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The theory of terahertz (THz) wave emission at the oblique incidence of a focused
s-polarized laser pulse on the boundary of a rarefied plasma is developed. The angular,
spectral and energy characteristics of the THz signal as a function of the focal spot size
and the incidence angle of laser radiation, as well as the plasma density, are investigated.
It is shown that the THz radiation energy increases with a decrease in the laser pulse focal
spot and has the maximum value when the tightly focused laser pulse is incident at the
angle of total reflection on the plasma boundary.
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1. Introduction

The current interest in terahertz (THz) radiation and the mechanisms of its generation
is associated with the possibilities of its use in science, technology, medicine and
other practical applications (Song & Nagatsuma 2015). In recent times, laser radiation
interacting with various material media has been widely used to generate high-power
pulses of THz radiation. For the first time, THz pulses under laser irradiation of
gas and solid-state targets were detected in an experiment (Hamster et al. 1993).
Subsequently, THz radiation was recorded in many experiments under laser action on
gases (Yugami et al. 2002; Dorranian et al. 2003; Schroeder et al. 2004; Sprangle et al.
2004; van Tilborg et al. 2006; Gopal et al. 2013), solids (Weiss, Wallenstein & Beigang
2000; Kadlec, Kuzel & Coutaz 2004, 2005; Welsh & Wynne 2009; Suvorov et al. 2012)
and clusters (Nagashima et al. 2009; Jahangiri et al. 2011; Oh et al. 2013). At present, the
most intense THz radiation with a high conversion rate has been experimentally detected
at the laser irradiation of lithium niobate crystals (Huang et al. 2013; Fülöp et al. 2014)
and organic crystals (Vicario et al. 2014, 2015).

Various mechanisms of THz wave emission under laser action have been theoretically
considered for rarefied plasma (Gorbunov & Frolov 1996; Yoshii et al. 1997; Gorbunov &
Frolov 2004; Sheng et al. 2005; Gorbunov & Frolov 2006; Dong et al. 2009; Dechard
et al. 2018; Liao & Li 2019), for dense plasma and conductors (Frolov 2007; Urupin
& Frolov 2012; Dechard et al. 2020) and for clusters (Frolov 2018). The important
theoretical problem is to increase the energy of the THz pulse and the conversion rate
in the interaction of laser radiation with matter. Recently, it was shown in Frolov (2020,
2021) that, if laser radiation is incident at the angle of total reflection on the boundary of a
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subcritical plasma, then the energy of the generated THz pulse increases by more than an
order of magnitude. At the same time, in Frolov (2020, 2021), the problem of the incidence
of unfocused s- and p-polarized laser radiation on a plasma was considered. In this article,
in contrast to Frolov (2020), we consider the emission of THz waves from plasma for
incident focused s-polarized laser radiation. It is shown that the energy of the THz signal
increases significantly with a decrease in the size of the laser radiation focal spot and is
maximum when the tightly focused laser pulse is incident at the angle of total reflection
on the plasma boundary. Let us recall that, for s-polarized electromagnetic radiation, the
electric field vector is perpendicular to the plane of incidence (i.e. the plane in which
the wave vectors of the incident and reflected waves lie), and the magnetic field of this
radiation lies in the plane of incidence. In the case of a p-polarized wave, the electric field
vector lies in the plane of incidence and the magnetic field is perpendicular to this plane.

This article has the following structure: in § 2, we consider the boundary value problem
for a focused s-polarized laser pulse when it falls on the plasma boundary, the electron
density of which is much less than the critical value. The electric field and ponderomotive
potential of laser radiation in plasma near the plasma–vacuum interface are calculated. It
is shown that the grazing incidence of the laser pulse at the angle of total reflection leads
to an increase in the ponderomotive potential by a factor of 4 compared with the incidence
at smaller angles. In § 3, based on Maxwell’s equations averaged over high-frequency
laser oscillations and the equation of motion for plasma electrons, taking into account
the ponderomotive action of laser radiation, the excitation of THz fields in plasma and in
vacuum is considered. The emission of THz waves from plasma into vacuum is considered
in § 4, where the angular, spectral and energy characteristics of the THz signal are studied
as functions of the incidence angle and the focusing degree of laser radiation, as well
as the plasma density. It is shown that the energy of the THz signal increases with a
decrease in the size of the laser radiation focal spot and has the maximum value at the
grazing incidence of the tightly focused laser pulse at the angle of total reflection onto the
rarefied plasma boundary. In the Conclusion, the main results of the article are presented
and estimates are given for the characteristics of THz radiation under the conditions of
modern laser-plasma experiments.

2. Boundary value problem for laser radiation

Let an s-polarized laser pulse with the carrier frequency ω0 and the time duration τ
significantly exceeding the oscillation period (τ � 1/ω0) be incident on the plasma, which
occupies the region of space z > 0, from vacuum (z < 0) at the angle α with respect to
the normal to the plasma–vacuum interface. We assume that the size of the pulse in the
direction of the y-axis significantly exceeds its size along the x and z axes. Then the electric
field of the incident Gaussian laser radiation in vacuum (z < 0) near the plasma boundary
(|z| � k0R2

x) can be represented in the following form:

Einc
L (r, t) = 1

2
eyE0L exp

{
−iω0

(
t − z′

c

)
− 1

2τ 2

(
t − z′

c

)2

− x′2

2R2
x

}
+ c.c., (2.1)

where E0L is the amplitude of the laser field, z′ = z cos α + x sin α is the axis
characterizing the direction along which the incident pulse propagates, the axis
x′ = x cos α − z sin α is perpendicular to the z′ axis, ey is the basis vector of the y
axis in the Cartesian coordinate system, Rx is the transverse size of the laser pulse
(along the x′ axis), which we will consider to be much larger than the wavelength of
laser radiation λ0 = 2πc/ω0, k0 = ω0/c is the wavenumber, L = cτ is the longitudinal
size of the laser pulse, c is the speed of light and c.c. is the complex conjugate.
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This configuration of the focal spot in the form of a line at the plasma boundary
takes place when laser radiation is focused by a cylindrical lens. We will assume
that the frequency of laser radiation ω0 significantly exceeds the plasma frequency
ωp = √

4πe2N0e/me, this condition corresponds to a rarefied plasma with the electron
density N0e that is significantly less than the critical value Ncr = meω

2
0/(4πe2), that is, the

inequalities ω0 � ωp, N0e � Ncr are satisfied, where e, me are the charge and mass of
the electron. Using a Fourier transform with respect to time and x coordinate, we write the
total field of the laser radiation in vacuum, which is the superposition of the incident and
reflected pulses, in the following form (see Appendix A)

EL(r, t) = 1
2

eyE0L
2πRxτ

cos α

∫ +∞

−∞

dω

2π
exp

[
−iωt − (ω − ω0)

2τ 2

2

]

×
∫ +∞

−∞

dkx

2π
exp

{
ikxx − [kx − (ω/c) sin α]2R2

x

2cos2α

}

×
⎧⎨
⎩exp

⎛
⎝iz

√
ω2

c2
− k2

x

⎞
⎠+ R(ω, kx) exp

⎛
⎝−iz

√
ω2

c2
− k2

x

⎞
⎠
⎫⎬
⎭+ c.c., z ≤ 0,

(2.2)

where R(ω, kx) is the Fourier image of the reflection coefficient for s-polarized radiation,
which is determined from the boundary conditions. The electric field of the laser pulse in
plasma, by analogy with formula (2.2), can also be written in the form of Fourier integrals

EL(r, t) = 1
2

eyE0L
2πRxτ

cos α

∫ +∞

−∞

dω

2π
exp

[
−iωt − (ω − ω0)

2τ 2

2

]

×
∫ +∞

−∞

dkx

2π
T(ω, kx) exp

⎧⎨
⎩ikxx + iz

√
ω2

c2
ε(ω) − k2

x − [kx − (ω/c) sin α]2R2
x

2cos2α

⎫⎬
⎭

+ c.c., z ≥ 0, (2.3)

where T(ω, kx) is the Fourier image transmission coefficient for the s-polarized wave,
ε(ω) = 1 − ω2

p/ω
2 is the dielectric permittivity of the plasma at the frequency ω. From

the continuity conditions for the tangential components of the electric and magnetic fields
of laser radiation at the plasma–vacuum interface, we find expressions for the Fourier
components of the reflection and transmission coefficients

R(ω, kx) =
√

(ω2/c2) − k2
x −√

(ω2/c2)ε(ω) − k2
x√

(ω2/c2) − k2
x +√

(ω2/c2)ε(ω) − k2
x

,

T(ω, kx) = 2
√

(ω2/c2) − k2
x√

(ω2/c2) − k2
x +√

(ω2/c2)ε(ω) − k2
x

.

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(2.4)

Let us consider the electric field of laser radiation in plasma near the plasma–vacuum
interface, when z → +0. Taking into account the inequalities ω0τ � 1, k0Rx � 1, from
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(2.3) we find the following field distribution near the plasma boundary:

EL(x, z = +0, t) = ey
2E0L cos α

cos α +
√

cos2α − N(ω0)

× exp
[
− 1

2τ 2

(
t − x

c
sin α

)2
− x2

2R2
x

cos2α

]
cos

[
ω0

(
t − x

c
sin α

)]
,

(2.5)

where N(ω0) = ω2
p/ω

2
0 = N0e/Ncr is the dimensionless electron density. As noted earlier

(Frolov 2020), when a laser pulse is incident at the angle of total reflection and the
condition

cos2α = N(ω0), (2.6)
or sin2α = ε(ω0) is fulfilled, the amplitude of the laser radiation electric field in the plasma
doubles compared with the amplitude of the incident field in vacuum, as follows from
the comparison of (2.1) and (2.5). It should be noted that, when a laser pulse falls on
the boundary of very rarefied plasma (cos2α � N(ω0)), it crosses the plasma–vacuum
interface without reflection (see formula (2.5)) since the electric field of the incident (2.1)
and transmitted (2.5) laser pulses coincide in magnitude. However, for an arbitrary finite
value of the electron density, there is the certain angle of incidence for which the total
reflection of the laser pulse takes place and this angle is determined from relation (2.6).
This effect is similar to the effect of total internal reflection of light that falls from an
optically denser medium onto the boundary of a medium with a lower refractive index,
since vacuum is an optically denser medium (the refractive index is 1) than plasma whose
refractive index is less than unity (

√
ε(ω0) < 1). In accordance with formula (2.6), we

conclude that the total reflection of laser radiation from rarefied plasma occurs at grazing
angles and the lower the electron density, the closer this angle is to π/2. Thus, the total
reflection of a laser pulse from plasma with a sufficiently low electron density occurs when
it propagates almost along the boundary. It follows from formula (2.5) that the electric field
of laser radiation in plasma near the boundary under condition (2.6) has a value twice as
high as the field of the incident laser pulse (2.1). This effect takes place due to the fact
that, under the condition of total reflection (2.6), the electric field of laser radiation at the
plasma boundary (2.6) is equal to the sum of the incident and reflected fields, which are
equal in absolute value.

Using the expression for the electric field (2.5) and the definition of the potential of laser
radiation ponderomotive forces Φ(r, t) acting on plasma electrons

Φ(r, t) = e
2me

〈(∫ t

−∞
dt′EL(r, t′)

)2
〉

, (2.7)

where angle brackets 〈· · · 〉 mean averaging over the period of high-frequency oscillations
2π/ω0, we find the ponderomotive potential Φ(r, t) near the plasma boundary

Φ(x, z = +0, t) = eE2
0L

4meω
2
0

∣∣∣∣∣ 2 cos α

cos α +
√

cos2α − N(ω0)

∣∣∣∣∣
2

× exp
{
− 1

τ 2

[
t − x

c
sin α

]2
− x2

R2
x

cos2α

}
, (2.8)

which differs from the corresponding expression (14) in (Frolov 2020) by taking into
account the transverse size of the laser pulse. The ponderomotive action of laser radiation
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with potential (2.8) leads to the excitation of THz fields in the plasma and their emission
into vacuum. It should be noted that the ponderomotive effect is significantly enhanced
when the laser pulse is incident at the angle of total reflection (2.6), since in this case the
potential (2.8) increases by a factor of 4 compared with the case of incidence at smaller
angles, when the condition cos2α � N(ω0) is satisfied.

3. Excitation of THz fields in vacuum and plasma

To describe the generation of THz radiation, we will use the time-averaged Maxwell
equations for the electric E(r, t) and magnetic B(r, t) fields

rotB(r, t) = 1
c

∂

∂t
E(r, t) + 4π

c
eNe(z)V (r, t), rotE(r, t) = −1

c
∂

∂t
B(r, t), (3.1a,b)

as well as the equation for the electron velocity V (r, t), taking into account the
ponderomotive effect of laser radiation (see, for example, Frolov 2020)(

∂

∂t
+ νei

)
V (r, t) = e

me
[E(r, t) − ∇Φ(r, t)], (3.2)

which is obtained in the non-relativistic approximation |V (r, t)| � c under the condition
of rare electron collisions νeiτ � 1, where Ne(z) = N0eθ(z) is the coordinate-dependent
electron density, θ(z) is the Heaviside unit step function and νei is the frequency of
electron–ion collisions.

Using a Fourier transform with respect to time and x coordinate from the set of (3.1),
(3.2) we find the following equation for the low-frequency magnetic field By(ω, kx, z):

d
dz

{
1

ε(ω, z)
d
dz

By(ω, kx, z)
}

+
[
ω2

c2
− k2

x

ε(ω, z)

]
By(ω, kx, z)

= ω

c
kx

{
ω2

p(z)

ω(ω + iνei)ε(ω, z)
d
dz

Φ(ω, kx, z) − d
dz

[
ω2

p(z)Φ(ω, kx, z)

ω(ω + iνei)ε(ω, z)

]}
, (3.3)

at the same time the components of the electric field Ex(ω, kx, z), Ez(ω, kx, z), are
determined by the following relationships:

Ex(ω, kx, z) = − ic
ωε(ω, z)

d
dz

By(ω, kx, z) − ikxω
2
p(z)

ω(ω + iνei)ε(ω, z)
Φ(ω, kx, z)

Ez(ω, kx, z) = − ckx

ωε(ω, z)
By(ω, kx, z) − ω2

p(z)

ω(ω + iνei)ε(ω, z)
d
dz

Φ(ω, kx, z)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

, (3.4)

where ε(ω, z) = 1 − ω2
p(z)/ω

2, ω2
p(z) = 4πe2Ne(z)/me and Φ(ω, kx, z) is the Fourier

image of the ponderomotive potential. The solution of (3.3) for the low-frequency
magnetic field in a plasma and in a vacuum, taking into account the boundary conditions
of the continuity for Ex(ω, kx, z) and By(ω, kx, z), has the following form:

By(ω, kx, z) = iωkx

c

ω2
p

ω(ω + iνei)

Φ(ω, kx, z = 0)

D(ω, kx)
exp

{
−iz

√
ω2

c2
− k2

x

}
, z ≤ 0, (3.5)

By(ω, kx, z) = iωkx

c

ω2
p

ω(ω + iνei)

Φ(ω, kx, z = 0)

D(ω, kx)
exp

{
iz

√
ω2

c2
ε(ω) − k2

x

}
, z ≥ 0,

(3.6)
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where the function D(ω, kx) is given by the formula

D(ω, kx) = ε(ω)

√
ω2

c2
− k2

x +
√

ω2

c2
ε(ω) − k2

x . (3.7)

It follows from formulas (3.5), (3.6) that the low-frequency magnetic field in plasma and
in vacuum is determined by the Fourier transform of the ponderomotive potential at the
plasma boundary Φ(ω, kx, z = 0), which, in accordance with (2.8), has the form

Φ(ω, kx, z = 0) = eE2
0L

4meω
2
0

∣∣∣∣∣ 2 cos α

cos α +
√

cos2α − N(ω0)

∣∣∣∣∣
2

× πRτ

cos α
exp

{
−ω2τ 2

4
−
(

kx − ω

c
sin α

)2 R2
x

4cos2α

}
. (3.8)

The obtained expression for the magnetic field (3.5), taking into account formulas (3.7),
(3.8), allows us to analyse the characteristics of the THz pulse, which is emitted from the
plasma into vacuum.

4. Spectral, angular and energy characteristics of THz radiation in vacuum

Using the inverse Fourier transform with respect to the spatial coordinate from formula
(3.5), we find the THz magnetic field in vacuum

By(ω, r) = ω2
p

c(ω + iνei)

∂

∂x

∫ +∞

−∞

dkx

2π
exp

{
ikxx − iz

√
ω2

c2
− k2

x

}
Φ(ω, kx, z = 0)

D(ω, kx)
, z ≤ 0.

(4.1)

We will consider the field (4.1), (3.8) at large distances from the plasma boundary in
the wave zone, when the condition r = √

x2 + z2 � L, R, c/ω is satisfied. In this case,
the integral in formula (4.1) can be calculated using the stationary phase method (Olver
1974). For large values of the exponential function argument, the main contribution to
the integral is made by the small neighbourhood near the stationary point, the position of
which is determined by the formula

kx,s = ω

c
sin θ, (4.2)

where θ is the angle between the direction of observation and the positive direction of
the z axis. The position of the stationary point (4.2) is found from the condition that
the derivative of the argument of the exponential function in formula (4.1) is equal to
zero. Calculating the integral in formula (4.1) taking into account the contribution of the
stationary point (4.2) for the Fourier transform of the THz magnetic field in vacuum, we
obtain the following expression:

By(ω, r) = ω2
p

ω0(ω + iνei)

VE

4c
E0L

πRxτ

cos α

∣∣∣∣∣ 2 cos α

sin α +
√

cos2α − N(ω0)

∣∣∣∣∣
2√

ω

2πrc

× sin θ | cos θ |
ε(ω)| cos θ | +

√
ε(ω) − sin2θ

× exp

{
i
π

4
+ i

ω

c
r − ω2τ 2

4
−
(

sin θ − sin α

cos α

)2
ω2R2

x

4c2

}
, z ≤ 0, (4.3)
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where VE = eE0L/(meω0) is the amplitude of the electron oscillation velocity in the laser
field (2.1). Using formula (4.3), we find the energy that is radiated into the unit frequency
interval dω and is carried through the unit cylindrical area df = err dθ dy along the normal
to it

dW(ω, θ) = c
8π 2

{[E(ω, r) × B∗(ω, r)] + c.c.} dω df = c
4π 2

|By(ω, r)|2r dθ dy dω.

(4.4)
Taking into account formulas (4.3), (4.4), we find the energy radiated in the unit interval
of frequencies dω and angles dθ

dW(ω, θ)

dω dθ
= ω2

p

ω2
0

ωpτkpRx ω

ω2 + ν2
ei

V2
E

c2

WL

π

cos2α

| cos α +
√

cos2α − N(ω0)|4

× sin2θcos2θ∣∣∣ε(ω)| cos θ | +
√

ε(ω) − sin2θ

∣∣∣2

× exp

{
−ω2τ 2

2

[
1 + R2

x

L2

(
sin θ − sin α

cos α

)2
]}

, z ≤ 0, (4.5)

where WL = E2
0LRxRyL/8 is the energy of the laser pulse, Ry is the size of the laser pulse

along the y axis and kp = ωp/c. If we integrate over frequencies in formula (4.5), then we
find the THz radiation pattern

dW(θ)

dθ
= Rx

L
V2

E

c2

WL

π
J(θ),

J(θ) = ω2
0τ

2N2(ω0)sin2θcos2θcos2α

| cos α +
√

cos2α − N(ω0)|4

×
∫ ∞

0

dΩΩ3

|(Ω2 − 1)| cos θ | + Ω
√

Ω2cos2θ − 1|2

× exp

{
−N(ω0)ω

2
0τ

2Ω2

2

[
1 + R2

x

L2

(
sin θ − sin α

cos α

)2
]}

. (4.6)

The spectrum of THz radiation is calculated by integrating in formula (4.5) over the angles

dW(Ω)

d�
= Rx

L
V2

E

c2

WL

π
I(Ω),

I(Ω) = ω2
0τ

2N2(ω0)cos2α

| cos α +
√

cos2α − N(ω0)|4
Ω3

×
∫ 3π/2

π/2

dθsin2θcos2θ

|(Ω2 − 1)| cos θ | + Ω
√

Ω2cos2θ − 1|2

× exp

{
−N(ω0)ω

2
0τ

2Ω2

2

[
1 + R2

x

L2

(
sin θ − sin α

cos α

)2
]}

, (4.7)
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where Ω = ω/ωp is the dimensionless frequency. The total energy of THz radiation can be
calculated by integrating over angles in formula (4.6) or over frequencies in formula (4.7)

W = Rx

L
V2

E

c2

WL

π
w, w = ω2

0τ
2N2(ω0)cos2α

| cos α +
√

cos2α − N(ω0)|4
∫ 3π/2

π/2
dθsin2θcos2θ

×
∫ ∞

0

dΩΩ3

|(Ω2 − 1)| cos θ | + Ω
√

Ω2cos2θ − 1|2

× exp

{
−N(ω0)ω

2
0τ

2Ω2

2

[
1 + R2

x

L2

(
sin θ − sin α

cos α

)2
]}

. (4.8)

We will further assume that the laser pulse energy, its wavelength and duration are fixed
values, whereas the size of the focal spot and radiation intensity (these parameters are
determined by the degree of focusing), as well as the angle of incidence are variable. The
electron density of the plasma can also be a variable, which is determined by the type of
target irradiated by the laser.

The total energy of THz radiation (4.8) as a function of the incidence angle for different
degrees of laser radiation focusing is shown in figure 1. It follows from figure 1 that the
total energy of THz radiation is maximum when the laser pulse is grazingly incident at
the angle of total reflection (2.6) onto a rarefied plasma whose density for the indicated
parameters is almost three orders of magnitude less than the critical value. Also, the energy
of the THz pulse increases with a decrease in the size of the laser radiation focal spot. If
condition (2.6) is satisfied and the laser pulse is incident at the angle of total reflection,
then the maximum value of the total energy of THz radiation (4.8) takes the form

Wmax = Rx

L
V2

E

c2

WL

π
wmax, wmax = N(ω0)ω

2
0τ

2
∫ 3π/2

π/2
dθsin2θcos2θ

×
∫ ∞

0

dΩΩ3

|(Ω2 − 1)| cos θ | + Ω
√

Ω2cos2θ − 1|2

× exp

{
−N(ω0)ω

2
0τ

2Ω2

2

[
1 + R2

x

L2

(
sin θ − √

1 − N(ω0)√
N(ω0)

)2
]}

. (4.9)

It follows from formula (4.9) that the dimensionless energy has the maximum value

wmax(Rx → 0) = ω2
pτ

2
∫ 3π/2

π/2
dθsin2θcos2θ

∫ ∞

0

dΩΩ3 exp{−ω2
pτ

2Ω2/2}
|(Ω2 − 1)| cos θ | + Ω

√
Ω2cos2θ − 1|2 ,

(4.10)

in the limit Rx → 0, that is, for tight focusing of the laser pulse. In this case, it should
be taken into account that the minimum value of the focal spot size is limited by the
wavelength of laser radiation λ0. The dimensionless energy of THz radiation for the laser
pulse for extremely tight focusing (4.10) as a function of the plasma density is shown in
figure 2.

For the duration of the laser pulse τ = 100/ω0, the energy is maximum for the density
N0e ≈ 1.6 × 10−4Ncr, which corresponds to the parameter ωpτ ≈ 1.3. The energy of THz
radiation (4.9) for the indicated value of the electron density as a function of the focal spot
size is shown in figure 3, from which it follows that the THz energy noticeably increases
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FIGURE 1. The THz radiation energy (4.8) as a function of the laser pulse incidence angle
at ω0τ = 100 for different electron densities and for (Rx/L)2 = 4 (a), (Rx/L)2 = 1 (b),
(Rx/L)2 = 0.25 (c).
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FIGURE 2. The energy of THz radiation as the function of the electron density (4.10) when the
tight focused (Rx → 0) laser pulse is incident at the angle of total reflection (2.6) at ω0τ = 100.

with a decrease in the focal spot size of the laser pulse. If at Rx = L the dimensionless
energy of THz radiation is w ≈ 0.12, then with a decrease in the size of the laser pulse
focal spot, a sharp increase in the energy of THz radiation takes place, and at the extremely
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FIGURE 3. The energy of THz radiation (4.9) as the function of the degree of laser pulse

focusing when it is incident at the angle of total reflection (2.6), at ω0τ = 100,
N0e = 1.6 × 10−4Ncr.
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FIGURE 4. The THz radiation pattern for the incidence of the laser pulse with duration
τ = 100/ω0 at the angle of total reflection (2.6) on the plasma with the electron density
N0e = 10−3Ncr at various degrees of focusing. The arrows show the direction of propagation
of the incident and reflected laser pulses.

tight focusing Rx → 0, THz energy reaches the value w ≈ 33, which is more than two
orders of magnitude greater than at Rx = L.

The THz radiation pattern (4.6) is shown in figure 4. At large sizes of the laser pulse
focal spot, THz waves are emitted in the direction approximately coinciding with the
direction of the reflected laser pulse propagation (see figure 4a).

This result follows from formula (4.6) under the condition Rx � L and was previously
presented for an unfocused laser pulse (Rx → ∞) in a number of publications (see, for
example, Frolov 2020, 2021). A decrease in the size of the laser pulse focal spot leads to
the fact that the radiation pattern of THz radiation becomes wider and shifts towards the
normal to the plasma boundary. The case of extremely tight focusing of laser radiation
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FIGURE 5. The spectrum of THz radiation when a laser pulse with duration τ = 100/ω0 is
incident at the angle of total reflection (2.6) onto the plasma with the electron density N0e =
10−3Ncr at various degrees of focusing.

is shown in figure 4(b). In this case, radiation with lower energy appears in the specular
direction in the range of angles π ≤ θ ≤ 3π/2.

The energy of THz radiation as a function of frequency (4.7) is shown in figure 5 for
different degrees of the laser radiation focusing.

A decrease in the size of the focal spot leads to an increase in the height of the spectral
line and its shift to the region of higher frequencies. If, for a large transverse dimension of
the laser pulse, the maximum in the THz radiation spectrum corresponds to a frequency of
the order of the reciprocal duration ωmax ≈ 1/τ , which is less than the plasma frequency,
then, with a decrease in the transverse dimension, the frequency approaches the plasma
frequency and can become equal to it.

5. Conclusion

In this article, we consider the generation of THz radiation at oblique incidence of a
focused s-polarized laser pulse on semi-bounded rarefied plasma. The boundary value
problem for laser radiation is solved and the laser field and the ponderomotive potential
in the plasma near its boundary are found. Based on the Maxwell equations averaged over
the laser period and the equation for the electron velocity, which takes into account the
ponderomotive effect of laser radiation, the excitation of THz fields in plasma and their
emission into vacuum are considered. The energy, angular and spectral characteristics of
THz radiation in vacuum are studied as functions of the incidence angle and the focusing
degree of the laser pulse, as well as the plasma density. It is shown that the energy of
the THz signal noticeably increases with a decrease in the size of the focal spot, and
the THz energy reaches the maximum at tight focusing of laser radiation, when it is
incident at the angle of total reflection on the plasma boundary. The THz radiation pattern
is studied as a function of the focal spot size of the laser pulse. It is shown that, as
the transverse size of the laser radiation decreases, the THz signal pattern shifts from the
grazing angle, which coincides with the direction of the reflected laser pulse, towards the
normal to the plasma–vacuum interface. It has been established that, for extremely tight
focusing of the laser pulse, an additional THz radiation signal with a lower energy appears
which propagates with respect to the main signal in the mirror direction relative to the
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normal to the plasma boundary. The frequency dependence of the THz radiation energy
is considered and it is shown that, as the focal spot size decreases, the maximum in the
emission spectrum increases, and its position shifts to higher frequencies and can approach
to the plasma frequency.

In the considered model, the plasma boundary is assumed to be sharp, which enabled
us to formulate the corresponding boundary conditions for calculating the fields and
thereby to substantially simplify the problem. It can be assumed that the theory of THz
wave generation developed in the article is applicable if the characteristic scale of the
plasma–vacuum transition layer Lp is smaller than the sizes of the laser pulse L, Rx and the
plasma wavelength 2πc/ωp.

In conclusion, we present estimates for the characteristics of THz radiation for typical
parameters of modern laser-plasma experiments. Let a laser pulse with wavelength
λ0 = 1.24 µm (frequency ω0 ≈ 1.52 × 1015c−1), duration τ = 66 fs, energy WL =
600 mJ and transverse dimensions Rx = 3 µm, Ry = 0.1 cm (for these parameters, the
power and intensity of the laser pulse are equal to PL ≈ 3.5 TW, IL ≈ 1017 W cm−2)
be incident at the angle α = 89◦ onto the boundary of a fully ionized plasma whose
electrons have density N0e = 1.2 × 1017 cm−3, which is much less than the critical value
0.7 × 1021 cm−3, then, in this case, the radiation of THz waves at the frequency νTHz ≈
0.3ωp/(2π) ≈ 0.9 THz, which corresponds to the wavelength λTHz ≈ 330 µm, occurs
at the angle θ ≈ 110◦, which corresponds to the angle 70◦ relative to the normal to
the plasma–vacuum interface. In accordance with formula (4.9), the energy of the THz
radiation is equal to WTHz ≈ 0.74 × 10−2WL ≈ 4.6 mJ and is approximately a per cent of
the laser pulse energy. If the duration of the THz signal is comparable to the duration
of the laser pulse, then for the THz radiation power we have the following estimate:
PTHz ≈ 0.74 × 10−2PL ≈ 26 GW. These estimates indicate the possibility of generating
high-power THz pulses under the action of tightly focused s-polarized laser radiation at its
grazing incidence on a rarefied plasma boundary, when the effect of total reflection takes
place.
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Appendix A. Boundary value problem for s-polarized laser pulse

To solve the boundary value problem when the s-polarized laser pulse (2.1) is incident
on a semi-bounded plasma, we will use the Maxwell equations

rotEL(r, t) = −1
c

∂

∂t
BL(r, t),

rotBL(r, t) = 1
c

∂

∂t
EL(r, t) + 4πe

c
N0eV L(r, t),

⎫⎪⎪⎬
⎪⎪⎭ (A1)

where EL(r, t), BL(r, t) are the electric and magnetic fields of laser radiation, and the
electron velocity V L(r, t) satisfies the equation

∂

∂t
V L(r, t) = e

me
EL(r, t). (A2)
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From the set of (A1), (A2) we find the equation for the y-component of the laser pulse
electric field EL(r, t) = ey · EL(r, t)

∂2

∂t2
EL(r, t) + ω2

pEL(r, t) − c2ΔEL(r, t) = 0, (A3)

where Δ is the Laplace operator.
To solve (A3), we will use the Fourier transform in time and coordinate

EL(r, t) = ∫ +∞
−∞

dω

2π

∫ +∞
−∞

dkx

2π
exp(−iωt + ikxx)EL(ω, kx, z),

EL(ω, kx, z) = ∫ +∞
−∞ dt

∫ +∞
−∞ dx exp(iωt − ikxx)EL(r, t).

⎫⎬
⎭ (A4)

Then from (A3) the ordinary differential equation for the Fourier transform of the electric
field follows

d2

dz2
EL(ω, kx, z) +

[
ω2

c2
ε(ω) − k2

x

]
EL(ω, kx, z) = 0, (A5)

whose solution, taking into account the continuity of the tangential components of the
field EL(ω, kx, z) and BL,x(ω, kx, z) = (ic/ω) dEL(ω, kx, z)/dz, has the form

EL(ω, kx, z) = E0(ω, kx)

{
exp

(
iz

√
ω2

c2
− k2

x

)

+ R(ω, kx) exp

(
−iz

√
ω2

c2
− k2

x

)}
, z ≤ 0,

EL(ω, kx, z) = E0(ω, kx)T(ω, kx) exp

(
iz

√
k2

x − ω2

c2
ε(ω)

)
, z ≥ 0,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(A6)

where ε(ω) is the plasma permittivity, and the reflection R(ω, kx) and transmission
T(ω, kx) coefficients for an s-polarized wave have the form

R(ω, kx) =
√

(ω2/c2) − k2
x −√

(ω2/c2)ε(ω) − k2
x√

(ω2/c2) − k2
x +√

(ω2/c2)ε(ω) − k2
x

,

T(ω, kx) = 2
√

(ω2/c2) − k2
x√

(ω2/c2) − k2
x +√

(ω2/c2)ε(ω) − k2
x

.

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(A7)

To find E0(ω, kx) it is necessary that the expression E0(ω, kx) exp{iz√(ω2/c2) − k2
x} from

(A6) equates to the Fourier transform of the incident pulse (2.1) near the plasma boundary
z = 0. As the result, for E0(ω, kx) we obtain the following formula:

E0(ω, kx) = Einc
L (ω, kx, z = 0) = E0LπRxτ

cos α

{
exp

[
−(ω − ω0)

2τ 2

2

]

+ exp
[
−(ω + ω0)

2τ 2

2

]}
exp

{
−(kx − (ω/c) sin α)2R2

x

2cos2α

}
. (A8)

Substituting formula (A8) into (A6) and using the inverse Fourier transform from (A4), we
find expressions (2.2)–(2.4) for the electric field of s-polarized laser radiation in vacuum
and plasma.
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