Bull. Aust. Math. Soc. (First published online 2024), page 1 of 18*
doi:10.1017/S0004972724000029
*Provisional—final page numbers to be inserted when paper edition is published

DIOPHANTINE TRANSFERENCE PRINCIPLE OVER
FUNCTION FIELDS

SOURAV DAS®™ and ARLJIT GANGULY

(Received 13 November 2023; accepted 22 December 2023)

Abstract

We study the Diophantine transference principle over function fields. By adapting the approach of Beres-
nevich and Velani [‘An inhomogeneous transference principle and Diophantine approximation’, Proc.
Lond. Math. Soc. (3) 101 (2010), 821-851] to function fields, we extend many results from homogeneous
to inhomogeneous Diophantine approximation. This also yields the inhomogeneous Baker—Sprindzuk
conjecture over function fields and upper bounds for the general nonextremal scenario.
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1. Introduction

The theory of metric Diophantine approximation on manifolds began with Mahler’s
conjecture which states that almost every point on the Veronese curve V, :=
{(x,x%,...,x") : x € R} is not very well approximable. SprindZuk [20] proved this
conjecture in 1960 and conjectured [21] that the conclusion of Mahler’s conjecture
is true for any nondegenerate analytic submanifold of R”. This was strengthened
by Baker and is commonly referred to as the Baker—Sprindzuk conjecture. After
some partial results, the conjecture in its full generality was finally resolved in 1998
by Kleinbock and Margulis [15] using techniques from homogeneous dynamics.
Beresnevich and Velani and others [1-4] observed that, sometimes, the results of
homogeneous Diophantine approximation can be transferred to the inhomogeneous
context by a transference principle. In [4], Beresnevich and Velani proved many
results of inhomogeneous Diophantine approximation, including the inhomogeneous
Baker—SprindZuk conjecture in this way. Our aim is to explore this theme in the context
of function fields.

Consider the function field F,(X), where g = p?, p is a prime and d € N. Define a
nonarchimedean absolute value | - | on IF,(X) by
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By F (X ~1)), we denote the field of Laurent series in X~! over the finite field FF,;. Note
that Fq((X‘l)) is the completion of F,(X) with respect to the absolute value |- | and
the absolute value of F,(X) extends to an absolute value of Fq((X‘l)) as follows. For
fe ]Fq((X‘l)) \ {0}, we can write

f= Z acX’ where ¢y € Z, a; € F, and ay, # 0.
<ty

We define |f] := e‘. With respect to this absolute value, Fq((X”)) is an ultrametric,
complete and separable metric space. Every local field of positive characteristic is
isomorphic to some F,((X™1).

From now on, F,[X] and IFq((X‘l)) will be denoted by A and F, respectively. We
equip F”* with the supremum norm:

llyll := max |y fory = (,y2,...,y:) € F".
1<i<n

In the topology induced by the sup norm, A" is discrete in F" and the local compactness
of F implies that F” is locally compact. By A, we denote the Haar measure on F" such
that A({x e F" : ||x|| < 1}) = 1.

Diophantine approximation over function fields has been studied extensively since
Mahler developed the geometry of numbers in this context [ 18]. We refer to the survey
in [17] and to [7, 13, 19] for recent developments. Let us first recall Dirichlet’s theorem
over function fields.

THEOREM 1.1 [9, Theorem 2.1]. Let m,n € N, = m + n and

m n
at = {t =(H,..., ) € Zi : Z[,' = Zl‘mﬂ'}.
i=1 i=1

Let Z be an mxn matrix over F. Then for any te€ a*, there exist solutions
q=01,.-.,qn) € N"\ {0} and p = (p1,..., pm) € AT of the system of inequalities:

1Ziq+pil<e™ fori=1.2,....m,
lgjl < e forj=1,2,....n,
where Zy, . .., Z, are the row vectors of Z.

Here, Z, denotes the set of nonnegative integers. We will not pursue this much
generality, but only consider unweighted Diophantine approximation. We denote the
set of all m X n matrices over F by F"*".
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DEFINITION 1.2 [10]. Given Y € F™" and 0 € F™, we define the inhomogeneous
exponent w(Y,0) of Y as the supremum of real numbers w > 0 such that there exists a
solution (p, q) € A™ x (A" \ {0}) to the system of inequalities

wT

IYq+p+0I" <e” and ||q|" < e’

for arbitrarily large 7" > 1.

DEFINITION 1.3. Given Y € F™" and 0 € F™, we define the inhomogeneous uniform
exponent (Y, 0) of Y as the supremum of real numbers @ > 0 such that there exists a
solution (p, q) € A™ x (A" \ {0}) to the system of inequalities

IYq+p+6|"<e® and |ql" <e”

for all sufficiently large T > 1.

DEFINITION 1.4. Given Y € F"™" and 0 € F™, we define the multiplicative inhomoge-
neous exponent w*(Y, @) of Y as the supremum of real numbers w > 0 such that there
exists a solution (p, q) € A X (A" \ {0}) to the system of inequalities

—-wT T
H(Yq +p+0O)<e and l—L(q) <e

for arbitrarily large 7 > 1, where

[w:= ﬁ byl and [ ] @:= ﬁmax{l, g1l
j=1 i=1

fory=01,...,ym) € F"and q = (q1,...,q,) € A"

In a similar manner, given any Y € F"™" and 0 € F™, we define the multiplicative
inhomogeneous uniform exponent &*(Y, ) of Y. Note that the analogous homogeneous
exponents are provided by the special case of @ = 0, where 0 = (0, ...,0) € F™, that is,
w(Y) = w(,0), &) :=o(Y,0), 0*(Y) := w*(¥,0) and &*(Y) := &*(¥,0). Also

W (Y,0) > w(Y,0) forallY € F™" 0¢e F™. (1.1)

By Dirichlet’s theorem, w(Y) > 1 for all Y € F"". Hence, w*(Y) > 1. An easy
application of the Borel-Cantelli lemma shows that w(Y) =1 and w*(Y) =1 for
A-almost every Y € F™", We say that Y € F"™" is very well approximable (VWA)
if w(Y)>1 and Y € F™" is very well multiplicatively approximable (VWMA) if
w*(Y) > 1.

The function field analogue of the Baker—SprindZuk conjecture states that almost
every point on an analytic nondegenerate submanifold M of F", identified with either
columns F™! (in simultaneous Diophantine approximation) or rows F'*" (in dual
Diophantine approximation), is not VWMA with respect to the natural measure on
M. In the language of exponents, if M is any analytic nondegenerate submanifold of
F", then

w*(Y) =1 for almost every Y € M, (1.2)
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and this clearly implies that
w(Y)=1 foralmost every ¥ € M. (1.3)

This was settled by Ghosh in [11]. The manifolds of F" which satisfy (1.2) and (1.3)
are referred to as strongly extremal and extremal, respectively. In view of the above
discussion, we have the following theorem.

THEOREM 1.5 [11, Theorem 3.7]. Let M be an analytic nondegenerate submanifold
of F"'. Then M is strongly extremal.

Kleinbock, Lindenstrauss and Weiss introduced the idea of measures being extremal
rather than sets. Following their terminology, a measure u supported on a subset of
F™" is extremal (strongly extremal) if w(Y) = 1 (w*(Y) = 1) for y-almost every point
Y € F"™". Due to Khintchine’s transference principle, we say that a measure u on F”"
is (strongly) extremal if it is (strongly) extremal as a measure on F'*" or F"¥!,

THEOREM 1.6. Let u be a friendly measure on F". Then u is strongly extremal.

We will define the notion of friendly measure in Section 3. Friendly measures
provide us with a large class of measures on F" that includes the natural measure
on a nondegenerate analytic manifold. The proof of Theorem 1.6 is analogous to that
of Theorem 11.1 and Corollary 11.2 of [16]. Hence, Theorem 1.6 implies Theorem 1.5.

DEFINITION 1.7. A measure u supported on a subset of F"*" is said to be inhomoge-
neously extremal if, for all § € F™, we have w(Y, 8) = 1 for y-almost every Y € F"™",
We call u inhomogeneously strongly extremal if, for all @ € F", we have w*(Y,0) = 1
for u-almost every Y € F™".

It is easy to see that this naturally generalises the notion of extremality in the
homogeneous case (@ =0). In the homogeneous case, strong extremality implies
extremality but it is not at all clear why an inhomogeneously strong extremal measure
would be inhomogeneously extremal. The following proposition, proved in Section 4,
answers this question.

PROPOSITION 1.8. Suppose that y be a measure supported on a subset of F™". Then
u is inhomogeneously strongly extremal = u is inhomogeneously extremal.

As mentioned earlier, in the homogeneous case, both the simultaneous and dual
forms of Diophantine approximation lead to the same notion of extremality due to
Khintchine’s transference principle. As there is no Khitchine’s transference principle
in the inhomogeneous case, one has to deal with simultaneous and dual forms of
Diophantine approximation separately.
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DEFINITION 1.9. A measure u supported on a subset of F” is said to be dually inhomo-
geneously (strongly) extremal if u is inhomogeneously (strongly) extremal on F*", We
call y simultaneously inhomogeneously (strongly) extremal if y is inhomogeneously
(strongly) extremal on F"™*!. Furthermore, we say that u is inhomogeneously (strongly)
extremal if u is both dually and simultaneously inhomogeneously (strongly) extremal.

In [10], Ganguly and Ghosh proved the inhomogeneous SprindZuk conjecture over
a field of positive characteristic.

THEOREM 1.10 [10, Theorem 1.1]. Let M be an analytic nondegenerate submanifold
of F"'. Then M is inhomogeneously extremal.

2. Main results
In this section, we describe the main results of this paper.
THEOREM 2.1. (A) Let u be an almost everywhere contracting measure on F™". Then
M is extremal < u is inhomogeneously extremal.
(B) Let u be an almost everywhere strongly contracting measure on F™". Then
u is strongly extremal < u is inhomogeneously strongly extremal.

We will define a (strongly) contracting measure in the next section. Strongly
contracting measures form a class of measures containing friendly measures. Hence, in
view of Theorem 2.1 and Corollary 3.5, we have the following inhomogeneous version
of Theorem 1.6.

THEOREM 2.2. Let u be a friendly measure on F". Then u is inhomogeneously strongly
extremal.

It is well known that the natural measure supported on an analytic nondegenerate
manifold is friendly. Hence, as an immediate consequence of Theorems 2.1, 1.5 and
Corollary 3.5, we get the inhomogeneous Baker—Sprindzuk conjecture.

THEOREM 2.3. Let M be an analytic nondegenerate submanifold of F". Then M is
inhomogeneously strongly extremal.

Furthermore, we prove the following upper bounds for the nonextremal case.

THEOREM 2.4. (I) Let u be a measure on F™" which is contracting almost every-
where. Suppose that w(Y) = n for u-almost every Y € F™". Then, for all @ € F™,

w(Y,0) <n for u-almost every Y € F™",

() Let p be a measure on F™" which is strongly contracting almost everywhere.
Suppose that *(Y) = n for u-almost every Y € F™". Then, for all § € F™,

w*(Y,0) <n foru-almost every Y € F™".

The above theorem is the function field analogue of [12, Theorem 2.2].
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3. Strongly contracting and friendly measures

We retain the notation and terminologies of Beresnevich and Velani from [4]. Let
X be a metric space and B C X be a ball. For a > 0,aB denotes the ball with the
same centre as B and radius a times the radius of B. We say that a measure y on X
is nonatomic if u({x}) = 0 for any x € X. The support of a measure is defined to be the
smallest closed set S such that (X \ S) = 0. We say that u is doubling if there exists a
constant ¢ > 0 such that for any ball B with centre in S, we have u(2B) < cu(B).

Consider the plane Ly :={Y € F™" : Yb+ ¢ =0} for b € F" with |b|| =1 and

ce F". For € = (g1,...,&y,) € (0,0)", we define the g-neighbourhood of the plane
-Eb,c by

LO =Y e F™" |V;b+c| <eforalli=1,...,m), 3.0)
where Y; is the ithrow of Y. If ] = --- = g, = &, we simply denote it by Lﬁl.

DEFINITION 3.1. Let u be a finite, nonatomic and doubling Borel measure on F">".
Then y is said to be strongly contracting if there exists C, a, ro > 0 such that for any
plane Ly, any € = (g1,...,&y) € (0,00)" withmin{g; : 1 <j<m} <rgand0 <6 < 1,
the following property is satisfied: forall ¥ € Ll(f? N S, there is an open ball B centred
at Y such that

BnScLy (3.2)

and
H(5B N LYY < C5"u(SB). (3.3)
We call the measure u contracting if the same property holds with gy =--- = ¢, = €.

Further, p is (strongly) contracting almost everywhere if for u-almost every point
Yy € F™", there is a neighbourhood V of Y, such that the restriction ul|y of u to V
is (strongly) contracting.

First, note that if a measure y is strongly contracting then it is contracting. Next, we
recall the notion of friendly measures from [14, 16]. For this, we first need to define
nonplanarity and (C, @)-decaying for a measure u. Let u be a Borel measure on F”* and
S := the support of u. We say u is nonplanar if (L) = 0 for any hyperplane L. Given a
hyperplane £ and a ball B of F"" with u(B) > 0, we define ||d ||, to be the supremum
of dist(y, L) over y € S N B, where dist(y, £) = inf{|ly — 1]| : 1 € L}. Given an open set
V of F" and C, @ > 0, we say that the measure u is (C, @)-decaying on V if for any
nonempty open ball B C V centred in S, any affine hyperplane £ of F"* and any & > 0,

&

WBN LO) < c( )a,u(B),

ld .5

where £® is the e-neighbourhood of L.

https://doi.org/10.1017/5S0004972724000029 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972724000029

[7] Diophantine transference principle 7

DEFINITION 3.2. Let i be a nonatomic Borel measure on F”. We say that the measure
w is friendly if for p-almost every point yo € F", there exists a neighbourhood V of yg
such that the restriction u|y of ¢ to V is finite, doubling, nonplanar and (C, a)-decaying
for some C,a > 0.

Following [4], the notion of d-contracting measure on F” generalises the notion of
contracting measure on F" (identified with FX" or F"™>1).

DEFINITION 3.3. Let d € N with 0 <d <n—1. A finite, nonatomic and doubling
Borel measure on F" is said to be d-contracting if it satisfies the conditions (3.2) and
(3.3) for a contracting measure with the plane L. replaced by any d-dimensional
plane L.

It is easy to see that a contracting measure on F'*" is essentially the same as a
0-contracting measure on F" and a contracting measure on F"*! is essentially the same
as an (n — 1)-contracting measure on F”.

THEOREM 3.4. Let d € N with 0 <d <n— 1. Then any friendly measure on F" is
d-contracting almost everywhere.

PROOF. Let deN, 0<d<n-1, and u be a friendly measure on F". Then for
p-almost every point yg € F”, there exists a neighbourhood V of y, such that the
restriction u|y of p to V is nonplanar, finite, doubling and (C, @)-decaying on V
for some C,a > 0. For the sake of simplicity, without loss of generality, we may
assume that y = u|y. We need to show that there exists C’,a’, ry > 0 such that for
any d-dimensional plane £ of F",0 < & < rp and 0 < ¢ < 1, the following property is
satisfied: for all y € £ 0 S, there is an open ball B centred at y such that

BNnSc L® (3.4)
and
u(5B N L)) < C'6Y u(5B), (3.5)

where S is the support of u.
First we observe that any d-dimensional plane of F” is of the form

L=y=01,....0) €F" :byy1 +- -+ by, +a;=0fori=1,...,s},
where b; = (b;1,...,by) € F" with ||b;|| = 1 and s € {1, ...,n}. Then
_L(g) :{y:(yl,,_,,yn)EFn : |bi1y1 +---+b,-nyn+al~|<8f0ri: 1,...,S}.

Since u is nonplanar, the support S of u contains n linearly independent points

Yi,...,¥Yn of F". Hence, we can find ry > 0 such that whenever 0 < & < ry, the
g-neighbourhood of any d-dimensional plane £ cannot contain all the points
Yi,--.,Y¥n Therefore, for any d-dimensional plane £ and 0 < & < ry,

S¢ L9 (3.6)
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Fix 0 < § < 1. If § N £ = (, then there is nothing to show. So we now assume that
SN L% £ ¢ andlety e SN L%, Our goal is to find a ball B centred at y such that
(3.4) and (3.5) hold. Since £ is an open set, we can find a ball B’ centred at y such
that

B c L. (3.7
In view of (3.6) and (3.7), there exists a real number y > 1 such that
S5y B NS¢ L9 and yB' NSc L,
Hence, there exists a point y’ = (¥}, ...,y;) € (5yB' N S) \ L® and this implies that
lbny) + -+ byy, +al > & forsome l€{l,...,s}. (3.8)

Consider the hyperplane £y ={y = (y1,..., ) € F" : byy1 + -+ by, +a; = 0}. In
view of (3.8) and using the ultrametric triangle inequality, dist(y’, £o) = &.

Take B = 5yB’. From the above discussion, it is clear that ||d .z > €. Since u is
(C, @)-decaying with ¢ in place of &,

6 a
u(5yB' 0 L99) < u(5yB' n £99) < C(f) u(5yB') = C5*u(5yB').
Therefore, the ball yB’ satisfies conditions (3.4) and (3.5) and y is d-contracting. O

COROLLARY 3.5. (1) Any friendly measure on F"™" is (strongly) contracting almost
everywhere.
(2) Any friendly measure on F™" is (strongly) contracting almost everywhere.

PROOF. From Theorem 3.4, it follows at once that any friendly measure on F"™*! or
F™" is contracting almost everywhere.

The proof that any friendly measure on F*! or F'*" is strongly contracting almost
everywhere is the same as the proof of Theorem 3.4. ]

4. Lower bounds for Diophantine exponents

For the nontrivial implication in Theorem 2.1(B), we need to show that a certain
measure g on F™" is inhomogeneously strongly extremal. This amounts to showing
that the following two statements hold for all § € F™:

w*(Y,0) <1 for u-almost every Y € F™", 4.1)

w*(Y,0) > 1 for y-almost every Y € F"™", 4.2)

Proving the nontrivial implication in Theorem 2.1(A) amounts to showing analogous
upper and lower bounds for w(Y, ). We devote this section to prove (4.2), that is,
the lower bound for inhomogeneous strong extremality. As a by-product, we get the
lower bound for inhomogeneous extremality. Before going to the proof of this result,
we collect some results related to the Diophantine transference principle over function
fields. The first is the function field analogue of a result by Bugeaud and Laurent [5].
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THEOREM 4.1 (Bugeaud and Zhang, [6]). Let Y € F™". Then for all § € F™,

1 A 1
a)(Y, 0) > m and O.)(Y, 0) > m (43)

Furthermore, equality occurs in (4.3) for almost all € F™.

Next, we recall a positive characteristic version of Dyson’s transference principle

[8].
THEOREM 4.2 [10]. Forany Y € F™", we have w(Y) = 1 if and only if w(Y") = 1.
Now we are ready to prove the desired lower bound.

PROPOSITION 4.3. Let u be an extremal measure on F™". Then for every 6 € F™, we
have 0*(Y,0) > w(Y,0) > 1 for u-almost every Y € F™".

PROOF. It is clear from the definitions that
w (Y, 0) > w(,0) 4.4)

for all Y € F"™" and @ € F™. From Dirichlet’s theorem and the definition of uniform
exponent,

OY)>1 and w(¥) > &(Y) (4.5)

for all Y € F"™", Since the given measure yu is extremal, w(Y) = 1 for u-almost every
Y € F™", From Theorem 4.2, w(Y’) = 1 for u-almost every Y € F"™*". Again from
(4.5), &(Y") = 1 for u-almost every Y € F"™*", Finally, using Theorem 4.1,

(Y, ) > > 1

oY
for p-almost every Y € F™". This completes the proof in view of (4.4). |

PROOF OF PROPOSITION 1.8. Let u be an inhomogeneously strongly extremal mea-
sure on F™", Given any 0 € F™, we have w*(Y,0) = 1 for y-almost every Y € F"™",
Therefore, w(Y, 0) < 1 for all @ € F™ and for pu-almost every Y € F™" by (1.1).

To complete the proof, we need to show that w(Y,80) > 1 for all 8 € F™* and for
p-almost every Y € F™", Since u is inhomogeneously strongly extremal, it is trivially
extremal. So the desired result follows from Proposition 4.3. ]

5. Inhomogeneous transference principle

The main ingredient in the proof of Theorems 2.1 and 2.4 is the inhomogeneous
transference principle [4, Section 5]. Let (X, d) be a locally compact metric space.
Given two countable indexing sets A and T, let H and / be two maps from T X A X R,
into the set of open subsets of X such that

H:(tad)eTxAXR, > Hia,d)
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and
I:(t,a,)eTXAXR, > L(a, ).
Also, let
H) €| JHe@. ) and 1) £ ] I, ).
a€A €A

Let @ denote a set of functions ¢ : T — R,. For ¢ € ®, consider the limsup sets

Ap(9) = 1int1 sup Hi(¢(t) and  As(¢) =lim Sup Ii(p(1)).
€ te

We call the sets associated with the maps H and I the homogeneous and inhomoge-
neous sets, respectively. Now we discuss two important properties, which are the key
ingredients for the inhomogeneous transference principle.

The intersection property. The triple (H, I, ®@) satisfies the intersection property if for
any ¢ € @, there exists ¢* € @ such that for all but finitely many t € 7, and all distinct
a and ' in A, we have Ii(a, ¢(t)) N (', p(t)) C H(p*(L)).

The contraction property. Let u be a nonatomic finite doubling measure supported on
a bounded subset S of X. We say u is contracting with respect to (I, ®) if for any ¢ € O,
there exists ¢* € @ and a sequence of positive numbers {k¢}ter satisfying > et k¢ < 0,
and such that for all but finitely many t € T and all @ € A, there exists a collection Cy o
of balls B centred in S satisfying the following three conditions:

(C.1) Snla, ) € Upec, B:
(C2) SN Upec, B < Ii(a, ¢ (b)); and
(C.3) uSBNI(a, M) < kyu(SB).

THEOREM 5.1 [4, Theorem 5]. If the triple (H, I, ®) satisfies the intersection property
and u is contracting with respect to (I, ®), then

UAg(@) =0 forallp € ® = u(Ai(¢)) =0 forall p € ®.

6. Upper bounds for Diophantine exponents

In this section, we will prove Theorem 2.1(B) (the proof of Theorem 2.1(A) is
similar). Clearly, one direction is trivial. For the other direction, let u be a measure
on F™" which is strongly contracting almost everywhere. We want to show that

u is strongly extremal = u is inhomogeneously strongly extremal.

Earlier we observed that this amounts to showing the upper and lower bounds, (4.1)
and (4.2), respectively. We have already proved the lower bound in the last section. We
prove the upper bound in this section using the inhomogeneous transference principle.
In fact, we will prove the upper bound for the general nonextremal case (that is,
Theorem 2.4(II)). We follow the strategy of Beresnevich and Velani [4].
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Let 4 be a measure on F"™", which is strongly contracting almost everywhere.
Suppose that w*(Y) = 5 for u-almost every Y € F™". We want to prove that, for all
0 F", w*(Y,0) < n for y-almost every Y € F"™". Define

UG, () == {Y € F™" : 0*(Y,0) > 7).
Observe that Theorem 2.4(II) reduces to proving
(U () =0 forall € F™. 6.1)
Consider T = Z™*". For each t = (#1,...,tnm) € T, let
ay := diag{X", ..., X" X"t X ey € R

For any matrix Y € F"™", let

| Y
ol 1)
where [; denotes the identity matrix of size k X k. We can view Uy as a linear operator
on F™*" Now given any 0 = (04,...,0,) € F", we define the affine transformation Ug

on Fm+n by
US(a) := U% := Uy(a) + ©® foralla e F™™",

where ® = (61,...,0,,0,...,0) € F"™" Let A=A"x(A"\{0}). For e >0,teT
and a € A, let

Aa,e) =Y € F"™" : ||la,Ubal| < &) (6.2)
and

0 - 0 _ mxn . 0
Als) = LE;‘ A(@.e) =Y € F™" ¢ inf [|laUyal| < &),
For t > 0, consider the function

¢ T >Ryt ¢f = e, (6.3)
where o (t) := | + - - - + t,,4, and the set
A%(¢7) := lim sup AL (¢"). (6.4)
teT
For 6 = 0, that is, the homogeneous case, we denote A"}(tﬁ’) by Ar(¢7). The following
proposition allows us to reformulate the set (Ll,’fl,n(n) in terms of these limsup sets.
PROPOSITION 6.1. There exists a subset T of Z"*" such that

Z e <00 forallt>0 (6.5)
teT
and

U () =AY @) forall e P,

™0
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PROOF. First, we define the required set T c Z™*". For u = (uy,...,u,) € Z] and
v=1,...,v,) €Z}, we define
N C o(u) — no(v)
o) := Zu/-, o(v):= Z vi and ¢&:=¢&(u,v)= Tnn’

j=1 i=1
where Z, ={se€Z:5>0}. Given u and v as above, define the (m + n)-tuple
t= (t17’ . -’tm+n) as

t = (ul - [f]» ey Uy — [f]vvl + [6]7 ey Vp + [g])’ (66)
where for any x € R, [x] denotes the greatest integer not greater than x. Finally,
T :={teZ™" givenby (6.6) : u € Z7, v € Z} with o(u) > no(v)}.

We show that T has the properties required in Proposition 6.1. First, let us record a
few inequalities which will be essential later. Note that

m+n

1
7)== D1 = 0w~ mlel + ) + nlé) = = - m(f—; +12]) + n(l€] - ©
i=1
6.7)
and also
o(t) = (m+ Do(v) + m(§ = [£]) + n([£] + né). (6.8)
From (6.7) and (6.8) respectively
n _ _mn (€& M e
S = o 1(17 +121) + et G
< o(u) - %(% + [g]), since & — 1 < [£] < &
_ o)~ (e (€] _ ¢
=ow n+1(7] +[§])+n+l(n 77)
<o) —-m[£], sinceé—1<[é]<¢ (6.9)
and
L = o+ T — 1) 4+ (e 4
o~ 1(7( ) = (V) — l(f €D — 1([§] né)

> 0(v) + ——([€] + né), since £— 1< [¢] <&
n+1

n n
=o(v)+ m([f] +nlé]) + m (né —nléD)

>o0(v)+n[€], asé-1<[€] <& (6.10)
Since ¢ > 0, in view of (6.9) and (6.10),
n+1

n+ Do(v) <o(t) < o(u). (6.11)
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From (6.9), (6.10) and using £ — 1 < [£] <&,

__n b —(m—
o(t) = 70O + —70(t) = o) + o (V) = (m ~ m¢]

> o)+ o(v) — (m—n)¢

= o + o) = P2 (o) = o))
+1n
=1 o) + mo)). (6.12)
m+nn

From (6.12), we will conclude that the series (6.5) is convergent and, for any r € R,

#teT: o) <r < co. (6.13)
First, we show that
U, 00 < |_J Af90. (6.14)
>0

Let Y € UP  (1). Note that Y € UY (n) if and only if there exists £ > 0 such that
for arbitrarily large T > 1, there exists @ = (p,q) € A= A" X (A" \ {0}) satisfying
[|Yq + p + 6| < 1/e such that

]_[(Yq +p+0) <e ™ and l_L(q) <el. (6.15)
Since Y € ‘L{,(Z,,n(n), (6.15) is satisfied for infinitely many 7" € N. For any such 7, there
isaunique u = (uy,...,u,) € Z} and v = (vy,...,v,) € Z} such that
e <max{|Y;q + p; + 6, e Ty < e for 1 <j<m (6.16)
and
e <max{l,|gl} < e forl <i<n, 6.17)
where Y; denotes the jth row of ¥ € F"™". From (6.16) and (6.17),
"™ < max { [Tra+p+o. e—<"+8>T} and ¢ <[] (@ 6.18)
Now (6.15) and (6.18) imply that e 7™ < ¢=™M@+&) Therefore,
o(u) — no(v) > eo(v) > 0. (6.19)

Hence, t given by (6.6) withu = (uy,...,u,) and v = (v, ..., v,) satisfying (6.16) and
(6.17), respectively, is in T. If o-(u) < 2no(v), then from (6.11) and (6.19),

B o) —no(v) S eo(v) eo(u) eo(t)
&= m+nn  m+nn 2n(m+n) " 2+ Dm+n)’
If o(u) > 2no(v), then from (6.11),
f o TR 200 =200 ot no(t)
C m4ngn 2m+7n) 2m+nn) ~ 2+ D)(m +nn)’

https://doi.org/10.1017/5S0004972724000029 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972724000029

14 S. Das and A. Ganguly [14]

In view of these two inequalities,

min{e, 1)

&> 1oo(t), where 1 := m (6.20)
Now we take
ag = X M D djag{x™, . XU X7V X,
From (6.16) and (6.17),
inf lacUball < e- e 1D <o e7%, (6.21)
Combining (6.20) and (6.21), we conclude that for 0 < 7 < 7,
inf lacUball < e™® (6.22)

for all sufficiently large o(t). Together, (6.15) and (6.16) imply that o(u) — oo as
T — oo. Hence, in view of (6.12) and the fact that (6.15) holds for arbitrarily large
T € N, we conclude that (6.22) holds for infinitely many t € T. Therefore, Y € A%((f)
for any 7 € (0, 7). This completes the proof of (6.14).

Finally, to complete the proof of Proposition 6.1, we show that

U, () 2 ) A%,

™0

Let Y € A%(¢7) for some 7 > 0. By definition, infaez [laiUbal| < e™® for infinitely
many t € T. For any such t, there exists @ = (p,q) € A such that |laUlal| < ™.
By taking the product of the first m coordinates and the last n nonzero coordinates of
aU ga, respectively we get

eY,q+ p;+ 6 < e and 1—[ e"milg;] < e,

m
=1 1<i<n, ¢;#0

J

From (6.11) and the fact that o(t) > 0 (by (6.10)),
I—[(Yq +p+0) < IO IO/ _ D))+ (6.23)
and
[T @ < emoeetrmn < gror, (6.24)

If we take T =o0(t)/(n+1) and €:=mr(n+1), then (6.23) and (6.24) hold
for arbitrarily large 7. Therefore, Y € (L(,?w(n), completing the proof of
Proposition 6.1. ]
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PROOF OF THEOREM 2.4. In view of (6.1) and Proposition 6.1, we first note that to
prove Theorem 2.4(II), it is enough to show that

p(Ar(@) =0 forallt>0 = u(A%¢")) forallt> 0. (6.25)

We use the inhomogeneous transference principle to prove (6.25). From now on,
6 € F™ is fixed and, without loss of generality, we assume that y is strongly contracting
on F™" Let X := F™", A = A" x (A" \ {0}), T be as in Proposition 6.1, and the maps
H and I be given by

Hi(a, &) = MA@, 8) = A, e) and  L(a, &) := Aa, &),

where € >0,te T, o € A and Af(a/, g) is given by (6.2). From these definitions,
it follows readily that Hi(e) = A?(s) and Ii(e) = Af(s). Let @ be the collection of
functions given by (6.3). Then

An(p) = Ar(9) := AM@) and  Ai(¢) = A%(o),

where A"T(qﬁ) is given by (6.4). Now (6.25) will immediately follow by applying the
inhomogeneous transference principle if we can verify that the triple (H, I, ®) satisfies
the intersection property and the measure u is contracting with respect to (1, ®@).

The intersection property. Let @ = (p,q) and &’ = (p’, ') be two distinct elements in
A, where p,p’ € A" and q,q" € A"\ {0}. Also let ¢ € ®. Then ¢(t) = e for some
7 > 0. Consider any element Y from (e, ¢(t)) N I(a’, #(t)). Then

lacU%ll < ¢(t) and |la US|l < p(8).
Since T satisfies (6.5) and (6.13),
lacUy(@ — &)l = llaUba — a U || < ¢(t) (6.26)

for all but finitely many t € T. Let @” :=a — o’ = (p”,q”), where p” =p—-p’ € A™
andq’ =q-q € A" If ¢’ = 0, from (6.26), we get ||p”’|| < 1 for all but finitely many
t € T. Then p” = 0 (since p” € A™), which is a contradiction as @ # «’. Hence, q” # 0
and so a” € A. Therefore, Y € A¢(a”, ¢(t)) € Hi(¢(t)). This completes the verification
of the intersection property with ¢* = ¢ € ©.

The contracting property. Recall that u is a strongly contracting measure on F"™",
Without loss in generality, we may assume that the support S of u is bounded. Note
that u is already doubling, finite and nonatomic. Hence, to show that u is contracting
with respect to (/, @), it only remains to verify conditions (C.1)—(C.3). Let ¢ € ©.
Then ¢(t) = e”™® for some constant 7 > 0. Define ¢* := /¢ € . Let ry be as in the
definition of strongly contracting measure. Since T satisfies (6.5) and (6.13),

¢"(t) <min{l,ry} and o(t)>0 (6.27)

for all but finitely many t e T. If t = (¢1,...,%y4n) € T and @ = (p’,q") € A, the set
Ii(a/, ¢(1)) is essentially the set of all Y € F"™*" such that

IYiq" + p} + 6] < eig(t) and |gi| < e™ig(t) (6.28)
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for 1 <j<mand 1 <i < n. In a similar fashion, we see that Iy(a’, ¢*(t)) is the set of
all Y € F"™" such that

Yiq' +pj + 6 <e¢"(t) and |g| < e"™p*(1). (6.29)
Now we define
“LidT(t
g =¢&jy = %,”() forj=1,...,m and & =06 :=¢*(t).

Equation (6.11) and o(t) >0 imply that Zj"il t; > 0. Hence, there exists some
[ €{l,...,m} such that ; > 0. Therefore, since ||q’|| > 1 and using (6.27),

min gy <rp and &g <1

1<j<m
Note that dg; = e¢(t)/[|q'|| for all j = 1,....m. Let L") and £ be given by (3.1)

with ¢ ;= X~ Misisedegd)q’ and b := X‘(maxk‘" dega)(q’ + 6), where qQ =} qp)-
Then in view of (6.28) and (6.29),

I(e',¢(0) = Lye and L@, ¢" (1) = L), (6.30)
Since u is strongly contracting, for all ¥ € L(‘%) N S, there is an open ball By centred
at Y satisfying (3.2) and (3.3). Following the notatlon from Section 5, define C¢, to
be the collection of all such balls. Also, define

ke := C(¢")°,

where C and « are constants as in the definition of strongly contracting measure. By
(6.5), Dter kt < oo. Observe that condition (C.1) follows from the definition of Ci, .
Finally, conditions (C.2) and (C.3) follow from (3.2), (3.3) and (6.30). This shows that
[ is contracting with respect to (I, ®). O

REMARK 6.2. To prove Theorem 2.4(I), we take U’ m”(n) {Y e F™" . w(Y,0) > n}
and show that u(U? (1)) =0 for all 8 € F™. Proposition 6.1 remains unchanged
and the only change needed in the proof of Proposition 6.1 is the definition

of T. For ueZ, and veZ,, let u:=(u,...,u) €Z}, v=(v1,...,v,) € Z} and
& = (mu — nnv)/(m + nn). Given u and v, define t = (¢1, ..., t;4n) by

ti=@-I[gl...,u—[ELv+I[El....v+[ED. (6.31)
Define

T := {t € Z™" given by (6.31) : u,v € Z, with mu > nnv}.

The new version of Proposition 6.1 follows by appropriately modifying the arguments
of the proof of Proposition 6.1. Once we have Proposition 6.1, we can apply the
inhomogeneous transference principle to get our desired result. This also completes
the proof of Theorem 2.1(A).
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