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Abstract  In this paper, we investigate the existence of global weak solutions to an integrable two-
component Camassa—Holm shallow-water system, provided the initial data uo(z) and po(x) have end
states u4+ and p4, respectively. By perturbing the Cauchy problem of the system around rarefaction
waves of the well-known Burgers equation, we obtain a global weak solution for the system under the
assumptions u— < u4 and p— < p4.
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1. Introduction

In this paper, we consider the integrable two-component Camassa—Holm shallow-water
system

Up — Upzy + SUU = 2UzUpy + Ulgrpr — oppz, t> 0, z € Ra

pt+<up)z:07 t>07 IEGR, (1 1)
U(O, I) = UO(x)ﬂ z €R, .
p(oax) :pO(x)v xERv

where 0 = £1. System (1.1) was initially introduced in [43] as a tri-Hamiltonian system
and was recently derived in the context of shallow-water theory [12,35,37]. The variable
u(x,t) describes the horizontal velocity of the fluid, and the variable p(x,t) denotes
the horizontal deviation of the surface from equilibrium, all measured in dimensionless
units [12]. It is an integrable system, and the inverse scattering has been developed
in the recent paper [31]. Its geometric properties are studied in [24]. The case o = 1
corresponds to the situation in which the acceleration due to gravity acts downwards [12].
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System (1.1) with o = —1 is identified with the first negative flow of the Ablowitz—Kaup—
Newell-Segur hierarchy and has peakon and multi-kink solutions [5,26]. System (1.1) also
has other physical backgrounds. It describes the closure of the kinetic moments of the
single-particle probability distribution for geodesic motion on the symplectomorphisms in
Vlasov plasma models [32] and is also summoned in a type of matching procedure called
metamorphosis in the large-deformation diffeomorphic approach to image matching [33].
The mathematical properties of (1.1) have been studied in many works: see [4,5,12,25,
30,35,44,46).

For p = 0, (1.1) becomes the Camassa—Holm equation, modelling the unidirectional
propagation of shallow-water waves over a flat bottom. Here u(t, x) stands for the fluid
velocity at time ¢ in the spatial z-direction [3, 15,21, 34, 36, 38]. The Camassa—Holm
equation is also a model for the propagation of axially symmetric waves in hyperelastic
rods [17,18]. It has a bi-Hamiltonian structure [6,27] and is completely integrable [3].
Also, there is a geometric interpretation of (1.1) in terms of geodesic flow on the diffeo-
morphism group of the circle [14,39]. Recently, it was claimed in [40] that the equation
might be relevant to the modelling of tsunami; see also the discussion in [13].

The Cauchy problem and initial-boundary-value problem for the Camassa—Holm equa-
tion have been studied extensively [9, 10, 19, 22, 23, 41, 45, 49]. It has been shown
that this equation is locally well-posed [9, 10,19, 41, 45] for initial data ug € H*(R),
s > % More interestingly, it has global strong solutions [7,9,10] and finite-time blow-
up solutions [7-11,19, 41, 45]. On the other hand, it has global weak solutions in
H'(R) [1,2,16,48].

For p # 0, the Cauchy problems of (1.1) with ¢ = —1 and with ¢ = 1 have been
discussed in [25] and [12], respectively. A new global existence result and several new
blow-up results of strong solutions to (1.1) with ¢ = 1 were obtained in [28]. The obtained
results in [28] were sharp and improved considerably on the recent results in [12]. The
existence of global weak solutions to (1.1) with o = 1 was proved recently in [29].

In this paper, we further study the existence of global weak solutions to (1.1) with
o = 1, provided that the initial data ug(z) and po(x) have end states uy and py,
respectively. By perturbing the Cauchy problem around rarefaction waves of the well-
known Burgers equation and obtaining some a priori estimates of approximate solutions,
we prove the existence of global weak solutions to (1.1) with ¢ = 1 under the assumptions
u_ < uy and p_ < pg, respectively. The recent result in [29] is the special case of our
result with u_ =uy =0and p_ =py =1.

The paper has the following structure. In § 2, we present some lemmas to the perturbed
Cauchy problem of (1.1) with ¢ = 1 around rarefaction waves. In §3, we present an
existence result of global weak solutions to (1.1) with o = 1.

2. Preliminaries

In this section, we present the local well-posedness for the perturbed Cauchy problem
of (1.1) with o = 1 in H?(R) x H'(R), the precise blow-up scenarios and global existence
results for strong solutions to the perturbing system, and several useful lemmas, which
will be used in the following.
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For given w_ and w,, we consider

wy + ww, = 0, t>0, x eR,
(2.1)

w(0,z) = wo(z) = 3 (w4 +w_) + wtanh(z), z €R,
where @ = 1(wy —w_).

Lemma 2.1 (see [50]). Assume that w = 3(wy — w_) > 0. Equation (2.1) has a
unique global smooth solution w(t, z) satisfying the following.

(i) wo < w(t,z) Swy, 0 < w,(t,x) <w forx €R, t > 0.
(i) For any k € Nt,1 <k <4, and p, 1 < p < oo, there exists a positive constant C,

such that
|0 w(t, )| pr < Crpti VE> 0.

Note that if p(z) = 2e71#l, 2 € R, then (1 — 92)71f = p« f for all f € LP(R).
System (1.1) with o = 1 takes the form of a quasi-linear evolution equation of hyperbolic

type:
ut+uuw:—xp*(u2+%ui+%p2), t>0, xR,
+ (up), =0, t>0, x €R,
pe + (up) (2.2)
u(0, ) = up(z), r R,
p(O,I) :pO('r)a z €R.

In this paper, we suppose that lim, 400 u(x) = ug, lim, 1 p(z) = p+ and that ¢,
¢ are the solutions of (2.1) with initial data ¢o(z) = 1 (uq +u_) + £ (uy — u_) tanh(z)
and @o(z) = (p+ + p—) + 3(p+ — p—) tanh(z), respectively.

Letting v = u — ¢ and v = p — ¢, (2.2) takes the form

U+ 0 = —0pp * (V4 ¢)% + (Ve + 62)> + 3(V+ ©)?) — (¢0)a,

t>0, zeR,
e+ (0t 0)Ye = —(vs + ¢x)Y — (v + 9)P)x + Vu, t>0, z€R,p (2.3)
v(0,2) = uo(x) — do(), r €R,
7(0,2) = po(z) — po(x), z €R.

We can obtain the following two lemmas using arguments similar to those in [25].

Lemma 2.2. Ifu, > u_, ug — ¢o € H*(R) and py > p_, po — ¢o € H'(R), then
there exist a maximal T' = T (||uo — ¢ol| zr2(®) + |0 — @ol| g1 (r)) > 0 and a unique solution
z = (:) to (2.3) with the initial data

Lo [vo) _ [uo— o
0 Yo Po — %o
z € C([0,T); H*(R) x H'(R)) nC*([0,T); H(R) x L*(R)).

Moreover, the mapping 2o — 2(-,20): H*(R) x H'(R) — C([0,T); H*(R) x H'(R)) N
CL([0,T); HY(R) x L%*(R)) is continuous.

such that
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Lemma 2.3. Let uy > u_, py = p— and

(v  [uw—9
20 = (ﬁ) = <p§—<p2> € H*(R) x H'(R)

and let T be the maximal existence time of the solution z = (f;) to (2.3) with the initial
data zy. Then, the corresponding solution z blows up in finite time if and only if

limsup [|vz (2, -) || poe (r) = +00.
t—T

Remark 2.4. Let uy > u_, py = p— and

_fwo\ _ [uo— o 2 1
o (3) - (578) cwarsrn

and let T' be the maximal existence time of the solution z = (:) to (2.3) with the initial
data zg. Define u = v+ ¢ and p = v+ ¢. Since ¢; + ¢¢p, = 0 and ¢; + pp, = 0, we have
that y = (}) is the strong solution of (2.2).

Consider the initial-value problem

@ =v(t,q) + ¢t q), te [07T),}

2.4
q(0,z) =z, x € R, (24)

where v denotes the first component of the solution z to (2.3). Applying classical results
in the theory of ordinary differential equations, one can obtain the following result on g,
which is crucial in studying global existence.

Lemma 2.5 (see [12,25]). Let v,¢ € C([0,T) xR). Then, (2.4) has a unique solution
q € CH[0,T) x R;R). Moreover, the map q(t,-) is an increasing diffeomorphism of R,
with

¢z (t,2) = exp (/0 (vg + &) (s,q(s,2)) ds) >0 VY(t,z)€[0,T) xR.

Lemma 2.6. Let uy >u_, py = p— and

~fwo\ _ [uo— o 2 1
o (3) - (578) s

and let T' be the maximal existence time of the solution z = (:) to (2.3) with the initial
data zg. Then, we have that

(v + @)t q(t, 7)) (t, x) = v0(x) + wo(z) V(t,x) €[0,T) x R; (2.5)

that is,
p(t,q(t, 2))g(t, x) = po(x) V(t,x) €[0,T) xR,

where p = v + .
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Proof. Let u = v + ¢. By Remark 2.4, (u, p) satisfies (2.2). Differentiating (2.5) with
respect to t, in view of (2.4) and (2.2), we obtain that

L otta(t,2))aa(t,2))

dt
= (pt(t’ Q(t7 .’)3)) + p:z:(ta q(t’ x))qt(tv m))Qw(t7 .’1?) + p(ta q(t’ x))th(t> {E)
- (Pt(t, Q(t, I‘)) + px(ta Q(tv x))u(ta Q) + p(ta Q)ur(t’ Q))Qz(t, l‘)
=0.

This completes the proof of the lemma. O

By Lemma 2.6 and Lemma 2.1, for any ¢t € (0,T), we have that

t
[yt L@ < exp (/O [z (s, ) oe () d8>||po||Loo<R) + o+ 1o+l (2.6)

Lemma 2.7. Let uy > u_, p4 = p— and

w0\ _ [uo— o 2 1
o ()= (27 %) e

and let T' be the maximal existence time of the solution z = (fy) to (2.3) with the initial
data zy. Then, there exists C7 depending only on u+ and p+ such that

E(t) = /(02 +o7 +9°) dz <1+ |20l 7 myxr2wy) — 1 VE € [0,T).
R

Moreover, we have that

[o(t MG ooy < 31+ vollFrmy + ol 72@)  VE€[0,T)
and
[ty |G ooy < € (1 + lvollzn gy + 1ol Z2@) + (uo)® + (ug)?) Vi€ [0,T),

where u = v + ¢.

Proof. Differentiating the first equation in (2.3) with respect to x and using the
identity 02p * f = p* f — f, we have that

Vg + (U + ¢)(U + ¢)acx + %(vx + ¢x)2 - d’gzc - ¢¢xz
=W+’ +50+9)7 —px(v+0)° + 5(ve +0:)> + 5(r+9)). (27)
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We write that f = (v+)2+ 1 (va+¢a)?+5(y+¢)?. Using (2.3) and (2.7), and integrating
by parts, we get that

d
S+ E@®)

=2 [ (vvs + V05 + Y1) do

=2 [ [-v((v+ @)vg + Oup * f + ¢gv)

+ 0z (— (v + D) (Vv + D) e — %(Uz + ¢m)2 + ¢923 + OPar + (v + (25)2)
50+ 9 —px (040 + 5 (v +62) + 5(v +9)?)
+9(=((v+ )7z — (v + D))z + @) da

= 2/(_%(%5’02 - %(bwvg - Uvm(bww - (b(bwv + %¢ivx + YUz P =+ %QDQUz
R

—

— 3627 + (v + )P + Ypps) du
<2 /R(—vvmm — GV + FG2Vg + VV2P — PPV + VPV
— GepY — PPy + YPpe) A
< All6lhwarmce) +lolo) (B0 + [ 62+ a)
< O (ux, p+)(1+ E(t)),

where we applied Lemma 2.1 and Holder’s inequality. By means of Gronwall’s inequality
and the above inequality, we have that

E(t) < e (1 + [lvollFr @y + 171122 (@) — 1-
Using this inequality and Sobolev’s imbedding theorem, we obtain that

[t e @ < 310 @) < 500 @) + IM1Z2@®)
< 5 ool gy + ol Z2m) V€ [0, 7).
Applying Lemma 2.1 and the relation u = v + ¢, for any ¢ € [0,T), we obtain that
[, Moo @y < €L+ [0l ) + IM0ll72my) + ((u=)? + (us)?).
This completes the proof of the lemma. O

Lemma 2.8. Let uy > u_, py = p— and

_[vo) _ [uo— o 2 1
o ()= (27 %) e
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and let T be the maximal existence time of the solution

=()-62)

to (2.3) with the initial data zo. If there exists a such that po(x) > a > 0 for all x € R,
then there exists C' depending only on uy and py such that, for any t € [0,T), we have
that

(8, )z @) < — (10l Lo @) + 0.2l ) + C)

x exp(4(e“" (1 + [lvollF @y + [0l Z2) + O))

Q=

and

lve (t, M=) < = (Ioll7e ) + V0,0l 700 ) + C)

% exp(4(e (1 + v |2 gy + IolZ2gay) + C + 1)) +us —u-.

QI

Proof. By Lemma 2.5, we know that ¢(t, -) is an increasing diffeomorphism of R, with

¢z (t, ) = exp </Ot ux(S,q(s,x))ds> >0 VY(t,z) €[0,T) xR,

Then, we have that

[ (2, (5 )| Lo ®) = lua(t, )o@y VE€[0,T). (2.8)
Set M (t,z) = u,(t,q(t,z)) and N(t,x) = p(t,q(t,z)). By Remark 2.4 and (2.4), we have
that
oM ON
5 = (Ut +uties)(t, q(t, 7)), 5 = M (2.9)
and
My =—1M?+u? 4+ IN? —px (u® + Jul + Lp*)(t, ). (2.10)

In view of Lemma 2.7, we obtain that

0<px*(u”+ 3ul + 1p?)
<2px (V¥ + 07 +9%) + 2p (¢ + 67 + ¢7)
< 2|lpllze®)llv? + 02 + VPl i) + 2Pl L @) l16° + 62 + @[l L= @)
< e (1 + [z0ll3n myx 2y + 2(Ju—| + lug ]+ lo—| + o4 ])-

If we write that f(¢,z) = u*(t,q) — p = (u® + 3u2 + $p?)(t,q), then

|f(t, )| < 26 (L + [[voll gy + noll72) + Co V(t,2) €[0,T) x R (2.11)
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and
My =—-1M?>+iN? + f(t,2), (t,z)€[0,T) xR, (2.12)

where Cy = 2(|u_| + |uy| + |p—| + |p+]) + (u=)? + (us)?. By Lemmas 2.5 and 2.6, we
know that N (¢, z) has the same sign, with N(0,z) = po(z) for every z € R. Thus,

N(t,z)N(0,z) >0 VzeR.

Next, we consider the Lyapunov function

N(0,x)

w(t,z) = N(0,z2)N(t,x) + N, 2)

1+ M2%(t,z)], (t,z)e[0,T)xR, (2.13)

first introduced in [12]. By Sobolev’s imbedding theorem, we have that

0 < w(0,z) = N?(0,z) + 14+ M?*(0, z)
< 295 (2) 4+ 2¢° + 1+ 20, (x) + 267
< 2||’70||2Loo(R) + QHUO,:&”%W(R) + Cs, (2.14)

where C3 depends only on uy and pi. Differentiating (2.13) with respect to ¢ and
using (2.9)—(2.12), we obtain that
ow N(0,x)

ot B = NG

M(t,z)(f(t, @)+ 3)

N(0,x)
N(t,x)

<4 (14 Jlvoll7 @) + ol Z2) + C2 + Dw(t, ).

<A (1 + Jlvoll Frr gy + Inoll72my) + C2 + 1) (1+M?)

By Gronwall’s inequality, the above inequality and (2.14), we have that

w(t, ) < w(0,2) exp(d(e (1 + [[vo| 71 gy + [0lI72) + C2 + 1)t)
< 2ol my + 2lv0,2lF o0 () + Cs)

x exp(4(e“' (1 + [[voll Frr gy + 170l Z2(r)) + C2 + 1)2) (2.15)

for all (¢,z) € [0,T) x R. On the other hand,

w(t,z) > 2v/N2(0,2)(1 + M2) > 2a|M(t,z)| Y(t,z) €[0,T) x R.
Thus,
M(t,2)] < —w(t,z)
T 2 Y

1
< £(2||70H%oc(n@) + 200,217 o () + C3)
x exp(4(e“* (1 + [|lvo |7 gy + [10ll72(R)) + C2 + 1)E)
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for all (¢,x) € [0,T) x R. Then, by (2.15) and the above inequality, we have that

[t (£, ) oo ) = l[ua(t, q(t, )l oo r)
1
< 5z @lhollEe &) + 2llv0.2 /7 ) + Cs)
x exp(4(e“* (1 + ol 7 gy + [0l Z2(r)) + C2 + 1)1).

Noting that v = u — ¢, in view of Lemma 2.1, we have that

1
l[ve () oo (r) < %(QH'YOH%M(]R) +2[[vo,0ll7 () + C3)
x exp(4(e“* (1 + [lvol| 7 gy + [10ll72(r)) + C2 + 1)t) + 1y — u—.
Take C' = max{C1, Cy, Cs}. This completes the proof of the lemma. O

From Lemmas 2.3 and 2.8, we have the following result.

Lemma 2.9. Let uy > u_, py > p— and

_{vo\ _ [uo— o 2 1
o= (3) - (578) e

and let T be the maximal existence time of the solution

()6

to (2.3), with the initial data zy. If there exists « such that pg(x) > a > 0 for all z € R,
then the corresponding strong solution z = (:) to (2.3) exists globally in time.

Remark 2.10. If there exists a < 0 such that po(x) < « for any = € R, then the
conclusion of Lemma 2.9 also holds true.

Finally, we give a useful lemma, which will be used in § 3.

Lemma 2.11 (see [47]). Assume that X, B, Y are Banach spaces and that X C
B CY with compact imbedding X — B. If F' is bounded in L*°(0,T; X) and 0F/0t is
bounded in L"(0,T;Y), where r > 1, then F is relatively compact in C(0,T; B).

3. The existence of global weak solutions

In this section, we first establish the global existence of approximate strong solutions
to the perturbed system. By acquiring the precompactness of approximate solutions, we
then prove the existence of the global weak solutions to the perturbed system. Finally,
using Lemma 2.1, we obtain the existence of the global weak solutions to (1.1) with
o=1.

Before giving the precise statements of the main result, we first introduce the definition
of a weak solution to the Cauchy problem (1.1) with o = 1.
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Definition 3.1. If y = (7;) satisfies (2.2), u(t,-) — uo and p(t,-) — po as t — 07 in
the sense of distributions, then y is called a weak solution to (1.1) with o = 1.

The main result of this paper can be stated as follows.

Theorem 3.2. Let uy > u_, py 2> p— 2 a >0 and

Yo Po — ¥o

20 = (”0> — (“O - ¢0> € (H'(R) nWh>=(R)) x (L*(R) N L=(R)).
If there exists 0 < 8 < « such that vy(x) > 8 — « for almost everywhere (a.e.) x € R,
then (1.1) with o = 1 has a weak solution. Moreover,
u € L (Ris WH(R)) and  p € Lig.(Ry; L (R)).
Proof. The proof of the theorem is divided into three steps.

Step 1 (the global existence of approximate solutions). Let

20 = <7> e (H'(R) NWH>(R)) x (L*(R) N L®(R))
0

and assume that there exist o > > 0 such that py > p— > « and y(z) = S — « for
a.e. r € R.
Define

2§ = (X" *v()) = (U%> € H*(R) x H'(R) forn >1,

where {xn}n>1 are the mollifiers

Xn () == (/Rx(ﬁ) dé)_lnx(m:), reR, n>1,

where x € C2°(R) is defined by

/@ = g < 1,
xr) =
Mo =1,, 2 > 1.

In view of X, (z) > 0 for all z € R and ||xy| 1) = 1, we get that
P (x) = Xn *Y0(x) + po(z) 2 f—a+a=>0 VoeR
Obviously, we have that
28— 20 in HY(R) x L*(R) as n — o0 (3.1)
and
|20 [ 21 (Ryx L2 (R) < |20 B2 (R)x L2(R)- (3.2)

By Lemma 2.9, we obtain that the corresponding solution 2" = (v™,4") € C(R4; H*(R)x
H(R)) to (2.3), with initial data 2§, exists globally in time.
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Remark 3.3. By Lemma 2.7 and (3.2), we have that
o™ (& M @y + 17" & ) 2@y < e+ 128 1 @yx L2 ()
< L+ [l20lF @y xro@) Yt E Ry (3.3)
and
[0™ (£, )17 0 (r) < 3 (14 lvollFrmy + oll72@y) Vi€ Ry, (3.4)

Step 2 (the precompactness of approximate solutions). We define P"*(t,z) =:
P (0" + )2+ 3 (0 +¢2)? + 5V +9)*)(t,2) = px (") + 3 (u)? + 5(p")°) (¢, 7) and
let T' be any fixed time in the following text.

Lemma 3.4. There exist a pair of subsequences {2z, P"} C {z", P} and a pair of

functions
2 € L¥((0,T); (W= (R) N H'(R)) x (LAR)NLX(R))), P e L((0,T); W' =(R))
such that

2" — 2 weakly in H'((0,T) x R) x L*((0,T) x R) as ng — oo, (3.5)

v™ — v uniformly on each compact subset of Ry x R as ny — oo
and
P"™ — P uniformly on each compact subset of Ry x R as ny — oc. (3.7)

Proof. By Lemma 2.7, we can easily obtain that {z"(¢,2)} is uniformly bounded in
L°((0,7); H'(R) x L*(R)).

We claim that the sequence {v"} is uniformly bounded in H'((0,T) x R) for fixed
T > 0. Indeed, v € L%((0,T) x R), in view of (3.3), (3.4), and we have that

eClt(

v vz |2 0,7y xr) < 10" |l Lo 0.1y xR) [1V7 | 22 ((0,7) xR) < 1+ [|20ll3 &y x 22 )

and
10:p * (u")? + 5(up)® + 5(0") )20y xm)
T
< ||Pz||%2(R)/O 12(0™)? + (0 + (V")) (t, )T 1 ) At

T
+ Hp||2L1(R)/O (4l b (t M T2y + 2l00e(t, M 2m) dt

T
wmm®4|www$®w

< C(T, |20 1 (m) x L2 (R) > Uk s P£)5

where we used Lemma 2.1 and ||p1||%2(R) < 1, Hpm”%l(R) < 1 and ||p||%1(R) = 1. By
Lemmas 2.1 and 2.7, we have that

[1(6v)z 20,7y xr) < NV2dllL2(0,1)xr) + |vP2llL2((0,7)xR)
<

C(T, |20l a1 Ry x L2 (R) » Ux)-
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Then, by the first equation of (2.2), we obtain that {v}'} is uniformly bounded in

L2((0,T) x R).

From Lemma 2.7, we can easily get that {y"} is uniformly bounded in L?((0,T) x R).
Therefore, there exist z = (2) € L>=((0,T); H'(R)x L?(R)) and a subsequence {2"* (¢, x)}
such that

2™ =z weakly in H*((0,T) x R) x L*((0,T) x R) as nj — ooc.

By Lemma 2.11, there exist v € C((0,7); LS, (R)) and a subsequence {v™*(t,z)} such

that {v™*(t,2)} is compact in C((0,T); LS. (R)), that is, {v™* (¢, )} converges to v(t,x)

loc

uniformly on each compact subset of Ry x R as k — oo. Moreover, v(t,z) € C((0,T) x
R) 1 L((0, 7); H(R)).

From Lemmas 2.1, 2.7 and 2.8 and (2.6), in view of vg € WH>°(R) and v € L>=(R),
we have that there exists an increasing function M (T) > 0 such that, for any (¢,z) €
(0,T7) x R,

[ (8, @), fug (¢, )], |p" (8 @), [ (8 @) |og (8 2)]s [V (8 2) ] < M(T). (3-8)

Then, we get that z € L((0,T); WL (R) x L (R)).
Next, we turn to the compactness of {P"}. For fixed ¢ € (0,T), in view of the fact
that [|p|l2®) < [[pllrr) = 1 and (3.8), we have that

1" (8 ) ooy < Mo (") + 5(up)? + 3 (0™ ) =)
)2

<
<l @ 1((w™)? + 5 (ui)? + 5(0™)) ()| Lo )
< 3[M(T))2. (3.9)

In a similar way, in view of the fact that ||0.p||z2r) < [|0zp|lL1r) = 1 and (3.8), we get
that

102 P (t, ) || oo (r) < 3[M(T)]>. (3.10)

Therefore, { P"} is uniformly bounded in L>((0,T); W1>°(R)).
Moreover, by Remark 2.4, we obtain that

ufy Hutul, + 5 (u)? = (u")? + 3 (") - P"
and
pi + (u"p")z = 0.
Therefore, we have that

oP"
ot

= px (2u"uf +uiug, + p"p})

=px (2u"(—u"ugy — 0, P") + p" (—uzp" —u"py))
+p o (up(—utul, — 5 (u)? + (W) + 5(0")? = P™))
=1+ L, + L. (3.11)
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Next, we estimate Iy, I and I3. I; can be written as
I = p (20" (—u™ulh — 9,P") + " (—ulp" —u” pl)
= e (20 (= D, P) = ul (")) — e (o )
n n,n n n(.n 1 —|z— n n
— p# (20— — B, P") — ' (p )2)+1/(e m=ulym), (M2 dy
R

n n, n n n n 1 —|T— n n
=p* (20" (—u ul — 0, P™) — tul(p )2)+Z/R 2=yl sgn(z — y)(p™)? dy.

Using (3.8)—(3.10) and Hoélder’s inequality, we get that

171l| 22= 0,7y x2) < IIPll ey l|20™ (—uug — 05 P™) = Guit (p")? || =z

+ 1w (p")? | oo 0,1y x| lP] 21 ()
< 10[M(T)P,

where we used that ||p|| z2@®) < [|pllr1(r) = 1. Since —u™ulul, — & (u?)? = =3 (u™(u)?)s,
it follows that

Iy = px (up(—u"ug, — 3(ui)? + (") + 3(0")* = P™))
= px (up((W")* + 5(0")° = P")) — 5p* (u"(uz)?)a
= px (up((W")? + 5(p")* = P")) = 50up  (u" (u})?).

Using (3.8)—(3.10) and Holder’s inequality, we obtain that

2]l oo (0,myxm) < 1PN paayll (u ((w™)? + 5(0")? = P™))(t )|l poe )
+ 3l (Ul Loo 0,7y xR | OaPl 1 ()
< 5(M(T))?,
where we used that ||apoL1(R) = ||p||L1(]R) =1.

By (3.11) and the above estimates, we deduce that {0P™/0t} is uniformly bounded in
L2((0,T); L=(R)). Thus, again by Lemma 2.11, there exist P € C((0,T); L>(R)) and
a subsequence {P™ (t,x)} such that {P"* (¢, x)} is weakly compact in C'((0,7T); L>°(R))
and {P"*(t,z)} converges to P(t,z) uniformly on each compact subset of R, x R as

k — oo. Moreover, P(t,x) € L*((0,T); W+>°(R)). This completes the proof of the
lemma. O

Step 3 (the existence of global weak solutions). By Lemma 3.4, we have that,
for any 7' > 0,

V™™~ py  weakly in L2((0,T) x R) (3.12)
and

V™l = py,  weakly in L?((0,7) x R). (3.13)

https://doi.org/10.1017/50013091513000394 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000394

768 C. Guan and Z. Yin

Remark 3.5. By the above argument, we see that, for any fixed T' > 0, there exists
a pair of subsequences {(v?*)?} C {(v?)?} and {(y™*)?} C {(v")?} converging weakly in
L"((0,T) x R) for all 1 < r < oo, i.e. there exists a pair of functions v2 € L"((0,7T) x R)
and 42 € L"((0,T) x R) such that
(v")? =~ 92 and (y™)* = 7* weakly in L"((0,T) x R).

Moreover, we have that

v =, weakly in LP((0,T) x R) and o™ — v, weakly* in L™(Ry; L*(R)),

x

A™ —~y  weakly in LP((0,7) x R) and 4™ —~  weakly* in L= (R, ; L*(R)),
where p > 2. Furthermore, we have
vi(t,x) < 03(t,x) and ~(t,z) < A%(t,z) ae. on (R, x R). (3.14)

Lemma 3.6. In the sense of distributions on Ry x R,

ai 2 2\ _ (2 ~2 3 2
at + ax((v +¢)U$) - (Ua: +’Y )ar 'Ux 7(25381}.’/8
+2((v+¢)> = P+ 302+ 97+ 20° — ¢uav)vs,  (3.15)
o2 0
T+ (W81 =~ + 607 = 2((v + 9)0)a)y + 2000, (3.16)
677% 0 N 9 T 2
W + %((U + ¢)Uz> - _(bwvw +’Y Vg + ¢zv$
+2(v 4 ¢)?v, + 2075 + P2V — 2PV, — 204,00, (3.17)
and
9 o 0 ~2 — 3 ~2 —
5 T %((v + O)V7) = —ve? — PV — 20Uz — 20207 — 2(v + O) 0y + 2090y
(3.18)
hold.

Proof. Note that 2z is the solution of (2.3). Differentiating the first equation in (2.3)
with respect to x and using the relation 9%p * f = p* f — f, we have that

Ok + (0™ + )ik e = L(0FF) + 205+ (V™ +0)2 + 5 (7 + ) — daav™ — P, (3.19)

By the second equation of (2.3), we get that

1+ (W™ + )7 e + (0™ + d)p)e = . (3.20)

By (3.5)-(3.7), (3.12), (3.13) and Remark 3.5, we infer from (3.19), (3.20) that

A (04 P)ue) = 302+ 4P+ (v+ @) — P+ 202 + oy + 2P — v (3.21)

https://doi.org/10.1017/50013091513000394 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000394

Solutions to a Camassa—Holm shallow-water system 769

and

oy 0

St (0 8 + (0 + D)) = 9 (3:22)

in the sense of distributions on Ry xR. Define v, , (¢, z) := (v (¢, ) *xn)(x) and v, (t, x) :=
(v(t,-) * xn)(x). According to [20, Lemma II.1], we may deduce from (3.21), (3.22) that
Up, and 7y, solve

8 n,xr a n,xr — —
S (v @) = (—02 = Gy + (T 4 7)) * X
+((v+0)* = P+ 305 + 97+ 50% — duat) * Xn + Ta
(3.23)
and
O
O 0+ 6) T2 4 (0a) #x0 + (0+ D))e — 0p0) * 0 = o0, (3.24)

where the errors 7, and o, tend to zero in L{ (R, x R). Multiplying (3.23) and (3.24)

loc

by 2v, , and 2v,, respectively, we get that

o2, o )
x g O (et ot
= ((@i + ’_72 - 2'053 - 2¢x“x> * Xn)vn,x + (vx + ¢x)vi z

+2(((0+ ¢)* — P+ 302+ @7+ 30° — GuaV) * Xn + Tn)Une  (3.25)

and

o: 0
ot + %((U +¢)77)

= =2((vey + ¢27 + (v + @)P)z — PPz) * Xn)Vn + (Vz + ¢m)772L + 2007n-
(3.26)

Using (3.8), we can send n — oo in (3.25) and (3.26) to obtain (3.15) and (3.16).
On the other hand, multiplying (3.19) and (3.20) by 2vl* and 2+™*, respectively, we
get that

0 0
o Nk ng\2
at( K)? +6 (0™ + @) (vi*)7)
= (Vp* + ) (vp*)? — (V) ?up*
+ (—200% ¢y + @2 + 2™ + )2 + (Y*)? 4 29" + @7 — 2P — 25, 0™ ol
and

0

D 2L (07 4 B)™)) =~ + 6) ™) = 2(™ + B)p)ar™ + 2™

Once more using Remark 3.5 and (3.12), (3.13), we can send k — oo in the above two
equalities to obtain (3.17) and (3.18). O
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Lemma 3.7.

li 2(t,z)de = i o2 (t d=/2 d 3.27

Jim Rvm(,x) z = lim va(vw) x Rvo,m(aﬁ) z (3:27)
and

tl_i>r(r)1+ R’yZ(t,:c)dac:tl_igl+ Rf‘yz(t,z)dx:/Rfyg(x)dx (3.28)
hold.

Proof. By Lemmas 3.4 and 2.8, for any T > 0, we have that v € L>°((0,7); H'(R)),
{v?} is uniformly bounded in L*°((0,7); L*(R)) and v™ € C([0,T]; H'(R)). Then, in
view of [42, Appendix C| and the proof of Lemma 3.4, we have that {v"} contains a
subsequence denoted, again, by {v"*} that converges to v weakly in H'(R) uniformly in
t. This implies that v is weakly continuous from (0,7) into H'(R), i.e.

v e C"([0,T]; H' (R)). (3.29)
Similarly, since v € L>((0,T); L?(R)) and, for all t € (0,7T),

It -1 = sup / (—((W" + 8™)e — (" + B)P)a + pips) f
HfHHl(ug) R

= sup /R((’Un + ¢)’7nfac + Ufw‘ﬂ - ¢m§0.f - (bLPIf + QOSwa) dz

HfHHl(]R)
<" + @lle@ V" 2@y + @l @) lvllL2@®) + @l Lo @) 1021 22 (R)
+ |l oo ®) 10z |2 ®) + 1@l Loe @) Pzl L2 (R)
S CO(T, ||l zo|l i () x L2 (R » Uk P+ )

where we applied Lemmas 2.1 and 2.8, it follows that {77} is uniformly bounded in
L>((0,T); H~(R)). Then, again by [42, Appendix C], we have that {y™} contains a
subsequence denoted, once more, by {y"*} that converges to v weakly in L?(R) uniformly
in t. This implies that v is weakly continuous from (0, T) into L?(R), i.e.

v € C¥([0,T]; L*(R)). (3.30)
Then, by (3.29) and (3.30), we get that
Y(t,-) =y and wi(t,-) = vp. weaklyin L?(R) ast — 0.

Thus, we have that

liminf [ ~42(t, ) dx}/'yg(m) dz
R

t—0t R

and

liminf/vi(t,m)dx}/v%w(x) dz.
R R

t—0+
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Therefore, we deduce that

t—0+ t—0+ t—0+

liminf/(vi(t,x)x+’yg(t,x))dac > liminf/vi(t,x)dx—i—liminf/vz(t,m) dz
R R R
> [ 04(a) + (@) do. (3:31)
R

Moreover, from Lemma 2.8 we have that

/R(vz(t, z) + 02 () + 7 (t,z)) da

< liminf / (™)2(t2) + (o)t 2) + (") (1, ) da

nj—00

Y (1 ©liminf / ()% (@) + (52)* (@) + (35*) () dx) -1

N —r 00

= (Ort 4 Ot /R (0B (x) + 02, (2) + 2 (x)) dz — 1.
Thus, we have that

lim sup / (W2t 2) + 03(t,2) + 72 (1, 7)) da < / (W3 () + 3 4(x) + 73 (2)) da.
t—0 R R

Using the continuity of v and that

lim [ v%(t,z)dz = / va () dz,
R R

t—0+

we obtain that

lim sup / (2(t, ) + 72(t, 7)) dz < / (08 . () +13(x)) da. (3.32)
t—0+ R R
In view of (3.14), (3.31) and (3.32), we get (3.27) and (3.28). O

Lemma 3.8.
B2(tw) = v(ta) and 72t a) = 1A(t2) (3.33)

hold a.e. on R} x R.

Proof. Subtracting (3.15) from (3.17), we have that

D@2y + L+ g —2)

ot ox
= (v, — ’?21}1) - sz(l_’azv - UE) + 20(U7 — v2y) — (1_’3 - Uz)vz
< ('727190 - '727}90) + QW(W - Ua:’)/) - (T)i - ’Ui)’l)m, (3'34)
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where we used (3.14) and ¢, > 0, as guaranteed by Lemma 2.1. Subtracting (3.16)
from (3.18), we get that

L5 =) (04 O 7)) = ~(027 —1a7?) — 0 (T — ) — 20T ~ v27)

< — (0272 — v27?) = 20(T57 — va), (3.35)

where, again, we applied (3.14) and ¢, > 0.
Adding (3.34) and (3.35), and integrating over (g,t) x R, we obtain that

/(173*v3+ﬁ2*72)(t,w)dwf/(@§—v§+~‘y2772)(s,x)dx
R R
t
</ /|Ua:|<17§—U§+’72—72)(s,x)dxds.
5 R

Letting ¢ — 0 and using Lemma 3.8 and (3.8), this yields that

t
[0 =2 e de < M(@) [ [ @02 ) s deds,
R 0 JR

Using Gronwall’s inequality and Lemma 3.8, we conclude that

[@ =247 =@ <o
R

By (3.14), we obtain that

0< /(@g 2R )t ) de <0, (3.36)
R
that is,
[@ - de= (07 =)t o)ds =0,
R R
This implies that (3.33) holds. O

From (3.3)—(3.5), (3.11), (3.12) and (3.33), we infer that z satisfies (2.3) in D'((0,T") x
R) and 2z € C*([0,T); H(R) x L*(R)) for any T > 0.

Let u = v+ ¢ and let p = v + . Since ¢ + ¢, = 0 and @; + P, = 0, we
deduce that (u, p) satisfies (2.2) in D’((0,T) x R). Moreover, u € L2, (Ry; WH(R)) and
p € L5, (Ry; L¥(R)).

This completes the proof of Theorem 3.2. (]

Acknowledgements. C.G. was partly supported by the CPSF (Grant 2012M511857)
and by the NSFY (Grant 11201494). Z.Y. was partly supported by the NNSFC (Grant
11271382), the RFDP (Grant 20120171110014), the NCET (Grant 08-0579) and the key
project of Sun Yat-sen University (Grant c¢1185). The authors thank the referees for
valuable comments and suggestions.

https://doi.org/10.1017/50013091513000394 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000394

Solutions to a Camassa—Holm shallow-water system 773

References

1. A. BRESSAN AND A. CONSTANTIN, Global conservative solutions of the Camassa—Holm
equation, Arch. Ration. Mech. Analysis 183 (2007), 215-239.

2. A. BRESSAN AND A. CONSTANTIN, Global dissipative solutions of the Camassa—Holm
equation, Analysis Applic. 5 (2007), 1-27.

3.  R. CaMASSA AND D. HoLM, An integrable shallow-water equation with peaked solitons,
Phys. Rev. Lett. 71 (1993), 1661-1664.

4. M. CHEN AND Y. Liu, Wave breaking and global existence for a generalized two-
component Camassa—Holm system, Int. Math. Res. Not. 2011 (2011), 1381-1416.

5. M. CHEN, S.-Q. L1u AND Y. ZHANG, A two-component generalization of the Camassa—
Holm equation and its solutions, Lett. Math. Phys. 75 (2006), 1-15.

6. A. CONSTANTIN, The Hamiltonian structure of the Camassa—Holm equation, Ezpo. Math.
15 (1997), 53-85.

7. A. CONSTANTIN, Existence of permanent and breaking waves for a shallow-water equation:
a geometric approach, Annales Inst. Fourier 50 (2000), 321-362.

8. A. CONSTANTIN AND J. ESCHER, Wave breaking for nonlinear nonlocal shallow-water
equations, Acta Math. 181 (1998), 229-243.

9. A. CONSTANTIN AND J. ESCHER, Global existence and blow-up for a shallow-water equa-
tion, Annali Scuola Norm. Sup. Pisa 26 (1998), 303—-328.

10. A. CONSTANTIN AND J. ESCHER, Well-posedness, global existence and blow-up phenom-
ena for a periodic quasi-linear hyperbolic equation, Commun. Pure Appl. Math. 51 (1998),
475-504.

11. A. CONSTANTIN AND J. ESCHER, On the blow-up rate and the blow-up of breaking waves
for a shallow-water equation, Math. Z. 233 (2000), 75-91.

12.  A. CONSTANTIN AND R. IvANOV, On an integrable two-component Camassa—Holm
shallow-water system, Phys. Lett. A 372 (2008), 7129-7132.

13.  A. CONSTANTIN AND R. S. JOHNSON, Propagation of very long water waves, with vor-
ticity, over variable depth, with applications to tsunamis, Fluid Dynam. Res. 40 (2008),
175-211.

14. A. CONSTANTIN AND B. KOLEV, Geodesic flow on the diffeomorphism group of the circle,
Comment. Math. Helv. 78 (2003), 787-804.

15.  A. CONSTANTIN AND D. LANNES, The hydrodynamical relevance of the Camassa—Holm
and Degasperis—Procesi equations, Arch. Ration. Mech. Analysis 192 (2009), 165-186.

16. A. CONSTANTIN AND L. MOLINET, Global weak solutions for a shallow-water equation,
Commun. Math. Phys. 211 (2000), 45-61.

17.  A. CONSTANTIN AND W. A. STRAUSS, Stability of a class of solitary waves in compressible
elastic rods, Phys. Lett. A 270 (2000), 140-148.

18. H. H. DAI, Model equations for nonlinear dispersive waves in a compressible Mooney—
Rivlin rod, Acta Mech. 127 (1998), 193—-207.

19. R. DANCHIN, A few remarks on the Camassa—Holm equation, Diff. Integ. Eqns 14 (2001),
953-988.

20. R. J. DIPERNA AND P. L. LiONS, Ordinary differential equations, transport theory and
Sobolev space, Invent. Math. 98 (1989), 511-547.

21.  H.R.DuLLIN, G. A. GOTTWALD AND D. D. HOLM, An integrable shallow-water equation
with linear and nonlinear dispersion, Phys. Rev. Lett. 87 (2001), 4501-4504.

22. J. ESCHER AND Z. YIN, Initial boundary value problems of the Camassa—Holm equation,
Commun. PDEs 33 (2008), 377-395.

23. J. ESCHER AND Z. YIN, Initial boundary value problems for nonlinear dispersive wave
equations, J. Funct. Analysis 256 (2009), 479-508.

24. J. ESCHER, M. KOHLMANN AND J. LENELLS, The geometry of the two-component

Camassa—Holm and Degasperis—Procesi equations, J. Geom. Phys. 61 (2011), 436-452.

https://doi.org/10.1017/50013091513000394 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000394

e

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

C. Guan and Z. Yin

J. ESCHER, O. LECHTENFELD AND Z. YIN, Well-posedness and blow-up phenomena for
the two-component Camassa—Holm equation, Discrete Contin. Dynam. Syst. A 19 (2007),
493-513.

G. FALQUI, On a Camassa—Holm type equation with two dependent variables, J. Phys.
A 39 (2006), 327-342.

A. FOKAS AND B. FUCHSSTEINER, Symplectic structures, their Backlund transformation
and hereditary symmetries, Physica D4 (1981), 47-66.

C. GUAN AND Z. YIN, Global existence and blow-up phenomena for an integrable two-
component Camassa—Holm shallow-water system, J. Diff. Eqns 248 (2010), 2003—-2014.
C. GUAN AND Z. YIN, Global weak solutions for a two-component Camassa—Holm shallow-
water system, J. Funct. Analysis 260 (2011), 1132-1154.

D. HENRY, Infinite propagation speed for a two component Camassa—Holm equation,
Discrete Contin. Dynam. Syst. B12 (2009), 597-606.

D. D. HoLMm AND R. IvANOV, Two-component CH system: inverse scattering, peakons
and geometry, Inv. Probl. 27 (2011), 045013.

D. D. HoLM AND C. TRONCI, Geodesic Vlasov equations and their integrable moment
closures, J. Geom. Mech. 1 (2009), 181-208.

D. D. HoLM, A. TROUVE AND L. YOUNES, The Euler-Poincaré theory of metamorphosis,
Q. Appl. Math. 67 (2009), 661-685.

D. IoNESCU-KRUS, Variational derivation of the Camassa—Holm shallow-water equation,
J. Nonlin. Math. Phys. 14 (2007), 303-312.

R. I. Ivanov, Extended Camassa—Holm hierarchy and conserved quantities, Z. Naturf.
A 61 (2006), 133-138.

R. I. IvaANOV, Water waves and integrability, Phil. Trans. R. Soc. Lond. A 365 (2007),
2267-2280.

R. I. IvaANOV, Two component integrable systems modelling shallow-water waves: the
constant vorticity case, Wave Motion 46 (2009), 389-396.

R. S. JOHNSON, Camassa—Holm, Korteweg—de Vries and related models for water waves,
J. Fluid Mech. 457 (2002), 63—-82.

B. KoLEV, Bi-Hamiltonian systems on the dual of the Lie algebra of vector fields of the
circle and periodic shallow-water equations, Phil. Trans. R. Soc. Lond. A 365 (2007),
2333-2357.

M. LAKSHMANAN, Integrable nonlinear wave equations and possible connections to
tsunami dynamics, in Tsunami and nonlinear waves, pp. 31-49 (Springer, 2007).

Y. Li AND P. OLVER, Well-posedness and blow-up solutions for an integrable nonlinearly
dispersive model wave equation, J. Diff. Fgns 162 (2000), 27-63.

P. L. LIONS, Mathematical topics in fluid mechanics, volume I: incompressible models,
Oxford Lecture Series in Mathematics and Applications, Volume 3 (Oxford University
Press, 1996).

P. OLVER AND P. ROSENAU, Tri-Hamiltonian duality between solitons and solitary-wave
solutions having compact support, Phys. Rev. E53 (1996), 1900-1906.

Z. PorowICZ, A two-component or N = 2 supersymmetric Camassa—Holm equation,
Phys. Lett. A 354 (2006), 110-114.

G. RODRIGUEZ-BLANCO, On the Cauchy problem for the Camassa—Holm equation, Non-
lin. Analysis 46 (2001), 309-327.

A. SHABAT AND L. MARTINEZ ALONSO, On the prolongation of a hierarchy of hydro-
dynamic chains, In New trends in integrability and partial solvability (ed. A. B. Shabat
et al.), NATO Science Series, Volume 132, pp. 263-280 (Kluwer Academic, Dordrecht,
2004).

J. SIMON, Compact sets in the space LP(0,T; B), Annali Mat. Pura Appl. 146 (1987),
65-96.

https://doi.org/10.1017/50013091513000394 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000394

Solutions to a Camassa—Holm shallow-water system 775

48. 7. XIN AND P. ZHANG, On the weak solutions to a shallow-water equation, Commun.
Pure Appl. Math. 53 (2000), 1411-1433.

49. 7. YIN, Well-posedness, blow-up, and global existence for an integrable shallow-water
equation, Discrete Contin. Dynam. Syst. A11 (2004), 393-411.

50. C. Zuu, Asymptotic behavior of solutions for p-system with relaxation, J. Diff. Eqns 180
(2002), 273-306.

https://doi.org/10.1017/50013091513000394 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000394



