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We revisit the problem of estimating the spot volatility of an It6 semimartingale using
a kernel estimator. A central limit theorem (CLT) with an optimal convergence rate
is established for a general two-sided kernel. A new pre-averaging/kernel estimator
for spot volatility is also introduced to handle the microstructure noise of ultra
high-frequency observations. A CLT for the estimation error of the new estimator
is obtained, and the optimal selection of the bandwidth and kernel function is sub-
sequently studied. It is shown that the pre-averaging/kernel estimator’s asymptotic
variance is minimal for two-sided exponential kernels, hence justifying the need
of working with kernels of unbounded support. Feasible implementation of the
proposed estimators with optimal bandwidth is developed as well. Monte Carlo
experiments confirm the superior performance of the new method.

1. INTRODUCTION

Itd semimartingale models for the dynamics of asset returns have been widely used
in financial econometrics. Such a process takes the form

dX; = w.dt+o:dW, +-dJ,, (1.1)

where {W,};>¢ is a standard Brownian motion (BM) and {J,};>0 is the jump
component. The spot volatility o, is a key feature of the model as it plays a crucial
rule in option pricing, portfolio management, and financial risk management. Over
the last decade, there has been growing interest in the estimation of volatility due to
the wide availability of high-frequency data. In this work, we are concerned with
spot volatility estimation in an Itd semimartingale model via kernel smoothing.
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This is one of the most widely used nonparametric methods in statistics, dating
back to the seminal work of Parzen (1962) and Rosenblatt (1956).

One of the earliest works on kernel-based estimation of spot volatility dates back
to Foster and Nelson (1996), where they studied a weighted rolling window esti-
mator, which is essentially a kernel estimator with compact support. Asymptotic
normality was established under abstract conditions that were not directly stated in
terms of the coefficients of the It6 semimartingale (1.1). Specifically, they worked
with a discretized time series approximation of the model (1.1). Fan and Wang
(2008) established the asymptotic normality for a general kernel estimator, this
time working directly with the model (1.1) under relatively mild conditions on the
coefficients, but without jumps. However, the result therein also required a certain
condition on the convergence rate of the bandwidth to zero, which allowed them
to neglect the “target error” coming from approximating the spot volatility by a
kernel weighted volatility. As a result, the convergence rates of the estimators were
suboptimal (see Section 6 of Figueroa-Lopez and Li (2020a) for more details).
Kristensen (2010) also proved a central limit theorem (CLT) for kernel-based
estimators under the absence of jumps and a no-leverage condition (i.e., o and
W were assumed to be independent). Yu et al. (2014a) generalized Kristensen’s
result by allowing a jump component of finite activity (FA), but still assuming
no-leverage effects. Mancini, Mattiussi, and Reno (2015) studied more general
Itd semimartingales, but again FA jumps. All these works only considered CLTs
with suboptimal convergence rates. Alvarez et al. (2012) proposed an estimator
of of by considering forward finite-difference approximations of the realized
power variation process of order p, which is essentially a forward-looking kernel
estimator with a uniform kernel. Jacod and Protter (2011) (see Section 13.3 therein)
considered both backward and forward finite-difference approximations of the
realized quadratic variation. Both works obtained the best possible convergence
rates for their CLTs for a rather general It6 semimartingale model (in the case of
Jacod and Protter (2011), also including jumps). We also refer to Ait-Sahalia and
Jacod (2014, Chap. 8) for a more detailed review of the relevant literature.

More recently, Figueroa-Lépez and Li (2020a) studied the leading order terms
of the mean-squared error (MSE) of kernel-based estimators for continuous Itd
semimartingales under a certain local condition on the covariance function of the
spot variance af, which covers not only Brownian driven volatilities, but also those
driven by fractional BM and other Gaussian processes. Using the asymptotics
for the MSE, the optimal convergence rate was established and formulas for
the optimal bandwidth and kernel functions were derived under a no-leverage
condition. CLTs for general right-sided kernel estimators were also obtained (see
also Remark 8.10 in Ait-Sahalia and Jacod (2014), where a result for a general
right-sided kernel with compact support was stated without proof). One of the
objectives of the present work is then to extend the results of Figueroa-Lépez
and Li (2020a) and Yu et al. (2014a)," and prove a CLT for a general two-sided

As explained above, Yu et al. (2014a) established a CLT for a general two-sided kernel but with a suboptimal
converge rate, FA jumps, and no leverage.
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kernel of unbounded support, with optimal convergence rate and in the presence
of jumps and leverage effects. As proved in this paper in greater generality,
such kernels can have better performance than either one-sided or compactly
supported kernels. More specifically, we show that, at the optimal convergence
rate regime (i.e., assuming the bandwidth b,, is such that bnA,,_l/ 2R B € [0,00]?
and choosing B to optimize the convergence rate of the estimation error), the
double exponential kernel K (x) = exp(—|x|)/2 minimizes the resulting asymptotic
variance of the estimation error, hence extending the findings of Figueroa-Lépez
and Li (2020a) to a more general setting. This result was stated in Foster and
Nelson (1996) partially based on a heuristic justification, since the formula of the
asymptotic variance used to derive it required the kernel to be compactly supported,
while the exponential kernel is clearly not of this type. In the context of kernel
density estimation, van Eeden (1985) showed that double exponential kernels are
optimal if the density is not continuous. As stated in Kristensen (2010), when
the volatility has second derivatives that are Holder continuous, the Epanechnikov
kernel 1;_; 17(x)3(1 — x%) /4 is optimal (see also Section 4 of Figueroa-Lopez and
Li (2020b) for other related results).

While the results described in the previous paragraph are important for inter-
mediate intraday frequencies (e.g., 1-5 min), it is widely accepted that financial
returns at ultra high frequency are contaminated by market microstructure noise.
Specifically, high-frequency asset prices exhibit several stylized features, which
cannot be accounted for by Itd semimartingales, such as clustering noises, bid/ask
bounce effects, and roundoff errors (cf. Ait-Sahalia and Jacod (2014, Chap. 2)).
Such discrepancies between macro and micro movements are typically modeled by
an additive noise. The literature of statistical estimation methods under microstruc-
ture noise has grown extensively since last decade and is still a highly researched
subject (see Zhang, Mykland, and Ait-Sahalia (2005), Hansen and Lunde (2006),
Bandi and Russell (2008), Barndorff-Nielsen et al. (2008), Podolskij and Vetter
(2009), Jacod et al. (2009), and Mykland and Zhang (2012) for a few seminal works
in the area as well as the monograph Ait-Sahalia and Jacod (2014)). Most of the
existing literature on volatility estimation for high-frequency data with microstruc-
ture noise has mainly focused on the estimation of the integrated volatility or
variance (IV), defined as IV = fOT ofdt. Zhang et al. (2005) showed that scaled
by (2n)~', the realized variance estimator, the gold standard for IV estimation
in the absence of microstructure noise, consistently estimates the variance of the
microstructure noise, instead of the integrated volatility, as the sampling frequency
n increases. There are several approaches to overcome this problem: the Two-
Scale Realized Variance (TSRV) estimator by Zhang et al. (2005) and the efficient
Multiscale Realized Variance by Zhang (2006); the Realized Kernel estimator by
Barndorft-Nielsen et al. (2008); the pre-averaging method by Podolskij and Vetter
(2009) and Jacod et al. (2009); and the Quasi-Maximun Likelihood Estimator by
Xiu (2010).

2This condition always holds through a subsequence of b,,.
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Spot volatility estimation is often viewed as a by-product of integrated volatility
estimation since, in principle, we can recover the spot volatility o as a finite-
difference approximation of an estimate of the integrated volatility. Following this
idea, Zu and Boswijk (2014) constructed a Two-Scale Realized Spot Variance
(TSRSV) estimator based on the TSRV integrated variance estimator of Zhang
et al. (2005). They proved consistency and derived the asymptotic distribution of
the estimation error with a convergence rate of n~!/12, which is suboptimal.

The second objective of our work is to construct a kernel-based estimator of the
spot volatility based on the pre-averaging integrated variance estimator of Jacod
et al. (2009). The basic idea is simple and natural. If we denote ﬁ/f " the pre-
averaging estimator of 1V, = fot o2ds, our estimators combine this with a kernel
localization technique as follows:

1 —t
G2 = / b—K<Sb )dIVf”“”,
0 Yn n

where K is a suitable kernel function and b,, > 0 is the bandwidth, which should
converge to 0 at an appropriate rate. We establish the asymptotic mix normality
of our estimator and identify two asymptotic regimes for two different bandwidth
convergence regimes. One of those regimes yields the optimal convergence rate of
n~'/3 for our estimator. It is important to point out that the asymptotic theory for the
kernel/pre-averaging estimator cannot be derived from that for the pre-averaging
integrated variance and also is substantially different and harder than that for kernel
based estimators in the absence of microstructure noise.

Although combining pre-averaging and kernel smoothing is a natural idea, to
the best of our knowledge, there are only two related results in the literature.
Ait-Sahalia and Jacod (2014) (see Section 8.7 therein), stated, without proof, a
stable convergence result of a pre-averaging estimator for the spot volatility of a
continuous Itd semimartingale,’ but only in the case of a one-sided uniform kernel
K () =1j0,1;(¢) (see also Chen (2019) for a similar estimator). Here, we consider a
truncated version to handle the jumps and a general two-side kernel (see below
as to the need of considering such kernels). Yu et al. (2014b) also proposed a
pre-averaging kernel estimator for the spot volatility, slightly different from our
estimator. They established asymptotic normality with suboptimal convergence
rate for their untruncated estimator in the case of a continuous It6 semimartingale,
and for their truncated estimator in the presence of Lévy jumps of bounded
variation. In both situations, a no-leverage condition was adopted. In our case,
we consider not only leverage effects, but also more general jump processes, not
necessarily of Lévy type and with no restriction in the index of jump activity, under
both the suboptimal and optimal convergence rate regimes.

3The estimator therein is different from ours. Our estimator includes a debiasing term, which is omitted in Ait-Sahalia
and Jacod (2014). Our Monte Carlo experiments show that such a correction is important in finite samples.
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As an important application of our results, we study the problem of bandwidth
and kernel function selection. More specifically, by assuming that the bandwidth
b, satisfies b,,A,Tl/ 4z B € [0,00], we show that the choice 8 € (0,00) makes
the convergence rate of the estimation error optimal (i.e., converging to O faster).
We then determine the value of 8* € (0, co) that minimizes the asymptotic variance
of the estimation error. Finally, when choosing such a bandwidth b} = ﬂ*A,l,/ 4,
we determine the kernel function that minimizes the limiting variance. As in the
absence of microstructure noise, we deduce that the optimal kernel is a two-sided
exponential or Laplace function K(x) = %e""'. This fact justifies the necessity
of developing the asymptotic theory for general kernels of unbounded support
over the more widely used uniform kernels. If we were constrained to compactly
supported kernels in the suboptimal asymptotic regime, a uniform kernel would be
the best, but this is no longer the case if we allow kernels with unbounded support
and/or consider an optimal convergence rate regime. Similarly, two-sided kernels
will perform better than one-sided, even if compactly supported. Let us finally
remark that the optimality criteria adopted in this work are not those of minimizing
the MSE of the estimator, whose asymptotic behavior is much more challenging
to derive in the model generality intended here. In the absence of microstructure
noise, leverage effects, and jumps, Figueroa-Lépez and Li (2020a) did obtain
formulas for the leading terms of the MSE and the bandwidth that minimize them.

The implementation of the optimum bandwidth (at the optimum rate) is more
challenging because it involves the volatility of volatility (i.e., the standard devi-
ation of the volatility process) and the spot volatility itself. Hence, to implement
it, we develop a new method, which iteratively estimates the spot volatility, the
vol vol, and the optimal bandwidth. Using Monte Carlo simulation, we compare
our estimator with the TSRSV estimator of Zu and Boswijk (2014) and show a
significant improved accuracy. We also illustrate the improvement achieved by the
optimal exponential kernel and the calibrated optimal bandwidth via our iterative
method.

We finish the Introduction by giving one more reason for the importance of
estimating the spot volatility. As mentioned above, while spot volatility estimation
can, at least conceptually, be seen as a by-product of integrated variance estimation,
interestingly enough, one can also use spot volatility estimation as an intermediate
step toward the estimation of integrated volatility functionals of the form I7(g) :=
fOT g(02)ds. Specifically, once an estimator 6. of o> has been developed, one can

naturally devise an estimator for I (g) of the form }T(g) =A, Z?zl g(&f), where
t;=1iA, and A, = T/n, followed by an appropriate bias correction adjustment. In
the absence of noise, Jacod and Rosenbaum (2013), Mykland and Zhang (2009),
and Li, Liu, and Xiu (2019) have developed methods for the estimation of these
functionals (see also Li and Xiu (2016), Li, Todorov, and Tauchen (2017), and
Ait-Sahalia and Xiu (2019) for related methods and other applications thereof).
Recently, Chen (2019) developed an estimator for }T (g) based on a forward finite-
difference approximation of the standard pre-averaging estimator of the integrated
variance.
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The rest of the paper is organized as follows: Section 2 introduces the setting
of the problem and the main result. Section 3 shows an application of our main
theorem: the optimal parameter and kernel selection. The simulations are provided
in Section 4. Some conclusions are given in Section 5. The proofs of our main
results can be found in Appendixes A and B.

2. THE SETTING, ESTIMATOR, AND MAIN RESULTS

Throughout, we consider an It6 semimartingale of the form:
t t
X; =X0+/ ,usds—i—f oy dW,
0 0

t t
+/ f3(&1)]1{\5(s,z)|51}(13—Q)(dS,dZ)-i-/ /3(s,z)]l{\a<s,z>\>1}p(ds,dz),
o JE o JE
@.1)

where all stochastic processes (i := {{t/};=0, 0 = {Oi};20, W := {Wi}iz0, P =
{p(B) : B € B(R, x E)}) are defined on a complete filtered probability space
(RO, FO,FO PO) with filtration F© = (]—",(0)) _, and are assumed to satisfy
standard conditions for X to be well defined. Here, W is a standard BM adapted to
the filtration F©), and p is a Poisson random measure on R . x E for some arbitrary
Polish space E with compensator q(du,dx) = du ® A(dx), where A is a o-finite
measure on E having no atom. For further details regarding It6 semimartingales,
see Section 2.1.4 of Jacod and Protter (2011).

We denote the spot variance process ¢; = o and assume that it is also an Itd
semimartingale with the following dynamics:

t t t
c=cot f fds+ / 5,B, + / / 5(5,2)(p — ) (ds. ), (2.2)
0 0 0 JE

where B := {B,};> is a standard BM adapted to F*) so that d (W, B), = p,dt. Here,
{fi:}1=0 is adapted, locally bounded; {p;};>¢ is adapted, locally bounded, cadlag;
{o/}s>0 is adapted, cadlag; and § is a predictable function on R, x E satisfying
standard conditions for the process above to be well defined (see Jacod and Protter,
2011).

We now state the main assumption on the process X.

Assumption 1. The process X satisfies (2.1) with ¢, = o/ satisfying (2.2) and,
for some r € [0,2], measurable functions I',,, A,, : E — R, constants C,, < 00,
and a localizing sequence of stopping times (,),,>; such that 7,, — oo, we have

lwel +loel + il + 1ot < G
te[0.7,] = { 18DIA1<Tu(), where [T,(2)"a(dz) < o0,
50| AT=An@,  where [ A, (2(da) < oo.
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The parameter r plays a key role in our asymptotic results. In short, » determines
the jump activity of the process: the larger r is, the more active or frequent are the
small jumps of the process. When r = 0, the process exhibits finite many jumps in
any bounded time interval (in that case, we say that the jumps are of FA). When
r <1 (r> 1), the jump component of the process is of bounded (unbounded)
variation.

To establish the CLT for the kernel estimator ¢;, we need some assumptions on
the kernel.

Assumption 2. The kernel function K : R — R is bounded, Lipschitz, and
piecewise C! on (—00,00) such that [ K(x)dx =1, [ |K(x)x|dx < 0o, K(x)x* — 0,
as |x| — oo, and [ |K'(x)|dx < co.

For an arbitrary process {U,};>¢ and a given time span A, > 0, we shall use the
notation

Ull»l =Uia, A?U = Uln — U;’il.

Stable convergence in law is denoted by L5 See (2.2.4) in Jacod and Protter
(2011) for the definition of this type of convergence. As usual, a, ~ b, means that
a,/b, — 1 asn— oo.

Throughout the paper, we consider two settings: observations with and without
market microstructure noise. In the absence of microstructure noise, we use
standard kernel estimation, whereas to handle the noise, we propose a type of pre-
averaging kernel estimator. These two settings together with the main results are
presented in the following two subsections.

2.1. Observations Without Microstructure Noise

In this subsection, we assume that we can directly observe the process X in (2.1)
at discrete times ¢; :=t; , :== iA,, where A, :=T/nand T € (0, 00) is a given fixed
time horizon. We also consider a sequence of truncation levels v,, satisfying

1
v =aAy forsomeo >0, o e <O, 5) . 2.3)

To estimate the spot volatility c,, at a given time t € (0,7), we adopt the kernel
estimator, studied in Fan and Wang (2008) and Kristensen (2010) and its truncated
version, studied in Yu et al. (2014a) and Mancini et al. (2015):

&) =Y Kuya, (i1 — 1) (AIX)7 2.4
i=1

& (M va)e = Y Ky, (i1 —7) (A1X)* 1 (| a2x] <o) (2.5)

i=1
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where K,(x) := K(x/b)/b, m, € N, and b, := m,A, is the bandwidth of the
kernel function.* The asymptotic behavior of this estimator with one-sided uniform
kernels (i.e., K(x) = 1jo,17(x) or K(x) = 1;_1,0;(x)) was studied in Jacod and Protter
(2011). Yu et al. (2014a) showed a CLT for (2.5) at the suboptimal convergence
rate (8 = 0) under a nonleverage condition (i.e., d (W,B), = 0) in (2.1) and (2.2)
and a compound Poisson jump component. In this part, we extend these results for
general two-sided kernels with possibly unbounded support, optimal convergence
rate of the estimation error, and a more general type of It6 semimartingales. There
is an important motivation for considering general unbounded kernels since, as
proved in Figueroa-Lépez and Li (2020a) in the no-leverage case and without
jumps, exponential and some other nonuniform unbounded kernels can yield
estimators with significantly better performance than those based on uniform
kernels. In Section 3, we show that this is also true under the more general
semimartingale models (2.1) and (2.2).

We now proceed to describe the limiting distribution of the estimation error of
(2.4) and (2.5). Let V, V'’ be independent centered Gaussian variables, independent

of F© defined on a “very good” filtered extension (S~2(O), FO, (f,(o) ) o ﬁ(o)) of

=

(Q(O), FO, (}",(0)) 1>0° P(O)) (see Jacod and Protter (2011) for definition) such that

E(V?) =2 / K*wdu, E(V?)= / L*(Hdt, (2.6)
where L(1) = [*Kwduly-o) — [*_ K(wduly<p. Next, let Z0,Z© be
defined as

70 =cv, ZO0=5,V. (2.7)

Now, we are ready to introduce our main theorem for a general kernel estimator in
the absence of microstructure noise. The proof is given in Appendix A.

THEOREM 2.1. Let the sequence {m,},>1 that controls the bandwidth of the
kernel estimator be such that m, — oo, m,A,, — 0, and

my\ A, — B, with B €0,00]. (2.8)
Then, under Assumptions 1 and 2, at a given time t € [0,T], we have:

(a) If X is continuous, both the truncated version (2.5) and the nontruncated
version (2.4) satisfy the following stable convergence in law, as n — 00:

() (& —c,) =5 20+ 7O, if B < oo,

(ii) @ —c,) 57O, if B=oo,

T

(2.9)

My Ay
where Zgo),Z;(O) are defined as in (2.7).

4Here, my, is equivalent to k, in Theorem 13.3.7 of Jacod and Protter (2011), whereas m, A, is equivalent to the
bandwidth 5, of Figueroa-Lépez and Li (2020a).
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(b) Suppose
m,A% — B’ € (0,00), wherea € (0,1), (2.10)

so that (2.8) holds with B =0 whena < 1/2, B = B’ € (0,00) when a =1/2,
or B = oo when a > 1/2. Then, when X is discontinuous, we have (2.9) for the
nontruncated version (2.4), as soon as

) 4 4 2 1
eitherr < —, or —=<r< andthena<§.

3 3~ 14a
(c) Under(2.10), when X is discontinuous, we have (2.9) for the truncated version,
as soon as
2 an(l1—a)

r<—— s 2.11)
l+an(l—a) 202—71)

Remark 2.1. The CLTs above generalize the results in Figueroa-L6pez and Li
(2020a), where only right-sided kernels were considered under the absence of
jumps, in Jacod and Protter (2011) and Alvarez et al. (2012), where only one-
sided uniform kernels (i.e., K(x) = 1o 1j(x) or K(x) = 1;_1,¢)(x)) were studied,
and in Ait-Sahalia and Jacod (2014), where a CLT for a general right-sided kernel
with compact support was stated without proof. The proof of Theorem 2.1 is also
different from that in Figueroa-L6pez and Li (2020a) and is based on the approach
of Jacod and Protter (2011). The case with 8 = 0 produces a CLT with convergence
rate m,, 1/ 2, which vanishes slower than A,l/ 4, the optimal rate. In that case, our
result generalizes Fan and Wang (2008), Kristensen (2010), Yu et al. (2014a), and
Mancini et al. (2015) by allowing jumps of both finite and infinite activity and
dependence between the volatility and the BM driving the log-return process X
(leverage effects).

Remark 2.2. As stated by the points (b) and (c) above, in the presence of jumlps,
both estimators (2.4) and (2.5) can attain the optimal convergence rate of A,,/ 4,
but only if the index of jump activity is less than %. In the presence of higher
jump activity, the estimators can only achieve the suboptimal convergence rate of
m;l/ > A,l/ 4 (cases a < 1/2 and B = 0). It is worth noting the surprising fact
that, even in the presence of jumps, the untruncated kernel estimator (2.4) can still
consistently estimate the spot volatility. In the case of finitely many jumps, we may
explain this fact by noting that in a small local window, there could be at most a
finite number of jumps, while, in the limit, there are increasingly more increments
that do not contain jumps.’ Nevertheless, in practice and for better finite-sample
performance, one typically would prefer the truncated version of the estimator.

Remark 2.3. As explained in the Introduction, it is critical to expand the results
to general two-sided kernels of unbounded support since these kernels exhibit
superior performance. For instance, in the suboptimal rate case (8 = 0), the kernel

SWe thank a referee for pointing out this interesting insight.
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K with support [0, 1] that minimizes the asymptotic variance 2 f K2(u)du is the
uniform kernel K,,;(x) = 1jo,1;(x) since, by Jensen’s inequality, fol K2(w)du >
( fol Kx)dx)> =1= fol K,fnif(u)du. However, there are many other kernels that
are two-sided or of unbounded support and that attain smaller variance, even
in the suboptimal rate case 8 = 0. For instance, both K(x) = 2’11[_],1](x) and
Koyt (x) = 710,00y (x) are such that sz(u)du = 1/2. In the optimal rate case
(B € (0,00)) and when picking the optimal value of g, the optimal kernel is the
two-sided exponential K (x) = 2~ 'e~F as shown in Section 3.4.

2.2. Observations in the Presence of Microstructure Noise

In this part, we assume that our observations of X are contaminated by
“microstructure” noise. That is, we assume that we observe

Yti = Xti + eti’ (2.12)

where € = {¢,} is the noise process and, as before, ¢, :=1; , := iA,, 0 <i < n, with
A, :=T/n and a fixed time horizon T € (0, 00). We allow the noise € to depend on
X, but in such a way that, conditionally on the whole process X, {¢,},>¢ is a family of
independent, centered random variables. More formally, following the framework
of Jacod and Protter (2011), for each time ¢, we consider a transition probability

0; (0, dz) from (Q(o),}',(o)> into (R, B(R)), and the canonical process {¢};>0
on RI%> defined as ¢,(&) = @(f) for t > 0 and & € RI>>. Next, we construct
a new probability space (RI**) B, o (¢, : s € [0,1)),Q), where B is the product
Borel o-field and Q = ®,500Q;. We then define an enlarged filtered probability
space (2, F, (F);=0.P) and a filtration (H,) as follows:

Q=QO x RO,

Fi=F"@0(&:s€[0.0), H=FO®0(e:5€[0,1),

P(dw?,déd) = PO (do®)Q(w®, dd).
Any variable or process in either Q© or RI*> can be extended in the usual way to

a variable or a process on Q. We now state the assumptions on the F®-conditional
law of the noise process.

Assumption 3. All variables (¢, : ¢ > 0) are independent conditionally on F©,
and we have:

. E(etl}'(o)) =0;
e forall p > 0, the process E (|¢,|”| F@) is (,E(O))-adapted and locally bounded;

o the conditional variance process y; = E ( |e,|2| F (0)) is cadlag.

Along the lines of Jacod and Protter (2011) (originally proposed in Jacod et al.
(2009)), to construct the pre-averaging estimator, we need:
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(1) a sequence of positive integers k,, which represent the length of the pre-
averaging window, satisfying

1
—), for some 6 > 0; (2.13)

1
= — + (0]
OVA, <A,i/ g
(ii) a real-valued weight function g on [0, 1], satisfying that g is continuous,
piecewise C! with a piecewise Lipschitz derivative g’ such that g(0) =
g(1) =0and fol g(s)%ds = 1;
(iii) a sequence v, representing the truncation level, satisfying

kn

1
v, = (k,A,)”  forsomea >0, w € (0, 5). (2.14)

Next, for an arbitrary process U, we define the sequences:
vn _ anfl J A U=— an JY_ =1 U
i = Zj=1 8\, ) i1V = =1\8\% ) ~ 8\ i+j-2’

Fin _ Nk j =YV (An :
O =i (s(k) -2 (%)) (a120)
As seen from the definition, Ej.“ is the weighted average of the increments

Aiyj1U,j=1,...,k, — 1, whereas ﬁl” is a debiasing term. For a weight function
g as above, let

(2.15)

kn . kn . . 2
—1
b (@ =) e 9, (0= (g(ki)—g(—’ - )) , (2.16)
i=1 n n n

i=1
and note that
B, (&) = ky Ji) g2(5)ds+O(1) = k, +O(1),
8, (8) = 1= Jy (¢ 5)ds+0 ().

Now, we can define the pre-averaging estimators of the spot variance ¢; at T €
(0,T). We consider a nontruncated version, defined as

(2.17)

1 n—kp+1 2 1

Ens )y = —— 3" Ky, (51 -7) ((Yf) - —Y;), 2.18)

P (&) = 2
as well as, two truncated versions:
A 1 n—ky+1 . 5 1/\,,
C(knamnvvna 1)7.' = ¢kn (g) JZI: KmnAn (tj_l - T) ((Yj) ]1{‘?7”‘5\;”} - EYJ > ’

1 n—kp+1 2 IA
¢ (kn,my, v, 2); = Z Koy, (-1 —7) ((YJH) - ‘Y/n> Lym<vn-
¢, (©) 4 217 )t
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The basic idea is the same as in the case where the efficient process X is observed
without noise. We see I_/;' as a noise-free proxy of the increment A7X. By properly
choosing the truncation level v, — 0 (e.g., v, 3> ~/u,In(1/u,) with u, := k,A,),
the event |1_’j”| > v, will suggest the occurrence of a “big” jump happening during
the time interval [ jA,, (j+ k,)A,] and, thus, we eliminate such a term from the
summations in (2.19). The estimator ¢ (k,, m,, v,, 2), is closer to the one defined
in Yu et al. (2014b), whereas ¢ (k,, my, vy, 1), is similar to the one considered
in Chen (2019), although therein only the one-sided kernel K(x) = 1jo,1;(x) is
studied. It will be interesting to compare their statistical properties and finite-
sample performance in our simulation study of Section 4.

Before giving the asymptotic behavior of the pre-averaging estimators (2.18)
and (2.19), we introduce the limiting distributions. Below, Z;,Z. are defined on a

good extension (SNZ,]?, (]F::,)[>O,ﬁ) of the space (Q,F, (F));=0,P) so that, condi-

tionally on F, they are independent Gaussian random variables with conditional
variance

§3(1) == E(Z2|1F) = 4(®0c? /0 + 2@ 15¢, 1.0 + D11 y26°) / K*(w)du,
(2.20)
8 () =E(Z|1F)=6; / L*(0dt,

with ¢1(5) = [ g g (u—9)du, ¢ (s) = [ g)gu—s5)du, Dy = [} d;(s);(5)ds,
and L(t) = [ K (u)dul oy — fioo K (u)dul;<gy. The following result establishes
the asymptotic behavior of the estimation error for the proposed estimators. The
proof is given in Appendix B.

THEOREM 2.2. Let {m,},>1 be a sequence of positive integers such that m,, — 0o,
m, A, — 0, m,/A, = 00, and m,,A,3,/4 — B, for some B € [0,00], and let k,, vy,
and g be as described in (i)—(iii) above. Then, under Assumptions 1-3, we have:

1. When X is continuous, the pre-averaging estimators (2.18) and (2.19) are all
such that, as n — oo,

() m2AVA (e, —c)) 5 Z,+BZ., if B €10,00),

st (2.21)
(i) (¢:—c:) — Z,, if B= 0.
my Ay
2. When X is discontinuous and r € (0,2], with
1
my Ay — B' € (0,00), wherea € (5, 1), (2.22)
and r,w satisfying
5 1 1 a—Hrld—@-1y-1
] _ 1— - > 4 4 4
r<s [(a 7N a+4)], w = T, ,
(2.23)
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the truncated pre-averaging estimator ¢(k,, my, v,, 1), in (2.19) satisfies (2.21)
with B8 = 0 when a < 3/4, with 8 = B’ when a = 3/4, or with 8 = 00 when
3/d<a< 1.

3. When X is discontinuous and r € (0,2], with (2.22) and r,w satisfying

pedo 2 @-PAI-@=P-§ __@-2v@a-1)
ERPAVIC Y P <w < ,

(2.24)

the truncated pre-averaging estimator ¢(ky, My, vp,2) in (2.19) satisfies (2.21)
with 8 =0whena < 3/4, with B = B’ € (0,00) when a =3 /4, and with B = oo
when 3/4 <a < 1.

Remark 2.4. The second and third points in the above theorem show that the
truncated pre-averaging estimators (2.19) can achieve the optimal convergence
rate of A/, but only if the index of jump activity is restricted to be r < % for
¢(ky,my,vp, 1) and r < ;—‘ for ¢(k,, my, vy, 2). If the index of jump activity is larger
than % and %, respectively, the estimators can only achieve suboptimal convergence
rates. When comparing their theoretical properties, ¢(k,,, m,, v,, 1) can, in principle,
handle jumps with higher index r than ¢(k,,m,,v,,2) at the optimal bandwidth.
However, as we will see in Section 4, ¢(k,, m,,v,,2) appears to be more effective
at eliminating jumps when the jump size is large in the presence of FA jumps. The
two estimators have similar performance when the jump’s size is relatively small.

Remark 2.5. Let us give some intuition or heuristic explanation of the estimator
(2.19) and its asymptotic behavior established above. For the estimation of the
integrated variance (IV), [X,X]r = fOchdt, Jacod et al. (2009) proposed the
following pre-averaging estimator:

[s/ Anl—kn+1
XX, =—— ¥ ((?’7)2 = l?ﬂ) s€(0.T]
’ ’ ¢kn (g) §— knAn =1 J 2 J ’ ’ ’

for a continuous Itd semimartingale X. It was shown that
1

1/4
Ay

(I XTr = X X17) = v,
where U™ is a centered Gaussian process with conditional variance

T T
5t ;=E((u;°ise)2|}‘) =/ ;,dt;:/ 4(Dc2/0 +2®15¢,y,0 + D11y 20°) dt.
0 0

In the no-thresholding case (v, = 00), the spot volatility estimator (2.19) can be
viewed as a localization of the IV process in that

a%/KmnAn(s—t)d[X,/Y]s-
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More specifically, the factor —>—— is omitted for the spot volatility estimator. If
s—knAp

we use the representation L{;‘Oise = fot )Y 2dBﬁj, where BY is a Wiener process,
we can then heuristically argue that ¢, — ¢, & menAn (s— t)d([ﬁS —[X,X],) =
AN [ K, (s — 0dU™ = AY* [ K, a, (s — 1)(Z,)/2dBY . Therefore, the vari-
ance of the estimation error at time ¢ is expected to be close to

1
JA, / K2 o (s—D)¢eds ~ e (cbzzc,z/e+2c1>12c,y,9+c1>”y,293) / K2 (u)du,

which is indeed the case, but only when m,, Afl/ AN B = 0 as formally shown in
Theorem 2.2. It is important to remark that the proof of Theorem 2.2 does not rely
on the heuristic arguments above.

3. AN APPLICATION: OPTIMAL PARAMETER TUNING

In this section, as an application of our main Theorems 2.1 and 2.2, we show how
to tune the bandwidth parameter 8 and the pre-averaging parameter 6, as well
as the kernel function K of the estimator, in order to minimize the asymptotic
variance of the estimation error ¢, — ¢,. Two possible approaches can be taken.
Minimize the asymptotic variance of &, say 82(t), at each time T or minimize the
integrated asymptotic variance fOT 82(t)dt over the period [0, T']. In our simulations
of Section 4, we implemented both methods and found out that the second method
yields slightly better results. An explanation for this is given in Remark 4.1.
Therefore, in this part, we focus on the second approach.

By necessity, the optimal choices of 6 and B under the criterion of the previous
paragraph will be expressed in terms of the integrated variance and quarticity,
IVy = fOT cdt and QrTyr := fOT c2dt, respectively, the Integrated Volatility of
Volatility (IVV), fOT 5'lzdt, and the integrated variance of the noise ¢;, fOT y,dt. We

can estimate fOT 62dtand fOT y,dt separately, whereas for IV and QrTr, we propose
an iterative procedure in which an initial rough estimate of ¢, on a grid of [0, T]
is used to determine initial estimates of /V; and QrT7. These estimates are then
used to find suitable estimates of the optimal values for 6 and S. Finally, these
estimated 6 and  are applied in the kernel pre-averaging estimator (2.19) to refine
our estimates of ¢, on the grid.

Remark 3.1. A related problem, that is not being considered here in detail, is
that of tuning the truncation level v, in the truncated estimators (2.5) and (2.19).
Most of the literature about this problem has been in the context of estimating the
integrated variance IVy = fOT o2ds. It has been customary in econometric studies
to adopt a power threshold of the form v, = cA}. The rule of thumb is to take
a value of y close to .5 and c that depends on an estimate of the volatility level.
For instance, Jacod and Todorov (2014) took y = .49 and ¢ = 4/ BPV, where
BPV = %Z?:z |A_ X||A?X]| is the bipower variation. More recently, this issue
has also been studied in the literature using more objective and statistically valid
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approaches, but only in the absence of microstructure noise. In the case of FA
jumps and constant volatility o, Figueroa-L6pez and Mancini (2019) showed that
the optimal threshold (in terms of minimizing the conditional MSE) is asymptoti-
cally equivalent to /202 A, In(1/A,) and proposed an iterative method to estimate
o. In the presence of small jumps that behave like those of an «a-stable Lévy
process, Figueroa-Lopez, Gong, and Han (2022) showed that the optimal threshold
is asymptotically equivalent to /(2 —a)o2A,In(1/A,). Again, these results are
in the absence of microstructure noise and for the problem of estimating the
integrated variance. However, given the local nature of spot volatility estimation,
one can imagine that similar results may hold for the estimators (2.5) and (2.19).
We leave this problem for future research.

3.1. Optimal Selection of §

Recall that we set k, = #A— +o0 (ﬁ) and, thus, the parameter 6 determines the

length of the pre-averaging window k,. The following corollary, which follows
easily from Theorem 2.2, gives us a method to tune 6 up.

COROLLARY 3.1. The optimal value 6* of 0, which is set to minimize the
integrated asymptotic variance of the pre-averaging kernel estimator (2.19), is
such that

2
\/ O (fy condt) +300 0 [ y2dt [} i1z [y covr

3P, j;)T )/tzdt

0%)? = (3.1

Remark 3.2. Note that the local version of (3.1) (i.e., the value of 6 that
minimizes the spot asymptotic variance 87 (¢)) is such that

P, 43P0 — D

3Py

In the context of integrated volatility estimation, Jacod and Mykland (2015)
obtained the same formula (see equation (3.8) therein). It was also proposed a
two-step procedure to implement it. However, in our simulation, we found out that
the performance of the estimator is less sensitive to the choice of 6 than to that of
the bandwidth.

(9;, lucal)2 =, (3.2)

3.2. Optimal Bandwidth Selection

From Theorem 2.2, we can deduce that when m,, (the bandwidth in A,, units) is of
the form m, = BA, 3/% for some constant B € (0, 00), the optimal convergence rate
of A,lz/ 8 is attained and we further have

A (@ gy, ), —e0) = B2 (20 + BZ;).
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Therefore, the limiting distribution above has conditional variance Sz(t) =
581 (0) + B85 (v), where 87(v) and 83(r) are given as in (2.20). The following

result gives the optimal value of 8 that minimizes fOT 82(t)dr.
COROLLARY 3.2. Let

@2 r 2 ! 3 ’ 2
®0) :=0(0;g) = 7 c;dt 420,60 yicidt + @116 v, dt.
0 0 0

With the bandwidth b, = m, A, = ,BA,I,M, the optimal value of b,, which is set to
minimize fOT 82dx, is given by

3.3

fOTSIZ(t)thl jo_ v [400) [K2wdu
Jy 83@dr " "\ f 62dt [ L2(v)dv

With this optimal bandwidth choice, the integrated variance fOT 82(t)dt of the
limiting distribution for the scaled estimation error A, 178 (2 (ks My, V) — cr) is
given by

T T T
2\/ / 82(r)dt / 8%(t)dt=4\/ 10 / 52dr / K2(u)du / L2(v)db. (3.4)
0 0 0

Note that b; contains unknown theoretical quantities that need to be estimated
in order to devise a plug in type estimator. Under the assumption of y;, = y, the
variance of the noise, y, can be estimated using the estimator in Zhang et al. (2005):

v —i - (Yn_Yn )2
V= 2 4 i i-1) -
i=1
For the estimation of the IVV, |, OT & 2dt, we start by obtaining a preliminary estimate
_____ , via the estimator (2.19), starting
with some sensible initial estimates of the tuning parameter values. For example,
we can set b, = m, A, = A,l,/ % Let us denote these initial estimates as Cr0- We
then compute the sparse realized quadratic variation of the ¢;’s to estimate the

IVV = [ 62dr:

[n/pl-1
IVVT,O = Z (2'[(i+|)pv0 - 2'[,-p,0)2’
i=0
for some positive integer p < n. We also implemented a pre-averaging integrated

variance estimator for the IVV based on the spot variance estimates. However, the
choice of tuning parameters here could be tricky and the performance is similar
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to the simpler sparse Realized Variance estimator above. As for fOT clzdt, we can
simply compute the sum of squares of the preliminary estimates &ft_,o and multiply
by A,.° Now, with these estimates, we can calculate an estimate of the optimal
bandwidth b} using the result of Corollary 3.2. Such an approximate optimal
bandwidth can then be used to refine our estimates of the spot variance grid.
Continuing this procedure iteratively, we hope to obtain good estimates of the
optimal bandwidth.

Note that (3.3) sets the same bandwidth for the entire path of X. We can also
consider a local or nonhomogeneous bandwidth: for T € [0, T'], the local bandwidth
is set to minimize the asymptotic variance of the estimation error at time .
Concretely, by setting m, = ﬂA;y * and minimizing the asymptotic spot variance
8%(r) = B7'87(v) + B83(1), the optimal bandwidth is given by

wiocaly _ 01D u 40.(0) [ K*(u)du
=M = AN T e T W 3-5)

with §;(t) and 8,(t) defined as in Theorem 2.2 and ®,(0) defined as
_ On, 243
0.0):= TCT +2® 1y 0c + CDIIVT 6°.

With this optimal bandwidth, the variance of the limiting distribution for the
estimation error is given by

281(1)8>(7) =4\/ 0,(0)52 / K2(u)du / L2(u)du. (3.6)

Since the local bandwidth has the flexibility to adapt to the volatility level, we
may expect that a data-driven estimate of the bandwidth b}y local () in (3.5) should
outperform a data-driven estimate of the homogeneous bandwidth b} in (3.3).
However, in our Monte Carlo simulations of Section 4, we found out that this
is not always the case. A possible explanation for this is given below (see also

Remark 4.1 for further analysis).

Remark 3.3. We can see the constant bandwidth (3.3) as an approximation

of the optimal local bandwidth (3.5), where the mean values fOT ®,(0)dt/T and

fOT 62dt/T are used as proxies of the spot values ®,(0) and &2, respectively.

These global proxies have the advantages of being easier and more accurate to
estimate. This may be one of the reasons why a data-driven estimate of the constant

61n the simulations, we also tried the preaveraged quarticity estimator of Jacod et al. (2009) (equation (3.14) therein),
but the results were suboptimal.
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bandwidth b} may be able to outperform a data-driven estimate of the local version
b local () in some situations.

3.3. Optimal Kernel Function

With the optimal bandwidths of Section 3.2, we can now obtain a formula for the
asymptotic variance, which enjoys an explicit dependence on the kernel function
K. Tt is then natural to attempt to find the kernel that minimizes such a variance.
As observed from (3.4) or (3.6), we only need to minimize

I(K) = / K*(u)du f L*(u)du = / K*(u)du / / K@K ) (x| A [y dxdy,
xy=0

over all kernels K such that [ K(u)du = 1, where for the second equality above
we used that L(f) = floo K(u)dul o, — fioo K (u)dul;<py. It has been proved in
Figueroa-Lopez and Li (2020a, Sect. 4.1) that, among all the kernel functions
satisfying Assumption 2, the exponential kernel function K**P(x) = %exp(—|x|)
is the one that minimizes the functional /(K). Figueroa-Lépez and Li (2020a)
(see Remark 4.2 therein) showed that, compared with the two-sided uniform
(resp. Epanechnikov) kernels, the integrated asymptotic variance can be reduced
by approximately 14% (resp. 6%) when using exponential kernels. Figueroa-
Lépez and Li (2020a) also showed that exponential kernels have a computational
advantage since they enable us to reduce the time complexity for estimating the
volatility on all the grid points #; < --- < t,, from O(n?) to O(n). This property
is particularly useful when working with high-frequency observations, where # is
quite large.

3.4. Tuning Parameters Under the Absence of Microstructure Noise

By following the same arguments as above, we can determine the optimal band-
width parameter and kernel function for the estimators (2.4) and (2.5) under the no-
microstructure-noise models (2.1) and (2.2). Specifically, we first take a bandwidth
of the form b,, = ,BA,I/ 2 (B € (0,00)), which, from Theorem 2.1, leads to the best
possible rate of convergence A, V4 of (2.4) and (2.5). In that case, the asymptotic

variance will take the form 2 = B~18%(t) + B83(t), where
8i(r) =22 / K*(u)du, 83(t) =262 / L*(f)dt.

Then, the optimal value of B that minimizes the asymptotic variance is
B* =61(1)/8,(7), leading to the optimal bandwidth

B*,local — SI(T)A1/2 — A1/2 M (3 7)
T TR T\ G Pwdd '
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Plugging 8* into 62 leads to the optimal asymptotic variance of

281(1)82(7) =4\/c§&r2/K2(u)du/L2(u)du,

which, as before, is minimized by the two-sided exponential kernel K(x) =
2~ le=M_ See the Introduction for other related results in the literature.

4. SIMULATION STUDY

In this section, we study the performance of the kernel pre-averaging estimators
(2.18) and (2.19), together with the implementation procedure described in Sec-
tion 3.2, and compare the results with the TSRSV estimator proposed in Zu and
Boswijk (2014).

4.1. Simulation Design and Performance Metrics

We implemented two different data-generating models: a Heston model and a one-
factor stochastic volatility (SV1F) model. More specifically, in Sections 4.2—4.5,
we consider the Heston model:

Yt,’ = Xl,' + 8[,'7
dX, = (u—c¢,/2) di +¢;”>dW, + JXdN¥, @.1)
de; =k (@ —c¢)dt+ yc,l/det + /e —J;dN7,

where we assume that B, = pW, +/1— pZW,, with W being a BM independent
with W. We adopt the same parameter values as in Zhang et al. (2005), but properly
normalized so that the time unit is 1 day:

nw=0.05/252, «=5/252, «=0.04/252, y=0.5/252, p=-05.

4.2)
We set the noise as €' := ¢, g N (0,0.00052), and the initial values to Xo = 1
and ¢y = 0.04/252. The jump parameters are taken from Chen (2019) and set to
be Jf‘IfISN(—O.Ol,O.OZZ),NX NX ~ Poisson (36A /252), log (Jf) iéN(—S,O.S),

+AT
and N¢_, — N¢ ~ —1_ Poisson(12A /252), with all these random processes being

+A t " s
mutually independent.

We also consider the SV1F model (cf. Barndorff-Nielsen et al., 2008; Zu and
Boswijk, 2014; Yu et al., 2014b):
V' =X+e¢!
dX; = udr+exp (Bo+ Bi1y:) AW+ dJ,, 4.3)
dy, = ay, dt+dB,.
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The model above is adopted in Sections 4.6 and 4.7 with different parameter values
that will be specified therein.

Throughout, we use the usual triangular weight function g(x) = 2x A (1 —x). We
simulate data for 1 day (T = 1), and assume that the data are observed once every
second, with 6.5 trading hours per day. The number of observations is thenn =
23,400. For the jth simulated path {X,(l.j) :0 <i<nt; =iT/n}, we estimate the
corresponding skeleton of the spot variance process, {c;, j}i=1,...n, fOr a given pre-
averaging parameter 6 and a bandwidth parameter 8 (the bandwidth is then given

.....

average of the squared errors (ASE),

1 n—l . 5
ASEj =7 Xl: (Cj = nj) -

i=

Here, [ = [0.1n] is used to further alleviate boundary effects. Then, we take the
square root of the average of the ASEs over all the simulated paths:

P 1 <
RMSE = | — ) ASE;,
i 2ASE
NV

where m is the number of simulations. This is an estimate of

1 n—I R )
RMSE = E[mi(crl_ch) :|

4.2. Elimination of Jumps and Truncation

In this subsection, we will show that the truncation in the estimator (2.19) does a
good job in eliminating the jumps of the process (4.1). To this end, we compare
the performance of the truncated estimator ¢ (k,, m,, v, 1) in (2.19), with that of
the nontruncated estimator

1 "t —xn 2 1~
o )= 5 Ko=) () =377). @

applied to the continuous Heston model:

Y =X+ e,
dX; = (u—c;/2)dt+/crdW,, 4.5)
de} =k (@ —c})dt+y,/crdB,.

https://doi.org/10.1017/50266466622000470 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466622000470

578  JOSE E. FIGUEROA-LOPEZ AND BEI WU

TABLE 1. Comparison between truncated and nontruncated

estimators
6'(kn,”nnaY*) E(kn»mm Y) E‘(knammvn)
RMSE x 10° 5.483386 16.83420 5.419338

We set B =1, 8 =5, and v, = 1.8 x v/BPV(k,A,)**, where BPV =
I3, |A% X||AZX].” The results are based on 2,000 simulated paths of both
Y and Y*. As proposed in Kristensen (2010), in order to alleviate the edge effects,
we replace Ky, A, (ti—1 — 7) in (2.19) and (4.4) with
K, (tio1 —7)
n—ky+1
An Zj:l * KmnAn ([j_l - T)

adj _
Ky, tic1—7) =

The RMSEs of the three estimators are reported in Table 1.

These results suggest that the truncation procedure can effectively eliminate
the jumps under this Heston model, since the estimated RMSE of the truncated
estimator for the model (4.1) is even less than that of the nontruncated estimator
based on the continuous model (4.5).

4.3. Validity of the Asymptotic Theory and Necessity of Debiasing

We first show that the asymptotic behavior of the estimation error is consistent with
our theoretical result. By Corollary 3.2, the optimal rate of convergence of the
estimation error is attained when the bandwidth takes the form m;A, = ﬂA,‘/ 4,
for some B € (0,00), and, thus, we only analyze the case 1(i) (8 € (0,00)) of
Theorem 2.2. We aim to estimate the spot variance cys in the Heston model
(4.1) without jumps. Accordingly and for simplicity, we use the untruncated pre-
averaging kernel estimator (2.18). We take 8 = 1 and exponential kernel. The
histogram of the estimation errors, ¢os5 — cos, based on 25,000 simulated paths,
is shown in Figure 1. We also plot the theoretical density of the estimation error
as prescribed by Theorem 2.2 but with the true parameter values for y and 6, and
replacing cq s with the average value of ¢y 5 over all 25,000 paths. As can be seen,
the theoretical density is consistent with the empirical results.

To investigate the need of the bias correction term ’17;’ in ¢ (ky, my, vy, 1)y,
let us consider a new estimator without the bias correction term, ¢, =

Z;’:_lk”l K, A, ((j_l — ‘L') (7;)2 1 (1771w We show the histogram of the estima-
tion errors ¢os — cos for 25,000 simulated paths, and, for comparison, also plot
the same theoretical asymptotic density function of Figure 1. As shown in the left
panel of Figure 2, the estimator ¢y s significantly overestimates the spot variance,
which shows the necessity of the bias correction term ?j" in (2.19).

7 A similar threshold is applied in Jacod and Todorov (2014).
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FIGURE 2. Left panel: The effect of bias correction term. Right panel: The comparison of the
asymptotic distribution between uniform and exponential kernels.

4.4. Performance for Different Kernels

Before analyzing the empirical performance of the estimators for different kernels,
we compare the theoretical asymptotic densities of the estimation error for the
exponential and uniform kernels. This is shown in the right panel of Figure 2. We
can see therein that, as predicted in Section 3.3, the exponential kernel estimator
has smaller asymptotic variance.

We now proceed to compare the finite-sample performance of the untruncated
pre-averaging kernel estimator (2.18) for different kernels in the Heston model
(4.1) without jumps. We assume both a no-leverage setting (o = 0) and a negative
correlation setting (p = —0.5). We fix 6 = 5 and apply the iterative homogeneous
bandwidth selection method introduced in Section 3.2 with different kernels. We
report the estimated RMSE with the initial bandwidth B = 1 and the result of
iterative bandwidth selection method after one iteration in Table 2 for the following
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TABLE 2. Comparison of different kernel functions

RMSE x 10° (p = 0)

Kernel B=1 Optimal bandwidth selection
Kexp 1.400 1.068
Kunip 1.890 1.608
K 2.173 1.648
K> 2.064 1.476

TABLE 3. Comparison between optimal bandwidth and
suboptimal bandwidth

RMSE x 10°(p = —0.5)
Bandwidth  hj(optimal) Ay (suboptimal) A3 (suboptimal)

B=1 1.418 1.605 1.754
B=2 1.133 1.225 1.308
p=3 1.077 1.121 1.678
p=4 1.050 1.073 1.104

four kernels:
Keg) = 2. Ky = 21
expX) = 26 ’ unif (X) = ) {lx]<1}>
3
Ki(x) = |1 = x| Ty <1y, Kz(x)=z(1—x2)1{|x\<1}-

This shows that, indeed, the exponential kernel provides the best performance.

4.5. Optimal Bandwidth

First, we show that the suboptimal bandwidth, which corresponds to 8 = 0 in
Theorem 2.2, indeed performs worse than the optimal bandwidth, even though its
asymptotic variance is easier to estimate without the SZ. term. For simplicity, we
again only consider the Heston model (4.1) without jumps and the untruncated pre-
averaging kernel estimator (2.18). We will compare the truncated and untruncated
versions in more detail below in Section 4.7.

In Table 3, we compare the optimal bandwidth #; = ,BA,I,/ * with the suboptimal
bandwidths hy = BA%? and h; = BAY3, using the exponential kernel with
B =1,2,3,4, respectively, based on 1,000 simulated paths. The results show the
advantage in using the optimal bandwidth for the same level of the coefficient .

Next, we compare the results of the iterative homogeneous and local bandwidth
selection methods, as discussed in Section 3.2. Based on some initial simulations,
we observed that the parameter 6, which controls the length of the pre-averaging
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TABLE 4. Comparison of different bandwidth selection methods
based on 1,000 simulations. RMSE for initial bandwidth 8 =1 is
1.4086 x 1073, Columns 2 and 3 show the results corresponding
to the first and second iterations of bandwidth selection methods.
Columns 4 and 5 show the results using oracle and semi-oracle
bandwidths, respectively

RMSE x 10°(p = —0.5)

Ist iter. 2nd iter Oracle Semi-oracle
Homogeneous 1.0530 1.0529 1.0540 1.0533
Local 1.0571 1.0551 1.0542 1.0547
window k,, as k, = ﬁ, has comparatively smaller effect on the performance

of estimator than that of the bandwidth. Therefore, throughout this section, we
fix & = 5, which is computed by (3.1) using true parameter values, and consider
different bandwidth selection techniques.®

In Table 4, we report the estimated RMSE values for different bandwidth
selection methods. For the homogeneous bandwidth selection method (3.3), we
apply the realized variance of sparsely sampled (5 min) spot variance estimates
{¢;,} to estimate the vol vol fOT 6,2dt as described in Section 3.2. We fix the estimated
vol vol after the first iteration to prevent the increased variance brought by the
iterative method. The first two iterations are shown in the first two columns
of the table, and we can see that the second iteration does not improve the
result significantly. Therefore, one iteration of the bandwidth selection method
is sufficient in practice. For the local bandwidth method, we use fOT &tzdt/ T as a
proxy of 62 in the formula (3.5). As a reference, we also give the results of using
an oracle optimal bandwidth, which is computed by the true parameter values and
the simulated spot variance process with equations (3.3) and (3.5) for the optimal
homogeneous and optimal local bandwidths, respectively. In the last column, we
provide the result of a semi-oracle type of bandwidth, where we use the estimated
spot variance “skeleton” {¢,} to estimate fOT ¢,dt and fOT c%dt, via Riemann sums’

while using the true parameter of y given in (4.2) to estimate fOT Gldt = y? fOT c,dt.
The last simplification is possible due to the special structure of the diffusion
coefficient of variance process in the Heston model (4.1). A similar approach can
be applied whenever the vol vol depends on the volatility. As we can see therein,
the data-driven approaches (first two columns) are quite close to the oracle and
semi-oracle estimates.

8We also considered other values of 6, and the results were similar.

9We also apply the pre-averaging estimate of quarticity given in Jacod, Podolskij, and Vetter (2010), but the results
were less optimal.
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FIGURE 3. Left panel: MSE vs. bandwidth when y = ﬁlz Right panel: MSE vs. bandwidth when

_ 05
Y =125

Remark 4.1. The estimator with local bandwidth has the flexibility to adjust
its bandwidth at different times based on the data. Therefore, theoretically,
this estimator should be able to achieve a lower value of the integrated
asymptotic variance fOT 82(t)dt, which, as defined in Corollary 3.2, is given

by ALA foT (ﬁl’s%(t)—i— ﬂt(S%(t))dt. However, our simulations show that the

performance of the local bandwidth is almost the same as that of the homogeneous
bandwidth. To further investigate this phenomenon, in the left panel of Figure 3,
we show the estimated RMSE values for different times 7 against the parameter
B in the bandwidth formula b, = 8 A,l/ 4 As before, we simulate the Heston
model (4.1) with the same parameters as in (4.2), but with the vol vol parameter
y = ﬁ We can conclude from the figure that the optimal S-value is almost
the same for different t’s, and this value is also close to the theoretical optimal
homogeneous bandwidth based on the asymptotic variance of the estimator. Thus,
an estimator with homogeneous bandwidth can achieve a similar result without
extra computation cost. This trend is less obvious when the vol vol parameter y
is relatively small. In the right panel of Figure 3, we show the estimated RMSE
vs. f when y = %. In that case, the perceived almost flat trend as the bandwidth
increases shows that the realized variance can serve as a good proxy of the spot
volatility, at least for the purpose of tuning the parameters of the estimators, since
the spot volatility estimator degenerates to the integrated volatility estimator when

the bandwidth gets large.

4.6. Comparison with TSRSV

In this section, we adopt the model (4.3) with the same parameters as in Zu and
Boswijk (2014):

=003, By =0.125 a = —0.025, p=—03, By = B2/ Q). (4.6)
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TABLE 5. Comparison between TSRSV and kernel pre-averaging estimator. We
set the parameter 0 in (2.13) to be 5, 5, and 1.5 for the noise levels 0.0001,0.001,
and 0.01, respectively. For the TSRSV estimator, to reduce the computational
cost, instead of choosing the initial bandwidth using the cross-validation method
proposed in Kristensen (2010) as did in Section 4.2.1 of Zu and Boswijk (2014),
we use the bandwidth already selected in Zu and Boswijk (2014, Tables 8—10),
as the initial values to estimate the vol vol. Note that the obtained RMSEs of
the smoothing TSRSV estimator under the different noise levels (0.0727, 0.1121,
and 0.2345) match the results in Zu and Boswijk (2014), who reported the values
0.094, 0.118, and 0.223, respectively

Frequency w? =0.0001 o =0.001 o =0.01

Cpa CTSRSV Cpa CTSRSV Cpa CTSRSV
Is 0.0411 0.0727 0.0546 0.1121 0.0634 0.2345
5s 0.0505 0.1487 0.0649 0.1392 0.1066 0.3005

We also take yy ~ N (0, — i) and J = 0. The microstructure noise €]’ is set to be
€li=¢, e N (0,w?), where, as in Zu and Boswijk (2014), »* can take one of
three possible levels: 0.0001, 0.001, and 0.01.

For the TSRSV estimator, we implement the smoothing version of the TSRSV
(see Zu and Boswijk (2014, Sect. 3.1)), denoted by crsgsy, and calculate the
bandwidth and scale parameters according to Section 3.4 of Zu and Boswijk
(2014). For our pre-averaging estimator, we implement the nontruncated version
(denoted by ¢py) with exponential kernel and use the iterative method described in
Section 3.2 for bandwidth selection. We consider two sampling frequencies: 1 or
5 s. In Table 5, we report the RMSEs of the two estimators. As shown in the table,
the pre-averaging estimator has a superior performance, especially when the noise

level is large.

4.7. Comparison Between the Truncated and Untruncated Estimators

In this subsection, we study the two versions of the truncated estimators (2.19) and
the nontruncated estimators (2.18) under various levels of jump size and sample
frequency, using the simulation setting in Yu et al. (2014b). The parameters therein
are chosen from Huang and Tauchen (2005):

1 =0.03, B =0.125, « = —0.1, p =0, By = 0. @.7)

We also conduct our study in the same experiment design as in Yu et al. (2014b).
More specifically, we consider three levels of jump activity (no jumps, com-
pound Poisson jumps, and Variance Gamma jumps); three noise levels (v =
0025, 0.035,0.05), and three different sample frequencies (one observation every
10 s, every 30 s, and every 60 s). In the case of FA jumps, J; = 2&125- with
Z; ~ N(O, 03) and {N,};>0 ~ Poisson(3), whereas in the case of infinite activity
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TABLE 6. The RMSEs of the pre-averaging estimators. We set the parameter 6 in
(2.13)tobe 5, 3, and 2 for 10-, 30-, and 60-s data, respectively. The truncation level
is set to be v, = ar\/BPV ey, (9)(A,)*¥, with BPV = Z 3", |A?  X||A"X| and
calculated on sparsely sampled data (5-min frequency). When oy =0, « = 5,4,4
for 10-, 30-, and 60-s data, respectively; when oy = 0.5, ¢ = 5.5,3.5,3 for 10-,
30-, and 60-s data, respectively; when oy = 1.5, « = 5.2,3,2.5 for the respective
frequencies; and, finally, in the case of jump with infinite activity, we set o« = 6,4,4
for 10-, 30-, and 60-s data, respectively

Frequency w =0.025 o =0.035 o =0.05

cr2  Cr CNon C12 C1,1 CNen CT2  CT,1  CNon

Scenario A: Diffusion with no jumps oy =0

10s 0.1421 0.1421 0.1420 0.1474 0.1474 0.1472 0.1689 0.1690 0.1677
30s 0.1724 0.1724 0.1719 0.1763 0.1763 0.1758 0.1846 0.1846 0.1837
60 s 0.2057 0.2057 0.2054 0.2085 0.2085 0.2083 0.2161 0.2161 0.2160
Scenario B: Diffusion with small jumps oy = 0.5

10s 0.1311 0.1630 1.0120 0.1347 0.1641 1.0004 0.1592 0.1805 0.9943
30s 0.1660 0.1893 0.9758 0.1690 0.1913 0.9798 0.1797 0.1971 0.9783
60 s 0.2083 0.2209 0.9738 0.2113 0.2215 0.9732 0.2205 0.2255 0.9730
Scenario C: Diffusion with large jumps oy = 1.5

10s 0.1952 0.9402 9.4648 0.2013 0.9397 9.3509 0.2090 0.9013 9.1702
30s 0.2262 0.9183 9.0481 0.2256 0.9132 9.0438 0.2279 0.8990 8.9954
60 s 0.2640 0.8949 8.9794 0.2635 0.8892 8.9731 0.2590 0.8707 8.9514
Scenario D: Diffusion with jumps of infinite activity

10s 0.1246 0.1247 0.1271 0.1330 0.1331 0.1349 0.1529 0.1530 0.1547
30s 0.1576 0.1577 0.1594 0.1587 0.1588 0.1598 0.1728 0.1729 0.1740
60 s 0.1940 0.1940 0.1952 0.1959 0.1959 0.1966 0.2063 0.2063 0.2076

jumps, J, = cG; + UWG, with G, ~ Gamma(t/b,b), b =0.23, c = —0.2, n = 0.2,
and W is an independent BM, as in Mancini (2009).

In Table 6, we report the RMSEs of our nontruncated estimators (2.18) and trun-
cated estimators (2.19), denoted by ¢7,1, ¢7,2, and ¢y,n, respectively. We observe
that when there are no jumps, all three estimators have similar performance, with
the nontruncated estimators giving slightly better results. However, when jumps
are present, the truncated estimators have a much superior performance, especially
when the jump size is large, and ¢7, appears to be more effective at eliminating
jumps compared with ¢7 .

Yu et al. (2014b) also proposed a pre-averaging kernel estimators for the spot
volatility. As mentioned in the Introduction, their estimator has a different debias-
ing term, which could affect the finite-sample performance, and their asymptotic
normality is only established with suboptimal convergence rate. Our results in
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Table 6 are comparable with Yu et al. (2014b, Sect. 5). For example, the RMSE
0.1421 under w = 0.025, oy = 0 with 10-s data is close to the RMSE 4/0.0201 =
0.1417 in Yu et al. (2014b).

5. CONCLUSIONS

In this paper, we introduce high-frequency-based kernel estimators of the spot
volatility under both the absence and presence of microstructure noise. One of
the key differences of our results from those of earlier literature is to consider
a general kernel in an asymptotic regime for the bandwidth that leads to optimal
convergence rates for the resulting kernel estimators. Under this regime, kernels of
unbounded support offer improved performance compared with uniform or other
kernels with bounded support. General two-sided kernels of unbounded support
were already advocated in the work of Figueroa-Lépez and Li (2020a), where it
was proved for the first time that exponential kernels are optimal, hence, formally
validating an old conjecture of Foster and Nelson (1996). Unfortunately, Figueroa-
Lépez and Li (2020a) imposed strong assumptions for the validity of their results,
the most important of which are the absence of leverage effects, microstructure
noise, and jumps. These three effects are, of course, pervasive in real transaction
data. In this work, we are able to relax all of those constraints and consider a rather
general model. We further develop a feasible implementation of the proposed
estimators. Via Monte Carlo experiments, we confirm the superior performance
of the proposed estimators.

APPENDIX A. Proof of Theorem 2.1

We follow the steps in the proof of Theorem 13.3.3 in Jacod and Protter (2011) (which
implies Theorem 13.3.7). By virtue of localization, without loss of generality, we assume
throughout the proof that |5(¢,2)| < I'(2), | 8(w,t,2)| A1 < A(z) and

F@+A@+ [TEIAdD+ [ M@ + el +lol + X1+ Il + 1] + Vi <A
(see Section 4.4.1 and (6.2.1) of Jacod and Protter (2011) and Appendix A.5 of Ait-Sahalia

and Jacod (2014) for details). We use C to represent a generic constant that may change
from line to line.

A.1. Elimination of the Jumps and the Truncation

We denote the process fé Jra 8(s,x)1(ds,dx) by 8 * jus, and we set

X" — Sxp, %frfl, X =X-X". 2= «/mln, %fﬁjoo,
dx(p—q), ifr>1, T B =00

To explicitly indicate the process Y for which the spot estimator is calculated, we use the
notation ¢ (my, v, Y) ;. The proof of the following lemma is similar to the one of Theorem
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13.3.3 in Jacod and Protter (2011) and is omitted for the sake of space (see details in
Figueroa-Loépez and Wu (2022)).

LEMMA A.1. When X = X’ or when (2.10) and w < 1%“ hold, we have, as n — oo,
P (&" (mp,vn, X); # &" (mp, X);) = 0, (A1)

Furthermore, under (2.10) and (2.11), we have

20 (& Oy v, X0, — & (i, v X)) — 0. (A2)

A.2. Proof in the Continuous Case

With the previous lemma, it remains to prove the stable convergence (2.9) under the
following assumption.

Assumption 4. We have (2.1) with X continuous, ¢; = 0,2 satisfies (2.2), the processes
W, L, 0,6 are bounded, and |§(w,t,z)| A1 < A(z) with a bounded function A on E satisfying
fEA(Z)z)\.(dZ) < 00.

Now, we proceed our proof with the nontruncated estimator, which, for easiness of
notation, is defined as ¢ (mp); := Y1 | Ky, A, (fi—l —-1) (A?X)z. We first introduce some
notation. Recall that Ui" :=Uijp,, and, forz € ((i — 1) Ap,iAy], let

" 2
V=" Ky, (-1 1) ((A}'W) - An>,
J=1
" (A.3)
V"= An Y Ky, (-1 1) (B]’.’ - B;?),
=1
zl=cvy, zh =6V, Z" =e(mn) —ca—Z = 7"

All the three cases in Theorem 2.1 for the continuous case follow from the next two lemmas.

LEMMA A.2. Under Assumptions 2 and 4, with A, — 0, mp Ay, — 0, and my/ A, — 00,
we have the following stable convergence in law:

1
( N Z;n) L (29.29).
n

my
where Zt0 and Zt/(o) are defined in (2.7).

P
LeEmmA A.3. Under Assumptions 2 and 4, we have, forallt € [0,T], z,SO)Z;’” —> 0, where

zﬁ,o) = m,ll/2 ifmnA,l/2 — B < oo and z,(10) =1/ympAp ifmnA,l/2 — f=o00.

We prove these two lemmas in the next two subsections.
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A.2.1. Proof of Theorem A.2. We first show
1
<4 Y —— V;”> v, (A4)
mpAp

where (V,V’) are defined in (2.6). Denote the bandwidth of the kernel as by, := m, A,
recall that t+ € ((i — 1)Ay,iA,], and we can write the pair (./ nV, ,\/7Vt’”)

" (610,20, where

¢10) = /K, (- 1—t)< )
0, ifj=1,
A ] n : . .
5/'1(1)— ( = 1Kb (- 1—1‘))A] if2<j<i,
v (Zl:j Ky, (-1 — t)) "B, ifi<j<n.

Then we notice that ({ 0, ﬂ”(t)) is FC ); measurable and with F; := ]-' (0) 7_1

(; (t)‘]—"(o)) =0, and Y 1]E( ’”(1)‘.7-"(0)) — 0. Recall that py = d (W,B), /ds
is cadag and bounded on the interval [#j_p,4]. By It6’s lemma, the Cauchy-Schwarz
inequality, and Doob’s inequality, we have

‘E<<A7W>2A;’B Fj(f))l> < CAﬁ/z\/E<(pzj—pzjl)2

Then, by a change of variable,

iE(g”(z)c,-’"(r)]fj_l)
j=1

i J—1 2

< CAL Y Kb, (-1 =) | D [Kp, (11 =) mf"‘\/E<(”fj""fl) 71>
=2 I=1

+CAL Y Ky, (-1 =) | | D K, (11 = 1) max E((%‘”fw) fj—l)
j=i+1 l=j

2| £
sc/|K(u>||L(u>|dum]ax\/E<(pt,—ptj1) 7).

We notice that p is right-continuous and uniformly bounded on [0,T] and, thus,
/r'l=1 E (gj.” (r);j’" (t)‘}'j_l) — 0, as n — oo.Next, we can deduce the following by the
Riemann sum theorem and change of variables:
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n n
Z]E(gjﬂ(z)z‘;fj,]) =2 myA2K] (11 —1) — 2/K2(u)du,
J=1 j=1

n T
gt
= t v
t v 2
+/ </ Kbn(s—t)ds) dv —> /Lz(u)du,
0 0

where L(1) = [ Kw)duly~o) — [* o K(u)dul<gy. Note also that

T 2
Kp,(s—1)ds | dv

i{JE(ij”(t)“‘Eq)+E(§J-’”(I)4‘ﬂ71)} < m%/K“m)dqu

/ L(w)*du —> 0,
j=1

2
mpAp

where Uj is a standard normal distribution and C is a generic constant. To apply Theorem
2.2.15 in Jacod and Protter (2011), we further need to show that

() Xn:E(gj."(t) (Mtj ~M, ) ‘ f,_l) =0, (i Xn:E(;j/n(;) (M,j —Mt_,,_l) )J?,_Q -0,
Jj=1 j=1
(A.5)

whenever M is either one of the components of (W, B) or is in the set N containing all
bounded (FI(O))—martingales orthogonal (in the martingale sense) to (W,B). When M = W

or B, (A.5(1)) holds true since it is the F( ;_1)a,,-conditional expectation of an odd function
of the increments of the process W after time (j — 1)A,. On the other hand, by the

boundedness of the process p, we have |E ( AjBA;W| Fj_1)| =E ( ‘ftj’q ,osds‘ ‘ .7-"|7oo> <
CAy, for some constant C and, thus, (A.5(ii)) can be shown as follows:
n

S E (gj’”(t) (Mtj —Mtj—1>‘Ff—1)
1

j:
A3/2 n n i [j—1
< == 20 oK, (1 =)+ 32| D Kb, (tm1 —1)
"\ j=it1 | m=j =2 |m=1
<C ! /IL(u)Idu—>0.
my Ay

Suppose now that N is a bounded martingale, orthogonal to (W, B). By 1t6’s formula, we see
that ;j" (¢) can be written as \/m; Kp, (tj_l — t) ftjj—l 2 (Ws — W571>dWS, i.e., a stochastic
integral with respect to W on the interval [(j— 1) Ay, jAy]. Similarly, ;“j’”(t) is a stochastic
integral with respect to B on the same interval. Then the orthogonality of N and (W, B)

implies (A.5). Now, we can apply Theorem 2.2.15 in Jacod and Protter (2011) and conclude
that

1
(Vm"vn’ WV§”> = (V.V),
n=n
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where V, V' are defined in (2.6). Finally, recall that Z}! := c'V}', and Z" := 6]'V{". From
the cadlag property of o and &, we see that c? — ¢ and 5;’ — 6y, fort € ((i—1)Ap,iAL].
Then Lemma A.2 follows from (A.4).

A.2.2. Proof of Lemma A.3. Fort € ((i—1)Ap,iAp], we can rewrite Z;™ defined
in(A.3)as Z/" = ZS 1{ (), where

n
GO =clAn) Kb, (-1 =) —ci
=1

u 2 2
&30 =Y K, (-1 =) ((A;?X) —dt (arw) )

J=1

M= zn:Kb” (ti—1 =05 ((A]’,lw)z B An> (B]'-’ —B;}),

J=1
n
n _ K . n n ~n Bn Bn AnW 2
54(t)—2 by (ti—1 =D ¢y —¢; —0; (B —B; ] :
J=1
Therefore, it is enough to prove that, for / = 1,2,3,4 and all ¢ € [0, T], we have
P
R AOES) (A.6)

Proof of (A.6) for / = 1. By Lemma 3.1 in Figueroa-Lépez and Li (2020b) with f = 1
and Assumption 2,

B> K (51 —1 /TK nds = + (K(AH) — K(B —+ (A” —o(2n
,221 butj=1 =D = | Ky, (s—n)ds = 5 (K@AT) ~K(B7) b)- (b>

where (A, B) is the support of K and —oo <A < 0 < B < oo. Therefore, the boundedness
of ¢ implies that

T Ay
i =c / Ky, (s —1)ds —ct+0<—>
0 b
N _ ﬂ
=c;—a+C Kp, (t—1)dt+0 .
(O’T)L‘ b

Furthermore, we can deduce E(ci—ct)2 < CAy, fort € (i—1)Ay,,iA,] from (2.2).
Assumption 2 implies that x!/2 [ K(uydu — 0, as x — oo. We then have

b;1/2/ Ky, (t — 7)dt = (/ K(u)du+/
0,7)¢ —

5 bn

K(u)du) —0,asn—o00. O
Proof of (A.6) for [ =2. Let Pj = A"X cr A”W In view of (2.1.44) in Jacod and
Protter (2011), for g > 2, we have

q q
n(t)‘ ) SKqA:ﬁq/z, E(’Uj_lAj'-'W’ )5 CAz/z.

E(pj
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(A.;IX>2 —o (A/"lw)z = 2( pfn(t)‘2+

ities above and the Cauchy—Schwarz inequality yield

n 2
| +\E

Then, since

n 2 n .
Pj (t)‘ ‘O‘j_l AJ. W’), the inequal-

n 5 5
E|& 0] <2 |Kp, (-1 — 1| E ( p;’(t)‘ E‘ajz_l Aj’.ZW‘ )
=1

n
<O IR, 1~ 0] (83 +87%) ~ [ Kwduya,.
=1

We then have the result since z,/A; — 0. O
Proof of (A.6) for [ = 3. Cf (f) can be written as 51." ®" () where each 81." is bounded

2
}_i(O) measurable and ®"(r) = j'-’:l Kp,(ti_1—1 <(A]" W) — An) (B]'.’i1 —B?). We can
compute that E (&"()) = 0 and ‘IE (A}’.’WAJ’.’B)‘ = )IE (f,jtjfl psds)‘ < CA,,. Notice that

2
(A]'.‘W) — An,BJ’?_l — B! are independent when j > i+ 1 and (A}’W) — Ap, B} —B}? are
independent when j < i. Then, by tower property, we have

n i
2
E(®"(0)" <247 > Kp (-1 —0—1 —t)+ Y _Kj (ti—1—1) (2A,%(r,- — 1)+ ClA,%)
Jj=i+1 =1

00 0
~ Ap </ Kz(u)udu—/ Kz(u)udu>,
0 —00

2
where C% =E( X12 — 1)4 E ( X12> . Then \/% ®" (1) is bounded in probability, and the result

follows, since z;+/ A, — 0. O

Proof of (A.6) for | = 4. Let n = (I~ =60 (Bl ~B)) = [}/ fusds +

tlt,jfl (65 —6]")dBs + My,_, — M;, where M = §* (p — q). Following the same argument
for proof of (13.3.37) for (j = 6) in Jacod and Protter (2011), on the set Q(n,N,e) =
1 li-1

(IAM| < &,¥s € (= N A, i+ Nmg Agl), with the notation /' = ——E(

|&s — 0y, |2ds), we deduce that, for j € (i — Nmy Ay, i+ NmyApl,

1

2 ) i1 —t
E ((n;‘) 152(n,i,8)> = Cl-1 —0p(njce).  with p(n.e) = T +y/ 9 e).

where ¢ (¢) = f{A(z)<8} A@)*A(dz) going to 0 as € — 0. Since & is cadlag and bounded, we
see that yj" — 0 for all j and thus p(n,j,€) — 0. From (2.1.44) in Jacod and Protter (2011),

2
we also have, for all j, E ((nj”) ) < C(tj—1 — ;) and, thus,
E|gf 0] =E|tf O] lomn,e) +E|LO| Lo n,e)xe

—N
< CNy/NmpAyp(n,€) + Cy/my Ay ( / OoK(u)ﬁdu+ f K(u)ﬁdu>.
N —00
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Additionally, we have lim,_,¢limsup, p(n,6) = 0 and fﬁo K (u)/udu + f__ong(u)

atdu N=5° 0. The result follows by zuv/Bn < 00. O

APPENDIX B. Proof of Theorem 2.2

Again, by virtue of localization, without loss of generality, we assume throughout the proof
that [8(1,2)| < I'(2), | (@, £,2)| A1 < A(z) and

F(Z)+A(z)+/l‘(2)’k(dz)+/A(Z)2k(dz)+|m|+|0t|+|Xt|+|pz|+|6t|+|11t| <A.

B.1. Elimination of the Jumps and the Truncation

We set
| 8, sl oy s [ A i<
T Sx(p—q), ifr>1, - o= ﬁ if B = oo.

Let Y* =Y — X+ X’ be the continuous process with microstructure noise and set

1 n—kn+1 2 1
& (knymn)y = —— K, (-1 =) (") =57 B.1
¢ (kn,mp) ¢ o (® JZZI mas (-1 T)< J 27 (B.1
We need some preliminary estimates:

e By Corollary 2.1.9(a)—(c) in Jacod and Protter (2011), for p > 0 and g € [0, 1/7),

|X// _X//| P
E| sup (EHHEan) [ FO | < s aeimig, (B2)
uel0.s] s

where a(s) — 0 as s — 0. Let g, (1) = Z,]‘Zl Uik j=1) A jra1 (D). With u, =k, Ay,
and }_(lf’" = f((iflm”ﬂ" gn(s— (i—1)A,)dX/, the same as (9.2.13) in Jacod and Protter

i—1)A,
(2011), we deduce that
%Y o
E ulq Al )f((ill)A,, = C”fllfqr)(p/mwan, (B.3)
n

where a,, — 0 as n — oo.
e By the proof of Lemma 16.4.3 in Jacod and Protter (2011), for all g > 0,

- N
E((X§"|q | f(i—l)An) < CyAIH, E()Xé"‘ ‘fo‘—lmn) <CA)2,

A

n
L

q
‘f(i—l)AH) < CgA}? (AZ + AZM),

~

2(
B (|7 Fioa, ) = Coad/* (144, @4-12+), (B.4)
E(|#

L

q
‘fu—lmn) < CyAf? (AZ +1+ AZ“) :
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e From (16.2.3) in Jacod and Protter (2011), for all p > 0,
E([e@i|” | Hu-na,) < AN E([@ | Ha-na,) < Coa02 (B.5)
e Combining (B.4) and (B.5), and applying (a+5b)? < K;(a?+ b?), for all g > 0,

E(H’f"}q | f(i—l)An) < CE(IX'(@!+[e@? " | Fi-na,) < Cordl,

a(

The following result will allow us to reduce the proof to the case of a continuous process
and a kernel estimator without truncation.

q (B.6)

A |4
*1
Y;

| ]:(i—l)An) <CGE ( bl

er|? | f(i—l)An> < CyAY2.

LEmMMA B.1. Under Assumption 1, we have

- Ia ~ P
Zn |C(kn»mnsvn’l)r —e* (kn’mn)r| — 0, B.7)

forboth =12 if X =X/, for [=1if (2.22) and (2.23) hold, and for | = 2 if (2.22) and
(2.24) hold.

Proof. Let E? denote the conditional expectation with respect to F(j_1)a,. We first
check the proof for the case of / = 2. The proof for / = 1 is shown below. We can write

(372~ (0-577)| <

i/j"
where
o ) g - () 1y
7= |05 e = ) e
1|~ ~
=3 YJH{ 72| <u) _Y;mﬂ[ on 51},,}" B8)
_ 2 1
77753: Y;‘” ]l{ f/j*" >un}’ n;l4 E‘Y] 1! )7']?"" >v,l}'

When X = X', 5 n’ = 0. When r € (0,2], by the proof of Lemma 2 in Chen (2019), 10 ynder
(B.3), there is a sequence a, — 0 such that!! E]’-’[In;-l’lﬂ =< CAy(lw_H/Z) rw/Zan. Next,
2 — 0 when X = X’. When r € (0,2], we have

orm {rnse/m
<c(+ i),

Smld
x/m
J

nj

v _ ypEn
=y

A 19
If we set u,0 = 0, we have IEJ” Xjfz

— TN
_IEj

< Kyl (AZ 4+ AN )from (B.4)
for ¢ > 0. Combining with (B.6) and taking g = 1, we have EJ'[V — 7| < ca? 4

100r follow the proof of Lemma 13.2.6 in Jacod and Protter (2011).

1The notation ¥, ¥ is slightly different in Chen (2019), which results in the different form of the following inequality.
The relation between z in our setting and p in Chen (2019)is @ /2+1/4 = p.
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A,l,/ 4A,3;/ 4) < CAy. By the notation (2.15) and the Cauchy—Schwarz inequality, we have,

for arbitrary o > 0,

o

f/fkn )‘/fkn o X{/n
’ffkn J ’?fkn J
i T e T 2

AL, (B.9)

where the last term is because 2

Y
J

<y < I_//’? implies )_(//./ " > v,/2, and therefore,

X//)l
u/2 Al > ]l{

Y*" . Applying the Cauchy—Schwarz inequality and (B.3) and

<vp< /"

(B.4), we have

rsc (An 4 \/AnAff(l/z_w) + \/A,,zw Aed/2=@) | \/AnA,l/z_wr/zan

(B.10)

Since @w < 1/2, there exists « such that o (1/2—a) > 1/2. Then, E'?ln'.”2| < C(Ap+

3/ dwr/d 1 2) By Cauchy—Schwarz’s and Markov’s inequalities and (B.6), for an

arbltrary posmve number m,

_ 14 - _.|m
n| n3 n | yxn 7 *71 n | yxn m 1+m/4—mw /2
E ‘5\/Ej f Pj(Yj >vn)gc,/A,,Ej v < oy g .
Similarly, there exists m such that E]” )nj’ ‘ < CAy. By the same argument, E” n]" 4‘ <

CA;. Now, we have the following when r € (0,2] by combining the above mequahtless

E (1€ (knymn, v, 2) 7 — & (knymn) 7 )

n—k,+1
<cal? Z KmnAn(tj_l_T)[AlzfrJrl/z—rw/z A+ /A3/2 wrf2, ]
j=1

§C[A,?_rw/2an+ /;An+Arll/4—wr/4 Tln:lv

by the property of the kernel. Therefore, recalling (2.22), to show that z,,

E'(kn,mm Vn, 2)1- -

&* (kn,ymn) ¢ ‘is op(1), we need the condition (2.24). This concludes (B.7) for [ = 2.
When [ = 1, ¢ (kn,mp, v, 1) — &* (kn,my) has a similar decomposition like (B.8) with

nj"z ‘Y” /Y/*"‘ and n}l’4 = 0. Therefore, E(|6(kn,mn,vn,1)r—6* (kn,mn)r) <

C[A,fo rw/zan—h/An]. In that case, the second inequality in (2.23) gives (B.7) for
[ =1. Since @ < 1/2, we necessarily need that r < % -2 (a — —) (1 —a+ 4)]
Finally, when X = X', note that E (|6 (kn, mp,vp, )z — C* (kn,m,,),) <CJ/Ay,forl=1,2,

since nj'.”l = n;l’z = 0. Therefore, we can conclude (B.7) in all the cases stated in the
statement of the lemma. ]

https://doi.org/10.1017/50266466622000470 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466622000470

594  JOSE E. FIGUEROA-LOPEZ AND BEI WU

B.2. Proof of Stable Convergence in Law for Continuous Process

With the lemma above, it suffices to prove Theorem 2.2 for the nontruncated estimator (B.1)
under Assumption 4. We first introduce some notations needed for the proofs.

Define
~ — _ 1 N
¢} =¥} - 5 =& e - i
1

O = (—jmna, Wi +€)° = 5&" (B.11)
Vi =E@iHa-na,) ~ (@ —j—1)a, W)
With any process U, we associate the variables

n n 4 1/4
H; = Sub Ui =Ui-na, |, T'(U)] = (E<(F(U),~) ‘f(i—l)An)) .

te[(i—1)Ap,iAp+kn Ayl

The following decomposition will be instrumental to deduce the behavior of the estima-
tion error:

5
&(kn,mn) —co =y HD",

where, using the notation E;_{[-] = E[-| F(i—1)A, ], bn 1= mp Ay, and ¢y, := ¢y, (8),

n—ky+1

T
Ay = Z Ko, (11 —0) (60— Bi1 (810)),  HQ)Y" = /0 Ky (1 — T)cdt —cr,

1 n—ky,+1 1 n—ky+1
HEY' = Y Kn i1 =0 (0] —¢f), H' = ™ Y Kb, (im1 =D By (W),
i=1 i=1
n—ky+1

T
HGY' =AMy Y Kp,(tii1— 1), — f Ky, (t = T)cdt.
0

i=1

The first term is the statistical error, whereas the second term is the local approximation
error. Each of these will contribute one term to the asymptotic variance in (2.21(i)).
We recall some needed estimates and preliminary results.

1. By Lemma 16.5.14 in Jacod and Protter (2011), for some constant C,
(Bt (6N} —9l)| = CAY* (A +T (i +T' @ +T' (). (B.12)

2. Asin Lemma 16.5.15 in Jacod and Protter (2011), if an array ((Sl") satisfies

0= <K. AE) 80 (B.13)
i=1

then, for any ¢ > 0, the array (|8l"|q) also satisfies (B.13). Furthermore, if U is a
cadlag bounded process, the two arrays (I'(U)7) and (I(U)7) also satisfy (B.13).
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3. Under Assumptions 3 and (2.2), by Lemma 16.5.13 in Jacod and Protter (2011), for
allg > 0,

Eit (o7 "+ ¢1'o|?]) < Coa8?, (B.14)

E . (|¢>(Y);? —¢;j0|2) <CA, (A}/2+ (F/(a);‘)z), Eij 1 (

q
o) = cond.
(B.15)

4. Let y/ =E(l&*|F®). Under Assumptions 3 and (2.2), by Lemma 16.5.12 in Jacod
and Protter (2011), W;‘i defined in (B.11) is such that

2
B, ‘w : <CA¥2. (B.16)

L,

< CACAY (I +T (7))) B |0

5. By It6’s Lemma and Burkholder-Davis—Gundy inequalities (see Section 2.1.5 of
Jacod and Protter (2011)), we have, for all s, > 0 and p > 2,

P
E( sup |02, —0? ‘]:z <GCps, E| sup o4y —orl’ ‘]:f = Gps, (B.17)
rel0,s] r€[0.s]
1/4
N . 4. 174
M) =E sup ot —oi—na,| [Fi-na, |  <Char)'*.
te[(i—1) Ap, iAp+kn Ayl

(B.18)

Theorem 2.2 will then follow from the following lemmas.

LeEmmA B.2. Under Assumptions 2—4, with my, — 0o, my Ay — 0, and my~/ Ay — 00,
we have m,l/zA:lMﬁ(l)” N Zr, where Zy is described in Theorem 2.2.

LeEmMA B.3. Under Assumptions 2—4, with my, — oo, my A, — 0, and my, A;o’,/4 — B e

[0,00), my 2 AN (H)" + HQ)") <> Z, + BZL, where Z,. is described in Theorem 2.2.

LEmMMA B.4. Under Assumptions 2—4, assuming my, A2/4 — B € [0,00], we have

HD" =5 0 for1=3,4,5, (B.19)
where z, =m,]1/2A,11/4 ifm,,A,31/4 — B <oo, and zp = anlT ifm,,A?/4 — f=o00.

We prove the lemmas above in three steps. In Step 1, we start to prove the last lemma
which is more straightforward than the other two. In Step 2, we prove Lemma B.2. In
Step 3, we show Lemma B.3.

Step 1. For [ = 3, set (/' = menAn(fi—l - 1) <¢ )} — 1"0) and b, =

muA,. By Lemma 2.2.10 in Jacod and Protter (2011), the result follows if the array
znE (I{l-"l [ Fi-1) An) is asymptotically negligible. To this end, note that (B.12) yields

E (161 Fimna,) < CAY* Al a, (i = DIE ((AYH TG0l + T/ @ +T'0)}) ).
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where recall that we are assuming that &, i, and y are cadlag bounded processes by localiza-
tion. Thus, from Lemma 16.5.15 in Jacod and Protter (2011), ((r’(a‘);’ﬂ) , ((1“’(@5’)2) ,

and ((F’ (y):?) ) satisfy (B.13). By the Cauchy—Schwarz inequality,

n—kp+1

A Y2 Kb, (i1 = DIE(C'(W]) =0 (maan~"/2). (B.20)
=1

We can obtain similar results on (I'(5)7) and T'(Y)}. Thus, z Z’.’_k”+lE(|{."| |

j=1
]:(i—l)A,,) is O(zp A / )—}-o(zn/(ml/2 1/4)) and, hence, converges to 0. This finishes

the proof for / = 3. For I=4,by (2.13), (2.17), and (B.16), we have
n—k,+1 34
H@" =0 Y 1K, (-1 =) [ (An+ 82 (T +T7 (7)),
n B
J=1

1/4
which is O( 1/2) +o0 (\/?n"T) by similar argument as in (B.20). For [ =5, we have

n—kp+1

dt+Z/

|E(5)"| </ ‘Khn(t ‘L')U, — Kp, (tj—1 — T)U(J DA, ‘d
In—kp+1

1 1 1 1
<C +mn—k,—DA | —5 +—5— =OF( ), (B.21)
mu~/ Ap " ! mnA,I,/z mzzzAn mu~/ Ap

where the first term in (B.21) follows from the boundedness of K and o, whereas the
second term in (B.21) can be deduced by (B.17) and Lipschitz property of K. Indeed, for
s € [tj—1.4],

K, (5 = 710 = Ky, (-1 = D)0y,
2 2 2 2
< |K, 6= 0102 = K, 6= 00021y, | +[Kp, 6= 00021y, = Kby (-1 = D081, |

which is Op (1/m,,A,1/2) +Op (1/m5A,,). So, we deduce (B.19) for [ = 5.

Step 2. To show Lemma B.2, we need several preliminary lemmas. We employ the “block
splitting” method proposed in Jacod and Protter (2011) (see Section 16.5.4 and page 548
therein). Recall that

n—kp+1

H' = Y ¢,
i=1

where ( =5 ® (g) Ky, (ti21 —T) (q)l 0 —IE( i 0‘ Fi- l)An)> The variables { are not
martingale differences. To use martingale methods, we fix an integer m > 1, and divide the
summands in the definition of H(1)" into blocks of size mky, and kj. Concretely, the ¢th
big block, of size mk;,, contains the indices between I(m,n,£) = (£ —1)(m+ 1)k, + 1 and

I(m,n,£) + mk, — 1. The number of such blocks before time ¢ is [, (m) = [ Z’r;_{f’i')’}cl ] These

big blocks are separated by small blocks of size &, and the “real” time corresponding to
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the beginning of the £th big block is t(m,n,£) = (I(m,n,£) — 1)A,. Then we introduce the
summand over all the big blocks,

1, (m) 1, (m) mk,—1
Z"(m) = Z Sy =" Y ftmmorer (B.22)
=1 r=0

Note that the sequence (8 (m)z’) are now martingale differences w.r.t. the discrete filtration
Gy =]:(1(m’n’@+1),1)An,fOIK:1,...,ln(m). -
We now show that the contribution of the small blocks, i.e., H(1)" —Z"(m), is asymp-

totically “negligible” compared to m;, —1/2 71/4'

LEMMA B.S5. Under Assumptions 2—4, 1imm_,oolimsupn_)ooJE(m,‘/ A EM -

z"(m)D =0

Proof. Denote by J(n,m) the set of all integers j between 1 and n — k; + 1, which
are notin the big blocks (i.e., those corresponding to the small blocks). We further divide
J(n,m) into k, disjoint subsets J(n,m,r) for r =1, ..., k,, where J(n,m,r) is the set of all

. a7 ky,

J € J(n,m) equal to r modulo ky,. Then, H(1)" —Z"(m) =Y | Zje](n, mr) {j". Observe
that E ({jn)f(j—l)An) =0and {J.” is F( j+k,)A, measurable. Then 3 ;i 7, 1. ) g“j" is the
sum of martingale increments, because any two distinct indices in J(n,m, r) are more than
ky, apart. Therefore, by (B.14) and the fact that E (g‘j"

C (changing from line to line) and large enough n,

) = (0, for some constant

n

172

n L 1 2 Aﬂ
E\ > c,-) =C ) ¢k() Kp, (tj-1 T>§C7(m+l)k2mnA,1/K(u)duicmmn’

jeJn,m,r) jeJ(n,m,r)

where the last inequality holds because of (2.13) and the second inequality holds
because, recalling that two consecutive j’s in J(n,m,r) are separated by (m + 1)k,

(m =+ Dknpmy A2 ieitnmr) Kb,,(tj | — ) converges to [ K?(u)du. Then, IE( 125 1/4
|H(1)” — Z”(m)|) is O (1/4/m), for large enough n. As m — oo, the above quantity goes
to 0 and we get the result. g

Next, we modify the “big-blocks” process Z" (m) defined in (B.22) in such a way that

each summand involves the volatility at the beginning of the corresponding large block.
Recalling the notation in (B.11), we set

1
= e © K, (ti1 —7) <¢3,—E(¢Zr f(i—r—l)A,,))v (B.23)
0= ¢kn(8) K, A, (ti—1 — )(E<¢£’r ]:(ifrfl)A,,) —E<¢fr f(Fl)A,,))v (B.24)
L, (m) mk,—1 L, (m) mk,,—1
Mn(m): Z Z n’;(m,n,i)+r,r’ M/n(m): Z Z n}r(lm,n,i)+r,r' (B’ZS)

i=1 r=0
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LEMMA B.6. Under Assumptions 2—4, for a fixed m,

lim E (m,ll/2A,l,/4 |27 (m) — M" (m) —M’”(m)|) =0
n—oo
Proof. We use a similar method as in the previous lemma: Let J'(n,m) the set of all
integers j between 1 and n — k;, + 1, which are inside the big blocks, that is of the form j =
I(m,n,i)+Iforsomei>1andl e {0,...,mk,—1}. LetJ (n,m,r) be the set of all j € J' (n, m)
equal to 7 modulo k;,. We can then write Z" (m) — M" (m) — M (m) = Z];i 1 > el (nm, r) 9].",

where Oj” = menAn(tj*I —1) (¢;,10_‘P;,ll_E(‘P;O_‘b;}l‘f(j—lmn))’ when j =

I(m,n,i) + 1. Note ¢; o and ¢; ; have the same noise part, —%»2}’, and the cross term anE;’
has expectation 0. Then, for some constant C and large enough n, .

2
n

) <c1< A, (o1 — Dmky A

= ¢2( ) mnAn(/ 1= I)E‘qslo d)

forj € J'(n,m,r), where the last inequality follows by conditioning on F( j_1)a,,, using that

[(W ) |F(j— l)An] = 3¢y, (g)2 Ay, and applying (B.17). As in the proof of the previous
lemma

2
IE‘ DRSO S CAN S 1—t)<C—/K2(u)du
jeJ' (n,m,r) jeJ' (n,m,r)

So we have I[*I(ml/2 1/4‘Z"(m) M"(m) — M’"(m)|) is less than le/2 1/4k,h/ -
and, hence, it converges to 0. O

Now, we prove M (m), defined in (B.25), is asymptotically negligible.
. . 1/2 \1/4 13 n
LEMMA B.7. Under Assumptions 2—4, lim,,_ oo E (mn Ay }M (m) }) =

Proof. Recall that b, = m,A; and \If" = IE(q)” Hi—1a,) — @G—j—1)a, W )2 and,
since H; = FO @ o (&5 : s € [0,1)),

E(‘I’flr,r f(i—l)An> = E(¢§1+r,r 7(:'—1)An) —E((G(i—1>AnW7+r)2‘}'(i—l)An)’

E (| Firr-na,) =E (0,

]:(H-r—l)A,,) -E ((O'(i—l)AnW?w)z ) ]:(i+r—1)An>'

Since W?_,,_, is a linear combination of W(;y)A,» - - -» W(itr4k,—1)A,» W€ have

f(i+r—1)An))

]:(i+r—l)A,,>)~

Nyrr = —Kp, (lizr—1 —17) (E (¢,'-1+r,r f(i—l)An) -E <¢;1+r,r

d)n()

Kp, (itr—1—7) (E (‘I’flr,r f(i—l)An) -k <qJ;1+r,r

1
d>k,,( )
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Next, note that, by (B.16), we have
E‘]E<\yin+r,r ‘F(i—l)An> _E(w?+r,r Flitr-1)A, )

2 3/2.
5E<E(‘I’f’+r,r Fitr-1a,) ) 5E<E((‘I’l+r r ‘}—(H-r 1)An)> < cay

We can then deduce that, for r # [,

2

1 3/2
(i 1511) = € sz Ky G = I, i = 1A
n

Therefore, denoting for simplicity I; = I(m,n,i) = (i — 1)(m+ 1)k, + 1,

1,2 i+ (mkn—1) A 2
< CAy, [ |Kp, (s—T)|ds | .
143

i1
i

mk,—1
m
E‘ Z M(m,n, i)+r,r
r=0

1/2 1/4

The result is then proved since m,, E |M/”(m)| < le/2 1/2f |K@w)|du— 0. 0O

At this stage, we are ready to prove a CLT for the processes M, (m), for each fixed m.
We follow the arguments of Jacod and Protter (2011, p. 550). For completeness, we outline
them here. Let

+1 +1
L(g), = / gu—nawl, L'(g),= f g u—1dw?, (B.26)
t t

where W' and W2 are two independent one-dimensional BMs defined on an auxiliary space
(fz,ﬁ , (]t',) O’ED)' The processes L(g) and r (g) are independent, stationary, centered,
=

t(vt;LI)A(H]) (u —1)g(u — s)du, and

E (L (9),L (g);) = t(\f:'IM(S D o/ (u — 1)g (u — s)du. Next, denoting [ the expectation

and Gaussian with covariances E(L(g),L(g),) =

with respect to If”, let
() =B (L@, +VL @) —2()),
W (ss.8) =B (L@ VL 91)* = 20@)) (ML )y +VL (9)0)” =126(8))).

R (v, v’) = /02 (,u/ (v, v l,s) —u (v, v’) w (v, v’))ds.

As argued in the proof of Theorem 7.20 in Ait-Sahalia and Jacod (2014), one can show
that éR (01,0v1) equals 4(@220,4/9 +2d>120t2ytt9 +d>11y1293), where v; = ,/yr is the
conditional standard deviation for €;. For a fixed m and t € [0, T], let y (m); = mu (o7, 60vy),
and y/(m); = f(;ndsf(;”ds/,u/ (at,ev;;s,s/).

LemMA B.8. Under Assumptions 2—4, for each m > 1, as n — 0o, the process

m,ll/ 2 l/ pr (m) converges in law to an random variable (r.v.) Y (m), which conditionally

on F is a centered Gaussian r.v. with variance
1

E((?(m))z‘}') 7 (y (m)y — y(m)%) / K2 (u)du.
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Proof. For i = l,...,ln(m), let nom)" = my*Ay et g =

I(m, ni)+r,r’> i
Fimn,i+1)—1)A,s Bi—t[[1=E[- Ig,” 11> bn = mnAp, and ¢, = ¢y, (g). For simplicity, we
write /; = I(m,n, i). Note that n(m)} is G!'-measurable and, furthermore, E[n(m)}|G! 1=
0. We will apply Theorem 2.2.15 in Jacod and Protter (2011) to the martingale 1ncrements
n(m);’, i=1,...,lp(m). By the Jensen-type inequality and (B.15), we have, for each fixed m,

ln (m) ln (m) mkn —1 1 4
Z Ei_1 [nm)[* < C Z misy | > g Kb (-1 =) |
. n
r=0 (B.27)
I o) 4 2.3 1 tll-—l"l‘mknAn 4
§Ci_zl m m"A"mknAn ./tl.,l K), (s—1)ds— 0.
Therefore, for every & > 0, Zl Mg |n(m)!! } 1 2 1 Zl (m)IE
- [nm)?"=e ) =
(}n(m)l'.'| ) "% 0. It remains to prove that, for a fixed m,
In(m) ) P 1 1
Swi= 3 Eit ((nom)?) — 77/1{2(“)@ (v' e =y om?),
vi= 2 B (0) = e e A
(B.28)
and, for any bounded F;-martingale N that is orthogonal to W, or for N = W,
I (m) P
>~ E(00m] (Va1 -1ya, =Na-na,) |Gy ) = 0. (B.29)
i=1
We start by proving (B.28). Let
| mk,—1
a;’ =S5 Z Kp, (tli"!‘r—l - t) d);l,--i-r,r
knAn r=0
(B.30)
1 mky,—1 1
= Kp, (tI,-fl — ‘[) ¢;l +Op () .
ry L anr O\
For (I(m,n,i) — 1)A, <s < ({(n,m,i+1)—1)A,, set
1 mk,—1 1 mk,—1 5
n_mw. - n m_ . - n
vs =Ei—1 (k,%An Z(:) ¢Ii+r,r>’ Vs Ei1 ((k%An Z(:) ¢1i+r,r) )
Then, we have
4 22 ln(m)
1/2 KnBp Knlq 2 m n 2 1
Sn =muA, K (11[,_1—1)<y - —()/ .7> +0p| ——— ).
R ; i i\ mu/Bn
If we can show that for any s € [0, T],
n P m P
Vs —> y(m)s, vy — v (ms, (B.31)
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we can obtain (B.28); indeed,

T
R S Vo 5 ~ oo )
Sn = (m+1)knAnmnAn knAn-/(; KmnAn(S T) ()/ (m); y(m)b)ds+0P(])
1 =
mpAQn 2 )
= dm+1) /m;gn K*(u) (J/’(m)r+umnAn - y(m)rJrLtm,,A,,)d”“‘OP(l)
P ! 2 ’ 2
— st D /K (w)du (y (m)¢ —y(m)r>.

To show (B.31), we fix s € [0, T] and apply Lemma 16.3.9 in Jacod and Protter (2011) with
the sequence iy, = I(m,n,i), T, = (I(m,n,i) — 1) Ay if Im,n,i —1)A, <s < I(m,n,i)Ap.

. . T — iy o~
Concretely, with the notation L]} = T Wi ik Lt = kn€l iy L = kn€l' -
for u € [0,m], we have

mk, —1
Z ¢1ﬂ+r,r =Fn (aTnLn’Lm’zn)’
r=0

1
K2A,

where F, is the functionon D x D x D (here D =D ([O, m]: RI) is the Skorokhod space),
defined as

mky—1 2

I I 1
Fa(ry2)=— Y x<i>+—y<i> —z—z(i) : (B.32)
S rt kn) - figa, Mo 220, \Kn

Note that the functions Fy,, F % converge pointwise to F, F’ 2, respectively, where

F(x,y,2) = / {(x(s) + 0y (s))2 — %921 (s)}ds.
0

Now, we deduce from Lemma 16.3.9 in Jacod and Protter (2011) that with Z =1, ¢ (f) =
folfz (#)du and the notation from (B.26):12

E (Fy (o7, L. L™ I")|Gi_1)) — E(F (0sL.vsL. 268 )ys)) = ¥ (m)s.

Similarly,
= P
E(ﬂ% (o7, L", L™, L") Q(H)) — y(m)j,

and we conclude (B.31). This finishes the proof for (B.28). Now, we show (B.29). Let

m1/2A1/4 mky,—1
n n n n
&= W E Ky, (igr,r = T) Privr,r

r=0

12Below, we assume that the space (Q,]:', I@’), where W! and W2 (hence, L and L') are defined, is an extension of
the space (€2, F,P) and that W' and W2 are independent of X and €.

https://doi.org/10.1017/50266466622000470 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466622000470

602  JOSE E. FIGUEROA-LOPEZ AND BEI WU

and set D} (N) = N, ~1ya, = Nui—1)a,- Since E (D(N);’lgf_l) = 0, we only need to
prove that, for any bounded martingale N,

()
S E (g;’D;'(N) ‘ G;l_l> Eo. (B.33)
i=1

Following the same argument of (B.27) and inequality (B.15), we have

I (m) 2 m A1/21 (M) mk,—1 )
Z E(¢)" = — Z i—1 (( Z Ky, (471 —T) |¢Z+r,,l) )
i=1 ¢kn ©® = r=0

Ln(m)

1
<C2mmn 3/2
i=1

1; 1 +mk, A, )
K2, (s—7)ds=0(l).
mknAn,/tl nln

i1
(B.34)

If N is a square-integrable martingale, the Cauchy—Schwarz inequality yields

1 (m) 2 m) In(m)

S Eoi @) | < | SSEE) || D E@ @) | <c/EN.

i=1 i=1 i=1
Note with notation (B.11) and

L2 A 1/4
;(”: Ko, (tharr—T) V],
i ¢k,,(g) Z m +rr ) Li+r,r

the same argument also yields [E;_1 ( /"D"(N)) < CA1/4 ]EN%. As shown on page 552

of Jacod and Protter (2011), we just need to prove this for N € N (i),i =0,1, where N ©

is the set of all bounded (f,(o))-martingales orthogonal to W and N\ (M is the set of all
martingales having Noo = h(th, A th), where h is a Borel bounded function on RY

and ] <--- <t and w > 1. When N is either W or in N'©, D(N)} is Hoo measurable.
Therefore, E;_| (CﬁD(N)?) is equal to

. . myll/szll/4 ‘mky—1 . ) .
]Ei—l ({I(m,n,i)D(N)i ) + WEJ'—I Z Kb,, (lli-H’,r - T) (U(Ii—l)An W1i+r) D(N), .
n r=0

The second term vanishes when N = W since it is the F(j,_1)a,,-conditional expectation of
an odd function of the increments of the process W after time (/; — 1) A,. Suppose now
that N is a bounded martingale, orthogonal to W. By Itd’s formula, we see that (W7)2
is the sum of a constant (depending on n) and of a martingale which is a stochastic
integral with respect to W, B on the interval [(j— 1) Ay, (j+k, — 1) Ay]. Then, the orthog-
onality of N and W implies this second term above vanishes as well. So, we have that

E (CI?D(N)?lg?—l) < CAI/4 ]EN%. When N € N is associated with & and w and the

t;’s, the same argument in Jacod and Protter (2011) and the inequality E ({l.")2 < Cm «I/T
n n
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deduced from (B.34) yield

In(m)

1
E E;,_y (¢"pavy?)| | < ow <A1/4+ )
; i—1 < I; z) n n ,—An

and (B.29) is shown. This finishes the proof of Lemma B.8. O

The only thing left to prove Lemma B.2 is the stable convergence in law Y (m) N Zz,
as m — oo. For this, we only need to show that, as m — oo, m+1 ( "(m)¢ — (m)%) —
R(o7,0vr). Recall that the process (L,L') is stationary, and the variables (L;,L}) and

(Ls,L}) are 1ndependent if [s—11 > 1. So, i/ (v V;5,5') = (n (v,\/))2 when |s—s'| > 1
and (vv ss) n (vv 1,5 —|—1—s) forall s, s’ > 0 with s’ +1—s> 0. Then, if m > 2
and letting = p (0¢,0ve) and p/ (s,s") = p/ (07,0ve;s,5'), we have

1
e (Ve =y ey Omye) = ds/ J)ds' —mu?

_m—1 2 , , N
=il (M (1,s") - )ds +7 ds/1 By "(Ls'+1—s5)— )ds,

which converges to R(or,0v;), since u,u’ are bounded. This finishes the proof of
Lemma B.2.
Step 3. We now show Lemma B.3.

Proof of Lemma B.3. Let b;, = m; A, and t(i) = (I(m,n,i) — 1) A,, where the notation
for I(m,n,i) can be found after Step 2 above. From the proof of Theorem 6.2 in Figueroa-
Lépez and Li (2020a) and recalling we have bounded jumps, we have

-1/2 172, t—t
b, ,[()Kb (l—r)((rt—of)dt by "TA,_ mf i <W>d3t+0p(l),

where L(¢) = ftoo K(u)dul (s~0) — fioo K (u)dul (4<qy. Furthermore, we have

—1/2

1
b / Kp, (t—1)dt = / K(u)du—i—f Kwdu ) — 0, asn — oo,
! (0,T)° Vbn \J=c0 =

bn

since Assumption 2 implies that x1/2 fxoo K(u)du — 0, as x — 00. So, for a fixed m, we can
rewrite m,l,/2 A,i/4ﬁ(2)” as

s nm) tO+m+ Dk, /o lnGm)
TS S L(T)"Bf+°P<1>=: D amy+op(1),
ity>t—vBy " '@ " i=1
(B.35)

with oc(m)l'.' =0 if i is such that (i) < t — +/b,. Combining with the proof of Lemma B.2,
we can deduce the following lemma.
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LEMMA B.9. Under Assumptions 2 and 3 and (2.2), with m;; — oo and my, A2/4 — B e
(0,00),

Iy (m) I (m)
1/2 1/4 NN n n
lim limsu EHD)"+HQR)" — m); — a(m)y| =0,
imtim sup i, (O +HQ" = 3 cm) ,2:1 (),

where ¢ (m)! = m,ll/zA,l/4

ky,—1 . ,
@ Kp, (1) — 1) Zm ¢Z+r’r with notation (B.11). 0O

Now Lemma B.3 follows if we apply Theorem 2.2.15 in Jacod and Protter (2011) to the
sum of martingale differences (C (m)? —|—oe(m):.1) and the filtration G; = .7-'(1’,+1 1A and

show that Zl" (m) (;(m);’ +ot(m)l’.’) N Z; + BZ.. To this end, we first need to show, for a
fixed m,

ln(Zm)E, (o)) = 5 (o =y ) [ K (B.36)

In(m)
> Eii ((wonf)?) — 5242 / L2 (uydu, (B.37)
i=1

In(m)

> Eioy ((¢m)fam)f)) — 0. (B.38)
i=1

The proof of (B.36) can be found in the proof of Lemma B.2. (B.37) can be directly derived
from the definition (B.35). So, we only need to show (B.38). With the notation (B.11), we

have
mky—1 D) +m+DknAn  /p_ ¢
Eiy Z ¢7i+r,r / L( b )dB’
_ t(i) n
r=0
mk,—1 P
n . 2 t(0)+(m+1k, Ay, t—1
2
=02 B (Wj’+) / L( )dBt
t(i) r;() O+r 1) bn
ikn—1 1D+m+Dkndn /4 _ 1
+Ei_ > Wity / ( )dB, ‘=A;+B;.
r=0 1@
s — (@) +rAy kn
Let U, = [ 4 ra, 8 (422D ) aW,, g0 = X0 g (£)1 (e, oy |O-BY

the Itd lemma, we have, when #(i) > © — /by,

kn—1 '
1 ‘mky, 1)+ (r+kn) Ay s—(t())+rAy,) s—T
A= Ei| ) Ui, =)L ds | =0,
i sz O‘t(t) i—1 ( ~ /t;i)+rAn ”’gn ( k,lAn ) ( bn > P

Iz
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since E ( Ul{ r‘ gi_1> = 0. As for B;, we can apply the Cauchy—Schwarz inequality. By
(B.16) and the boundedness of L,

2
mky—1 t(i)+(m+Dk, Ay Ss—T
B} <E;_ Z Vi) +r,r / Lz( b )dSSCAn.
r=0 1) "

Finally, we can show
In(m) In(m)
S E((Coam)IGio) = Y. CbuKy, () —T)A,_ 5 (Ai+B)
i=1 i:t(i)>1—~/by

Ln(m)

<Chn Y |Kp, (1) — D) (A,‘/z) — O (mnAn) — O.
=1

Now, we single out a two-dimensional BM W = (W,B), and a subset A/ of bounded

martingales, all orthogonal to W. Let D;’(N) = N(’i+l*])An = Ny;—1)a,- We need
to prove Zf":(;")ﬂi(({(m)?+<x(m)l'f)Dl’f(N)|Qlf1_l) £ 0, whenever N is one of the
components of W or is in the set N. Since [Wy,B;] < [Ws, W;] = t, we can deduce
Zg”:(;")IE(({(m);’+oz(m)l'<’)Dl'<’(N)|g;'71> E) 0,for the same reason as in proving

P .
(B.29). Next, Zﬁ”:(T)E(({(m);?+a(m)?)4|gi_1) — 0 can be easily deduced by
straightforward computation and (B.27). Thus, letting m — oo, we can conclude that

m,l,/ 2 A,z/ 4 (ﬁ(l)”—l—ﬁ(Z)") converges stably in law to a random variable defined on a
good extension (Q, .7:', (]:—t>t>0’ﬁh> of the space (Q,}' R (]-}),Z(),IP’), which, conditionally
on F, is Gaussian with a conditional variance 8% + 8%. Combining with Lemma B.2,
we can finally deduce that m,11/2A,1,/4 (HH"+HQ2)™) LN Z¢ + BZ,, where Z,Z, are

defined on <S~2,J:" , (]:})t 0,]?”>and conditionally independent with IEi_l <Z%) = 8? and
>

]Ei—l (Z;_.2> = 3%.
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