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EXTENSIONS OF SUBDIFFERENTIAL CALCULUS
RULES IN BANACH SPACES

A.JOURANI AND L. THIBAULT

ABSTRACT.  This paper is devoted to extending formulas for the geometric approx-
imate subdifferential and the Clarke subdifferential of extended-real-valued functions
on Banach spaces. The results are strong enough to include completely the finite di-
mensional setting.

0. Introduction. This paper continues a research program introduced in [ 14] whose
results will be frequently used throughout the text. It concerns the basic rules of subdif-
ferential calculus for nonsmooth functions on arbitrary Banach spaces. Ioffe [12, 13] and
Rockafellar [26] have respectively proved for the Ioffe’s geometric approximate subdif-
ferential and the Clarke subdifferential that

O(f + g)(x0) C 9f(x0) + Og(xo)

whenever one of the functions is directionally Lipschitzian (see also Kruger [18] for the
particular case where the Banach space admits an equivalent norm which is Fréchet dif-
ferentiable away from zero). Note that their results do not include the finite dimensional
case (see loffe [11], Mordukhovich [23], Rockafellar [27], Ward and Borwein [29]) since
for finite dimensional spaces neither function f nor g need be directionally Lipschitzian.

More generally combining loffe’s sum rule (see Theorem 5.6 in [13]) and chain rule
(see Corollary 7.8.1 in [13]) it is not difficult to see that the Ioffe geometric approximate
subdifferential satisfies (under a constraint qualification)

(©) of +hoghxo) CH)+ | a0 0 g)xo)
y*€0h(g(x0))

whenever 4 is directionally Lipschitzian at g(xo) and whenever g is Lipschitz near x
and admits a strict prederivative having norm compact values. This is the best sufficient
condition known so far ensuring the important subdifferential rule (0). This condition is
not completely satisfactory since it does not include what can be said in the finite dimen-
sional case, for it requires 4 to be directionally Lipschitzian. Furthermore the existence of
a strict prederivative (with norm compact values) is not always easy to check. The aim of
the present paper is to weaken significantly the above conditions. We prove formula (0)
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with the geometric approximate subdifferential (and a similar one with the Clarke subd-
ifferential) for general classes of functions including both the finite dimensional situation
and directionally Lipschitzian functions on Banach spaces. More precisely we only as-
sume in our proof of (0) that g is compactly Lipschitzian at x( (a notion introduced in
Thibault [28]) and that 4 is compactly epi-Lipschitz at x in the sense of Borwein and
Strojwas [3]. Although this result extends the above one of Ioffe and those known so far
in the finite dimensional setting, it also provides a unified way to prove all these theorems.

The paper is organized as follows. Section 1 develops some tangency formulae
in terms of Ioffe geometric approximate subdifferentials and Clarke subdifferentials.
These formulae allow us to extend formula (0) to the compactly-epi-Lipschitz and
epi-Lipschitz-like functions in Section 2.

Before concluding this introduction we have to say that Borwein and Strojwas in-
formed us that they also obtained some different extended calculus rules for the Clarke
subdifferential.

1. Formulae for G-normal cones and Clarke normal cones. In all the paper X
and Y are Banach spaces, By the closed unit ball centered at the origin in X and X* the
topological dual of X. If not specified, the norm in a product of two Banach spaces is
defined as ||(u1,u2)|| = |lu1l| + ||#2]|- We denote by d(x,S) = inf,es ||x — u|| the usual
distance function to the set S.

For a function /: X — RU{+o00} and x € X we denote by 0.f(x) and O¢gf(x) the Clarke
and the Ioffe geometric approximate subdifferential of / at x and we refer to Clarke [6]
and loffe [13] for the definitions.

We recall our chain rule proved in Jourani and Thibault [16]. A similar result for
Lipschitz mappings with compact prederivatives (hence which are strongly compactly
Lipschitzian (see [28] or [16])) had been established before by loffe [13]. We state our
result in terms of G-subdifferentials.

THEOREM 1.1. Let f:Y — R be Lipschitz around yy and g: X — Y be strongly
compactly Lipschitzian at xo € g~'(yo). Then f o g is Lipschitz around xo and

06(fogx) C U 06" o g)xo). L]
y*€0af (o)

Borwein and Strojwas [3] have defined a subset S of Y to be compactly epi-Lipschitz
atyo € S if there exist a real number » > 0 and a || ||-compact subset H of ¥ such inat
for every ¢ €]0,7]

(1.1) (o +rBy)NS+1trBy C S — tH.

It is not difficult to see that any epi-Lipschitzian set (in the sense of Rockafellar [25])
or any subset of a finite dimensional space Y is compactly epi-Lipschitz. Several other
examples are given in [3].

The following Theorem, whose proof is given in Jourani and Thibault [14], will be
crucial in our approach of formulae for normal cones in Theorems 1.10 and 1.11. We
state it in terms of G-approximate subdifferentials.
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THEOREM 1.2 ([14]). Let C and D be two closed subsets of X and Y respectively with
D compactly epi-Lipschitz at yy € D. Let g: X — Y be strongly compactly Lipschitzian
atxo € CN g~ (). Suppose that

® y* € 86d(vo, D), 0 € dG(y*og+d(,C))(x) = y* = 0.
Then there exist ¥ > 0 and Y > 0 such that

d(x,CNg (D)) <vd(g(x),D)
Jorallx € (xo +rBy)N C.

Let us begin by proving, with the help of Theorem 1.2, the following result. Similar
less general results have been proved in Hilbert spaces (in a different way) by Clarke an
Raissi [7], with g = Id. See also Ioffe [13] for the case where D is epi-Lipschitzian and
g is the identity mapping. Recall (see Ioffe [13]) that Ng(C;xo) := R.9gd(xo, C) is the
nucleus of the G-normal to C at xy.

THEOREM 1.3.  Under the assumptions of Theorem 2.4 there exists some real number
K > 0 such that

d6d(x0,CNE ' D) C U  Kog(y og+d(,0)(xa)
y*€06d(g(x0),D)
and hence

Ne(CNg ' D)x0) CNo(Cixo)+ U 60" o g)xo)-
¥ ENG(Dig(xo))

PROOF. By Theorem 1.2, the function
X ’Yd(g(x),D) — d(x, Cﬂg‘l(D))
attains a local minimum at x relative to C and hence (see Proposition 2.4.3 in [6]) xo is
a local minimum, over some ball x( + sBy, of the function
x > (1+7kg)d(x, C) + d(g(x), D) — d(x, CN g~ (D))
where kg is a Lipschitz constant for g at xo. Setting K := max(7, 1 + 7kg) we get for all
X € xo +sBy

1) d(x,CNg™ (D)) < K(d(x, ) +d(g(x), D)).

Set S := CNg~ (D), H(x) := (g(x), d(x, C)) € YxRandh(y,r) .= r+d(y, D). If we put
A :=d(-,S) and Ay(x) = A(x) if x € M and Ap(x) = +00 otherwise, and if we denote by
F(X) the collection of all finite dimensional subspaces of X, we have by Proposition 2.4
in Toffe [13]

0¢d(x0,S) = (| limsup &, Awr(x)

LeFX) S,
€l0
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(where 0 denotes the Dini e-subdifferential in [13] and x 3, Xo means x — xp and
x € S) and hence it follows from (1) that

@ Ocd(xo,S) C Kdg(h o H)(xo).

But by Theorem 1.1, since H is strongly compactly Lipschitzian at xo, we may write
dothoHYx)C U 8c(y* og+d(,C))(x0).
y*€d6d(g(x0),D)
This and relation (2) complete the proof. n

REMARK. The arguments above also show that the inequality (1) (in the proof of
Theorem 1.3) is equivalent to the (metric regularity) inequality in the statement of Theo-
rem 1.2. This inequality (1) has been used by Dolecki [8], when g is the identity mapping,
as a starting point in the calculus of the Clarke tangent cone to the intersection of two

sets. [
Taking g as the identity mapping in the above theorem, we obtain the following corol-
lary.

COROLLARY 1.4. Let C and D be two closed subsets of X with D compactly epi-
Lipschitz at xo € CN D. Suppose that

8cd(xo, C) N (—dgd(x0, D)) = {0}.
Then there exists K > 0 such that

Bad(x0, CN D) C K(8gd(xo, C) + dd(xo, D)).

Although the following corollary could be proved with the help of Corollary 1.4, we
prefer to provide a proof using Theorem 1.2 and the Clarke subdifferential calculus rules
for locally Lipschitz functions directly.

COROLLARY 1.5. Let C and D be two closed subsets of X and Y respectively and
let g: X — Y be strictly differentiable at xo € C N g~!(D). Assume that D is compactly
epi-Lipschitz at yy := g(xo) and that the condition (correspondingto (R) in Theorem 1.2)

A~ (86d(C, x0)) N (—86d(D, y0)) = {0},
holds with A == g’ (x0)* (the adjoint linear map of g'(xo)). Then for some K > 0 one has
8cd(x0,CNg~'(D)) C Kdu(dc +dp o g)xo) C K[ded(xo, C) + A(0ed(30, D)) |,
where dc = d(-, C).
PROOF. As in the proof of Corollary 1.4 we get for all x € xo + riBy

d(x,CNg (D)) <Kld(x,C) +h o g(x)]
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where h(y) = d(y, D). So (see [6]), for S := CNg~!(D) the Clarke generalized directional
derivative dg(xo; -) of the distance function to S satisfies

dg(xo; h) = limsup ¢t 'd(x + th, S)
s

x—xg

t10
< K(dc + h o g)°(xo; h)
< K[dg(xo; h) + d3(o; &' (xo)h) |

for all 4 € X. So the conclusion of the corollary is a direct consequence of these last
inequalities and the subdifferential calculus rules for continuous convex functions. =

REMARK. More generally under the assumptions of Theorem 1.2 one can prove that

ded(x0, CNg™'(D)) C K[acd(xo, O)+clpco | 80" o).
y*€8.d(y0,D)

u

In Theorem 1.3, we have obtained a general formula for the nucleus Ng. We proceed

now to establish some calculus rules much sharper and broader than those available for

the G-normal cone as well as for the Clarke normal cone. First we need to prove Lem-

mas 1.7 and 1.8 which will be some keys to the proofs of Theorems 1.10 and 1.11. Let
us recall before this lemma of Jourani and Thibault [14].

LEMMA 1.6 ([14]). Let S be a subset of X which is compactly epi-Lipschitz atxo € S
and let H be the compact subset of X as given in relation (1.1). There exist a real number
B > 0 and a neighbourhood V of xo such that for each € > 0 there are hy, ... hy in H
satisfying

* < * R
) < &+ 6 Max (x°, )

forallx € V and x* € 0gd(x,S).

From this lemma we can deduce the following inequality for the G-normal cone. We
refer the reader to Loewen [20] for many other important results for the limiting Fréchet
normal cones in reflexive spaces. Recall that the G-normal cone Ng(X;x) to Satx € S
is, by definition, the weak-star closure of R.d¢(x, S).

LEMMA 1.7. Let S be a subset of X which is compactly epi-Lipschitz at xy € S and let
H be the compact subset of X as given in relation (1.1). Then there exists a real number
B > 0 and a neighbourhood V of xy such that for each € € [0,37] there are hy, ..., hy,
in H satisfying
(1= BNl < 6 Max (x", )
forallx € VNS and x* € Ng(S;x).

PROOF. Choose 3 and V as given by Lemma 1.6. It is obvious that

M) Il < B Max(a, )
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forallx € VN Sand x* € dgd(x,S). By positive homogeneity, (1) also holds for all
x € YNSand x* € R+0gd(x, S). Fix € €]0, 1] and choose elements 4,. .., h, in H such
that H C {hy,...,hn} + eBx. We deduce from (1) that, for any x* € R.8gd(x, S) with
x € VNS, one has

[l < Bellx{| + 8 Max (x”, hi)

and hence
@ (1= Bll| < § Max (x", ).

Then by the weak-star lower semicontinuity of the function (1 — S¢)|| || and the weak-
star continuity of x* +— Max<;<m(x*, h;), it follows that relation (2) still holds for all
x* € Ng(S;x) = cl»[R+0gd(x, S)] and x € VNS. So the proof of the lemma is complete. m

Concemning the Clarke normal cone N,(S; -): we can prove the following similar result
for epi-Lipschitz-like sets. Recall first that Borwein [2] has defined a subset S of X to
be epi-Lipschitz-like at xo € S if there exist a real number » > 0, a vector v € Y and a
nonempty closed convex set Q containing zero such that Q° is weak-star locally compact
and

(xo + Bx) N S+]0,rl(v + Q) C S,

where Q° is the polar of Q, that is, Q° = {x* € X* : (x*,x) < 1,Vx € Q}. He has
also proved that any epi-Lipschitz-like set is compactly epi-Lipschitz. Note that epi-
Lipschitzian sets and subsets of any finite dimensional space X are always epi-Lipschitz-
like.

LEMMA 1.8. Let S be a subset of X which is epi-Lipschitz-like at xo € S. Then there
exist a neighbourhood V of xo in X and elements hy, h;, . .., h, € X such that

I < z (' )|

Jorall x* € N.(S;x)andx € SNV.

PROOF. Let Q be a closed convex subset with 0 € Q and Q° weak-star locally
compact, r €]0,00[ and v € X such that

1) (xo + rBx) N S+]0,r](v + Q) C S.

By Lemma 2.1 in Borwein [1] there exist a compact subset H in X and s €]0, oo[ such
that 2sBxy C Q+ sH. Choose hy, ..., hy € Hsuchthat H C By + {ha,...,hn}. Then

2sBy C Q+sBy + CO{Shz, .. ,Shm}
and hence by the Radstrom law (see [24])

sBy C Q+co{shy,...,Shn}.
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Let ¥ be an open neighbourhood of xo with ¥ C xo + rBy. Fix b € By and choose
h € co{—ha,...,—hn} such that sb +sh € Q. Fixx € SNV and x* € N,(S;x). We get
by (1) that v + sb + sh € T.(S;x) (the Clarke tangent cone to S at x, see Clarke [6]) and
hence (x*,v+sb+sh) < 0.Seth) := —s~'vand write h = — =1, \;ih; with 27, A = 1
and )\; > 0. Then we obtain
(b < (" k) + 30 A )
i=2

m
<&, A +§/\i|<X*ahi>’

m

< 216 A

i=1
and hence

] < z (i) .

Before proving the theorems of extended calculus for normal cones let us mention the
following important consequences of the above lemmas.

PROPOSITION 1.9. Let S be a subset of X which is compactly epi-Lipschitz (resp.
epi-Lipschitz-like) at xo € S. Then for any x* in Ng(S;x0) (resp. in N.(S;x)) there exist
nets (A\;)ier in J0,00[, (x})ies in Ogd(xo, S) (resp. in O.d(xo, S)) such that the net (\ix})icr
is bounded and w*-converges to x*.

PROOF. As Ng(S;x0) = clw*(]O, oo[écd(xo,S)) by definition, there are two nets
(%)jes in 10, 00[ and (u})jes in 8gd(xo, S) such that ;u? %» x*. Let hy, ..., Ay, be given
J

by Lemma 1.7 with e = $3~!. Then for allj € J
M I || < 28 Max (vjuj, hi)-

As the net Maxlskg,,,(vju;, hi)jes converges in R, there exists a subnet
(Max <k <m{Ya() ey Px))ier Which is bounded. By (1) the subnet (Yo()u},))ies is also
bounded and hence it is enough to set \; := Ya(;) and x] := uj;. This completes the
proof of the assertion relative to the geometric approximate normal cone.

Concerning the Clarke normal cone it is enough to recall (see Clarke [6]) that
N:(S;x0) = cly (]0, oo[@cd(xo,S)) and to repeat the above argument with Lemma 1.8
instead of Lemma 2.9. L]

A new general rule for calculating or estimating G-normal cones can now be given.

THEOREM 1.10. Let C and D be two closed subsets of X and Y respectively with D
compactly epi-Lipschitz at yo € D. Let g: X — Y be strongly compactly Lipschitzian at
xo € CNg(yo). Suppose that

(R) y* € No(D,y0), 0 € 6(y" o g)(x0) + No(C,x9) = y* = 0.
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Then one has

No(CNg™ (D)%) CNa(Cxo)+ U 60" og)xo).
Y*€NG(D,g(x0))

PROOF. The proof uses some ideas of Theorem 5.4 in Ioffe [13]. Let x* € NG(C N
g~ !(D)). By definition there are nets (\;)ie/ in 0, 00, (x;)ies in 8d(x0, CNg~"(D)) such

that )\,-x;‘ﬁ»x*. By Theorem 1.3 there are v € Kogd(xo,C), y; € Kacd(g(xo), D) and
(u}) € O6(yF o g)(xo) such that

0] XF=ul+v.

Assume for a moment that the net (\;y})ic; has a bounded subnet (Aa()Yy))jes- Put
Y = Aag) kj* = x’,;(j), Zj’.‘ = u:‘,(i), pj’f = vf,(j), qj’f = y;(l-). Then the net (ijj’-‘)jeJ is
also bounded since V;£; € 06(Y;q; © g)(xo). Extracting a subnet if necessary, we may
suppose that the net (7;£;,7;q;)jes weakly-star converges to some point («*,y*). Then
¥* € N6(D, yo) and by Lemma 2.5 in [9] one has u* € dg(y* o g)(x0). Since ¥k} Yox* we
also see by (1) that the net (Y;p});e; weakly-star converges to some point v* € Ng(C;xo)
and that x* = u* +v*.

To get the inclusion it thus remains to prove that the net (A\;y})icr admits a bounded
subnet. Suppose the contrary. Then for each n € N this last supposition ensures that there
exists, for each i € I, some a(n, i) € I such that

(2) a(n, l) Z i and “’\a("’i)y;(n,i)“ Z n.
If we consider the preorder on N X I defined by
mi)>@,iYeon>nandi >,

then for each iy € I there exists (no, io) € N x I (take any ny € N) such that o(n, i) > iy
for all (n,i) in N x I satisfying (n,) > (no, io). Then (Xa(n,||Vin|Dnienxs is a subnet
(see [17]) and by (2)

Aatn) Vol (n,ﬁx ; +00,
that is there exists some subnet (Aa()|[5;ll)je; converging to +oo. We may suppose
Iyl # 0 forallj € J. Put
a = ||}’Z(/)||_1x2(n, b = ”YZ(,')“_IuZ(,),
¢ = ||)’:(1)“_1VZ(;) and z} := ")’Z(/)”_IJ’Z(,),
Then b € 96(z © g)(x), ¢} € No(C,x0), z} € N(D,g(x0)) and

3) g =bi+c.

https://doi.org/10.4153/CJM-1996-042-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1996-042-1

842 A.JOURANI AND L. THIBAULT

* w* . % _ .
But g; . 0 since a; = (o) VgD b, (Aay¥og))> and (Aa(f)xy ;) weakly-star con-
verges and Aq()||[Vig;| — +oo. Moreover since ||z7|| = 1 and ||5;|| < kg (where k;
JE
is a Lipschitz constant of g at x), we may assume (extracting another subnet if neces-
w

sary) that z} - Ng(D; g(xo)) and b >, b* By Lemma 2.5 in [9] we have
keJ keJ
b* € 06(z* o g)(xo) and by (3)

4) 0 = b* + ¢* for some c* € Ng(C,xo).
Let us prove that z* # 0. Choose, by Lemma 1.7, elements 4y, ..., h, € X such that

©) "] < Max (C*, Ay)

1<k<m
forall * € NG(D, g(xo)). As ||z || = 1, it follows from (5) that forall j € J
< *
1< ll;/;(as)’(n(zj,hk)

1 < D']ax Z* h
l<k<m< >

which implies that z* # 0. Thus relation (4) is in contradiction with assumption (R’).
This completes the proof of the theorem. [

REMARK. 1) The above proof also shows that the theorem still holds whenever for
nets of points belonging to Ng(D, -) weak-star and norm convergences to zero coincide.
2) The method of Ioffe [13] also shows the second member of the inclusion of the the-
orem is w*-closed. (]

A similar result also holds for the Clarke normal cone. See also Aubin [1], Rockafellar
[27]1 and Ward and Borwein [29] for a similar result under conditions like (R”) but in the
finite dimensional setting.

THEOREM 1.11. Let C and D be two closed subsets of X and Y respectively and let
g: X — Y be strictly differentiable at xo € CNg~' (D). Assume that D is epi-Lipschitz-like

at yo := g(xo) and assume also that (for A := g'(xo)*) the following regularity condition
holds

®") AN (N(C;x0)) N (=Ne(D; 0)) = {0}

Then
Ne(CN g™ (D) x0) C Ne(C;x0) + A(Ne(D; y0)).

PROOF. It is enough to use the result of Corollary 1.5 and to repeat, with the appro-
priate modifications, the arguments of Theorem 1.10. [
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2. Subdifferential calculus. The result of the preceding section can be employed to
obtain some general new subdifferential calculus rules. For use in subsequent arguments
we need first to recall some notions.

Letf: X — R := RU{+00, —00} be lower semicontinuous near xo with |f(xo)| < oo.
The function f is called (see [2]) compactly epi-Lipschitz or epi-Lipschitz-like at x¢ if
epif is compactly epi-Lipschitz or epi-Lipschitz-like at (xo, f (xo)).' We refer to [2] for
many examples of such functions. Note that it is not difficult to see that f is compactly
epi-Lipschitz at xo iff there exist two real numbers 3 and r > 0 and a || ||-compact subset
K of X such that

inf ' [f(x + b+ tk) — f(x)] < B
kek

for all ¢ €]0,7], b € By and x € xo + By satisfying |[f(x) — f(xo)| < r.

Borwein [2] has proved

(a) if f is directionally Lipschitzian at xo then f is epi-Lipschitz-like at xo,

(b) if f is epi-Lipschitz-like at x¢ then it is compactly epi-Lipschitz at xj,

(c) if X is finite dimensional then each function is epi-Lipschitz-like at each point of

its domain.

We are now ready to prove our results concerning the G-approximate and Clarke
subdifferentials of the sum and the composition of functions.

The first theorem is an extension of Theorem 5.6 of Ioffe [13] and Theorem 4.1 of
Mordukhovich [23]. Recall (loffe [13]) that x* € 8¢f(x) iff (x*, —1) € Ng(epif; x, f(x)).

THEOREM 2.1. Let g: X — Y be strongly compactly Lipschitzian at xo and let f: X —
RU {+o0} and h: Y — R U {+oo} be lower semicontinuous near xo and yo = g(xo)
respectively (with f(xo) < 0o and h(yp) < 00). Assume that h is compactly epi-Lipschitz

atyy and
(Ho) y* € 05 h(yo) and 0 € 6 (y* o g)(xo) + OGf(x0) = y* = 0.
Then

O6(f +hog)xo) Cogf(xo)+ U 060" o g)(xo).

y*€06h(yo)

PROOF. Our results in Section 1 allow us to follow several parts of the proof of
Theorem 5.6 in loffe [13]. Put

C:={(x,r,s) EXXRxR:f(x)<r}
D:={@,r,s) € Y xRxR: h(y) <s}
B:={(x,r,s) EXXRXR:f(x)+hog(x) <r+s}.

By Lemma 5.5 in [11] we have Ng(B;zo) C Ng(C N g"(D);zo) where zp =
(x0:f(x0), h(o)) and g is the mapping from X x R x R into itself defined by g(x, ,s) =
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(g(x), r, s). Let us show that the regularity condition in Theorem 1.10 holds. Observe
first that

(1) No(C;xo0,f(x0),5) = {(x*,7*,0) € X* x RxX R : (x*,7") € Ng(epif;x0./(x0)) }
and

) Ng(Ds;yo,r,h(yo)) = {(*,0,5") € Y* x Rx R: (*,5") € Ng(epih;yo, h(v0)) }.
Then for all (*,0,5%) € Ng(D; £(z0)) and (x*,7*,0) € N(C; zo) satisfying

0 € (", 7, 0)+86((",0,5) 0 )(z0)
we have
0 € (x*,r*,0)+0c(y* 0 g)(xo) x {0} x {s*}
and hence r* = s* = 0 and

3) 0 € x* +06(y" o g)(x0)-
Therefore we have x* € 0% f(xo) and y* € 0Fh(yo) and hence (3) and the assumption
(Hg) imply that y* = 0. The regularity condition in Theorem 1.10 is thus satisfied and
hence this theorem ensures that
@ NG(B;z0) C No(Cizo)+ U 86(z" 0 8)(z0)-

2*€NG(D;8(20))

Now letx* € Og(f +hog)(xp). It is not difficult to verify that (x*, —1, —1) € Ng(B;zp)
and hence, by (1), (2) and (4), there exist (u*,r*) € NG(epi f; X0, f(xo)) and (*,5*) €
Ng(epi h; yo, h(yo)) such that

", —1,—1) € 0", r",0) + 86" 0 g)(xo) X {0} x {s*}.
Sor* =s* = —1,u" € Ogf(x0), y* € Ogh(yo) and
x* € u" +06(y* o g)(xo).
This completes the proof of the theorem. (]

COROLLARY 2.2. Letf, h:X — RU {+oo} be lower semicontinuous near xo and

finite at xo. Assume that h is compactly epi-Lipschitz at xo and
0Gf (o) N (—0F h(xo)) = {0}.
Then
O6(f + h)(x0) C dgf (x0) + Ogh(xo). .

Although this result extends Theorem 4.1 of Mordukhovich [23] where X = Y = R”
and Theorem 5.6 of Ioffe [13] where X and Y are general Banach spaces but 4 is direction-
ally Lipschitz, it also provides a unified version for both theorems. Applying Theorem 1.3
instead of Theorem 1.10, the reader can easily see that the results of Theorem 2.1 and
Corollary 2.2 are also valid for the G-nuclei of the G-subdifferentials.

The second theorem is the following new result which concerns the Clarke subdiffer-
ential. It generalizes in several ways the main calculus rules proved by Clarke [6], loffe
[11], Rockafellar [25, 26], Ward and Borwein [29].

https://doi.org/10.4153/CJM-1996-042-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1996-042-1

SUBDIFFERENTIAL CALCULUS RULES IN BANACH SPACES 845

THEOREM 2.3. Letg: X — Y be strictly differentiable at xo and let f: X — RU{+o0}
and h:Y — R U {+o0} be lower semicontinuous near xo and yo = g(xo) respectively
(with f(xo) < oo and h(yg) < 00). Assume that h is epi-Lipschitz-like at yo and that, for

A = g (xo)",
(H) (=021 (x0)) N AT (E°h(x0)) = {0}
Then

Bc(f + h 0 g)(x0) C 0 (x0) + A(Oh(x0)).

Before giving the proof of this theorem, let us consider the following lemma which
has been stated without proof by Ioffe [11] in the finite dimensional setting. Because of
its importance we sketch a proof.

LEMMA 2.4. Let B, C, D and ¢ be defined as in the proof of Theorem 2.1. Assume
that f and h are lower semicontinuous at xo and yo ‘= g(xo) respectively and that g is
continuous at xo. Then

T.(CNg ' (D);z0) C Te(B;20)

where zg := (xo, S (xo), h(}’o))-

PROOF. Note that the Clarke tangent cone is not isotone and hence we may not say
that the lemma follows from the inclusion CNg~!(D) C B. Set S := CNg~!(D) and take

w,r,8) € T.(S;zp). Let (xn, tp, ﬁ,,)£+zo and ¢, | 0. The lower semicontinuity of f+ho g
ensures for any € > 0 that for n large enough

J(xo)+hogxo)+e > otn+ By > f(xn) + hoglxn) 2 f(x0) +hog(xo) — €

and hence

0] (f + h o g)(xn) — f(x0) + I 0 g(x0)-

We claim that f(x,) — f(xo) and h o g(x,) — hog(xo). Indeed for any £ > 0, there exists,
by the lower semicontinuity of f and 4 o g at xy and by relation (1), some N € N such
that for every integer numbern > N

f0) — € < f(xa), glxo) — £/2 < glxy) and f(xn) + g(xn) < f(x0) +glxo) +£/2.

The last two inequalities ensure, for every integer n > N, that f(x,) < f(xo0)+¢; hence
Sxo) — € < f(xn) < fxo) + €. So f(xn) — f(x0) and by (1) A 0 g(x») — h 0 g(xo).

Set o, := f(xn) and B}, := o, + B, — a,. Then B, > ho g(x,), oy + B, = &ty + B,
o), — f(xo), B, — g(xo) and (xn, &, B,) € S. As (v,1,5) € T,(S;z0), it follows that there
exists (Vy, 7'n,8n) — (v,7,5) such that for alln € N
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(xn, a:,, ﬁ;) +ty(Vn, ¥n, ) €S C B.
As a), + 8, = a, + 3, we obtain by definition of B that
(xm an’ ﬂn) + tn(vm rns s’l) E B

for all n € N and hence (v,7,s) € T.(B;z), by the sequential characterization of the
Clarke tangent cone (Clarke [6]). n

We can now follow the main idea of the proof of Corollary 4.4 in Ioffe [11].
PROOF OF THEOREM 2.3. Let B, C and D be as in the proof of Theorem 2.1. It is

not difficult to see that the assumption (H,) ensures the assumption of Theorem 1.11.
Applying the theorem and Lemma 2.4, we obtain (for S = CN g~ (D))

(1) N(B;20) C Ne(S;.20) C Ne(Cix0) + A (Ne(D3(20)) )

where A is the adjoint mapping of the derivative of ¢ at zo. Moreover it is easily seen that

To(B;z0) = {(v,r,2) EX X R X R: (v, +5) € T.(epi(f + h o g);xo,(f + h o g)(x0))},
T(C;z0) = {(v,7,5) € X x R X R : (v,7) € Te(epif;xo,f(x0))

and
Te(D;z0) = {(v,7,5) € XX R X R: (v,5) € T.(epih o g;x0,h 0 g(x0)) }-
Therefore

N.(B;zo) = {(x*,,5) € X* X Rx R : (x",#) € N(epi(f + h o g); x0, (f + h 0 g)(x0)) },
2) Ne(C;z0) = {(x*,1,0) € X* X R x R : (x*,1) € Nc(epif;x0./(x0)) }

and

()  Ne(D3z0) = {(x*,0,5) € X* x R X R : (x*,1) € N,(epih o g;xo,h 0 g(x0)) }.

Now take any x* € O.(f +hog)(xo). Then (x*, —1,—1) € N.(B;zp) and, from (1), (2) and
(3), there are (u*,—1) € Nc(epif;xo,f(xo)) and (v*,—1) € Nc(epih o g;xp,ho g(xo))

such that x* = u* + A(v*). This completes the proof. ]

Obviously applications to necessary optimality conditions for general nonsmooth in-
finite optimization problems can be derived. This is left to the reader.
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