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Abstract

In this paper, we investigate the geometric growth of homogeneous multitype Markov
chains whose states have nonnegative integer coordinates. Such models are considered in
a situation similar to the supercritical case for branching processes. Finally, our general
theoretical results are applied to a class of controlled multitype branching process in
which the control is random.
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1. Introduction

One of the problems that arises in the scientific literature on population dynamics is the study
of the extinction or the indefinite growth of certain biological (human, animal, cell, etc.) or
physical (particle, cosmic ray, etc.) populations. Furthermore, if unlimited growth happens, an
interesting question from a practical viewpoint is to determine the growth rate of the population.
Traditionally, branching processes have been used to model the evolution of such populations,
and geometric growth has been found to occur in a situation known as supercritical (see, for
example, [5]).

In this work, we deal with a class of stochastic process related to population dynamics
and more general than (homogeneous) branching processes, namely homogeneous multitype
Markov chains (HMMCs) in discrete time taking values in the space of vectors with nonnegative
integer coordinates. This class of process has been recently considered in [1], where their
indefinite growth was studied in detail. As a continuation of this study, we can investigate the
conditions that must be imposed on such models in order to obtain a geometric rate of growth.
The results of this paper provide some answers to such questions. As may be expected, the
conditions obtained are closely related to those that appear in the literature on supercritical
homogeneous branching processes.

Mathematically, we consider an m-dimensional homogeneous Markov chain, {Z(n)},>0,
whose states have nonnegative integer coordinates, i.e. S € NI, where S is the set of states.
From now on, this chain is specifically referred to as an HMMC. As a generalization of
homogeneous branching processes, we can use HMMCs to model the evolution of a population
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in which individuals of m different types coexist. More specifically, the ith coordinate of Z(n)
might represent the number of type-i individuals n generations after the process was started.
In the next section, we investigate the limiting behaviour of some sequences of linear
functionals associated with HMMCs, showing that, under certain conditions, they can be
suitably normalized using a sequence of constants describing geometric growth. In Section 3,
we return to the m-dimensional process {Z(n)},>0 and prove that this process and its associ-
ated linear functionals have the same growth rate, considering almost-sure convergence and
L®-convergence (1 < « < 2). Finally, in order to illustrate the power of our general theoretical
results, in Section 4 they are applied to a class of controlled multitype branching process.

2. Asymptotic behaviour of {Z(n)u},>0

In this section, we investigate the geometric growth of the sequence of linear functionals
{Z(n)pu}n>0, where p € R is a vector with positive coordinates (and the scalar product is
implicit in vector multiplication). Some of these sequences will play an important role in
our later study of {Z(n)},>0. Although the process {Z(n)u},>0 is associated to the HMMC
{Z(n)}n>0, notice that this process is not a Markov chain.

We consider a g € R such that

E[Zn+ Dp | Z(n) =z]
= 1m >
lzl|—o00 p

ru: 1, 2.1)

where || - || denotes an arbitrary norm on R”. Notice that (2.1) is an assumption on the
Markov chain {Z(n)},>0, and that r,, can be interpreted as the mean growth rate of the process
{Z(n)p1}n>0. As we pointed out, this situation corresponds to the supercritical case in the context
of branching processes. Throughout the paper, we suppose that E[Z; (1) | Z(0) = z] < oo, for
allz e Nj andi € {1,...,m}, and P[||Z(n)|| — oo] > 0, in order that the study make sense.
Sufficient conditions for the event {||Z(n)|| — oo} to have positive probability, under (2.1),
were proposed in [1]. Obviously, since u € R'}, this event can be rewritten as {Z(n)u — oo}.
For each z € Nij and g > 1, we introduce the functions 4 (z) and G g(z), as follows:

E[Z 1 Z =
hyu(2) = [Z(n + );’“’L' () z]—r“ ifz#£0,  hu(0):=1,

with 0 the null vector, and
Gup@) = ENZn+Dp —E[Zn+ Dp | Zm) =211P | Z(n) = z)"/P.

Notice that ry, hy(z), and Gy g(z) depend on the chosen vector u. However, in the rest
of the paper we will avoid using p in the notation and will instead write r, h(z), and Gg(z),
respectively, unless there is some ambiguity.

The following result allows us to conclude that, under some conditions, {r"}, >0 is the only
sequence of constants which can describe geometric growth of the process {Z (n) it},>0-

Proposition 2.1. Let {Z(n)},>0 be an HMMC and choose a p € R satisfying (2.1). If
G115(2) = 0(||z]|¥0+) for some 8 > 0, then

Zn+ Hp
m —

1 =r almost surely (a.s.) on {Z(n)p — oo}.
n—o00 Z(n)l,(,
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Proof. First, notice that the event {Z(n) . — oo} has positive probability since (2.1) holds
and G145(z) = O(||z]|%1*9) for some 8 > 0 (see Theorem 1 of [1]). Therefore, for simplicity
and without lost of generality, we can assume that P[Z(n)u — oo] = 1.

Since r > 1, we can take an € such that 0 < ¢ < r — 1. Define

By :={|Z(n+ D —rZmp| < eZmp),  n=0.
It is then sufficient to prove that

P[G ﬁ B,,] =1 (2.2)

k=0 n=k
For any N > 0, we define the stopping time 7'(N) by

T(N) = {min{n: Z(n)p > N} if there exists an n such that Z(n)u > N,

if Z(n)w < N for all n.

Since P[Z(n)p — oo] = 1, we have P[T (N) < oo] = 1. It also follows that

P[U ﬂ Bn} = Zp[ﬂ B, | T(N) = k] P[T(N) = k]. (2.3)
k=0 n=k k=0 n=k

Moreover, given that {Z(n)},>0 is an HMMC, for any k > 0 we have

P[ﬁ B, |T(N) = k] - P[ﬁ B,
n=k

n=k

ZOw <N, t=0,1,... . k—1, Z(k)uzN}

o0
> inf P B, | Z(k)=1z]|, 2.4
,.inf [Ok n | Z(K) ] (2.4)

and, taking into account the fact that Z,fio P[T(N) = k] = 1, from (2.3) and (2.4) we find that

o oo o0
P B,|> inf P B, |Z(0)=z|. 2.5
[U N n]_{z:ww} [ﬂ n | Z(0) z} (2.5)

k=0 n=k n=0

To complete the proof, it is enough to show that
o0

lim P BS | Z(0 =zi| =0. 2.6
Jim [L:Jo HEA® (26)

Indeed, if (2.6) holds then, for every > 0, there exists an N = N(n) > 0 such that

P[ﬁ B,

n=0

Z(0)=z}21—n,

for all z such that zu > N. By taking (2.5) into account, we then find that

P[G ﬁBn}zl—n

k=0 n=k

for all » > 0. Therefore, (2.2) holds.
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Let us prove (2.6). We rewrite | oo, BS as a disjoint union of sets C,, defined as follows:
Co := B, C,:=B,NB,_1N---NBy, n=>1.
Thus,
o
Z(0) = z] = > P[Cy | Z(0) =1z].

n=0

P[[j BS

n=0

Let us properly bound P[C,, | Z(0) = z], at least for z such that ||z|| is greater than or equal to
some constant k1. Since BoN---N B,_1 € ¥,, where %, := o (Z(0), ..., Z(n)) forn > 0, it
follows that
P[Cy | Z(0) = z] = E[lpenB,_in--nBy | Z(0) =z]
= E[lpyn..ns,_ Ellpe | Fal | Z(0) = z], (2.7)

where 1z is the indicator function of the set B. Since (zu) 'E[Z(n + D | Z(n) = z]
converges to r as ||z]| — oo, there exists a constant k| > 0 such that, for all Z with ||Z|| > ki,

|G E[Z(n+ D | Z(n) =Z] —r| < e

Also, since G15(z) = O(||z]|¥1+), there exists a constant A > 0 such that G145(%) <
A@EZp)?/(1+9) Thus, if ||Z|| > k; then, by applying Markov’s inequality, we conclude that
P[B, | Z(n) =Z] =Pl|lZ(n+ D — rZ(n)p| = eZ(n)p | Z(n) = 7]
<PZn+ Dp —E[Zn+ Dp | ZW)]| = 3(Zmp)e | Z(n) = 7]
S (ZA)1+88_(1+3) (Z”/)_l
~ cew, 29

where C := (2A)'t9¢=0+9_ Moreover, since r — & > 1,
BoN---NB,_1 S{Zm)p = (r —&)"Z(0)p},

and there exists a kp > 0 such that if Zu > kp then ||Z|| > k1, from (2.7) and (2.8) we find that
if zu > ky then
P[C, | ZO0)=2z] < C(zp) '(r —e)™"

and, thus,

Z(0) = z} <C(p)™! Z(r )"

n=0

P[[j BS

n=0

converges to 0 as ||z]| — oo (because r — ¢ > 1), which concludes the proof.

Define W (n) := r~"Z(n)p foralln > 0. Our objective is to investigate sufficient conditions
for the almost-sure convergence and the L“-convergence (1 < o < 2) of the process {W (1) },>0
to a finite random variable nondegenerate at 0. To this end, two important facts must be taken
into account.

(1) The expectation E[Z(1)u | Z(0) = 0] may be positive, i.e. 0 is not necessarily an
absorbing state. In addition, the condition E[Z(1)u | Z(0) = 0] < oo means that the
expected immigration at the state 0 is at most finite.
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(i) For almost every w € {||Z(n)|| — oo}, there exists an ng = no(w) such that Z(n)(w)un
is greater than O for every n > ng. Moreover, if 0 is an absorbing state then {Z(n) p},>0
is positive on the set {||Z(n)|| — oo}.

The methodology applied in the proofs of the following results is similar to that applied in
[3] in the context of population-size-dependent branching processes.

Our first step is to establish a condition that guarantees the convergence of the sequence
{E[W(n)]},>0 to a finite and positive limit. This condition depends on the speed of the
convergence in (2.1), which is determined by the function %(z) and is given in terms of the
norm one, that is ||z|| = z 1, where 1 is an m-dimensional vector with all its coordinates equal
to 1.

Theorem 2.1. Let {Z(n)},>0 be an HMMC such that P[||Z(n)|| — oo] > 0, and choose a
w € RY satisfying (2.1). Suppose that tliere exists a nonincreasing sequence {h(n)}n>1 such
that, for all non-null vectors z, |h(z)| < h(z 1) and Zf,il n~Yh(n) < co. Then

0 < lim E[W(n)] < o0.
n—oo

Proof. First, let us prove that the limit of the sequence {E[W(n)]},>0 exists. Since
P[Z(n)u — o0] > 0, it is possible to find an ng > 0 such that E[W (n)] > 0 for all n > ny.
Taking into account the definition of the function /(z), we deduce that

Zn)ph(Zn)) =E[Zn+ DHpn | Zn)] —rZn)p a.s. on {Z(n) # 0}.

By applying Lemma A.2 (see Appendix A) to the sequence {i_z(n)}nz -1, we find that there
exists a nonincr_easing Bositive function h((x), x € R+,_such that xh{(x) is concave and
nondecreasing, h(n) < hy(n) for alln > 1, and Zs’;l n~'hi(n) < co. If n > ng then, using
Jensen’s inequality, we have
|E[W (2 + D] = EIW )| = r~""P|E[Z(n + D — rZ(n)u]|
< r""DENEZ(n+ D | Z0)] = rZm) ]z 2]
+r "VEEIZ( + Do | Z0)]1z=0)]

= r "E[|Wmh(Zm)|1izmz0] + EIW@n + 1) | Z(n) = 0]

<r"EIWm)h1(Z(n) D]+ Cir ™"

< GEWmIhEZm 1) + Cir "

< E[W@®1(C2h (" C3E[W (0)]) + C1r " E[W ()] ™1,

for some constants Cy, C2, C3 > 0. Since {E[W (n)]},>p, and f(x) := Coh 1 (C3x) + Cyx~!
satisfy the assumptions of Lemma A.3, there exists an

L := lim E[W(n)] < oo.
n—oQ

Moreover, we can find a value ¢ such that if E[W (n)] > ¢¢ for some n > no, then L is positive.
In particular, we have proved that, for every state z € N@ such that Zu > c¢o and
P[Z(n)u — oo | Z(0) = z] > 0, we have

nli)rgoE[W(n) | Z(0) =z] > 0. 2.9
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Since P[Z(n)p — o0] > 0 and

{(Z(n)p — oo} = U {Z(k)[L > co} N{Z(n)p — o0}),

IIDE%

there exist a Z € N and an n; > 0 such that Zu > co,
P[Z(n;) =2]>0, and P[Z(n)p — oo | Z(0)=72] > 0.
Now, using (2.9) and some known results on Markov chains, it can be shown that, for alln > n;,
E[Wm]=r" Z P[Z(n1) = ZIE[W(n —n1) | Z(0) =Z]
ZeNy
and, therefore,

lim E[W(n)] = r™" P[Z(n1) = 2] lim E[W(n —n1) | Z(0) = 2] > 0,

which concludes the proof.

In the following result, we obtain a sufficient condition for the almost-sure convergence of
the sequence {W (n)},>0.

Proposition 2.2. Let {Z(n)},>0 be an HMMC such that P[||Z(n)|| — oo] > 0, and choose a
w € RY satisfying (2.1). Suppose that there exists a nonincreasing sequence {E(n)}nzl such
that, for all non-null vectors z, |h(z)| < h(z 1) and Zsozl n~Yh(n) < 0o. Then there exists a
nonnegative, finite random variable W such that {W (n)},>0 converges almost surely to W.

Proof. We define the sequences {7 (n)},>0 and {Y (n)},>0 as follows:

n—1
T@):=0, T(n) = rl Z W(EYh(Z(Kk)), n >0,
k=0
Y(n) =Wm)—T0n), n > 0.

Given the previous relation, it is enough to prove that both sequences converge almost surely.

Let us first prove that the sequence {7 (n)},>0 converges almost surely to a finite limit.
By taking a function /1 (x) as in the proof of Theorem 2.1 and applying Jensen’s inequality, we
have

E[|W (n)h(Z(n))|] < C1E[W (n)]h1 (E[Z(n) 1])
< C1E[Wm)]h1(r;, C2 E[W (n)])

for some constants C, C, > 0. Moreover, from Theorem 2.1 we find that

0 < lim E[W(n)] < oo,
n—00

and, by taking into account the fact that fo:] n~h(n) < oo, it follows that

E[Z W(n>|h(Z<n>)|} <> CLEIWmIR (rpCLEIWm)]) <o, (2.10)

n=0 n=0
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Thus, ZZio W (n)h(Z(n)) converges almost surely, which implies that the sequence {T (n)},>0
also converges almost surely.

Finally, let us prove that the sequence {Y (n)},>0 is a submartingale with respect to the
sequence of o -algebras {F,},>0. Indeed, on {Z(n) # 0} we have

ElYn+1) | F]=EWh+1) | F]1-Tkr+1)

= W) +r 'Wn)h(Zn)) —Tn+1)
=Y as.,

and on {Z(n) = 0} we have

E[Y(n+1) | ] =E[Wn+1) | Z(n) =0] - T(n)
> —T(n)
=Y(@®) as.

Since Y (n) = W(n) — T (n), (2.10) holds, and lim,,_, oo E[W (n)] < o0, it follows that

supE[|Y (n)|] < oo.

n>0

Hence, by applying the martingale convergence theorem, we can ensure that the sequence
{Y (n)},>0 converges almost surely to a finite limit, and the proof is complete.

Obviously W can be non-null only on the set {Z(n)u — oo}, that is, {W > 0} C
{Z(n)p — oo}. In the following result, we propose conditions (which obviously include
the previous ones) for the variable W to be nondegenerate at 0. In fact, under these conditions
we obtain the L*-convergence of the sequence {W (n)},>0 for 1 <o < 2.

Theorem 2.2. Let {Z(n)},>0 be an HMMC such that P[||Z(n)|| — oo] > 0, and choose a
w € RY satisfying (2.1). Also let 1 < o < 2 and suppose that there exist sequences {h(n)},>1
and {g, (n)}n>1 such that

() for each non-null vector z, |h(z)| < h(z1) and G4(z) < g,(z1); and
(ii) the sequences {E(n)},,zl and {n’lga (n)}n>1 are nonincreasing and

0]

Zn_ll_z(n) < 00, in_zga(n) < Q.

n=1 n=1

Then {W (n)},>0 converges almost surely and in L* to a finite random variable W that is
nondegenerate at 0.

Proof. Taking into account the properties of the sequence {/(n)},>1, Theorem 2.1, and
Proposition 2.2, it is enough to show that the sequence {W(n)},>0 converges in L% to a
limit W. Therefore, we prove that the sequence { W (n)},,>¢ satisfies the L*-Cauchy convergence
criterion. Indeed, if we denote by || - ||, the norm on L%, we obtain the following inequality:

I1Z(n+ Dp —rZmplle < 1Z(n + Dp —E[Z(n + Dp | Z(n)]llo
+IIE[Z(n+ D | Z)] —rZm)pla- (2.11)
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Owing to the properties of the sequence {/(1)},>1, Lemma A.2 guarantees the existence of a
nonincreasing function A (x) such that 2 (n) < h(n), xh*(x'/%) is concave, and floo x Vh(x)dx
< 00. By applying Jensen’s inequality, we find that there exist constants C, C2 > 0 such that

E[|E[Z(n + Dp | Z(n)] — rZ(m)p|*] < ENZ ) p)* [h(Z(1)|* Lizm)20)]
+ (E[Z(n+ Dp | Z(n) =0D*
< E[(Zmw*h*(Zm) D]+ C
< GE[Zm DN Zm1]a) + C1.  (2.12)
Furthermore, by applying Lemma A.2 to {n~'g,, (1)},>1, we find that there exists a function
8a(x) such that g,(n) < gy(n), x84 (x) is nonincreasing, ff"xfzgfa(x) dx < oo, and
82 (x1/%) is concave. From Jensen’s inequality, it follows that
E[|Z(n + Dp —E[Z(n + Dp | Zn)]|*] = E[Go(Z(n))]
<E[gy(Z(n) 1]
< 8 (UIZ(m1lla). (2.13)
Since P[Z(n)iw — oo] > 0, there exists an ng > 0 such that |W ()|, > O for all n > ny.

Moreover, since 0 < lim, .o E[W(n)] < o0 (see Theorem 2.1), from (2.11), (2.12), and
(2.13), we have

Wt 1) — Wy < 120 e (&UIZ01]o) +C,/"

-t ( I1Z(n)1|a
G fUZm)1]e)

+ c;/”muZ(n)lna))

IA

foralln > ng, with f(x) := x’l(ga(x)+Cll/a)+C2l/afz(x) and C3z > 0. Moreover, since f(x)

is nonincreasing and there exists a constant § > 0 such that || Z(n)p|lq > |Z(n)p| > 8r" for
every n > ng, we then have

[Wn+1) —Wm)lla < C3f(Csdr™),

for some constant C4 > 0. Therefore, r > 1 and floox’lf(x)dx < oo imply that
ZZO:] f(C4ér") < oo, and, consequently, the sequence {W (n)},>0 satisfies the L*-Cauchy
convergence criterion. This completes the proof.

Remark 2.1. It is possible to obtain another set of sufficient conditions, equivalent to the
previous one, from the function G (z) := (E[|Z(n + Dp — rZ(m)p|* | Z(n) = z])'/*.

Remark 2.2. The conditions on the previous results are satisfied if, for example, h(n) =
0(10g_/Sl n)and g,(n) = O(n log_ﬁ2 n) for some constants 81, 8, > 1. Furthermore, notice
that these conditions are given in terms of the norm one. Since all the norms on R” are
equivalent, these conditions can be expressed in terms of an arbitrary norm || - || in the following
manner, where {x,},>1 = {x e Ry : x = |z, z #0, z € Nj} =: Ry, such that x;, < x,,41
foralln > 1:

() |h(z)| < h(||z]) for all non-null vectors z, h(x,) > h(x,,1) foralln > 1, and
o0
> G — x)h(x,) < oo,

n=1
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(i) G4(2) < g4 (llz]]) for all non-null vectors z, xn_lga (xp) > xn__:lga (xp41) foralln > 1,

and
o0

D (1 — Xn)8 () < 00.

n=1

3. Asymptotic behaviour of {Z (n)},>0

In the previous section, for each u € R’ﬁ satisfying (2.1), and under some conditions, we
proved that the sequence {r =" Z(n)u},>0 converges to a random variable nondegenerate at 0.
As a consequence, we can now prove the almost-sure convergence and L%-convergence
(1 <o <2)of {r""Z(n)},>o to a random vector W, concentrated in a one-dimensional
subspace of R, whose magnitude is given by the limit of a sequence {r " Z(n)u},>o for a
particular g € R,

We need to introduce new notation and assumptions. Let us impose the following condition
on the transition vector of means of the chain (throughout, in products vectors are taken to be
row or column vectors as appropriate):

E[Zn+1) | Zn) =zl =zM + h(z),  zeNj. 3.1)

Here, M is a matrix of order m with nonnegative coefficients and iz(z) is a function from R™
to R™ such that ﬁj(z) = o(||z]|) for all j € {1, ..., m}. We also suppose that the matrix M
is positively regular. Therefore, if we denote by p its Perron—-Frobenius eigenvalue and by
i € R} one of its associated right eigenvectors (see [6]), it follows that

E[Zn+ Dji | Z(n) =z]

lim =P,
izl =00 N
and, consequently, (2.1) is equivalent to p > 1.
Let iV, ..., i be a basis of right eigenvectors and right generalized eigenvectors of M,
such that @V = ji. Let v € R be the left eigenvector associated to o satisfying vji = 1 and,
consequently, 17;1(") =0foreachi € {2, ..., m}. Finally we define Gg)(z), for each z € Nfj,

ie{l,...,m})ande, 1 < <2,by
GD(z):= ENZn+ DY —E[Zn+ DE® | Zn) = z]|* | Z(n) = z]))/*.

Note that G&l)(z) is equal to G (z). We can now formulate the following result.

Theorem 3.1. Let {Z(n)},>0 be an HMMC satisfying (3.1) with p > 1 and such that
PlIZ(n)|| — oo] > 0. Also let 1 < a < 2 and suppose that, for each i € {1,...,m},
there exist sequences {h ' (n)}n>1 and {§fx’)(n)}n21 such that

(i) for each non-null vector z and i € {1, ..., m},
h@a? < @DR @1 and GP(2) <z D),
and

(i) {E(i)(n)}nzl and {n_lgg)(n)}nzl are nonincreasing and

o X o0
Zn_lﬁ(l)(n) < 00, Zn_zgé’)(rz) < 0.

n=l1 n=1
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Then the sequence {p~"Z(n)},>0 converges almost surely and in L* to a finite and random
vector, W := vW, nondegenerate at 0, where W is the almost-sure limit of the sequence

{67 Z(n) i}n=o0-

Proof. In order to prove the result, we apply a similar reasoning to that used in [4] in the
context of population-size-dependent multitype branching processes.

First we observe that if {p =" Z(n)},>0 converges in L® to a limit, W, then this limit will be
nondegenerate at 0 if and only if the limit of the process {5 " Z(n)ji"},>0 is nondegenerate
at 0.

The growth rate of the process {Z(n);l(l)}nzo is r = p, and it follows that h(z) =
i) Th(z)iV for all non-null vectors z. By taking into account the equivalence of the
norms on R”, we see that |h(z)| is bounded by C1h ! (z 1) for some constant C; > 0. Then,
by applying Proposition 2.2 and Theorem 2.2 to such a process, with 2(n) = C 15(1 (n) and
g,(n) = §((¥1)(n), we find that

lim p"Zm)iY =W as.andin L%,
n—>oo

where W is finite and nondegenerate at 0.
To complete the proof it is sufficient to prove that, foreach i € {2, ..., m},

lim s "Zm)i") =0 as.andin L*.
n—>oo

Indeed, if the previous equality holds then, for each @ € R,

m
lim 5™"Z(n)a = lim Za,ﬁ—"zm)ﬁ(“ =a;W as.andin L%,
n—oo n—0o0

i=1

where ay, . .., a,, are the coordinates of a in the basis [L(l), el ;l(’”). Moreover, since Gﬂ(i) =
Ofori € {2,...,m}, we have a; = va. Therefore, for each j € {1,...,m}, {67"Z;(n)}s>0
converges almost surely and in L to v; W, which implies the almost-sure convergence and
L%-convergence of {0 " Z(n)},>0 to vW.

Thus, to finish the proof, let us show that, for each i € {2, ..., m},

o0
DA Zm Ve < oo 3.2)
n=0

From (3.2) it immediately follows that 5" Z(n)ii® converges to 0 in L% and, by applying
Markov’s inequality, we have, for every ¢ > 0,

o0
Y _PlF"Zmi?| > €] < co.
n=0

The complete, and, therefore, the almost-sure, convergence of the sequence {5 " Z(n)ii"}, >0
to O follows.

Since M is positively regular, the eigenvalue 5 has multiplicity 1 and |A| < 5 for any other
eigenvalue A. Suppose that X is an eigenvalue with multiplicity s > 1, corresponding to the
right generalized eigenvectors ;l(i Do, ﬁ(is); that is,

Mﬁ(il) — )L[L(il)’ Mﬂ(i’) — )Lﬁ(it) + ’l(it—l)’ ref2,..., s}
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Let us prove by induction on ¢ that, foreach ¢ € {1, ..., s},

o
SN Zm) " o < oo.
n=0

For t = 1, using (3.1) and a procedure similar to the one applied in deriving (2.12) and (2.13),
we have

1Z(n+ D™ e < 1Z( + D™ —E[Z(n + D™ | Zm)]|l
+IEZ@n + DA™ | Zm)]lla

< RHIZWERD o + 120 DR

+ ROE™ ] + 128 (Z(m) D«

< MIZWA™P |y + 121 h ™ (1 Z()1]l0)

+C+ 1z a) (3.3)

(Z() Do

for some constant C» > 0, with fz(il)(x) and géf ')(x) nonincreasing functions such that
J77x7 h ) (x) dx < oo and floox_2§é'1)(x) dx < oo. By setting

PG = 271@E ) + C) + AT (),

we find that £ (x) is nonincreasing and floo x L (x)dx < oo.
Since P[||Z(n)|| — oc] > 0, there exists an ng > 0 such that ||Z(n)1]| > O for all n > ny.
Therefore, from (3.3), we have

157" Z(n + DR Nl < 57 A6 ZA o
+ 57 fUNZ )5 Z() |
for all n > ng. The sequence {||5"Z(n)1|4}n>0 is bounded because {5~ Z(n)ii'V},=0
converges in L and all the norms on R are equivalent. Also, since the limit is nondegenerate

at 0, there exists a § > 0 such that |Z(n)1|lq > || Z(n)1]|; > §p" for every n > ng, implying
that

YT rUZmL < Y FM 65" < o0,

n=no n=no

because f loo x 1) (x)dx < oo and 5 > 1. Therefore, by virtue of Lemma A .4, it follows

that
o0
D167 Zm My < co.
n=ny
To conclude, let us consider ¢ € {2, ..., s}. Then

1Zn 4+ D le < 1Z(n + DA™ —E[Z(n + DAY | Z0)]|le
+ I EIZ(n + DA™ | Zm)]lla
< A NZ@ED o + 1 Z) a5 g + 1RO) |

+1Zm) DR (Z0) Do + 189 (Z () D) .
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By the induction hypothesis, Y o |0 Z(n) jt=1 ||, < oo and, using arguments similar to
those used in the case t = 1, we have

35 EZm) DR (Z0) Dl + 1ROED] + 155 (Z 1) Dlla] < co.
n=0

Applying Lemma A.4 once more, we conclude that

o0
DT ZmRY |l < oo,
n=0

completing the proof.

Remark 3.1. Notice that although the random variable W depends on the right eigenvector it
chosen, the random vector W = vW does not.

Remark 3.2. Under the conditions of the previous theorem, an HMMC exhibits the same
behaviour as a supercritical, positively regular multitype branching process (see [5]); thatis, W
has a fixed direction given by v and a random magnitude provided by the limit of the sequence

{07"Z(n)ji},>0. Moreover, since ¥ € R’} and P[W > 0] > 0 we deduce that
P[Z;(n) —> oo, 1 <i <m] > 0.

4. On controlled multitype branching processes

In this section, we apply the results obtained for HMMC:s to a class of controlled multitype
branching process introduced in [1], where the production of new individuals depends on the
size of the population. This model generalizes both the controlled multitype branching process,
considered in [7], and the population-size-dependent multitype branching process, studied in
[4]. In addition, randomness in the control function and dependence between the individuals
in the same generation at the reproduction time are allowed. These properties make the model
more accurate in describing some real situations. Mathematically, we consider a sequence of
m-dimensional random vectors {Z(n)},>0 defined recursively by

m ¢ (Z(m)
20)=z0eNy,  Za+h=) > X"I(Z@m). n=0.
i=1 j=1

Here, {¢"(z), n=0,1,..., z € Ni'} and
(Xi"i(z),i=1,....m,n=0,1,..., j=1,2,...,z € N}

are independent sequences of m-dimensional, nonnegative, integer-component random vectors
defined on the same probability triple (€2, 4, P). They have the following properties.

(i) The stochastic processes {¢"(z), z € Ni'}, n > 0, are independent and, for each z € Nf,
the vectors {¢"(z), n =0, 1, ...} are identically distributed.

(ii) The stochastic processes {X*"/(z), i = 1,...,m, j =1,2,..., z € NJ'}, n > 0, are
independent an_d identically distributed. Moreover, foreachi € {1,...,m}and z € N,
the vectors {X""/(z), n=0,1,..., j =1,2,...} are identically distributed.
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The stochastic process {Z(n)},>0 is called a controlled multitype branching process with
random control and population-size-dependent reproduction (CMPD).

From the definition, it follows that a CMPD is an HMMC. Moreover, taking into account
the independence between reproduction and control, it follows that, for each z € Ngﬂ

E[lZn+ 1) | Zn) =21 = ) _El¢ (@IEIX""' (2)].

i=1

It seems natural that the conditions we are searching for can be written in terms of E[d)? (2)]
and E[X%%1(z)]. More specifically, we will make the following assumptions.

Assumption 4.1. There existm;j > 0, i, j € {1, ..., m}, such that

E[Xj;O,l(z)] = miy + W@, where Wi R - R, i) = o(D).

Assumption 4.2. There exist A; > 0, i € {1, ..., m}, such that

El¢?(2)] = hizi +hS(z), where hS:R™ — R, hS(z) = o(|z]).

Assumption 4.1 is a hypothesis commonly used in population-size-dependent models; a
possible intuitive interpretation of its effect is the stabilization of the average number of
descendants per individual as the population size grows indefinitely.

On the other hand, Assumption 4.2 implies that the average number of progenitors of a
certain type is proportional to the number of individuals of that type plus or minus some
number of progenitors that is negligible with respect to the total population. Notice that,
under Assumption 4.2, immigration or emigration of progenitors of each type is allowed.
Immigration is possible even if there are no individuals of a given type. This could not
happen if 45(z) = z;0(1). However, in this case we could determine A; explicitly according to
b= limyg oo, 5202 | BIGP@).

Given Assumptions 4.1 and 4.2, (3.1) holds with M = (Aim;j)1<i, j<m and

hj(@) =) (hizihl§(2) + h§@mij + h§ (2)hf (2)
i=1

foreach j € {1,..., m}. Moreover, the matrix (A;m;;)1<;, j<m is positively regular if and only
if A; > Oforalli € {1,..., m} and the matrix (m;;)1<;, j<m is positively regular.

In order to apply the results proved in the previous sections, let us conveniently bound
|it(z);l(i)| and Gg)(z), where z € NT',i € {1,...,m},and 1 <« < 2. Since Assumption 4.1
holds, it follows that

> (S sl @) + ey + Ao e )

j=1 k=1

R c
=CizD lgrlga}lém{lhkj(z)l} + G @agxm{lhk(z)l}

lh(2)iV| =
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for some constants Cq, C > 0, and

GP(z) = ElZn+ DAY —E[Zn+ DE® | Z(n) = z1|* | Z(n) =z

m m
- (Z X5 (2) — ¢ (2)] E[X’“(z)])*”
I=1 j=1 k=1 “
m m ) ¢
=> 2P| > & @ - Ex
=1 j=1 k=1

+ 3 > 1AV IBIX Y @167 @) — Elg @)]lo-

=1 j=1
Furthermore,

#9(2)

Z (X0 (z) — B[O < 16! @l X" @) — ELX @)1

On the other hand, if the random vectors X i’o’k(z), k>1,ie{l,..., m}, are independent
for each fixed z € N61, then, since 1 < o < 2, and using the von Bahr-Esseen inequality
(see [8]), we can establish the following bound:

¢1 (z)

Z(X””‘ —EIX}" @D <Elg) @17 1x}* @) — EIXY* @)1l

o

In [1], it was proved that P[|Z(n)|| — oo | Z(0) = z@] > 0if 5 > 1, if z© is large

enough, and if, for some § > O and every i, j € {1, ..., m},
I60(z) — El6? @)ll145 = O(l1z]I%/ 1) 4.1)
and ) '
160 @ 1114+5 1% @) = BIXE* @114 = O(Uz)1F). (4.2)

In summary, we establish the following result for CMPDs.

Corollary 4.1. Let {Z(n)},>0 be a CMPD satisfying Assumptions 4.1 and 4.2, where the
matrix (Aim;j)1<i, j<m is positively regular with Perron—Frobenius elgenvalue o > 1. Also let
1 < o < 2 and suppose that there exist sequences {h M) }n>1, {h (M) }n>1, and {8, (n)}n>1
such that

(1) for each non-null vector z,
max {1k} @)1} < RNED,  max (K@)} < @ DR D),
1< . 1<i<m

(max (16](2) = Elg) @lles 18] @)l X7 @) = EIX™ @1lla) < 2oz 1
' 4.3)
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and

(i) {f_lR(n)}nZL {Ec(n)}nzb and {n_lga(n)}nzl are nonincreasing and

in_lﬁR(n) < o0, i”_lﬁc(”) < 00, in_2§“(n) = oo

n=1 n=1 n=1

If (4.1) and (4.2) hold then the sequence {p™"Z(n)}p=0 converges almost surely and in L* to
a finite random vector, W, nondegenerate at 0.

Remark 4.1. Under the assumption of independence of the reproduction vectors (the Xs), (4.3)
can be replaced by

(max (116 (2) — Bl (@) las BT @1/ 1X7% @) — B @1le) = 2o D).

Remark 4.2. The present study applies to the controlled multitype branching processes pro-
posed in [7], which have not as yet been investigated. Also, the previous result extends those
of [4] on the geometric growth of population-size-dependent multitype branching processes.

Appendix A. Lemmas

Lemma A.1. Let {a,},>1 be a nonincreasing sequence of positive real numbers. Then the

function
X o
h(x) = (al +/ aj) dt) ,
1

where |t| denotes the greatest integer less than or equal to t, is concave on x > 1 for any «,
l<a<2

1/a

Proof. From the definition of the function % (x), it follows that

xaf if 1 <x <2¢%,
h — n—1 o
2 (al—{—Zak—i—an(xl/“—n)) ifn*<x<m+D% n>2.
k=1

Obviously A(x) is a concave function for x with 1 < x < 2% For x with n® < x <
(n + 1%, n > 2, the function

o Na — Dayx 1720/ ( apx'/® )
—1
(a1 + Y42t a + an(xV/* =)= \ay + Y42 ag + an(x'/* = n)

h”(x) —

is nonpositive, because {a,},>1 is a nonincreasing sequence of positive real numbers and
na, < a + ZZ;} ay. To conclude, let us prove that A’ (n®) > h’_ (n®), n > 2, where h’_(xo)
and h’_(xo) respectively denote the left-hand and the right-hand derivatives of 4 (x) evaluated

at xg. Indeed,

n—1 a—1 n—1 a—1
h_(n®) = a,_; (a1 + Zak) n'=% > a, (m + Zak) nl= = h/_k(n“).
k=1

k=1
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Lemma A.2. Let {a,},>0 be a nonincreasing sequence of positive real numbers such that
> n~la, < oo. Then there exists a nonincreasing, positive function a(x), defined on R,
suchthata, < a(n) foreveryn, xa(x) is nondecreasing and concave, and Zflozl n~tan) < .

Remark A.1. By applying Lemma A.1, we find that the function a(x) described in Lemma A.2
is such that, for every @, 1 < o < 2, xa® (xl/ %) is concave for x > 1. Indeed, the function
a(x) is defined for all x > 0 as

X
a(x) :=arljp,1(x) —i—x_l(a] —l—/] aj| df>1[1,oo)(x)7

X o
xa®(x'*) = <a1 +f aj dt>
1

Lemma A.3. Let f (x) be a positive, nonincreasing function on Ry suchthaty oo n~lfn) <
oo and xf(x) is nondecreasing, and let {a,} be a sequence of positive numbers such that
lap+1 — anl| < ap f(a,b") for some b > 1. Then

and, therefore,
1/a

forall x > 1.

lim a, =a < o0.
n— o0

Moreover, there exists a value zo, which depends on the function f (x) and on b, such thata > 0
ifap > zo.

Lemma A4. Let {a,},>0 and {b,}n>0 be sequences of nonnegative real numbers such that
Ant1 < Cap + by, n >0, where 0 < c < 1. If Y 22 b, < 00 then oo ay < 0.

We refer the reader to [4] for the proof of the Lemmas A.2 and A.4, and to [2] for the proof
of Lemma A.3.

Acknowledgements

The authors would like to thank the anonymous referee for interesting and helpful comments,
which improved the paper. This research was supported by the Ministerio de Ciencia y
Tecnologia and the FEDER through the Plan Nacional de Investigacién Cientifica, Desarrollo
e Innovacion Tecnolégica, grant no. BFM2003-06074.

References

[1] GONZALEZ, M., MARTINEZ, R. AND MoOTA, M. (2005). On the unlimited growth of a class of homogeneous
multitype Markov chains. Bernoulli 11, 559-570.

[2] KLEBANER, F. (1984). Geometric rate of growth in population-size-dependent branching processes. J. Appl. Prob.
21, 40-49.

[3] KLEBANER, F. (1985). A limit theorem for population-size-dependent branching processes. J. Appl. Prob. 22,
48-57.

[4] KLEBANER, F. (1989). Geometric growth in near-supercritical population size dependent multitype Galton—Watson
processes. Ann. Prob. 17, 1466-1477.

[5] MopgE, C.J. (1971). Multitype Branching Processes. Elsevier, New York.

[6] SENETA, E. (1981). Nonnegative Matrices and Markov Chains, 2nd edn. Springer, New York.

[7] SEVASTJANOV, B. A. AND ZUBKOV, A. M. (1974). Controlled branching processes. Theor. Prob. Appl. 19, 14-24.

[8] VON BAHR, B. AND ESSEEN, C. G. (1965). Inequalities for the rth absolute moment of a sum of random variables.
Anal. Math. Statist. 36,299-303.

https://doi.org/10.1239/jap/1134587813 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1134587813

