XY dme S oG
u1~Ut,ua~Us 0<|h|<H
ulzfl,ugEfg (m0d4k)
(2,u1u2):(u1,u2) 1

h 2h —
< TR T T R

= Bl(x)U) + BQ(CL‘v U) + 0(13_1949),

where Bj(x, U) and By(z, U) are used to denote contributions from A = 0 and h # 0, respectively.

First,
Y5 - Y
Bi(x,U)=(1-8) > ¥ FEETER

uy~Uy,uz~Us
Ul Efl ,’u2££2 (rnod 4k)
(2 uruz)=(u1,u2)=1

which is =< /z. It is also desirable to show that
By (z,U) < z'/27%0 (3.4)

for some g9 > 0. By standard tools from analysis (see [Foul6] for details), it suffices to prove

that oo
> > > (2hu1> < Uy Ugz ™, (3.5)

h<H . u1 €)U1, U] u2€]U2,U5]
h=ho (mod4%) |\ —¢) vn=€, (mod 4*)
(2,uru2)=(u1,u2)=1

where U; < U} < 2Uj, j = 1,2. After transforming the us-sum to a complete sum T'(-, u 2), where

o £ () 5 ()

z (mod q) z (mod q)

Fouvry [Foul6] evaluated T'(-,u?) in terms of classical Gauss sums and Jacobi symbols. He then
arrived at a bilinear form involving Jacobi symbols, for which a celebrated estimate due
to Heath-Brown [Hea95] was applied. Amongst some other delicate arguments, Fouvry was able to
prove (3.4) under the conditions

Ul < 331/4_580, U2 < U1$1/2_5607 (36)

in which case he obtained the lower bound

B(z,U) > (1- ) » Z‘j’c;}? + O(z1/70), (3.7)

u1~Uy,us~Us
ul E§1 ,ugEfz (mod 4k)
(2;uru2)=(u1,u2)=1

To obtain a better lower bound for B(z, ) and thus for S(z, @), it is natural to expect that
(3.4) and (3.7) can hold in larger ranges of Uy, Us. However, it seems rather difficult when Uy
is quite close to Uz since the ug-sum is too short in the sense of the Pélya—Vinogradov barrier.
In fact, Bourgain [Boul5] managed to control the left-hand side in (3.5), but with a saving of a

small power of log z rather than that of x. This allows him to improve upon Fouvry when « is
rather close to % in Theorem B.
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In our subsequent argument, we will specialize u; with special structures in the original sum
(3.3) before Poisson summation. More precisely, we will consider those u; consisting of only small
prime factors, so that u; has good factorizations, which enable us to control the exponential sums
in (3.5) even though Uj is quite close to Us.

3.2 Lower bound of B(z,U): smooth approach
A positive integer n is said to be y-smooth (or friable) if all prime factors of n do not exceed y.
Let 6 € 0, [ be a fixed number. If n is n’-smooth, the inclusion—exclusion principle yields the
existence of the divisor d | n such that n% < d < n90+9 for any 6y € [0,1 — 6].

We now restrict these u; in the right-hand side of (3.3) to Uf-smooth numbers and put

* U2 t— YQ + Yé 2
Bz, U)= > ) 91<U> > g< (Y — )/ ) (3.8)
uyr~Ur,ug>1 2 teZ 3 2
ulEﬁl,ugEﬁz (m0d4k) t=to (mOd 4ku Uz)
(2,u1u2)=(u1,u2)=1
uq is Uf—smooth

where g1 (y) = g(y — 7) with g given as in Lemma 3.1. Following the similar arguments of Fouvry,
we may derive that

B*(z,U) > Bj(z,U) + B5(z,U) + O(a:*1949),

where

B =0-0) LY af)ims

u1~Uy,uz>1
w1 =E£1,u2=&2 (mod 4’“)
(2,ur1u2)=(u1,u2)=1
uy is Uf-smooth

Y; - Y-
2 3 2
BRI DR

u1~Ur,u2~Us
u1=£1,u2=&2 (mod 4"“’)
(2,u1u2)=(u1,u2)=1
uy is Uf—smooth

and we expect to show that
Bj(z,U) <« g/?=0 (3.9)

for some g9 > 0, for which it suffices to prove, for all Uy € Uy, 2U; |, that

> > 91<u2) <2h2> < UyUpa™, (3.10)

h<H €]y Uf] uz>1 “
h=hg (mod 47) u1 =€1,u2=€2 (mod 4%)
(2,uru2)=(u1,u2)=1
uy is Uf-smooth

We will prove the following.

THEOREM 3.1. There exists some g € ]0,1072017[ such that (3.10) holds, provided that

U1(8—‘,-20)/3U2 < xl—?&o’ Us < U11E1/2_5€0- (3.11)
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N[ =

N

0 i - 71
1

1 «
2

FIGURE 1. Admissible values of (7y1,72).

Put U; = 27 and Us = 272. In addition to the restrictions vo < 71 + %, % <7 +72 <a, (3.6
requires y; < i, and we require 7o < 1 — %’yl in the particular case 6 = %. In Figure 1, the
shaded area shows what we can gain more than the previous approach (we are gaining relatively
more as o becomes closer to %)

The proof of Theorem 3.1 will be given in the next section. To see the advantage of our
approach, one may consider the particular case Uy = Us, and our first restriction will reduce to
U; < :1:3/(11+2‘9)_50; however, the stronger restriction U; < zl/4=5%0 in (3.6) is required.

Therefore, we may obtain the lower bound

Y; — Y-
2 3 2 1/2—¢
u1~Ur,ug~Uz 172
u1=£1,u2=E&2 (mod 4k)
(2,u1u2)=(u1,u2)=1
uy is Uf—smooth

subject to the restrictions in (3.11).

3.3 A weakened form of Theorem 1.1

Up to now, we have two lower bounds for B(z, U), i.e., (3.7) and (3.12), subject to the restrictions
in (3.6) and (3.11), respectively. In what follows, we will take into account all such admissible
tuples (k, &, &1, &2, Ur, Us), for which we appeal to (3.7) if (3.6) is satisfied, and appeal to (3.12)
if (3.6) is not satisfied but (3.11) is valid. To this end, we define two sets of tuples

U = {(Ul,Uz) U1 < Um? < 2khU, < %,Ul <2 U, < U1961/2_n}7
and
VT ok T (8+20)/3 1- 1/2—
Uy = (Ul,UQ) : Uy < Us, o5 < 2°UhWUy < T6,U1 Uy <27 U; < U K U,

where 7 is a sufficiently small positive number.
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First, we may derive a lower bound for B<(x,«;&, k) by inserting the inequality (3.7) or
(3.12) into (3.1). A similar lower bound also holds for B~ (z, a; &, k) by symmetry. Therefore, we
have

ko Vs — e
eaznY ¥OY TY XY wok

k=0 ¢eR(2k) Ue%4 £1,62 (m0d4k) w1 ~Ut ua~Us
216182 u1=¢€1,up=E2 (mod 4F)
(27ulu2):(ul,u2):1

ECEEY> S0 DD JID 3 SINED 3 DS =t Sl

k=0 ¢eR(2F) UE% ¢, (mod4k) ur~Ur,ug~Us
A616  u1=€1,up=Es (mod 4F)
(2,uru2)=(u1,u2)=1
up is Ulo—smooth

where Uy, Us are also restricted to be powers of 2. Recall that
YE)) — Y2 = Y3(2ku1u2, O£) - }/Q(Qkul’UQ) == 2kU1U2\/§ + O((2kU1UQ)1+1/2a).

‘We then obtain the lower bound

B(x,oz)>2(1—26)<§::7(22:)){ YY L. oyy 1}

uUulu uUulu
(u1,u2)€7 12 (u1,u2)E% 172
(2,u1u2)=(u1,u2)=1 (2,u1u2)=(u1,u2)=1
u is Ule—smooth
+0(z"?1og z),
where
1/4— 1/2—
W= {(un,u2) tur < ug, VI < urug < 2% un < 2V g uga/2Y
and
8+-20)/3 1— 1/2—
Vo = {(u1,u2) : up < uz, Vo < uquz < ¢ ug Py < o M uy < w2

Taking ko = ko(0) very large, n = n(d) very small, and letting 0 tend to zero, we conclude
from Lemma A.1 that
1
B(z,a) > —((2a = 1)(3 - 2a) — o(1))vzlog? z + B'(z, ) (3.13)

7T

uniformly for a € [3,1], where

P u1 —(5+20)/3
B'(z,a) =4y g (2 ) log(v/zu, (5+20)/3y
21/ 4 <y <gmin{a/2,3/(11420)} 1
w1 is Ule—smooth

2tuq

Note that B’(z,«) is what we have gained more than Fouvry [Foul6]. From Lemma A.3, we
arrive at

B'(z,a) = %(F(a, 6) + o(1))v/zlog? x
with

F(e,6) = (;){4min{°" 11i20} N (10;46) min{o"llizer N (7_629)}
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One may check that

6

as given in Theorem 1.1. Combining this asymptotic evaluation for B(z, ) with (3.13), we may
conclude a lower bound for B(z, «), from which and (2.8), (2.7), we get

Fla,0) = 1p(;)Fe<a>

S(z, ) > 732{1 + (20— 1)(3 — 20) + ép(;)Fg(a) — 0(1)}\/510g2x (3.14)

uniformly for a € [3,1].

3.4 Concluding Theorem 1.1

To pass from a lower bound of S(z,a) to that of Sf(z,«), it is natural to invoke the identity
(2.14) and Theorem A. In fact, one can do a bit better following the arguments of Fouvry [Foul6]
and show that the above lower bound (3.14) also hold for Sf(x, ). This will depend on a more
elaborate study of the contribution from non-fundamental solutions. In other words, we would
like to show that the non-fundamental solutions create negligible contributions to A(z,a) and
B(z,a).

The following lemma is borrowed directly from [Foul6, Lemma 9.1].

LEMMA 3.2. Uniformly for o € [1,1] and = > 2, one has
Az, a) — Al(z, a) < zlogz.

To deal with the contribution of the non-fundamental solutions to B(x,«), we also follow
Fouvry. The above arguments which lead to (3.14) are essentially counting the number
N (x, a5, ko) of 5-tuples of integers (k, ¢, u1, uz, D) satisfying

2)['&11@, (ul,UQ>=1, 0<k<ky, D<urz,
X1/2 < 2kU1U2 < Xa, t+ 2ku1uQ\/5 < D1/2+a7
t?=1 (mod4*), t=1 (modu?), t=-1 (modu3),

as well as one of the following restrictions:

o up <up <wugal/? oy L VA,

o up < uy <ugr!/FN uy L a4,

o u; <ug < ull‘l/g_"7 u§8+29)/3u2 < xl_”;

o uy <u < u2:131/2_77, ulug8+29)/3 Lzl .
By introducing the extra constraint ¢ 4+ 2*ujusv/D = ep, we may also define A (2, a; ¢, ko). In
fact, the above arguments yield

B(z,a) = N (z, 05, ko), Bf(x,a) > ,/Vf(x,a;a, ko), (3.15)

which are true for every positive € > 0 and for every kg > 0. More precisely, we have proved for
every d, 0 < e < ¢eg(6), ko > ko(d) and x > xo(d) that

N (z, 056, ko) = 7:2{(204 -1)(3—2a)+ 1p

! <1)Fe(a) _ 5}\/510g2 x (3.16)

0

with a € [1,1].
Following the approach of Fouvry [Foul6], we can state the following without proof.
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LEMMA 3.3. For every kg > 0 and every € > 0, one has
JV(.%', a5 g, kO) - JVf(.’E, Qs g, kO) e ko \/Elogfc
uniformly for o € [3,1] and > 2.

We are now ready to complete the proof of Theorem 1.1. In view of (3.15), we may write
Sz, 0) = Al(z, 0) + B (z, a)
P Af(xa Oé) + J/f(x7 Qasée, k(])
— A(z,0) + N (052, ko) + {AT(z,0) — Alz, )}
+ {'/Vf(xﬂ Qs g, kO) - JV(.%', g, kO)}7
which are true for every € > 0 and kg > 0. From Lemmas 3.2 and 3.3, we obtain
Sz, a) > Az, 0) + A (z,a;¢, ko) + O(Vx log ).

By (2.8), (3.16), and by choosing ko = ko(0) sufficiently large, n = n(d) sufficiently small, and
letting & tend to zero, we find the lower bound (3.14) holds definitely for Sf(z, ). This establishes
(1.4).

The lower bounds for S(x,«) in Theorem 1.1 can be deduced from (1.2) by adding the
contribution of the non-fundamental solutions, as it is shown by (2.14).

4. Estimate for triple exponential sums

We now prove Theorem 3.1. For the economy of the presentation, we only focus on the case
k = 0 and define

h
SUL Uy, H) =) > Y, 91(u2> < u2>- (4.1)
h<H i e|Uy,U7] uz>1 ui

(2uru2)=(u1,u2)=1
uq is Uf—smooth

We would like to show that
S(Uy, Uy, H) < UyUpz ™20,  H = UyUpa~Y/?*e (4.2)

for some g € ]0,10729Y7[ while Uy, Us fall into the ranges in (3.11).
By Poisson summation, the ug-sum in (4.1) becomes

U (U h22  rz
Y- Ya(s) ¥ ()
U2 Lrez 17, (mod Zu%) 1 1

(z,2u1)=1

From the Chinese remainder theorem, the sum over z can be rewritten as

h(2z1 + u1z2)2 (221 + u2zg)
>, Do T
1

21 (mod u?) 22 (mod 2) 1
(z1,u1)=1 (2,2)=1

= Yy 3 ( i Lt g ”’2> = (~1)" K (r, 3h; u2),
uj 2

21 (mod u?) 22 (mod 2)
(z1,u1)=1 (2,2)=
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where K is an analogue of Kloosterman sums:
* ma + nz?
K(m,n;q) = e().
= 3 o
z (mod q)
Hence we may conclude that
U [ rU -
= s S (G K ahad)

2?2 2u?
u2 1rez 1

Note that K (0, h;q) = T'(h, q) and if ¢ is odd, we have T'(4h, q) = T'(h,q). According to r =0
and r # 0, we split &(Uy, Us, H) by

S(U1,Uz, H) = 61(Uy,Us, H) + &2(U1, U, H),

where (1— 8 (ho )
Ua(1 — T(h,uy
(‘51(U1,U2,H):TZ Z T
h<H u1 €]U1,U5]
2fuy is Uf-smooth
and

UQ 1 —~ T’UQ —
swnnm=2% Y LYy <2U2>K( Thu?).
h<H  w €]U1,Uf] L o#rez 1
2tuq is Uf—smooth

Following the approach of Fouvry, one may express T'(h,u?) in terms of Jacobi symbols (see
[Foul6, Lemma 6.2]) and then appeal to the bilinear estimate of Heath-Brown [Hea95], getting

&1 (U1, Uy, H) < (U U H)E(HUL Uyt + HY20,), (4.3)
which produces the second restriction in (3.6). Moreover, Fouvry proved that
Gy(Uy, Uy, H) < (U U, H)*HUZ,

which produces the first restriction in (3.6).
Our task will be proving a stronger estimate for &9(Uy,Us, H) by virtue of the special
structure of u;. More precisely, we shall prove that

Go(Ur,Uq, H) < (UlUgH)EHUlUQI/z(Q + U11/2Q—1/2)’

where @ will be chosen at our demand. This would at least require the following inequality as
proved by Fouvry [Foul6]. In fact, Fouvry only considered those ¢ that are perfect squares, and
his argument also applies to more general gq.

LEMMA 4.1. Let q be an odd positive integer. Then we have
[ (m, )] < 3@ (m,n.9)y/2.

As an extension to K(m,n;q), we define another exponential sum

* mtzz—i—n(a—l—u)z—i-ﬂa)
B(m,n, b iu;q) = e , 4.4
( 0= 3 o ) (44)

a (mod q)

where * in summation reminds us to sum over primitive elements, i.e., (a(a+u),q) = 1. We will
need the following inequality.
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LEMMA 4.2. For each odd q > 1, we have

|%(m,n, {,u;q)|
< 3(]1/2(67 m,n, qb)l/Q(& m + n,u, qb>1/2(€7 m,n, q¢)(£7 m + n,u, qi) : 1SW(q) ' E(Q)l/27

where

=[I» =@= ]I »

p?llq ¥ |lg, v=3

The proof of Lemma 4.2 will be given in Appendix B.
We now start to prove Theorem 3.1. Due to the decay of g1, we may truncate the r-sum in
So(U1,Uz, H) by R=U +EU2 so that

U- 1 [ rU: _
Sy (U1, Uy, H) = 72 > > = (— 1)Tgl<2u2>K(r, Ih;u3)
h<H  wi€]Uy,Uf] Ligr<R !
2tuy is Uf—smooth

+ O(U U H)~2017), (4.5)

Our project will be controlling the cancellations while summing over r with 1 < |r| < R. More
precisely, we would like to estimate

. (1Us - 2
1<|r|<R 1
The contributions from negative r and positive r can be treated similarly, it thus suffices to

consider
N TUQ —
S0 g ) KT,
1

r<R

which can be rewritten as

2 Z gl<rU2) (2r,4h;u?) Zgl<r 2) r, dh;u?).

r<R/2 r<R

Clearly, K (2r,4h;u?) = K(r, h;u?). By partial summation, it suffices to consider

Y(R,u?; h) ZKrhul

r<R

For each ug | u1, we define d, q1, g2 by

d = (uo, (u1/u0)™), @ = (uo/d)? @ =ui/q.

It follows that u? = g1¢2 and (g1, q2) = 1. By virtue of the g-analogue of van der Corput method,
we will prove the following.

LEmMA 4.3. With the above notation, we have

S(R,u?i h) < uS R {uguy +ugRY?(ug, us Jug) + (uo, (u1 /110) )2 (hy ud) /20 (W) /4 jul/?}.
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Proof. Lemma 4.3 is a trivial consequence of Lemma 4.1 if R < u%. We now assume R > ug.
Denote by I the characteristic function of the interval [1, R]. Thus,

S(R,ufsh) = Ip(r)K(r,hiul) =Y Tr(r + ug) K (r + ugl, h;uf)
reZz reZ
for any £ € Z. From the Chinese remainder theorem, we may write

K(r+ugl, hiu?) = K(r +ugl, hgs; ¢ K (r + ugl, hgy; g2)
= K(r, hgy; q1) K (r + u3l, hgi; go),

where we have used the fact that q; | u.
For L = [R/u}], we sum over ¢, getting

1
2, _ E E 2 2 o2
Z(R,Ul,h) = E£<L EZIR(T‘—FU()E)K(T"—U()E, h,ul)

1 _
<7 DK (rhggian)]
reZ

D Ir(r+ ugO) K (r + uil, hat; go)
(<L

From Lemma 4.1 we find

€
E(R,U%,h) < g \/(HZ(Tv ha (11)

T > Ir(r + ugOK (r + ugl, hgi; g2)
reZ

I<L

In view of the support of I, the sum over r is in fact restricted to [— R, R]. By Cauchy inequality,
we derive that

2

“aR
S(R,udh)? < 73 >

reZ

> Ir(r + udO)E (r + upl, hgs; g2)
<L

Squaring out and switching summations, we get

2.71\2 ‘R
S(R,ui:h)? < > : (4.6)

0<|0|<L

> K(r,hgt; g2) K (r + udt, hi; g2)

rely

where Iy is an interval, depending on ¢, of length at most R. For £ = 0, we appeal to Lemma 4.1 to
estimate the r-sum trivially. For 1 < |¢| < L, reasonable cancellations in the r-sum are expected.
In fact, by completion, we have

SNll= > Iy @)Ky a2 hq1 0, 0),
rely y (mod gq2)
where
—yr
M = o720,
rely a2
and
-~ 1 _3 5773 YT
K(y,qo:h,q1,u0,0) = — Y K(,hgt; g2) K (¢ + udl, hi; go)e = ).
q2 q2
@ (mod g2)
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Firstly,
Yy

-1
nl )

Opening each K by definition, the orthogonality of additive characters gives

K —ug! * hg3 (a2 — (a +y)2) — udla
K(y,qz;h,ql,uo,e)=e< Oy) 3 e( 7i(a® — (a+y)?) — ug )

I(y,q2) < min {R,

q2 o (mod g2) q2
2
= o( =) . 1t o3t ).

For y = 0, we have

* udla
B(hGs, —hgs, —udl,0;q2) = Z e( 22 > < (udl, qo).
a (mod g2)

For y # 0, we would like to appeal to Lemma 4.2. To do so, we first derive from Lemma 4.2 that
(we have qg =1 since ¢ is a perfect square)

1/2+5( 1/2

This yields

€ . q
ST1 ) < R(udl, q2) + ay* (h,udl, gb) - E(g2)? Y mm{R 2}<y,u3£ )
s 1<lyl<a/2 Y

[1]

< R(udl, q0) + a5 > (h, u3t, ) - Z(q2)"?,
from which and (4.6) we obtain
U
Y(R,ut; h)? < 1Q1 {qu (h,q2) +LR(u0,q2) + Lg, 3/2 (h, uo,qz) 1/2}

< ulR{ uopu1)* + q R(ud, q2) + u1q2/ (h,ud) - E(q2)1/2}.
Note that go = (u1d/ug)? = {u1(uo, (u1/uo)>)/ug}+?. Thus,
E(2) = E({ur (uo, (u1/u0)™) /uo}?) = (u1(uo, (ur /1)) /uo)* < uj
We then conclude that
S(R,uf; h)? < u§ R{ (uou1)® + ugR(uo, w1 /) + (uo, (ua/10)™) (h, ug)ud (u)'/? /uo},
which gives Lemma 4.3 immediately. |

In view of Lemma 4.3 and the discussions before it, we may derive from (4.5) that

1/2 1 UlHUZR /2 1 2 1/4
Sy(Uy,Us, H) < U HQUy(RY? + RUTY) + NG >3 (@, b®) 2 ((ab)) A,
Q ui~U1 ab=uq
where Ule0 <@ < U19°+9. In view of the choice R = U12+5U51, Lemma A.5 yields
&y(Uh, Us, H) < USHULUY*{Q + UL2Q~ 12,
from which and (4.3) we conclude that
&(U1, Us, H) < (LU HYF {HULUS Y + HY2U, + HULULY*(Q + UL2Q~Y/2)}.

Choosing 0y = (1 — 20)/3, we then have U1(1—29)/3 <Q< U1(1+9)/3. Recalling the choice of H, we
then arrive at the expected estimate (4.2), provided that (3.11) holds.
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Appendix A. Mean values of arithmetic functions

A.1 Some basic asymptotics
The first part of the appendix is devoted to state several basic asymptotics.

Recall that ~(u) denotes the number of solutions to the congruence equation z? = 1 (mod u?).
As a multiplicative function, 7 satisfies the evaluation (2.10). We are now ready to state the
following averages.

LEMMA A.1. As N — 400, we have

2’!’74
> 00— iro™),
o<n<N
1 »(g) logd
— = 1 1
Z - . og N + 0O +Z 7 )
nsN dlq
(n,q)=1
¢(n)
Z n2 71 N,
n<N
(n,2)=1
and
1 2
Z @(n);gnwﬁlog?N
= n T
(n,2)=1

Proof. The first one can be derived from the evaluations of v(2") as given in (2.10). The other
three asymptotics can be found in Fouvry [Foul6, Lemma 8.1, Lemma 8.2]. O

A.2 Smooth numbers
Denote by S(x,y) the set of y-smooth numbers not exceeding x. Write ¥(z,y) = |S(z,y)|. We
now introduce the Dickman function p(u) by

{p<u> ~1, welo, ]

(A1)
up'(u) + plu—1)=0, wue]l, 4ol

In the first several intervals, we have

p(u):1—logu, UG]LQL

“log(t — 1
p(u)=1—1ogu+/ Og(t)dt, uel2,3,
2

“log(t — 1 “dt [1log(s—1
p(u):l—logu—i-/ Og(t)dt—/ t/ wds, u € 13,4].
3 2

2 S

The following lemma is classical and shows p is the density function of smooth numbers.
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LEMMA A.2. Uniformly for x >y > 2, we have

U(z,y) = xp<logx> +0

x
logy logy )’

Proof. See [Ten95, p. 367, Theorem 6]. O

LEMMA A.3. Let 0 € ]0,1] be fixed. As N — +o00, we have

en) 4 (1
S A el(p) s
2m<N

n is n?-smooth

nlogn 2
N

2tn<N

n is n?-smooth

and

Proof. One can refer to [TWO03], for instance, for some general theorems on the mean values of
multiplicative functions over smooth numbers. In particular, one has

en) 4 (1 N
2= 2N .
Z n w2’ < 6)" © log N
2tn< N
n is nf-smooth

The lemma then follows from the partial summation. O

LEMMA A.4. For all ¢ > 1, we have

S04 (n, ) < (g

n<x

Proof. Note that n — (nf)'/*(n,¢)'/? is multiplicative. For ®s > 1, we consider the Dirichlet
series

(n*)4(n, q)'/2

(s = 3 T )

nS
n=1
By the Euler product formula, we have
E\IN1/4( 0k \1/2
p k>0 p
1/2 1/2
p,
- H <1 T T Z (s— 1/4 )
k>2 P
1 (r*, )"/
_H<1++Z k(s—1/4) > 'H<1+ s—1/2 +Z k(s—1/4)
p p p
k>2 plg k>2

= C( ) ( )‘@2(3761)7
where 2;(s) is holomorphic for s > 3/4 and

- 1/2
@2(3761):1_[( +Z k(s 1/4)) (1+ s—1/2 +Z k(s 1/4))

plg k=2 P

The lemma then follows from a routine application of Perron’s formula. O
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The following inequality is a consequence of Rankin’s method, which is a stronger version of
[Foul6, Lemma 7.2].

LEMMA A.5. For any € > 0, one has

> (m,n>) 2 (mn)H)Vt < NIE

mn<N

Proof. Denote by S the sum in question. First, we have

S < Z Z q\/? Z Byt Z Z q\/2 Z (mnd)h) /4,

n<N d|n>® m<N/n n<N d<N m<N/(nd)
dlm d|n®>®
Note that
b 4
M= Mo=ev I LT E 200
pllab plla,pto pllb,pta Plla,plb Pllb,pla
giving

(ab)f < a* - bF - {(a, b)),

from which and Lemma A.4 it follows that

S< > Y d A ((nd)HV N (mh) A (m,nd)?

n<N d‘gN m<N/(nd)
d|n®°
1
< NN =N a2 ((nd))
n<N ' d<N
d|n®°
1 (”u 1/ 1/2 1/4 1/2
< NN Y A7) (n,d)) 2,
n<N d|<N
d|n>°

By Rankin’s method, the last sum over d is, for any € > 0,

< N°® Z d—1/2—5(dﬁ)1/4((n’ d)b)1/2

d<N
d|n®°

B)L/4( k\b\1/2
v [T (1 3 W

p‘ k>1

2 1
= N° H (1 + e + Z pk(1/4+a)—1/2>

pln k>3
< (nN)®

by re-defining €. We now get

#y1/4
S < N+ jw < Nt
n

n<N

where the last step follows from Lemma A.4 together with partial summation and taking ¢ =1
therein. 0
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Appendix B. Estimate for #(m,n, £, u;q)

While invoking the ideas of the g-analogue of the van der Corput method, we have transformed
the original algebraic exponential sum K (m,n, q) to a new sum B(m,n, ¢, u;q) as given by (4.4).
This appendix will be devoted to present an estimation for %(m,n, ¢, u;q) that suits well in our
applications to Theorem 1.1. In fact, the job can be done for the general complete exponential

S(hg) = ). e(xf;))

a (mod q)

sum

Here A = A1 /A with A1, Ay € Z[X] and A1, Ay being coprime in Z[X]. The values of a such that
(A2(a),q) # 1 are excluded from summation. We define the degree of A by

d = d(\) = deg(A1) + deg(A2).

If
M)= Y mad €Zfz], l(z)= > tad € Zfa,

0<j<ds 0<j<ds

we then adopt the convention that

(A7C)* = (r07T17r27"'7rd17c)7 (Bl)
()\, C) = (7"1,7’2, e ,’I“dl,tl,tg, e 7td27 C), (B2)
(N, ¢) = (NA2 — A, ) (B.3)

for all ¢ | q.
There are many known estimates for complete exponential sums in the literature. In [WX16,
Theorem B.1], we obtained the following estimate for 3(\, q).

THEOREM B.1. Let d =d(\) > 1. For ¢ > 1, we have
1/2 —
SO 9] < g2, )2 )N, 6h) (2d)4 @) - 2(g) 2,
where ¢t and Z(q) are given as in Lemma 4.2.

In fact, the case of ¢ being a prime is essentially due to Weil [Weid8|, and one can refer
to [Bom66] for a complete proof that suits quite well in our situation. Thanks to the Chinese
remainder theorem, the evaluation of (), q) can be reduced to the case of prime power moduli
p*(a > 2), which can usually be treated following an elementary device; see [IK04, §12.3] for
details. This is in fact the line of the proof in [WX16].

The upper bound in Theorem B.1 is complicated at first glance and it even gives a worse
bound than the trivial one if A is a constant function modulo g. However, it provides an essentially
optimal bound if we have an extra average over g, since (), ¢°)/2(), qb)i/z()\’, ¢")Z(¢q)"/? does not
oscillate too much on average.

Given m,n,u,l € Z, we take

with

A (x) = £2° + 20uz? + 23 + (m 4+ n)a? + 2mux + mu®,  Io(x) = 2% (z + u)?.
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Moreover, we have

(M2 = A dg)(x)
= (50z* 4 80ux® + 30ux? 4 2(m + n)z + 2mu)2? (z + u)?
— (423 + 6ux? + 2u’z) (b2® + 20uz® + (2> + (m 4 n)z? + 2muz + mu®)
= 5028 4 8tux” + 30ux5 + 2(m + n)z® + 2mua’
+100uz” 4+ 160u?2® + 60u2” + 4(m + n)uz? + dmua®
+50u?x8 + 80uxd + 3tutzt + 2(m + n)uPa® + 2muds?
— (4028 + 8luz™ 4 40u?x8 + 4(m + n)z® + Smuzt + 4mu?a®)
— (60ux” 4+ 1200225 + 60u2® + 6(m + n)uz* + 12mua® + 6muz?)
— (20u?2® + 40u2® + 20ut 2t 4 dAmuda? + 2muta)
= (2% + 4lux” — 60u>2® — (2m + 2n — 40uP)2® + (Cut — 2nu — 8mu)z?
+ (2n — 10m)u2® — 8mulz? — 2muts.

Thus, for odd ¢ | ¢, we have

(A, €)s = (£, 20u, Lu®, m 4 n, 2mu, mu?, c) = ({,m +n,mu,c) < (€,m,n,c)({,m +n,u,c),
(A, ) = (¢, 20u, tu?, m + n, 2mu, 1, 2u,u?, ¢) = 1

and

(N, ¢) = (€, 40u, 60u?, 2m + 2n — 40u>, Lu® — 2nu — 8mu, (2n — 10m)u?, 8mu®, 2mu?, ¢)
= (¢, m + n, (4m + n)u, (5m — n)u?, mu, c)
= (0, m + n, 3mu, 6mu?, mu®, c)

3(¢,m +n,mu,c)

<
< 3(l,m,n,c)(l,m+n,u,c).

Note that d(\) = deg(A1) + deg(A2) =5+4=09.

From Theorem B.1, we may conclude the following estimate as given in Lemma 4.2.

THEOREM B.2. For each odd q > 1, we have

|B(m,n,l,u;q)|
< 3¢Y2(,myn, @)Y m + nyu, @) Y2 (6 myn, ¢ (G m 4y u, gt - 1899 2 ()2
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