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POSITIVE TOEPLITZ OPERATORS OF
SCHATTEN-HERZ TYPE

BOORIM CHOE, HYUNGWOON KOO anD KYUNGUK NA*

Abstract. Motivated by a recent work of Loaiza et al. for the holomorphic
case on the disk, we introduce and study the notion of Schatten-Herz type
Toeplitz operators acting on the harmonic Bergman space of the ball. We
obtain characterizations of positive Toeplitz operators of Schatten-Herz type
in terms of averaging functions and Berezin transforms of symbol functions.
Our characterization in terms of Berezin transforms settles a question posed
by Loaiza et al.

81. Introduction

For a fixed integer n > 2, let B = B,, denote the open unit ball in R™.
The harmonic Bergman space b?> = b?(B) is the set of all complex-valued
harmonic functions f on B such that

1/2
wm:{év%w} <o

where V' denotes the Lebesgue volume measure on B. For simplicity, we
use the notation dy = dV (y), etc.

For 1 < p < oo, let LP = LP(V) be the Lebesgue spaces on B. As is
well known, b? is a closed subspace of L? and hence is a Hilbert space. By
the mean value property of harmonic functions, it is easily seen that point
evaluations are continuous on b2. Thus, to each = € B, there corresponds a
unique R(x,-) € b? which has the following reproducing property:

(L.1) f@) = [ Ry, ce B

for all f € b2. The explicit formula of the kernel function R(x,%) is well
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known:

SR S S I e 7 W
S ST [m,w{< ) }

for z,y € B where [z,y] = /1 — 2z -y + |z[2|y|2. Here, as in elsewhere, we
write x - y for the dot product of z,y € R™ and |E| = V(E) for the volume
of Borel sets E C B. In particular, the kernel function R(x,y) is real and

hence the complex conjugation in the integral of (1.1) can be removed. See
[1] for more information and related facts.

Let @ be the Hilbert space orthogonal projection from L? onto b?. The
reproducing property (1.1) yields the following integral representation of Q:

(1.3) Qu(z) = /B SR,y dy, zEB

for functions ¢ € L?. Since the function R(z, -) and its derivatives, when
stays away from the boundary, are easily seen to be uniformly bounded on
B, the projection @ can be extended to an integral operator via (1.3) from
L' into the space of all harmonic functions on B. It even extends to M,
the space of all complex Borel measures on B. Namely, for each p € M,
the integral

Qu(x) = /B R(z,y)du(y), = €B

defines a function harmonic on B.
For p € M, the Toeplitz operator T}, with symbol p is defined by

Tuf = Q(fdp)

for f € B> N L. In case du = @dV, we write T, = T,,. Note that T}, is
defined on a dense subset of b2, because bounded harmonic functions form
a dense subset of b%; see, for example, Lemma 2.5 of [2].

A Toeplitz operator T}, is called positive if u € M is a positive (finite)
Borel measure (we will simply write p > 0). For positive Toeplitz operators,
it is known that many basic properties in the holomorphic case continue to
hold for the harmonic case. See [2], [3], [4] and [10]. For example, the char-
acterizations (see Propositions 2.4 and 2.5) of boundedness, compactness
and membership of the Schatten classes for a positive Toeplitz operator are
complete analogues of characterizations in the holomorphic case obtained
by K. Zhu [12].
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Recently, M. Loaiza, M. Lépez-Garcia and S. Pérez-Esteva [9] studied
another aspect of positive Toeplitz operators in the holomorphic case on
the unit disk. Roughly speaking, they decomposed a given positive Toeplitz
operator into a family of local operators, introduced mixed norm spaces
associated with Schatten classes and then gave characterizations of mem-
bership in those spaces in terms of the so-called Herz spaces. Motivated by
such results in the holomorphic case, we obtain in this paper the harmonic
analogues on the ball.

In order to state our results we introduce some notation first. Through-
out the paper we let

Ap={x€B : ry <|x| <Tpmy1}

where 7, = 1 — 27 for each integer m > 0. We will write x,, for the
characteristic function of A,, for each m. Also, given pu € M, we let uxm
stand for the restriction of u to A,, for each m. Let 1 < p,q < oo and
€ M. Let S, denote the Schatten p-class described in Section 2. We say
that T), is a Schatten-Herz (p, q)-type operator if T}, € S, for each m and
the sequence {||T}y,,|ls,} belongs to £9. We will write S, 4 for the space of
all Schatten-Herz (p, q)-type operators.

In this paper we give characterizations for a positive Toeplitz operator
to be of Schatten-Herz type. In view of Proposition 2.4 below one may
naturally expect such characterizations to be in terms of certain mixed norm
spaces involving averaging functions or Berezin transforms. Such mixed
norm spaces turn out to be the so-called Herz spaces K4()\) consisting of all
measurable functions f on B such that the sequence {|| fxmllz»(r)} belongs
to #4. Here, and in what follows, we let A denote the measure on B defined
by

d\(z) = R(z, x)dx.

Also, we refer to Section 2 for definitions of the averaging functions ji5 and
the Berezin transform p of € M.
The following theorem is our main result.

THEOREM 1.1. Let 1 < p,q < o0, 6 € (0,1) and p > 0. Then the
following conditions are equivalent:

(a) T, € Spa-

(b) i € KE(N).
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(c) fs € Kg(A).

Remark. The holomorphic version of the equivalence (a) <= (c¢) above was
proved on the disk in [9]. While our method for the proof of (a) <= (c) is
basically adapted from [9], substantial and nontrivial amount of extra work
is required for the setting of harmonic Bergman spaces. In the same paper
[9], however, the holomorphic version of the equivalence (a) <= (b) was
proved only for the case p =1 or p = ¢ and the case ¢ # p > 1 has been left
open. One can easily modify our argument of the present paper to remove
such a restriction as above.

In Section 2 we review some basic notions such as Berezin transform,
averaging functions, Schatten class operators and Herz spaces. In Section
3 we prove various mapping properties of the Berezin transform which will
be the main tool in our argument. In Section 4 we prove our main result
Theorem 1.1 and observe some consequences.

We often abbreviate inessential constants involved in inequalities by
writing X < Y for positive quantities X and Y if the ratio X/Y has a
positive upper bound. Also, we write X ~ Y if X <Y and Y < X.

§2. Preliminaries

In this section we briefly review some basic notions and their properties.
We first recall Berezin transform and averaging functions. Let u € M.
Its Berezin transform p is then a function on B defined by

() = /B r(@.y)Pduly), zeB

where

_ R(z,-)
[R(z, -)l2

is the normalized reproducing kernel. For ¢ € L', we define ¢ = 11 where

r(x,-)

du = @ dV. The notion of Berezin transform can be extended even to non-
integrable functions which belongs to some weighted Lebesgue spaces. See
Proposition 3.6 below.
For ¢ € (0,1) fixed, the averaging function fis is defined by
_ p[Es(@)]

ﬁg(m)—m, r€B
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where
Es(2) ={y € B : o —y| < (1 — |o])}

is the euclidean ball with center at = and radius 6(1 — |z|). Also, we let
s = ps for du =@ dV.

The estimate of the kernel function along the diagonal is easily seen.
Namely, it is straightforward from (1.1) and (1.2) to see that

(2.1) R(z,z) = ||R(z, )l = (1 — [a])™"

for x € B. This estimate continues to hold even for points staying suffi-
ciently close to the diagonal in the sense that there exists some dg € (0,1)
for which we have

(2.2) R(z,y) ~ (1= [x)™"

whenever z € B and y € Ej,(z); see Lemma 2.3 of [2] on general domains.
A consequence useful for our purpose is the fact that averaging functions
over balls of small radii are dominated by Berezin transforms.

PROPOSITION 2.1.  Given § € (0,0¢), there exists a constant C' = C(9)
such that fis < Cpu for u > 0.

Proof. In order to see this note that we have by (2.1) and (2.2)
r(zy)P = A=z € B2

and the estimate is uniform in x € B. So, for a given u > 0, we have

As(a) ~ (1— Ja) / 1 duy)

Es(x

~ / ir(@ ) du(y)
E

5(x)

2
< /B i, 9)I2 du(y)
— i(x)

(x
as desired. The proof is complete.

For positive measures there are more useful properties of the Berezin
transform and the averaging operators. Here, we mention a couple of such
properties taken from [2] and [3] where the settings are more general. The
following is taken from Lemma 3.2 of [2].
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PROPOSITION 2.2. Given d,¢ € (0,1), there exists a constant C =

—

C(0,€) such that fis < C(jie)s for pn > 0.

The following is implicit in the proof of Proposition 2.14 of [3].

PROPOSITION 2.3. Given § € (0,1), there exists a constant C = C(0)
such that @ < Chig for p > 0.

We now turn to Schatten class operators. For a compact operator T’
on b2, let {s,,(T)} be the nonzero eigenvalues with multiplicity of |T'| =
(T*T)'/? arranged so that the sequence is non-increasing, where T* denotes
the Hilbert space adjoint of T. This sequence is called the singular value
sequence of T'. For 1 < p < 0o, we say that T is a Schatten p-class operator
if the singular value sequence {s,,(T")} belongs to ¢¥. Let S, be the space of
all Schatten p-class operators on b%. The space Sp is then a Banach space
equipped with the norm

1/p
ITls, = {Z \Sm(T)\p} :

See [13], for example, for more information and related facts. Also, we
denote by S, the class of all bounded linear operators on b% and let ||T||s,,
denote the operator norm ||T'|| of T' € Sw.

The following characterization for a positive Toeplitz operator to be a
member of the class Sy, is taken from Theorems 3.9 and 3.13 of [2] where the
setting is more general. Note that the case p = oo gives characterizations
for boundedness, which is also included in Proposition 2.5 below. We did
so for easier reference later.

PROPOSITION 2.4. Let 1 < p < o0, § € (0,1) and p > 0. Then the
following conditions are equivalent:

(a) T, € Sp.
(b) e LP(A).
(c) fis € LP(N).

Moreover, the equivalences ||Tylls, ~ ||l o) = [|Hs|l e () hold.
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We also have corresponding characterizations for boundedness (com-
pactness resp.) taken from Theorems 3.5 and 3.9 (Theorems 3.11 and 3.12
resp.) of [2]. Here, Ly denotes the space of all bounded functions f on B
such that f(z) — 0 as |z| — 1.

PROPOSITION 2.5. Let ¢ € (0,1) and > 0. Then the following condi-
tions are equivalent:

(a) T, is bounded (compact) on b?.

(b) i I (Lo).

(c) ms € L™ (Lyo).

(d) The inclusion J,, : b* C L*(u) is bounded (compact).

Moreover, the equivalences || T,|| = ||iil| o = ||fs||Lee & || ||* hold.

This proposition has the following consequence which is actually true
on the general setting of [2]. Since it is not mentioned in [2] explicitly, we
include a proof.

PROPOSITION 2.6. Let p € M and assume that T),| is bounded on b2.
Then T, is bounded on b2 and

[Tl < ClIT

Jor some constant C' independent of w. If T\, is compact on b2 in addition,
then T, is also compact on b2.

Proof. Since T}, is bounded on b2 by assumption, the proof of Lemma
3.8 of [2] shows that

/B/B |R(z, y)| dz d|p|(y) < oo

and therefore one can apply Fubini’s theorem to justify

[ @upaav = [ fod
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for f,g € b> N L. Since the inclusion J, : b*> C L*(|u|) is bounded by
Proposition 2.5, it follows that

(2.3) '/B(Tuf)ng‘ < zqupllgl zquy < 121 F 129l

for f,g € b> N L>. Now, since b> N L™ is dense in b?, we conclude that T, is
bounded on b* with ||T},|| < ||.Jj,,||* and thus the first part of the proposition
holds by Proposition 2.5.

Now, suppose that 7}, is compact on b%. By (2.3) we have

1T fll2 < NSl 1122 )

for f € b?. Thus, given a sequence {f,} in b?> which converges weakly to 0,
we obtain

1T fullz < [Tl 1 fullz2quy — 0, n— oo,

because the inclusion J,| is compact by Proposition 2.5. The proof is com-
plete.

Finally, we recall the Herz spaces on the ball. Let a be real and 1 <
p,q < 0o. Then the Herz space KL'® is the space consisting of all functions
feL? (V) such that

loc

’ < 0Q;
04

£y = [[ {27 N xomllze )

recall that y,, denotes the characteristic function of the annulus A,,. Equipped
with the norm above, the space K§'® is a Banach space. Note that an ap-
plication of Hoélder’s inequality yields

/B fgav =3 /A F9dV <" Fxomlloo 9l

for positive measurable functions f and g. Here, and in what follows, p’

denotes the conjugate exponent of p. Now, another application of Holder’s
inequality leads to Holder’s inequality for the Herz spaces as follows:

(2.4) faavi <\ flxpellgler—ar  fEKR™ ge k™
B q ICq/ q
for the full range 1 < p,q < oo and arbitrary « real. We remark in passing

that this Holder’s inequality actually leads to dualities between Herz spaces;
see Theorem 2.1 and Corollary 2.7 of [7] for details.
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Note that, given 1 < p < oo, we have ||xm|lr & 27"/P for m > 0.
Thus, the space KI'® contains constant functions if and only if either (i)
a>—1/p or (ii) @« > —1/p and q = oo. Thus, if either (i) o < 1/p’ or (ii)
a <1/p’ and ¢ = 1, then we have by (2.4)

L1V < | flleze 1] pr = < 00
B q ICq,

for f € K. In particular, we have X5 C L! whenever a < 1/p’.
Given 7 real, let V,, denote the weighted measure on B defined by

dvy(z) = (1 —|z|)7 dx.

Let 1 < p < oo and « real. Then, given m > 0, we have 1 — |z| =~ 27™ for
x € A,, and thus obtain

1/p
21 ol 1 = { | ey dx}

~{/ 1=l dm}l/p

~ || fxmllLe(va,)

and this estimate is uniform in m. It follows that

25) I lcpe = [ {0 xmll o},

for 1 < g < oco. In particular, since A = V_,,, we have

1 lp—rre = | {0 Xm0},

this estimate is easily seen to be valid even for p = co. So, equipped with
the norm of Kg’_n/p, the space KF(\) is precisely the same as ICZ’_n/p
the full range 1 < p,q < co. Also, note that

for
(2.6) ICg()\) ~ LP(\)

for 1 < p < co. That is, these two spaces are the same as sets and have
equivalent norms as Banach spaces.
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§3. Berezin Transform

In this section we prove various mapping properties of the Berezin trans-
form which we need for the proof of Theorem 1.1 in the next section.

Our first observation is that the Berezin transform continuously takes
the Herz spaces K4 (\) into L. We begin with the Herz norm estimates of
the kernel function. For that purpose, we recall boundary integral estimates
of the kernel function. Note that each function R(z,-), x € B, has a con-
tinuous extension up to the boundary and |R(z, ()| < [z,¢] ™" = |z — {|™"
for ( € 9B. Motivated by this, we put

dS(¢)
3.1 Jg(x) = / —_—
(8:1) p(o) oB |z — |
for z € B and (8 real. Here, and in what follows, S denotes the surface area
measure on dB. For 8 > —1, it is known that

1

(3.2) Jp(r) S (1 )P+

T € B;

see Lemma 3.2.(d) of [5].

LEMMA 3.1. Let 1 < p,q < oo and assume —1/p < a < 2n — n/p.
Then there exists a constant C = C(«, p,q) such that

C
(T —fa /e

IRZ [l cpe < R, = R(z,)

for x € B.

Proof. Fix x € B. We first estimate ||R2x,,||». Note that R(z,r¢) =
R(rz, () for ¢ € 9B and 0 < r < 1. Thus, for p < oo, we have by (3.2)

IR x|, = / R(z, )| dy

m

- / T e / (R(rz, Q)7 dS(C) dr
Tm 0B

Tm+1
< / Jopn—n(rx) dr
Tm

T"m+1 — Tm
S W= el
—-m
< 2 .
~ = Jal + 2 e
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We therefore conclude
9—m/p
(= lal + 2o =G

(3.3) IR Xom I Lr S

and this estimate is uniform in m. Also, this estimate remains valid for
p = oo, becanse |R(z,y)| < [,5]" < (1 [zlly) " by (1.2).

Now, we estimate the Herz norm of R2. Let 1 < ¢ < oo. For |z| < 1/2,
it is easily seen from (3.3) that

IRl S [[(2mCerr/my

~ 1.
YA

So, let |z| > 1/2. First, if (1 — |z|) < 27™, then we have by (3.3)

9—m(a+1/p) 1
—ma || P2 < — 9m(2n—n/p—a) <
2 | ReXmllze < 9—m(2n—(n—1)/p) 2 = (1= |a|)2n/r—a’

Meanwhile, if (1 — |z|) > 27", then we have by (3.3)

R < 9—m(a+1/p) 1
ma - < )
H X ”LP ~ (1 — ’$|)2n—(n—1)/p (1 _ ‘x’)Zn—n/p—oe

So, the case ¢ = 0o follows. Also, for ¢ < oo, it follows from these estimates
that

IRZpe = D 2™ | R xm 10

m

< Z 2mq(2nfn/pfa)
m<logy (1—|z[)~!

1
~ma(o+1/p)
e B DR

m>logsy(1—|z|)~1
1
~ (1 — ’m|)Q(2”_”/P_0¢)7

as desired. The proof is complete.

Recall that if a < 1/p/, then Ki'® C L!. In particular, the Berezin
transform is well defined on the space Kh(A\) C L! for 1 < p,q < oo.

PROPOSITION 3.2. Let 1 < p,g < oo. There exists a constant C =
C(p,q) such that

[@llzee < Cllellkn
for functions p € K§(N).
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Proof. Let p € K4(A\) and x € B. We may assume ¢ > 0. Recall that
R(z,z) = (1 — |z|)~™. Thus, by (2.4) and Lemma 3.1 with & = —n/p, we
obtain

() ~ (1 — |z]) /B ()| R(z,y)[2 dy
< (1~ lal)" el g IR ot
q

(1 — =)™
<

Sy —.
Now, since KE()\) = ICZ’fn/p, we conclude the proposition.

As a corollary we see that Toeplitz operators with K} (\)-symbols are
compact when ¢ is finite.

COROLLARY 3.3. Let 1 <p<o0,1<q< o0 and ¢ € K5()\). Then
T, is compact on b2.

Proof. Given an integer N > 0, let »ny = ¢(x0 + -+ + xn) and 7n =
| — 1¥n|. Then, by Propositions 2.6, 2.5 and 3.2, we have

1T = Ty | S N Try | = I llizee S I llicz oy = e — dnlliz -

Meanwhile, since [|oxml|ze(x) = [[Xm [z (n) for all m, we have

q ~ q
le =l = D lexmlin —0
m>N+1

as N — oo (recall ¢ < 00). Accordingly, we see that Ty, — T, in the
operator norm. Note that each operator Ty, is compact on b2, because its
symbol is supported in a compact subset of B. Thus T}, is compact on b2.
The proof is complete.

We now turn to the boundedness of the Berezin transform on the spaces
KB for a certain range of parameters. As a preliminary step we first es-
tablish the boundedness of the Berezin transform on the weighted Lebesgue
spaces LP(V,). We actually prove a more general version. We need a couple
of lemmas.
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Given z € B with o # 0, let # = x/|z|? stand for the inversion of z
with respect to 9B and define a non-tangential type approach region I'(z)
by

L()={yeB:|z—yl<v(z]-ly)}

where v is an arbitrary but fixed number such that 1 < v < 3/2v/2. Note
that |z| = 1/]z|.

LEMMA 3.4. There is a constant C' = C(n) such that

C
R(x,y) > —
(z,y) T

for z,y € B such that |z| — |y| < 1/5 and y € T'(x).
Proof. First, note that
[z, 9] = [|Z]2 — [aly| = |2l|z —y| < |7 —y]
and therefore we have by (1.2)

2
1- \x!2\y!2> _ 4

s Blle — ol Rea) > (<) -2

for z,y € B.
Now, let z,y € B be arbitrary points such that |z| — |y| < 1/5 and
y € I'(z). Then, since |z| — 1 < |z| — |y| < 1/5, we have

S, _ _ 1
(2l = 1) < Jal(2] = lyl) = 1 = Jelly] <

and thus
2] 12 3, 3
1=]allyl" = (A = [2lly) (A + [2llyl) = 5 (2] = ly]) > 51z =yl

This, together with (3.4), implies the lemma, because (3/2v)2 > 4/n by our
choice of v. The proof is complete.

LEMMA 3.5. For —1 < a < oo and c real, let

Lno() = /B Rz, )9/ (1 |y} dy

https://doi.org/10.1017/50027763000025733 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000025733

44 B. CHOE, H. KOO AND K. NA

for x € B. Then the following estimates hold:

1 if ¢<O0

Ioc(z) = { log %m if c=0
1 .

(e if ¢>0

as |x| — 1.

Proof. Let —1 < a < oo and ¢ real be given. Fix an arbitrary point
x € B. We first prove the lower estimates. We only need to consider
x sufficiently close to OB so that |Z| — 1 < min{l — v~ (10v)"!}. Put

n=x/|x|. Let

Gx)={C€oB:(+zeI(x)}
and

G(n) ={C€dB:(+neln)}
Note that
(3.5) IC+z <20 -v7Y),  CeG(x)

by definition of the set G(x). Let G*(x) be the convex hull of G(x) and the
origin. Also, let

Qz)={z€ G (z): 2v(jz| - 1) < |z] < 1/5}.
We need some properties relevant to these sets. First, we have inclusions
(3.6) G(n) C G(x), z+ Qz) C T'(z) N B(z)

where B(Z) is the ball with center at  and radius 1/5. To see the first
inclusion, let ¢ € G(n). Note that (3.5) remains valid with » in place of z.
So, we have

C+z <[+ +]z—n <20-v ) +z|-1<31-rv) <1
and

[l <v(@ = I[C+nl) = vzl = |z —nl = I¢+nl) <v(|z] - [z + ()
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so that ( € G(x). To see the second inclusion, given ¢ € G(x), let t; € (0,1)
be the number such that ¢t.( + z € 0B. Then we have t( + € B for
tc <t < 1. Note that we have

ti¢l =t(¢ +7) — 7
< tv(|z| = 1¢ +z)
= v(lz] =t + 2] — (1 —1)|z])
< w(|z| = [t¢ + 7[)

for 0 <t < 1. Thus, t( + € I'(z) for t <t < 1. So, since t¢ = [t(| <
v(|z| — 1), we have tG(z) + & C I'(x) for v(|z| — 1) < ¢ < 1, which implies
the desired inclusion.

Next, we claim

(3.7) L-pyl~lz—-yl, yez+Q)

One direction is clear, because 1 — |y| < |Z| — |y| < |Z —y|. To see the other
direction, pick any y € 4+ Q(z) N B(Z) and put y — & = ¢¢ where ¢ € G(z)
and 2v(|z|—1) <t < 1/5. Note that — € G(x) and thus [(+7] < 4(1—-v~1)
by (3.5). It follows that

yl <ly =&+t + |z =t = |2 = t(1 = |¢ +n]) < |2 = t(4v ™" = 3)
and thus
L=yl > 4t = 3) — (] - 1) > (7 — 6w)(a] - 1).
Now, since y € I'(z) by (3.6), it follows that
[z -yl <v(z=ly) S @ —lz) + A =y STyl

as desired.
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Now, by Lemma 3.4, (3.6) and (3.7), we have

(1 —lyD"
Ioz,c T 2/ — dy
(=) I'(z)NB(z) |z — y|ntate

> / _
#4Q() [T — y["te

B / dz
Q(x) ’Z‘n—l—c

1/5 ,
— 5[G(x) / a

w(jal-1) T
1/5 dr

> S[G(n)] / A
u(jz]—1) 1T

as |x| — 1; recall that S denotes the surface area measure on 9B. This
yields the desired lower estimates.

We now turn to the upper estimates. Note that if I, » is bounded on
B for some ¢’ < 0, then so is I, . for every ¢ < ¢. So, it suffices to consider
¢ > —1; another proof for ¢ > 0 can be found in Lemma 3.2.(c) of [5]. Let Jg3
denote the integral defined in (3.1). Then, integrating in polar coordinates
and then manipulating the resulting integral, we have

1 1
L) < / (1= )% so(ta) dt <1+ / (1= 09 T s (b2) dts
0 0

the second inequality holds by integration by parts and the estimate
‘%[J(Hc(tx)” < 2Jaqct1(tx). Now, since o +1 > 0, the integral in the
rightmost side of the above is dominated by

1 1 1
Jo(tz)dt < / it
/o o (1 —tfzf)et!

where the inequality holds by (3.2), because ¢ > —1. It is now elementary
to see that the last integral above satisfies the desired estimates for ¢ > —1.
The proof is complete.

Given « and (3 real, we let

Do sf () = (1 [z])® /B F@)| R, ) 1D avs(y),  zeB
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whenever the integral is well defined. A complete range of parameters, which
ensures the boundedness of these operators on weighted Lebesgue spaces, is
given as in the next proposition. Note that ®,, ¢ is equivalent to the Berezin
transform.

PROPOSITION 3.6. Let 1 < p < oo and «, (3, 7y be real. Then ®, g is
bounded on LP(Vy) if and only if —pa <~y +1 < p(B+1).

The holomorphic version of the above proposition is well known. See
Theorem 1.9 of [6]. We here included the proof below, which is a modifica-
tion of the proof of Theorem 1.9 of [6], for completeness.

Proof. We first prove the necessity. Suppose ®, 3 is bounded on
LP(V,). Apply @ to a function of the form f(z) = (1 — |z|)V, where N
is chosen sufficiently large so that N > a and N > —(3 — 1. Then we have

Qo pf(z) ~ (1—|z]), r€B

by Lemma 3.5. Since ®,3f € LP(V,) by assumption, the above yields the
inequality pa+~ > —1. It remains to prove the inequality v+ 1 < p(5+1).
First, consider the case p > 1 and let N be the adjoint operator of ®, g
with respect to the dual action induced by the inner product of L*(V,). A
little manipulation yields the relation ®7 5 = ®3_ya1y. Note that @7 ;
is bounded on Lp/(VA,). Thus, applying the same reasoning as above, we
have the inequality p’(8 — )+~ > —1, or equivalently, p(6+1) > v+1, as
desired. Next, consider the case p = 1. We then need to show the inequality
B > 7. Note that @7, ; is bounded on L>(V,). In particular, P slis a
bounded function on B. More explicitly, we have

sup(1 = o) [ Rz, g) MO0~ yl) 7 dy < .
z€B B
This, together with Lemma 3.5, yields 8 > v as desired and the proof of
the necessity is complete.

We now prove the sufficiency. So, assume —pa < v+1 < p(6+1). The
case p = 1 is an easy consequence of Lemma 3.5 and Fubini’s theorem. So,
assume p > 1. Since

1 _
v+1<p(B+1) < —ﬁt <%
1
—pa<y+1 <= —%<%,
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we see that the intersection of intervals

B+l _at+y+1 B—1v
( P ’p’>ﬂ< p D >

is nonempty. Fix any s in this intersection so that

B4+ps>—1, a—p's>0, a+ps+~v>—-1, B—ps—7>0.

Thus, by Lemma 3.5, we have
/ (1 =y PR, )T dy S (1= o)), weB
B
/ (1 — [P Rz, y) O de S (1 [y)~"P4, yeB.
B

Now, setting
K(ry) = (1 - |a)*(1 — )| R(a, ) e

which is the kernel for the operator @, 3 against the measure V,(y), we can
rewrite the above estimates as

/B(l — )P K (2, y)dVy(y) S (L= [)"*,  weB

/B (1— [P K (z,9) dVy (@) S (1= W), y e B;

the suppressed constants in these estimates are independent of z,y € B.
We now conclude the boundedness of ®, g on LP(V,) by Schur’s test (see,
for example, Theorem 1.8 of [13]). The proof is complete.

Remark. In case (o + (3)/n is an integer, let

Napf (@) = (1 [a])® /B f@)R@.y) MDAy, ze B

whenever the integral is well defined. Then, as in Theorem 1.9 of [13], one
can see that, for 1 < p < oo, the parameter range for the boundedness of
Aq g on LP(V,) is also precisely —pa < v+ 1 < p(8 + 1). In particular, the
special case @« = 8 = v = 0 shows that the projection @ is bounded on L?
if and only if 1 < p < oo; also, see [11].

Next, we need an interpolation property of operators on the Herz spaces.
Let 9 be the class of all positive (possibly infinite) measurable functions
on B.
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LEMMA 3.7. Let 1 <p<oo,1<q<o00 and « be real. Assume that a
mapping T : My — My satisfies the following conditions for functions f, g
and sequences {f;} in M :

O T(f+9) <Tf+Tg.
(i) T(liminf f;) < liminf T'f;.

(i) |Tfll e (vapee) < Crllfllr(viapse) for some constants e,C1 > 0 indepen-
dent of f.

Then there is a constant C such that

1T fllxcze < Cllfllxcze
for f e My,

Proof. Let f € 9. By (iii) we have
/ |T(me)|p dvapie < Cl / |f|p dVapie
B Am

for each m > 0. Note that 1 — |z| = 27™ for z € A, and m > 0. Thus the
above estimate yields

/ T (o) dVip ~ 27 / TP Vg
A A,

g 2$6k/ ’me‘p dVOép:l:E
Am
~ 2:Fe(k—m) / ‘me’p dvap
B
so that

(3.8) 1T (Fxm) Xkl Lo vy S 27 ™ VP fxnl 1o vy

for all integers m, k > 0.
Now, since T(3-N_ | fxm) < N _ T(fxm) for each N by (i), we have
Tf<>, T(fxm) by (ii). So, for each k =0,1,---, we have by (3.8)

1T )Xkl vy < D NTEXm) Xkl 2o vy S D 27 F 2] fxm 1oy
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and therefore conclude by (2.5)

ITfllg S {Zz—e’f/p} |Ermllzo |, = 17llcpe
k

where the first inequality holds by Young’s inequality. The proof is com-
plete.

We are now ready to prove the following K5'“-boundedness of the Berezin
transform.

PROPOSITION 3.8. Let 1 < p < o0, 1 < g < 00 and o be real. If
—n—1/p < a < 1/p', then the Berezin transform is bounded on K¥*. In
particular, the Berezin transform is bounded on K4 (\).

Proof. Assume —n—1/p < a < 1/p’, or equivalently, —np < ap+1 < p.
Note that the Berezin transform is well defined on K5“ C L', because
a < 1/p'. Also, note that the Berezin transform takes 9 into itself. Thus,
for boundedness on K5, it is sufficient to show that the Berezin transform,
when restricted to 9, satisfies all the three conditions in the hypothesis of
Lemma 3.7. First, the conditions (i) and (ii) hold by linearity and Fatou’s
lemma. Next, choosing an € > 0 such that

—np<apte+1<p,

we see by Proposition 3.6 (with « = n and 8 = 0) that the Berezin transform
is actually bounded on LP(Vapie). So, the condition (iii) also holds. This
completes the proof of the first part of proposition. Taking o« = —n/p, we
have the second part of the proposition. The proof is complete.

The second part of Proposition 3.8 remains true even for p = co. See
Corollary 4.5.

§4. Positive Toeplitz operators in 5, ,

In this section we prove our main result Theorem 1.1 and observe some
consequences. Given 1 < p,q < oo, recall that the space S, , consists of all
Toeplitz operators T}, of Schatten-Herz (p, ¢)-type, meaning that T),,,, € S,
for each m and the sequence {[|Ty,,||s,} belongs to £¢. The norm of T}, €
Sp.q is given by

IToll500 = [{ 1Tl ],

We begin with a simple covering lemma.
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LEMMA 4.1. Given § € (0,1), there exists an integer N = N(0) such

that
m+N

E(g(l') C U Ap (A_1 = @)

k=m—1

forx € Ay, and m > 0.

Proof. Fix § € (0,1) and let N be an integer such that (1—9)2V~1 > 1.
Let m > 1 and = € A,,. Consider an arbitrary point y € Fs(z). Then we
have

lyl <zl +01 —|z)) =1 - (1 —|z)(1 = 6) <1— (1 —rmi1)2" N = rpngn
and
lyl > |z| =01 —Jz[) =1 = (1= [2)(1+6) > 1 =2(1 —rm) = 71

for m > 1. So, we see that Es(x) is contained in the annulus with inner
radius 7,,—1 and outer radius r,, . For m = 0 one may easily modify this
argument. The proof is complete.

Next, we need a certain sup-norm estimates of the Berezin transforms
on each piece of the annuli. For that purpose we introduce more notation.
In what follows we let

A3, () = Am [ [B(¢, 6627™) \ B(C, (€ —1)527™)]

form >0,¢>1,6 € (0,1) and ¢ € dB. Here, B(¢,t) = 0 for t < 0
and B((,t), t > 0, denotes the euclidean ball with center at ( and radius
t. Also, we let (¢, t) = B((,t) N OB. Note that n € 3((,t) if and only if
1 —12/2 < ¢-n < 1. Thus, by slice integration (see, for example, Corollary
A5 of [1]), we obtain

(4.1) S[S(¢,1)] = en /iﬁ(l — ' dr, 0<t<2

2

where ¢, is the surface area of (n — 2)-dimensional unit sphere; recall that
S denotes the surface area measure on 9B.
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Given A‘ZM(C), pick a maximal collection of points @y, ¢.1,. .-, Tm.e,M,,,
in Afme(g) subject to the separation condition Egs(2m,e,i) NV Es/a(Tm,e;) = 0
for ¢ # j. Then we have

Mm@
(4.2) A0, 0 € | Bs(xmuey)
j=1

by maximality. In order to see this, let = € A‘fmg({). Maximality then
provides a common point y of some Es/4(Zm,,;) and Es/4(z). Since 1—|x| <
27 < 2(1 — |z e,4]), we have with such y

|z — 9Em,e,j| <o —yl+y— $m,€,j|
1)
< 7= fal +1 = [2me )
<6(1 = |zm,e,jl)

so that © € E5(xp0 ;). So, (4.2) holds.

By rotation invariance it is clear that M,,,, the number of points intro-
duced above, is independent of (. What we need is a uniform estimate for
upper bounds of M,y = M,,¢(9) as in the following.

LEMMA 4.2. There exists a positive integer N1 = N1(n) such that
Mp(8) < N2
whenever m >0, £ >1, 5 € (0,1) and ¢ € OB.

Proof. Let m>0,¢>1,6 € (0,1) and ¢ € OB be given. We continue
using notation introduced in (4.2). Note that

E5(@me;) C B(¢, (0+1)027™) \ B(¢, (£ —2)627™))

for each j and thus

Mope m+N  f+1
(4.3) U Esemes) o U U 40,00
j=1 k=m—1j=(—1

where N = N(0) is the integer provided by Lemma 4.1. We will derive the
desired estimate by a standard volume argument using the inclusion above.
So, we need to estimate the volume of the set A2 ,(¢). Put

50,00) = (¢, (0+ 671527 ™)\ B(¢, (0 =1 = 671)a27™)
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and let Dgw(g“) be the set of all y = |y|n € A,, where n € Efn,e(g)' Then it
is easily seen that A° ,(¢) € DS ,(¢).

We first estimate the surface area of the set ¥° ,(¢). Note that £° ,(¢) =
Pfor2< ({—1—6"1)527™ For 0 < ({—1—3"1)627™ < 2, we have by
(4.1)

~

S[Eh ()] S (@27 V(e + )" = (e =1 =671
~ g -2,
Also, for (£ —1—§71)§27™ < 0, we have
S8, o(O)] £ (627 M) D(E 4 571y S gl gn2
because ¢ < 1+ 6. In summary, we have
S e(Q)] S 27D

and the constant suppressed in the above inequality depends only on n. So,
we have

(4.4) |40, 0(O] < 1D e(Q) = 27 - SIS, ,(Q)] S 272

by integration in polar coordinates. We now deduce from (4.3) and (4.4)
that

M Mne

M2 & Z |Esja(@me;)| = U Esja(Tmej)| S 2702
j=1 j=1

and this estimate is uniform in m, £, § and (. This yields an integer Ni =
Nip(n) with the desired property. The proof is complete.

Now, we prove the sup-norm estimates of the Berezin transforms on
each piece of the annuli as in the next lemma.

LEMMA 4.3. Given 6 € (0,1), there exists a constant C = C(0) such
that

| (1 )s || Lo
|2k || Lo <CZW, k=0,1,...

for all u > 0.
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Proof. Let 4 > 0 and k > 0 be given. Let x € A, be an arbitrary
point. We have

i(z) = [ |r(z,y) duly)
- J
<

(1 — )"
N dp(y)
J T T
where the second inequality holds by (2.1) and the estimate
[R(z, )| S[A—[z)) + A= ly)) +lz—yll™,  yeB;

see Theorem 1.1 of [8].

Let x = |z|¢ where ¢ € dB. We continue using notation introduced
in Lemma 4.2. We will estimate the last integral in (4.5) by using the
decomposition

oo [e.e] o0
(4.6) B=JAn={J U450
m=0 m=0/¢=1

With this in mind, note that, given Afn,z(f ), we have
o=yl > [ =yl — e —¢[ > ((—1)s27" —27F"
for y € Afnyg(g) and thus

@7 A=leh+@—lyh+lz—ylz 27 +2™  ye A, (0

for all m and ¢, because 1 — |z| ~ 2% and 1 — |y| =~ 27™. Also, note that
we have by (4.2) and Lemma 4.2

Mne

A, (O <7 plAm N Es(2me,5)]
j=1
Mne

(4.8) SN @xm)sllzoe Y 1Es(@me )l
j=1

A~ Mipe2™ ™ [ (Xm )5 oo
< N 272 (@Xm sl e

for all m and ¥.
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Now, it follows from (4.5), (4.6), (4.7) and (4.8) that

o N (1 — [=])"
) < du(y)
g::wzl/fxfﬂ (1= fz]) + (1= Jy]) + [z — y[]*"
X on(k—m)pn—2 -
(4.9) mZ:O; HQ—WH(MXm)sHLw
= Z 2" Tl (X )| oo
m=0
where
& gn72
Jmk: - ; (1 +£72k5—m)2n'

To estimate these sums, we only consider m > k; the case m < k is simpler.
Since m > k, we have

szk

& gn—Q
~ n—2
Tk & Z S Z (¢2F—m)2n
/=1 f=2m—k

dt
~ 9(n—1)(m—F) +22n(m—k)/

2m7k tn+2
o~ 2(n71)(m7k:)

11
- 2n(kfm) Q\kfm\ :

This, together with (4.9), yields the desired estimate. The proof is complete.

We now turn to the proof of Theorem 1.1. Here, we actually prove a
more precise version including the equivalences of associated norms.

THEOREM 4.4. Let 1 < p,q < oo, 6 € (0,1) and p > 0. Then the
following conditions are equivalent:

(a) Ty, € Spq-
(b) 7 € KLV,
(c) fis € Kg(A).

Moreover, the equivalences || Tyls, , = ||l = [[Bsllxzny hold.
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Proof. We first show the equivalence (a) <= (c). It is sufficient to
show the estimate

(4.10) 115 lliczx) = (1Tl 5,4

We prove this for ¢ < oco; the case ¢ = oo is simpler. We use the convention
that A,, = 0 and x,, = 0 for a negative integer m. Fix u > 0 and choose
N = N(0) > 3 as in Lemma 4.1. We then have by Lemma 4.1

+
fisxm < Z JiXR)s
k=m—

and thus
m+N
sl < (N 4277 37 Gl
k=m—1

for all m > 0. Summing up these estimates, we have

o
Z isxml 20y < (N +2)7 3 NGl
k=0
Accordingly, we conclude
o o
(1) sl S S IR0 ~ 3 1T I, = T2,
k=0 k=0

where the second equivalence comes from Proposition 2.4.
We now prove the other direction of the estimate (4.11). Note that

Ej(x) can intersect A,, with m > 0 only when z € Um+1 NAr by Lemma
4.1. Thus, we have
m+1 m+1
(ExXm)s = Y (mxm)sxe <Y HoXe
k=m—-N k=m—-N
and thus
m+1
HEslltay < V42570 3 sl
k=m—N

https://doi.org/10.1017/50027763000025733 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000025733

POSITIVE TOEPLITZ OPERATORS 57

for each m > 0. Summing up these estimates, we have

(4.12) S sl < OV +2)0 S [sxellLy -
m=0 k=0

Consequently, reversing the estimate in (4.11), we obtain
HTMH?S’%Q 5 ||ﬁ6||qlcg()\)

and thus we conclude (4.10).

Next, we prove the equivalence (b) <= (c). Choose € € (0, §p) where &y
is the number provided by Proposition 2.1. Then, by (4.10) and Proposition
2.1, we have

Esllice oy = NHellczony S IRl
for the full range 1 < p, ¢ < co.
On the other hand, by Propositions 2.3 and 3.8, we have

[Bllz oy < NEsllz oy S NEsllce oy

for 1 <p<ooand 1l < q < oo. Also, for p =g = oo, we have ||lis]|p~ ~
liz|| o= by Proposition 2.4 and (2.6). Now, consider the case where p = co
and g < co. In this case, we have

72llicze ) = ([{l1Exk Lo | o S {Z Tk} 1€ Gaxm)sll oo ] o
=0

by Lemma 4.3 and Young’s inequality. Meanwhile, we have

o] 1/q
1@ )sll e H o S {Z IIﬁ(stquo} ~ (|1l ez (0

k=0

as in the proof of (a) <= (c¢) above. Combining these estimates, we have
[Elliczen) < 1slliceo (), as desired. This completes the proof.

We now observe some consequences. Given ¢ € (0, 1), it is not hard to
see that the averaging operator ¢ +— @g is LP-bounded for p = 1 or p = c©
and thus for all 1 < p < oo by the Riesz-Thorin interpolation theorem. It
turns out that the averaging operator is bounded on each of the Herz spaces
KE(X). Combining this fact with Theorem 4.4, we have the boundedness of
the Berezin transform on Kg°()\) which is the missing case in Proposition
3.8.
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COROLLARY 4.5. Let 1 <p,q <00 and ¢ € (0,1). Then the averaging
operator ¢ +— Qs is bounded on K4(N\). Also, the Berezin transform is
bounded on Kh(N).

Proof. Let ¢ € K4(\) and assume ¢ > 0 without loss of generality. We
first consider the case p = co and ¢ < co. We have

o o

1803y ~ 1850y S SN ETD G < 3 ol ~ Bl
k=0 k=0

by Theorem 4.4 and the first inequality in (4.11). All the remaining cases

follows from Theorem 4.4 and Proposition 3.8. The proof is complete.

Next, the following is an immediate consequence of (2.6), Proposition
2.4 and Theorem 4.4.

COROLLARY 4.6. Let 1 < p < oo and p > 0. Then T, € Sy, if and
only if T,, € Sp.

Also, we observe that the operator norm of positive Toeplitz operators
are dominated by their S, ;-norms. This consequence in turn implies that
operators in ), 4 are all compact for finite g.

COROLLARY 4.7. Let 1 < p,q < co. Assume p € M and T), € Spq-
Then

[Tull < Cl T lls,.q

for some constant C' = C(p, q) independent of p. If ¢ < oo and dyu = pdV
in addition, then T}, is compact on b2.

Proof. By Proposition 2.6 we may assume p > 0 without loss of gen-
erality. First, we have

—

1Tl = 1725l oo < 11(H6) 5] oo

by Propositions 2.4 and 2.2. Meantime, we have

— —_—

1(#5)sll oo = [[(a)lloe S Hlislliz o = (1 Twlls,.,

by Propositions 2.4, 3.2 and Theorem 4.4. This proves the first part of the
corollary.
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Now suppose that ¢ € L' and T}, € Sp 4. Given an integer N > 0, let
Uy = lp|(xo+ -+ xn). Then we have

HT\@@\_TwNH%p,q: Z ||T|e0|xm||qsp
m>N+1

by definition of S}, ;-norm. Note that the right side of the above tends to 0
as N — oo for ¢ < co. So, the second part of the lemma follows as in the
proof of Corollary 3.3. The proof is complete.

Finally, we prove that the spaces S, , are all different by constructing
explicit examples.

COROLLARY 4.8. Let 1 < p,q,p1,q1 < 0o. Then Spq = Sp,q1 if and
only if p=p1 and ¢ = q1.

Proof. Given 1 < a,b < 0o, put

log k
Y= Pab = Z ok(n—1)/a}1/b Xk*
k=1

Let § € (0,1) be a sufficiently small number. For example, one may take
d <1/5. Let 1 < s < oo. We first prove

~ logm
(4.13) 1@5XmllLe(n) = om(n—1)(1/a—1/5) 1 /b

for integers m > 2.
Let m > 2 and put

. 11 11
Am:{?/eB : Tm+§'2m+1§|y|<7"m+1—§'w}-

Note that A\(A%,) ~ 27| A% | ~ 271 Similarly, A(4,,) ~ 2™~ Also,
since 6 < 1/5, it is easily checked that FEs(z) C A,, for z € A, as in the
proof of Lemma 4.1. Tt follows that (x,,)s = 1 on A% and thus

1(m)sXmll Lo (a) = MAR)Y* ~r 2mn=1/s,

This yields the lower estimate

- logm _
1@sxmllLsny = WH(XWL)&XWLHLS(A)

logm
~ gm(n—1)(1/a—1/s)m1/b"
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We now prove the upper estimate. Since (Xj)s < 1 on B, we obtain

H(ﬂ)aXmHLs(A) < Ixmllzsoy = )\(Am)l/s ~ om(n—1)/s

for k > 1. Also, we have Es(z) ¢ U2 | Ay, for © € A,, by Lemma 4.1.
Accordingly, we conclude

m—+2

=R log k g
I1BsxmllLepy < D WH(Xk)(SXmHLS(A)
k=m—1
logm

~ om(n—1)(1/a—1/s),1/b’

as desired.
Now, assume that either p # p1 or ¢ # ¢1. We only need to consider
two cases:

(i) p <p1;
(ii) p=p1 and q < q1.
By Theorem 4.4 it suffices to prove that
(4.14) Ps € KI(A), @5 & KGN

for some choice of a and b. Before proceeding, note that [|@sxml|rs(n) < 00
for m = 0, 1. First, consider Case (i). In this case we take a = p and b = oc.
Then, for 1 < s,t < 00, it follows from (4.13) that

logm
gm(n—1)(1/p—1/s)

@5€/Cf()\)<=>{ }e€t<:>p<s

and therefore (4.14) holds. Next, consider Case (ii). In this case we take
a =pand b= q. Then, for 1 <t < oo, we have by (4.13)

1
P5s €KV(N) = {O%Z}eét = q<t
m

so that (4.14) holds. The proof is complete.
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