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EXIT PROBLEMS FOR SPECTRALLY
NEGATIVE LEVY PROCESSES REFLECTED
AT EITHER THE SUPREMUM OR THE INFIMUM

XIAOWEN ZHOU,* Concordia University

Abstract

For a spectrally negative Lévy process X on the real line, let S denote its supremum process
and let / denote its infimum process. Fora > 0, let 7 (a) and k (a) denote the times when
the reflected processes Y:=S8—XandY := X — [ first exit level a, respectively; let
7_(a) and k_ (a) denote the times when X first reaches S;(,) and I, (4), respectively. The
main results of this paper concern the distributions of (z(a), Sz(4), T- (@), )A’f(a)) and of
(k(a), I (), k—(a)). They generalize some recent results on spectrally negative Lévy
processes. Our approach relies on results concerning the solution to the two-sided exit
problem for X. Such an approach is also adapted to study the excursions for the reflected
processes. More explicit expressions are obtained when X is either a Brownian motion
with drift or a completely asymmetric stable process.
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1. Introduction and preliminaries

Let X be an R-valued spectrally negative Lévy process, i.e. a Lévy process with no positive
jumps. Write P* for the probability law of X when Xo = x. Write P := P. Then there exists
a o -finite Lévy measure I1 on (—oo, 0) such that

0
/ 1 Ax2TI(dx) < 00 (1.1)
—o0
and
Elexp(AX;)] = eV®), 1 >0,

where the Laplace exponent y is of the form

UZAZ 0 .
I/f(/\):m/\+T+/ (€™ — 1 — Ax Ljx=—1TI(dx).
—0oQ

We always assume that neither X nor —X is a subordinator.
Set
St := sup Xy v0 and [; := 0inf X; A0
t

O<s<t =s=
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for the supremum process and the infimum process of X, respectively. Then Yy =S—-X
is the process reflected at the supremum, and ¥ := X — [ is the process reflected at the
infimum. Both Y and ¥ are known to be Feller processes, and S is known to be a local time
at 0 for Y. We refer the reader to [3, Chapters VI and VII], [6], [8, Chapters 4 and 9], and
[13, Chapter 8] for introductions on the reflected Lévy processes.

Reflected Lévy processes arise naturally in storage and queueing theory. They are used to
define the dam-content process for a dam and the virtual waiting-time process for an M/G/1
queue; see [6] for some results and references. A two-sided reflected Brownian motion is used
in [11] to model the inventory process in a stochastic flow system. A reflected Lévy process can
also be used to describe the heavy-traffic limit of the queue-content process in a first-in-first-out
queue with a finite capacity; see [24] for a detailed review.

Reflected Lévy processes find extensive applications in risk theory for insurance, where the
surplus process is often defined via a Lévy process with no positive jumps, and the reflected
process describes a model with a constant dividend barrier. We refer the reader to [9] for
discussions and the literature therein. See [1] for an application of the reflected Lévy process
in mathematical finance.

Reflected spectrally positive Lévy processes are also used in [16] to study the genealogical
structure of a continuous-state branching process which undergoes Lévy branching. They are
used to define the height processes for the Lévy trees.

Other earlier works on reflected Lévy processes can be found in [2], [10], and [22].

Fora > 0, let

T(a) :=inf{t > 0: ¥, > a},
7_(a) :=sup{t > 0: t < t(a), l?, = 0},
k(a) :=inf{t > 0: Y; > a},

and

k—(a) :=sup{t > 0:t <«k(a), Y; =0},

with the conventions inf & = oo and sup @ = 0.

The joint distribution of (t(a), Sz(a), I?ﬂa)) is of interest in both queuing theory and the
risk models for insurance; see [9] and [25], and the literature therein for more details. More
specifically, in the risk model with a dividend barrier, 7 (a) is related to the ruin time, S () is
related to the total amount of dividend payments until ruin, 7_(a) is related to the last time
when dividend is paid before ruin, and Y, (a) —a isrelated to the severity of ruin. To the author’s
knowledge such a distribution (in terms of its Laplace transform) was first obtained in [23] for
a Brownian motion with drift. We also refer the reader to [21, Exercise V1.4.9] and [25], where
the Laplace transform is recovered by 1t6’s formula and the optimal stopping theorem applied
to a cleverly chosen martingale defined via Y and S.

In recent years there has been renewed interest in the study of reflected spectrally negative
Lévy processes; see [1], [7], [12], [14], [17], [18], [19], and [20]. In all these papers the exit
problems are considered for the reflected processes. We are going to elaborate these works
further in the following.

When X is a spectrally negative Lévy process, the exit problem for Y is considered and the
joint Laplace transform for (t(a), I?T (a)) 1s obtained in [1], where Ito-excursion theory is used
in the proof. This result is extended in [19] to one concerning (t(a), St(q), )A’f(a)_, AXi@))-
Similar problems are also discussed in [17] by introducing Y -related martingales. The Laplace
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transform for x(a) is obtained in [18], where a martingale argument is employed. More
computations on the reflected processes using the excursion theory can be found in [7]. The
distribution for fot (@ st dS;, which can be interpreted in risk models as the present value of the
total amount of dividends before ruin, is studied in both [14] and [20] using different approaches.
For strictly stable processes X with possibly two-sided jumps, an explicit expression for the
distribution of I?,(u) can be found in [12].

In this paper we continue to implement the fluctuation theory for Lévy processes to study
the abovementioned joint distribution. A key observation is that the exit problem for the
reflected process is, at its heart, a two-sided exit problem for the underlying Lévy process.
More precisely, by first considering the exit time of process X from the interval (—a, ¢) and
then letting ¢ — 04, in Theorem 4.1 we recover the multidimensional Laplace transform for
(t(a), St@), T-(a), l?r(a)). To this end, the solution to the so-called two-sided exit problem
in [5], which we will introduce in Section 2, plays a key role in this work. Similarly, by
considering how process X exits the interval (—¢, a) we also obtain a Laplace transform for
(k(a), I¢(a), k—(a)) in Theorem 5.1. Our approach is a direct application of the solution to
the two-sided exit problem together with the strong Markov property. Therefore, it has the
advantage of being self contained. In the other literature, martingale methods, the Wiener—
Hopf factorization, or Itd’s excursion theory are often exploited.

We remark that our approach has the spirit of Chaumont and Doney’s characterization of
the excursion measure via the limit of the probability law of the killed Lévy process normed
by the renewal function for the appropriate ladder height process; see [8, Proposition 17]. It is
certainly evident that most of the results in this paper can also be recovered via Itd’s excursion
theory.

For x > 0, write

L~ (x) ;= inf{r > 0: S, > x} = inf{r > 0: X, > x}.

The process L™ is the so-called inverse local time or the ladder height time of Y. In Section 4
the same idea as that used in the proof of Theorem 4.1 leads to the defective distribution of
L~1(x) when it is restricted to [0, t(a)). The approach in this paper is further exploited in
Section 4 to find the joint distribution on the starting time, the height, and the duration of the
first excursion for ¥ with height at least a.

As examples, the Brownian motion with drift and the completely asymmetric stable process
are studied in detail in Section 5. Some explicit expressions are obtained.

Throughout this paper, our basic data are the Lévy measure IT and the scale function W@,
which will be defined in Section 2.

2. The two-sided exit problem for spectrally negative Lévy processes

For a, b > 0, throughout this section, we will always write
T :=inf{t > 0: X; &€ (—a, b)}.

The fluctuation theory for Lévy processes concerns the joint distribution of 7 and X7; see [6]
for a review of earlier work. We refer the reader to [5], [8, Chapter 9], and [13, Chapter 8] for
a more recent and comprehensive coverage.

In the following we collect some results that we will need later in the paper.

The Laplace exponent yr(x) is strictly convex for x > 0. Moreover, ¥(0) = 0 and
limy_ 0 ¥ (x) = oco. Then, for A > 0, the equation ¥ (x) = A has exactly one positive
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solution. In the sequel we denote the unique positive solution by ®(4), i.e. Y (P (1)) = A. Set
®(0) :=limy 0+ D(A).
For the so-called one-sided exit problem with a = 00, it is known that [6, Theorem VII.1]

Ele™"] = Elexp(—¢L™' ()] =e™**@. ¢ >0. @D

A solution to the two-sided exit problem, where a # oo and b # o0, can be found in [5].
More precisely, in [5] it was pointed out that

W@ (a)
Ele " 1x,p)l = ———— 2.2
[e {X7=b}] W@ (a + b) 2.2
and ([5, Corollary 1], note that the two gs should appear in its original statement)
Ele ] = W (a,b)
gWD (@)W D (a + b) 2.3)

= 14+gW% @) -

’

W@ (a + b)

where the (generalized) scale function W@ is a continuous function over [0, c0) which is
determined by its Laplace transform

/ e MWD (x)dx = A > D(q), (2.4)
0

_
Y —q’
and

X
W@ (x) :=/ wWD@rydr,  x>0.
0

We always write W for W@ . By Equation (9) of [5] we have

W) =3 g W), (2.5)
k=1

where “x’ stands for the convolution operator.
By Theorem 1 and Corollary 2 of [5], for z < —a, we have

b
Ble " Lgyean] = | dyW 0@, b, -y + do) 2.6)
—a
where » »
- W)W (b —y)
WD, b,y) = — WD (—y) 1y<o) -
(a )7) W(‘I)(a+b) ( y) {}_0}
Therefore,

Ele " 1{x,——q)]
e

=E[e ] — Ele 7 1(x,—p)] — f Ele ™" 1{x,cdy]

—00

. W@ b
= WD (a,b) — W(i)b) - /_ dyWD(a, b, )I((—00, —y —a)). (2.7
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In the following we collect some known properties of W@, 1t is clear, from (2.2), that
the scale function W% (x) is strictly increasing for x > 0 and for ¢ > 0, W@ (x) — oo as
x — o0o. We have W@ (0) = 0 if and only if the paths of X are of unbounded variation, and
also if and only if O is regular for (—oo, 0) for X [3, Corollary VIL.5]. It follows, from (2.5),
that

W@ (x)
x%0+ W(x)

=1 (2.8)

see [7, Lemma 1].

If the paths of X are of unbounded variation then W (9 (x), the derivative of W% (x), ex1sts
and is contmuous for all x > 0. If the paths of X are of bounded variation then both W/ @ "(x)
and W2 @ (x), the right derivative and the left derivative of WD (x), respectively, exist and
agree except for the set

= {x > 0: IT has a positive mass at — x};

see [7, Lemma 1]. Furthermore,

W.(0) := lim W) - W) 2.9)
x—>0+ X

is either a positive constant or +oco [18, Lemma 4]. Therefore, whenever W(q)(O) = 0,
combining (2.8) and (2.9) we have W(0) = 0 and

W@ (x)
S0+ ox

W, (0) = (2.10)
We remark that W/, (0) is finite if and only if either X has a nontrivial Brownian component,
or the Lévy measure IT has a finite total mass. Therefore, W (0) = 0 and W/ (0) < oo if and
only if X has a nontrivial Brownian component, and in this case er(O) =2/ o2; see the proof
of Lemma 4 of [18]. Integrating by parts on its Laplace transform we can also show that

lim xW4 (x) = 0.

x—>0+

The scale function W@ is related to the excursion measure. Write €@ for the set of generic
excursions with height at least a. Write 71, defined on | J,. € @ for the excursion measure
of Y. By Theorem VIL.8 of [3] we have

W/
AEW) = ﬂ. (2.11)
W(a)
More relationships like this can be found in [7].

Throughout this paper, we assume that either the paths of X are of unbounded variation or
that the Lévy measure IT for X is absolutely continuous with respect to the Lebesgue measure.
As aresult, W@ is continuously differentiable over the interval (0, 00).

3. The conditional exit problem

In this section we introduce several preliminary results concerning the exit problem for
the spectrally negative Lévy process conditioning on exiting from below. They will settle a
technical issue arising from the proofs in Section 4 and Section 5.
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For any a, b > 0, set
T(—a,b) :=inf{t > 0: X; & (—a, b)}.

Given e > Oand a > 0, let X.(-) := X (- A T;) denote the process obtained by stopping X at
time T, := T (—a, €). Let (¥°) denote the filtration generated by process X.

For x € (—o0, ¢), let P} denote the probability law for X, starting at x and conditioning
on the event such that {X.(T;) = X(T;) < —a}, i.e. forany x € (—a,¢) and any A € FF,
by (2.2) and the Markov property, we define

P (A) :==PHA | X(T,) < —a}

_ W(a+e¢) Ex[<<1— Wia+ X;)
- W(a+e)— W(a+x) W(a + ¢)

) lycry+ 1{t>TE,X<T£><—a}> 1A]
and, for any x € (—oo0, —a], we define
Pi{X.(r) =xforallz > 0} = 1.

Set P, := Pg. Then (P}, x < ¢) is the probability law of X, conditional on the event that X,
exits the interval (—a, €) at —a. Note that X, is a Markov process under (P}, x < ¢). See
[3, Section VIIL.3] and [15] for similar conditional Lévy processes.

The following lemma concerns the exit problem for the conditional process.

Lemma 3.1. Given c and d such that —a < ¢ < x <d < &, we have

Pg{Xs(T(C, d) = d) = W(a+e)—Wa+d)Wkx —c) G.1)
(W(a+¢e)—W(a+x)W(—c)

and
Eg[equ(c’e)]
/8 Wa+e)—Wa+y)
¢ W(a+¢e)— W(a+x)
WD (x —c)WD (e — )
W@ (e —c)

—WDx —y) 1{y§x}). (3.2)

Proof. Equation (3.1) just follows from the definition of P} and (2.2).
Observe that on the one hand we have

T(c,e)
E; [/ dteq’]
0

:/ dte™ " PX{r < T(c, ¢)}
0
o » W(a+e)— W+ x)

fe Wa+e)—W(a+y) <W(q)(x _ C)w(q)(8 —y)
c yW(a-i-S) — W(a+x) W@ (e — c¢)

P{X, edy, t <T(c,¢)}

—~ WD —y) 1{y<x}),
3.3)
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where we need Theorem 1 of [5] for the last equality, and on the other hand we have

X Te.e) —qt 1 xr-—qT(c,e)
E} i dre :5(1—E8[e 7). (3.4)

Then the Laplace transform, (3.2), readily follows from (3.3) and (3.4).

Remark 3.1. By Lemma 3.1 we can verify the following facts:

lim PI{Xe(T(~a.0) < ~a}=1 forallx € (~a,0) 3.5)
£—>

and
lim lim Eg[e_qT(c’E) l{Xs(T(c,a))Sc}] =1. 3.6)

c—>0— =0+

Moreover, (3.5) holds uniformly for x bounded away from 0.
Set

Ge:=sup{t < T(—a,e): X() >0} =sup{t < T(—a,e): X(t) > 0},

with the convention sup & := oo. Then, for any ¢ € (—a, 0), we see that ¢, < T (c, €) on the
event
{Xe(T(c,&)) <c, XeoOr(c,e)(T(—a,0)) < —a},

where 6, stands for the shift operator, i.e. X 0 6; = X,4;. Consequently, we find that
Ec[exp(—q6e)] = Bele "% 1ix, (7(c.e))=c)] PEAXe (T (—a, 0)) < —a)

.
+ / Ec[e 97 11x, (7 (c.e)yedn)] PH{X:(T(—a, 0)) < —a}.  (3.7)

—00

We can first let ¢ — 0+ in (3.7) and then let ¢ — 0+ in (3.7). Now it follows, from (3.5) and
(3.6), that

lim Elexp(—gg.) | X(T(—a,&)) < —a] = lim E;[exp(—ggs.)] = 1. (3.8)
e—0+ e—0+

Remark 3.2. We can also show that (3.8) holds if T (—a, ¢) is replaced by T'(¢ —a, ¢), and ¢
is replaced by
cr=sup{t <T(e—a,e): X(t) > 0}. (3.9

Remark 3.3. Similarly, forb > 0 and ¢/ := sup{t < T'(—¢, b): X(¢) < 0}, we can show that

1irg+E[eXP(—61§é’) | X(T'(—¢,b)) =b] = 1.

4. Lévy processes reflected at the supremum

We are ready to introduce one of the main results in the paper. For r < 0, write I1(r) :=
IT((—o0, r]). For z > a > 0, write

Hy(2) :== WO O W (@)1(—2) + W@(a) / dyW®@ ()(y - 2)
0

- W) /0 dyw @Iy — 2)
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and
Va(a) := aW® (@)W (@) —aW® (a)> + W@ (a).

Note that H, is continuous under the assumption given at the end of Section 2.

Recall from the definition in Section 1 that 7_(a) denotes the starting time (in the usual
time scale) of the first excursion (from 0) of Y with height at least a. Observe that X, _(,) =
St—@) = Sra)- A

Our next result concerns the joint distribution of (t(a), S¢(q), T—(a), Y7(4)). Note that when
Y exceeds a certain level, it could either reach the level or overshoot it. We then consider the
two cases separately. It partially generalizes Theorem 1 and Theorem 2 of [19]. Our approach
is different from that in [19].

Theorem 4.1. Forany z > a > 0 and any «, 8,y > 0, we have

W @) (a) Hy (2)

W@ @ (W @)+ pwarnay

Elexp(—at(@)—BSe@ —yT- @) 1y 1=

and

W@ (a)(Vy(a) — Hy(a))

W@ (a)(W@ty) (q) + BW@+¥)(q))’
“4.2)

Elexp(~@7(a) = BSew — (@) 1y, 1=

Proof. Forz > a > ¢ > 0, set

W = Elexp(—a(@) — BSria) — YT (@) Ly 0y <05, 52y -

r(a)ZZ}

Recall that ¢/ is defined in (3.9). By distinguishing whether Sz (,) > € or S;(4) < € and applying
the strong Markov property, we readily see that, for small enough ¢,

v =< E[exp(_(a + y)T(_as 8) - ﬁg) l{XT(_,,_S)=8}]\II
+ E[exp(_aT(_aﬂ 8)) I{XT(,{,,S)SS—Z}] (43)
and
W > E[exp(—(a + )T (¢ —a, &) — Be) ixp_y =}V
+ Elexp(—aT (e —a, &) — y s, — BE) U xy_ppy<—2)]- (4.4)

To simplify the expressions, we set A = « + y throughout the proof. Solving (4.3) and (4.4)
for W, we respectively find that

E[e_aT(_a'g) I{XT(—a,s)SS_Z}]

v <
1 — E[exp(—AT (—a, &) — B&) Lix; .=}l

and
_ Elexp(—aT (e —a. &) —ys; — Be) I{XT(E,G,E)sz}]. 45)
1 — E[exp(—AT (¢ — a, &) — Be) I{XT(sfayg)zg}]
We want to show that
lim E[eiaT(ia’S) l{XT(—a,e)Se—z}] w® (a)Hy(2) (4.6)
i = . (4.
e~0 1 — E[exp(=AT (—a, &) — B&) Lixy_,0=e})] W@ (@) (WP (a) + WP (a))

https://doi.org/10.1239/jap/1197908821 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1197908821

1020 X.ZHOU

Firstly, by (2.2) we find that

o1
2;}1_1)110 g(l — E[exp(—AT (—a, €) — Be) I{XT(faﬁ):g}])

o1 e PEW M (g)
=lim-(1————=

es0e\ WM(a+e)
W (a)
= wo@ T o

Secondly, by (2.6) we have

B S
Eh—r)I}) g E[e o (a.e) I{XT(—a,s)SS_Z}]

1 [ ~ _
= lim — dyW@ (a, e, y)TI(e — y — 2)
e—=0¢ J_q4

W@ (@)W (y + ¢)
W@ (a +¢)

= WOOTI(=2) + lim é/o dy( - W‘“”(y))ﬁ(y +e—2)

= WO O)(=2) + lim é f dyW(y +&) = WO OGNy + & —2)
£—> 0

o1 e W@ (@)W (y + ¢) (@) =
+3£%§ A d ( W@ re -W (y+8)>1'l(y+8—z)
_ a _ () a _
= W@ O)(-2) + f WO WG —2) — 2D qyw@ i — )
0 W(ot) (a) 0
N Hy(2)
- W(‘X)(a)' @9

Then (4.6) follows readily.
Furthermore, we can show that (4.6) also holds if T (—a, €) is replaced by T (¢ — a, ¢).
From (3.8), observe that

. Elexp(—aT (e —a, &) — ¥ 5) Yxp(_yo<—z2)]

e—0 Elexp(—aT (¢ —a, &) Yixy_,<—2}]

. Elexp(=aT(e —a, &) —y5o) | XT(e—ae) < 2]
e~0  E[lexp(—aT (e —a, &) | X1(e—a,e) < —2]

Therefore,
. Elexp(—aT (¢ —a, &) — ys, — Be) Lixre_go<—2}]
e~>0 1 —E[exp(—AT (e —a, &) — Be) Lixy(_yo=c}]
WP (a)Hy (2)
T WO @WA (@) + BWH (@)

We have thus proved (4.1).
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By arguments similar to those used in (4.3)—(4.5), we obtain

Ef[exp(—at(a) — BSr@) — v1-(a))]

E[e—T(-a.8) 1 _
— lim [ Kreanz—al . 4.9)
e—0 1 — E[exp(—AT (—a, &) — Be) 1{XT(—a,£):5}]

By (2.3) we obtain

. 1 —aT(—a,e) T [y (o) W(a)(a)
Jlim, 5 Ele lotrcan=-—al = lim AW @ o) = Gy
Va(a)
=2 4.10
W@ (q) ( )

thus, (4.2) follows from a combination of (4.7), (4.8), (4.9), and (4.10).

Remark 4.1. Given x € (0, a), by (2.2), (2.6), and (2.7), we can easily find expressions
for (4.1) and (4.2) under E™* by distinguishing whether X first exits the interval (—a, 0) from
its upper boundary or from its lower boundary.

Remark 4.2. Combining (4.1) and (4.2), we have

W@t @)V, (a)

Elexp(—at(a) = BSr@ — yT-(a))] = W (@) (W (@) + W (@)

@.11)

By (4.11) we further have

aW® (a)?
w (@)

W' (@)W (a)

W(@W® (a)’

E[efyt(a)] =1 —{—on(a)(a) _

’

E[e V™ @] = (4.12)

and

W (a)

Elexp(=BSr@))] = m.

In particular, S;(4) follows an exponential distribution with mean W (a)/ W'(a); for an inter-
pretation of the ratio W) (a)/ W (a), see [7, Lemma 2] .
Arguments similar to those in Theorem 4.1 also lead to a result on the inverse local time L~

Proposition 4.1. For any x,a > 0, we have

()
W a)x ) (4.13)

Elexp(—aL ™! (x)) L -1<c@pyl = exp(— W@ (q)

Proof. Define
g(x) == Elexp(—a L™ (X)) 111 (1) <1 (e} )-
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Applying the strong Markov properties at exit times 7 (¢ — a, ¢) and T (—a, €), respectively,
we have

Ele™ "™ 1x (1 (6—a,e=e) 18 (x — €)
=g
<Ele T Ly (1 (—a.e)=e)]g(x — &).

Letting ¢ tend to O, then g solves the following differential equation

lime 0 g(x — &) (Ble™ "™ Lix(r(c—a,e)=¢)] — 1)
£

g =

_g)W @ @)x
W@ (q)

So, (4.13) follows.
Remark 4.3. It is easy to see that (4.13) also leads to (2.11).
Remark 4.4. Let a tend to oo in (4.13). Comparing with (2.1) we find that

W(ot)/
fim V@D ), (4.14)
a—oo W@ (a)
We have thus recovered Lemma 1 of [1] and Lemma 2 of [19].
Remark 4.5. We can also recover the distribution for S;(,) by letting @ = 0 in (4.13).

Remark 4.6. If X has a downward drift, then O is transient for Y. Lett_ (00) denote the arrival
time of the unique excursion with infinite lifetime. Note that t_(00) is also the last time when
X reaches its overall supremum S;_ (). It follows, from (4.11) and (4.14), that

. W (@)WY (a)
E[exp(—BSz_(o0) — y7-(00))] = lim. W@ W@ - pWo@)
__*0 (4.15)
Q)+ 8

Define R
l(a) :=inf{t > 0: Y;_(5)4+ = O},

with the convention inf & := oo. Then /(a) denotes the length of the first excursion with height
at least a. Modifying the arguments used in Theorem 4.1 leads to the Laplace transform for
(1—(a), X1_(a), [(@)).

Theorem 4.2. Forany a > 0 and any o, B,y > 0, we have

Elexp(—at—(a) — BX¢_ () — v(a))] (4.16)
B w @) (a)
(W@ (@) + BW@ (@)W (a)
x ((vy (a) — Hy(a))e 4?0 — / oo dH, (x)). (4.17)
a+
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Proof. Considering how process X exits the intervals (—a, €) or (¢ — a, €), similar to the
proof of Theorem 4.1, we can show that, for T := T(_, ¢),

Ele " 1(x, < )]

E —at_(a) — BX — vyl =1l r=
lexp(—at—(a) = BXr_(@) — yl(a))] = lim —— Ble T 1y, o]
E[e—VT 1{XT:_a}]e—a<I>(V)

im

e—>0 1 —ePeEle—oT 1ix,=¢]

o ST Ele T 1ix e dn 165
+ lim
e>0 1 —ePeE[eoT 1ix;=¢)]

where (2.1) was used in the last equation.
So, (4.16) follows from combining (4.7), (4.8), and (4.10).

Note that 0 is recurrent for ¥ if either X is recurrent or lim;_, oo X; = 00. In this case the
excursion process for Y is a Poisson point process. B
Set ¥, 1= supy<,<, ¥s. We can easily find the distribution for Y;_(g).

Proposition 4.2. Suppose that 0 is recurrent for Y, then, forany 0 <y < a, we have

W ()W (a)

P{Y: ) <V} = WoW@)

Proof. Consider the Poisson point process of excursions in €. Note that {¥;_ (@) < Yy}is
also the event that the first arrived excursion of height at least y is indeed an excursion of height
at least a. Then it follows, from (2.11), that

AED)  WHW(a).

PV @ <y} = AED) W)W

see [3, Proposition 0.5.2].

5. Lévy processes reflected at the infimum

Recall from its definition in Section 1 that k_(b), b > 0, denotes the starting time of the
first excursion for Y with height at least b. Also note that X, ) = Ic_ ) = Lcw)-
For A, B8, b > 0, write

b 0—
G(x, B, b) :=f dyWW(b—y)<ﬁ(—y) —/ [(—y ~|—dz)eﬂz).
0 —00

Note that G(X, 0, b) = 0.
Our next theorem is parallel to Theorem 4.1. Recall, from Section 2, that W(0) = 0 and
W4’_ (0) < oo if and only if the Brownian component for X is nontrivial.

Theorem 5.1. Forany b > 0 and any a, B,y > 0,
e if W(0) > 0, we have
Elexp(—ak (D) + Blcw) — k- (b))]
W @ty) (p)
W@ ®B)Y(A + (@ +y)WetN(b) + G(a + v, B, b))’

G.D
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e if W(0) =0and W (0) < oo, we have

E[exp(—ak (b) + Blcp) — vk (b))]
W@ty (p)

- W@ (b)Y (Ba2W @ (b) /2 + 1 + (o + ) W@ (b) + G (o + v, B, b));
(5.2)

o if W(0) = 0 and W (0) = oo, we further suppose that, for any . > 0, there exits § > 0
such that W*) (x)/x decreases for x € (0, §), or equivalently, W(’\)/(x)x —-WHPx) <0
for x € (0, 8), then (5.1) holds.

Proof. Similar to the proof of Theorem 4.1, we can show that, for T := T (—e¢, b),
Elexp(—ak (b) + Blcp) — yk—(b))]

= lim W)
T o0 WO (b + &) (1 — E[exp(—AT + BX7) Lixp<—e)])

It follows, from (2.3) and (2.6), that
Elexp(—=AT + BX7) 1{x;=—¢}]

7Y ey W® (e) b v (e, b. W
=e (e, )—m— B y (&,b, )(=y —¢)

and

b —e—
Elexp(—AT + BX71) Lix;<—e)] = / dyw®™ (e, b, y) f M(—y + dz)ef.
—00

—&

‘We then have
1 — E[exp(=AT + BX71) Lix;<—e}]

) b - _
W) / dyW“)(s,b,ym(—y—s)}

=1—e P lWwW(e, b) — _
¢ { e s A

b —e—
- / dyW™ (e, b, y)/ M(—y +dz)ef* +ePA, — (1 — e P9)B,,
() —

o0
where

0 —&—
Ae :=/ dyvif(“(e,b,y)/ M(—y 4 dz)(1 — ef?)

—& oo

and

0 —&—
B ;=/ dyW®™ (e, b, y)/ M(—y + dz)ef?.

—& oo

If W(0) = 0 then W® (0) = W(0) = 0, and condition (1.1) implies that

0
/ dx1 A (=x)TI(x) < oo. (5.3)

—00
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For W/ (0) < oo, by integration by parts we obtain

Ae 10 WP (@ WH (b — y)
lim — = lim — d —
WH (b + &)

e—>0 & e=>0¢e J_¢

X ((1 — e PH(—e — y) +/

—0o0

W“)(—y))

dzM(—y + z)ﬂeﬁz)

. 0 W()u) (8)W(A)/(b) ()\)/ ~
:ﬁgg% dy _W+W+ 0) ) (g + WI(—€ — )
—&
B [° ( W (&)W (b) o ) ey _
lim = dy\ ———o——— + W0 dzI(z
+ eg% e J_¢ WO (b + ¢) + Wi 0) ) (e +y) . zI1(z)
=0,

where for the last equality, we have used the fact that fi) . dz(—z)l:I(z) — 0 as ¢ — 0, which
follows from (5.3), and the fact that, for any ¢ > 0,

1 0 —&—y _
lim — dy(e + y)/ dzI1(z)
e—=>0¢ —

—& o0

1 0 —c _ 1 0 0 _
< lim — dy(e + y)/ dzI1(z) + lim —/ dyf dz(—2)I1(z).
—00 e=>0¢ J_¢ —c

e=>0¢ J_¢

Similarly,
1—eP9)B
jim L= B
e—0 &
For W/, (0) = oo, we find that
A

lim —&%
>0 W) (g)

= lim
e—0J_¢

x ((1 e~ +

—0o0

- (Wm(b_y) W@)(—y))
NWOBre) ~ Woie

dzIT(—y + z)ﬂeﬂz>

0 8W()\)/(b) W()»)(g) _ W()»)(_y) B
d (_ W()»)(b) (e + y)W(M (e)/e )(8 + y)I(—e —y)

B0 WM () WP (e) — WP (—y) —emy
+51£%§ . d}’<_ W@ (b + ¢) + (e + WD (e)/e )(84-)’) /700 dzI1(z)

= B lim

e—0J_¢

=0,

where for the last equality, we have used the monotonicity assumption on W™* (x)/x for x
close to 0, i.e. for small enough ¢,

() _ A)(_ (A)
0< W (e) — W (=y) [W¥(e) <1
ety e

Similarly, ;
1—eP9B
lim d—e)B; -0
e=0  WR(g)
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Consequently, identity (5.2) follows from an argument similar to that used in the proof of
Theorem 4.1. Note that identities (2.8) and (2.10), and WQ_ (0) = 2/0? are needed at the end
of the argument.

If W(0) > 0 then W@ (0) = W(0) > 0. We also have

0
/ LA (—=x)I(dx) < 0o

[3, Corollary VIL.5], which implies that
0
/ dxIT(x) < oo.
—00
Identity (5.1) can be obtained similarly.
Remark 5.1. Given x € (0, b), it follows, from (2.2), (2.6), and (2.7), that with A = o + y,

E*[exp(—ak (b) + Blcp) — yk—(b))] 5.4
W@ (x)
= W@ o) + Elexp(—ak (b) + Blcp) — vk—(b))]
b—x —X
x ( [ dyW@ (x, b, y) / P I (—y + d2)
< W (x)
@) A C)
+ W™ (x,b—x) W)
b—x
—/ dyMl(—y — )W (x, b, y)>. (5.5)

Remark 5.2. If O is irregular for (—o0, 0) for X, i.e. W(0) > 0, we can directly obtain the
expression for E[exp(—ak (b) + Blcp) — y«x—(b))] from (5.4) by letting x — 0+ in (5.4) and
then solving the resulting equation.

Remark 5.3. The joint Laplace transform (5.4) yields

ook ®)] — 1+ aW®(x)

Ex — —’
[ 1 +aW@(p)

(5.6)

and we have recovered Proposition 2(i) of [18].
In addition, from (5.4) we obtain

W BYA +yWP(x)  Wx) — WP (x)

X[a—Yk—(b) — _
B = A+ o) W)

5.7

In particular,
W) (p)

W) (1 +y WP (b))

Remark 5.4. If X is drifted to +o00 then W is necessarily bounded and ®(0) = 0. It follows,
from (2.4), that

E[efy'(*(b)] —

lim W) = ———.
b—>00 ¥’ (04)
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From (2.1) and (2.2), observe that, for y > 0,

tim YOO _ o
bsoo W) b)
Consequently, by Theorem 5.1 and (4.14), we further have
Elexp(Bli_(o0) — yx—(00))] = lim Elexp(BLc_v) — yx-(b))]

_ ¥'0+)
Bo?/2+y/®(y) + G*(y, B)

when the Brownian component is nontrivial, and

¥'(04)
v/®Wy)+G*(y, B)

otherwise (under the condition of Theorem 5.1), where x_ (00) is the last time when X attains
its infimum J;_ (o) and

El[exp(Bic_(00) — vk (00))] =

00 0—
G*(y, B) :=/ dyeyq)(y)<l'l(—y)—/ H(—y—i—dz)eﬂZ).
0

—00

Note that G*(y, 0) = 0 and lim, .o+ y/®(y) = ¥’ (0+).

6. Examples
For examples we first consider a Brownian motion with drift, i.e. X, = mt + B;, where B,

is a Brownian motion. Then 5

)
() = — + mé

and
O\ = —m ++Vm? + 2.

It follows that, for m # 0,

WD () = ;(exp(—a(m —Vm? 4 2a)) — exp(—a(m + vVm? + 2a))),

Vm? 4+ 2«
vm? 42
W@ (q) = % exp(—a(m + v m? + 2a))
m o
m—/m? +2a
— W exp(—a(m -V m2 + 20!)),
m o

and

m—vm?2+2a m—~m?+2a
— exp(—a(m + v m? + 2a))
20/m? +2u 2a/m? + 2«
+m+v 24 2 exp(—a(m — '+ 20 ))_m+«/ 24+ 2
2a/m? + 2« Dam? +2a

W@ () =
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In addition, for m = 0,

1
200
W@ (a) = exp(av/2a) + exp(—av/2a),

W@ () = (exp(av/2a) — exp(—a+/2a)),

and
W@ () = %(exp(a@) + exp(—a@) -2).
We can check that
Vo(@) = aW @)W (@) — aW @ (@)? + W@ (a) = 2e72™.
Therefore,

2672am W(oz+y) (@)

Blexp(—at(@) = fSew — T = yrgr iy oo

which is in agreement with Theorem 1 of [25].
By (4.15) we have, form < 0,

2m
m—m*+2y —p
Moreover, by Proposition 4.2 it follows that, for m > 0,
- 2me=2ma 1 —e™2m
Plfe@ <yh= (1 — ezm“)( 2me=2my )

ef2ma _ 672m(a+y)

E[exp(=BS:_(00) — ¥7-(00))] =

e—2my _ e—2m(u+y) '

We now consider a completely asymmetric stable process with parameter 1 < 6 < 2. Its
Laplace exponent is

_ 9_0(9_1) 0 ax 1 _ 01
V(@) =a’ = NP _oo(e 1 —ax)(—x) dx.
Then ® (1) = A'/% and
_ 00D
I(dx) = T 9)( X) dx, x < 0.

In addition,
W@ (x) = 0x 1 E) (ax?), x>0,

where
n

N
Eo(y) = ,12:(:) T +6n)

denotes the Mittag—Leffler function of parameter 6, and Ej denotes its derivative. Such an
expression for W@ can be found in [4].
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We can easily verify the monotonicity assumption on W™ (x)/x in Theorem 5.1 for the
completely asymmetric stable process. Then by (4.12) we have

E[e—yr_(a)] — (,9 — I)Eé(yag) _ _
(0 — DE,(ya®) + yba® Ej/(ya?)

Moreover, by (5.6) and (5.7), we have

1
E[e %« by —
e = & anh

and
I'(1+60)E,(ab?)
Eg(ab?)
We can also derive other explicit, although rather complex expressions for the multidimen-

sional Laplace transforms obtained in Theorem 4.1, Theorem 4.2, and Theorem 5.1. But the
details are omitted.

E[e—OlK,(b)] —
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