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An Explicit Polynomial Expression for a
g-Analogue of the 9-j Symbols

Mizan Rahman

Abstract. Using standard transformation and summation formulas for basic hypergeometric series we
obtain an explicit polynomial form of the g-analogue of the 9-j symbols, introduced by the author in
a recent publication. We also consider a limiting case in which the 9- j symbol factors into two Hahn
polynomials. The same factorization occurs in another limit case of the corresponding g-analogue.

1 Introduction

The orthonormality relation for R, (x), the Racah polynomial, is

N

(1.1) > PV by Ron ()R (%) = Gy,
x=0

where

(1.2)

R, (x) = R,(x;a,b,d,N)

—nn+a+d—1,—x,x+a+b—1

= b a,—-N,N+a+b+d—1 s
(1.3)
2x+a+b—1(a+b—1,a,N+a+b+d—1,—N),
ST xl(b,1—d—N,N+a+b), '
and
(1.4) h, = (b, d)n 2n+a+d—1(a+d—l,a,N+a+b+d—l,—N)n.

(a+ba+d)y a+d-—1 nl(d,1—b—N,N+a+d),

The 4F; series in (I.2)) is a balanced, terminating, hypergeometric series, see for ex-
ample [7,9,10], and the notations for the shifted factorials used in (T3] and (L4)) are
as introduced in [10].
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The orthonormality relation (LI]) is, of course, the same as

S x+1) (2m+1)(2n+1){? Z :;} {“ Z ﬁ}:ém_ﬂ,

c

which is the orthonormality relation for the 6-j symbols, also called the Racah coef-
ficients [18], defined by

(1.5)
{ccl Z :;} = Alabx)A(edx)A(bem) Aladm)

(—1)*(z+1)!
Xzz:(zfafbfx)!(zfcfdfx)!(zfbfcfm)!(zfafdfm)!

X ((a+b+c+d—2)(b+d+m+x—2)a+c+m+x—2)))"",

with the “triangle function”

N { (@+b—0la—b+ol(—a+b+o) }1/2 .
(a+b+c+1)!

These symbols are familiar in the theory of angular momentum in Quantum Me-
chanics; see, for example, [8]. The physicists probably did not bother to ask, nor
would it matter to them much, whether these objects can also be seen as polyno-
mials in a single variable. Jim Wilson [23], a graduate student at the University of
Wisconsin in the late 70’s, working towards a doctorate degree under the supervision
of Richard Askey, did make the important observation that it is indeed so by rela-
belling the parameters and variables in an appropriate way so that the 6-j symbols
can be written as a polynomial, hitherto unknown in mathematical literature, and
that the series in (L.5) is the same as the hypergeometric series in (L2). Wilson’s
seminal work on these and other related orthogonal polynomials comprise the bulk
of his 1978 thesis [23], as well as the subsequent papers [5,24]. This work eventu-
ally led to the discovery of the Askey—Wilson polynomials (see [6, 10, 13]), which has
since become the most attractive and active area of research in the field of Orthogonal
Polynomials and Special Functions.

It is quite natural, therefore, that the mathematician’s curiosity would then be
directed to the next level of objects in Angular Momentum literature known as 9- j
symbols, and defined by

a b ox a ¢ m b d n
1.6 d = 2j+1 . .
(1.6) an / }e/ ;(J ){n . ]}{C j y}

X y e
X{jab}’
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j running through the set of half-integers, such that the sum of any two entries minus
the third in every row and column is a non-negative integer; see [8, 15]. They were
introduced into the physics literature by Eugene Wigner, and are called Wigner 9-j
symbols. From the special functions point of view, an important property of these
objects is the orthonormality:

(1.7) 22(2x+1)(2y+1)(2m+1)(2n+1)

y
a b x b x

x<c d y c d Yy =0muwonu,
m n e m' n e

where the range of double summation is again the sets of half-integers. The obvious
question is: is this a polynomial orthonormality in 2 variables? As far as we know
the first among a number of curious investigators was Sergei Suslov [21,22], who was
able to show that the expression defined in (L.6]) are indeed polynomials in certain
combinations of the parameters. But he did not succeed in giving an explicit expres-
sion for the polynomials, nor did he indicate what the degrees of these polynomials
are. It was generally believed, perhaps guided by the experience of some orthogonal
polynomial systems in 2 variables, that the 9- j symbols would turn out to be express-
ible as double hypergeometric series. Alisauskas and Jucys [3] were probably the first
who obtained a triple sum expression for the 9-j symbols. Rosengren [20] (see also
[1,2]) found a different proof for the triple sum formula. These, plus Zhedanov’s [25]
results on the 9-j symbols of escillator algebras, and the more recent work by Hoare
and the author [11], seem to indicate that the search for a double sum representation
of the 9-j symbols may not be fruitful.

Following the lead of Wilson [23], as well as our own experience in [11, 19], we
shall first replacea+b —x,c+d — y,a+c—m,b+d — nbyx, y, m, n, respectively,
seta+ b+ c+d— e= N, all non-negative integers, such that

0<x+y<N, 0<m+n<N.
For notational simplicity in the main results, we make a further replacement of

the parameters a, b, ¢, d by —a/2, —b/2, —c/2, and —d/2, respectively, and, just as
we did in [19], we shall introduce the function

Fpn(x,y)

=[@x+a+b—1)Qy+c+d—D)2m+a+c—1)2n+b+d—1)]"

—a/2  —b)2 — atbilx
X § —c/2 —d/2 fﬁd%zy
_atct2m  _ b+d+2n _N— atb+ct+d

2 )
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as a normalized version of the 9-j symbols. Using (L.6)), (I.5), and we find that
(1.8)

20+2y+b+c+d—12y+b+c+d—1
Fm,n(x;y) ZAm,n(x,J’)Z 4 (y )Z
[

2y+b+c+d—1 1l

» (N+y+a+b+c+d—1,b,c+y—n,y—N);
(1+4y—N—-a,c+d+2y,b+d+y+nb+c+d+N+y)

(-1
X Ry(x;b,2y +c+d,a,N — y)
X Ry—n%(’””i ¢,2n+b+d,a,N —n)
X Re(mb,2y+c+d,2—2n—b—d,n—y—1),

where

(1.9)

A (e y) = N!(a)N_y(b+C+d)2y(_)’)n
MY T @ b et d — Db+ e+ Ay (e d)oy (0 d)yeul N,

" {2x+a+b—1(a+b—1,b,a+b+c+d+N+y—17y—N)x

a+b—1 xl(a,1 —=N—y—c—d,a+b+N —y),
(@a+b+c+d—1,c+d)niylc,d), 2y +c+d—1(c+d—1),
(N—=yla+bn_, c+d—1 !

y 2m+a+c—1(a+c—1,c,a+b+c+d+N+n—1,n—N),
a+c—1 ml(a,1 —-N—n—b—d,a+c+N —n),

(@a+b+ct+d—1,b+d)ym2n+b+d—10+d—1,b),) ">
(N —n)l(a+c)N-n b+d—1 nl(d),

In ([L8) and (LI) the parameters a, b, ¢, d are allowed to have complex values, and
hence, F,, ,(x, y) can be regarded not just as another form of the 9-j symbol but as
an analytic continuation thereof. When # > y + 1, one has to consider the product
(=y)nRe(...,n—y — 1), rather than R(...,n — y — 1) alone.

The orthonormality relation (7)) for the 9-j symbols can be rewritten as

Z Fm,n(x7 y)Fm/,n’(xa )’) = 5m,m’5n,n’7
0<x,y<N
x+y<N

The symmetry properties of the 9-j symbols (see, for example, [8]) ensures us
that the dual orthonormality

Z Fm,n(xa y)Fm,n(xla }’/) = 6x7x/6)’~)’/

0<mn<N
m+n<N

is also true. So the functions F,, ,(x’, y') are self-dual just as the R, (x)’s are in x and
n; see [5].
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The interesting application of F,, ,(x, y) that we found in [11] was in solving a
long-standing problem of finding the eigenvalues and eigenfunctions of the transi-
tion probability kernel of a 2-dimensional version of a “cumulative Bernoulli pro-
cess”, introduced in [12], that can be written as an Appell function:

(1.10) K, (x, 7€, 1) =(1 — ay)*(1 — )’ B4 B, "ba (€, 1, N5 B, o)

. (675} (6%)
x F3( —x% =y =8 N Bilar — 1) Balan — 1))

where

baon s ) = () st = — g

is the trinomial distribution, 0 < aq, an, 81,0, < 1,0 <1 — () — 5, < 1,and

a,b)m(a’,b"), L
Fs(a,a’,b,b",y;x,y) = ZZ( nta, V) X"y

11!
" — mn('}/)nﬁn

see [9]. For the sake of completeness we shall just mention here that the eigenfunc-
tions of (I.I0) were found to be the 2-variable Krawtchouk polynomials

(—=m)iy ‘(_n)k+€(_x)i+k(_)/) j+0
(L1 Fual3,7) :ZZ;ZZ: ATy ne—
i

x tulvkw!,

where

_ _tp)pitps) o (prtps)(pat ps)
pi(pr+p2+ps+pa) p3(pr+ p2+ps+pa)

_ (p1+ p2)(p2 + pa) w— (p2+ pa)(ps + pa)
Pz(P1+P2+P3+P4)’ 174(171‘|'Pz‘i'173‘*'P4)7

and the p’s are the parameters connected with 4, b, ¢, d in (L) as:

(]-]-2) a:plC7 b:p2<7 C:P3C7 d:p4C7 C—>OO
The remarkable thing is that the functions F,, ,(x, y) in the above limit, turn out to
be
N V2
{bZ(xa ¥y Nsmi,m2) ba(m, n, N3 i, i) (1 —m —m2) ™~ } P, y),
where

P1pa(prt pat ps+ pa) = P3pa(pr+ pat ps+ pa)
(p1+p2)(pr+p3)(pa+pa) 0 (pr+ p3)(pa+ pa)(pat p3)’

m=
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1,7, being the same as 7,7, with p, and p; interchanged. To see how ¢, u,v,w
(ie., the p’s) are related to ag, ay, (1, 52, see [11]. It has recently been pointed
out to the author by M. Noumi that a multidimensional version of the 2-variable
Krawtchouk polynomials (I.II) was found by Aomoto and Gelfand, see [4], and
later by Mizukawa [16], as an orthogonal system with respect to the multinomial
distribution.

In Section 2 of this paper we shall establish another limiting result:

(1.13)  lim F,,,(x, y)

_{(I—N—y—c—d7y—N)x(1—N—n—b—d,n—N)m

x!(b), m!(c)m
" Nl(c,d), 2y+c+d—1(c+d-1),
(c+d)Nniy(N—=p)! c+d—1 !
y NI m+b+d—1(b+d—1,b),)">
b+ d)Nin(N—n)! b+d—1 nl(d),

(¢, x = N)m(b)x
x (_N)m(l —N— d)m+x

—m,—y,y+c+d—1'1 F —x,—n,n-i—b+¢71—1‘1
c,x—N i bm—N e

x 3F,

Similar factorization occurs when we take the limit d — oo.
However, the main objective of this paper is to obtain a polynomial form of the
g-analogue of F, ,(x, y) in (L8] that we introduced in [19], namely,

(1.14) R}, ,(x, y|q) :=R}, ,(x, y;a,b,c,d,N|q)

1 — bedgt+2r—1 (bcdqu*l, abcquW*l)

:Am,n( s ) £
(X )"q 26: 1—bcdq2Y*1 (q’ q”)’_N/a)[

(b,qu*ﬂ,qJ’*N)[ Vo ;
d n
< T s pedgy; () e}

x Wi(x; b, cdq” ,a,N — y|q)

X W, _pre(msc, bdg™,a,N — n|q)
X Wi(n; b, cdq” >~ [bd,n — y — 1]q),
where 7 = 41,

—n7adqn—l7q—x7 aqu—l

Wn(x;a,d,b,N|q) = 4¢3 1 a abqu_l q—N 3q,9

are the g-Racah polynomials; see [5, 6, 10] (note a slight difference in the notation
for W,’s compared to the standard one). For the definition of the g-shifted factorials
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used in (I.I4) as elsewhere in this paper, as well as the basic hypergeometric series

4¢3 given in (LI0) and others that are going to be used later, see [10]. In (LI4) the
coefficients A, ,(x, y|q) are given by

(1.15)

Ann(x,ylq) = (q)N(ﬂ)ny(de)zy(q—y)nqn(y_N)+(,z,)
mn(X, ¥1q  (abedq V) Nin(bed) Ny (cd)2y (bd) iy (V)

(ql—Zy/de)x

1 — abg®~! (abq™', b, abcdg""" =, ¢ ~N),
1 —abqg=' (q,a,9""N=7/cd,abgN—7),

(abedq™!, cd)niy(c,d)y 1 — cdg? 1 (cdq™),  _
— (be)™ ™7
(g,ab)N—y 1 —cdq )

y 1— achm—l (m:q—l’c7 abcqu+n—l7qn—N)m

1—2n m
1—acqg='  (q,a,q"~N="/bd,acgN—"), (q /bed)

(abedq™", bd)xsn 1 — bdg?"~! (bdg~",b), dn}l/ ?
(g, ac)N—n 1—bdg~'  (q,d)n

One can obtain the ¢ — 1 limit, i.e., F,,,(x, y), by replacing a, b, c, d with ¢*, ¢*,
9%, q°, respectively, then set 7 = —1, and take the limit. However, as we remarked
in [19], the results are equally valid for 7 = +1, although the g — 1 limit is going
to be different from F,, ,(x, y) as given in (L8]). We should like to point out that, as
in Fy, (x, y) of (LII)), the parameters a, b, ¢, d in R}, ,(x, y|q) can also be complex,
and therefore the numerical values 1 of 7 would automatically be implicit in the
square root function (bed)'/2. However, for the sake of consistency of notation with
our previous work in [19], we prefer to retain the 7 symbol, with the understanding
that only the principal value of (bcd)'/? is being considered here.

The most important results that we proved in [17] are the orthonormality relation

ZZ R;An(x7 y|q)R:n’,n’(x7 Y|Q) = 6m7m’6n,n’

0<x,y<N
x+y<N

and the dual

SN R YR, (Y1) = 6y

0<mn<N
m+n<N

We also derived a polynomial expression for R, , (x, y[q) in [19], but it is not the best
form, since there are two g-shifted factorials in the denominator that depend on n,
so it cannot be claimed that the series is a polynomial in both (x, y) and (m, n) (to
be more precise, polynomials in (g7 + abqg*~',q~” + cdg’~') and (=™ + acq™ !,
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q~ "+ bdgq"™')). We shall prove in Section 3 that

(1.16)
Run(x, y]q) :(abcdq’l)ZN(fq—)N*Yq@)*('z’)*(g)

{ 1 —abg®~ ! (abqg~',a,q" N7 /cd, ¢~ N)

*(peda?N-1)"
1 —abq=' (q,b,abcdgNty=1 abgN—7), ( «q >

(q,d)n 1 —cdg?” =" (cdq™,0), PN
(abcdq=!, cd)nyiy(q,ab)y—, 1 —cdqg™  (q,d),
5 1 — vaZm—l (acq—l7 a, ql—N—n/bd7 qn—N)m
1—acq='  (g,c,abcdg™*"=1 acgN—"),
y (g, d)n L= bdg™ ! (b b), |
(abcdq™!, bd)nin(q, ac)n—p 1 —bdg=!  (q,d),
(qy7N+k+l’ q17N7y+k+l/Cd)i+j(q7x, aquil)]ﬁ_(

% ZZJ:XI;Z} @i @) @De(@e(@™N,q" N /)it jrrse

X (g, acq™ ") jrlq"NIE, g NI )
(qz—zN/abC,L ql_N/T\/@)iﬂ#kM

(qlfN/aTM)i(qj-#k-%—é-%—leN/bcd)k( qlfN )j+k+[
(@) j+x(@)kse d

(bcquN—l)m

atV'bc

% (_l)kqi+j+k+Z—jk—ké—éj—(§)_

The first significant work on a g-analogue of the 9- j symbols seems to be by Kirillov
and Reshetikin [14], in 1988. In 1990, M. Nomura [17] found an analogue that has
a biorthogonality property between the g-9j and g~ - 97 symbols. Alisauskas [2]
gave one for u,(2). However, the g-analogue given in [19] and the one above, is quite
different from any given before.

It is undoubtedly a formidable expression, but the polynomial character of the
series part in (LI6) is quite obvious. Equally importantly, the symmetry under
(x,y,¢) <> (m,n,b) (which is one of the main properties of the 9-j symbols), is
also obvious. However, (LI8)) is not always the most suitable form for taking limits,
for example, d — 0 or d — oo. In Section 4 we shall derive an alternate form of
R7, .(x, y|q) that is the right one for taking the limit 4 — 0 or d — oco. In Section 5
we shall prove that

(117) lim R}, ,(x, y|q)

_ { 1 —abg™ " (abqg™', b, ¢ "),

—gN=7 g ()
T abg T (q.a abdv ), (—q"7/b)q

(©)y (BN 1 —acg " (acq ", ¢,4" M)

(9),(q,ab)xy—y 1 —acqg=! (q,a,acgN="),,

(7qN7”/C)mq7(y2”)
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(b)n(bc)™"

(@)
(q)n(qyaC)an B

172 N—y+1
} (Cl)N—y—n(—l)N_y_an( 2 )_)’”

—x7ab x—l7 —n
X3 ¢2 |:q b qqy—N q ;qa Q:|

—m m—1 _—
sacqg™ g

n—N
6 q

><3¢)2 |:q ;qaq:| .

The d — oo limit is essentially the same except for minor differences inside the
{ Y2 part, and in the fact that the 3¢, series are replaced by ones of type II in their
arguments, see [10].

In the Appendix we first list two of the most important transformation formulas
that are used in this paper, then derive a more convenient form of a product formula
for two balanced and terminating 4¢; series, that the reader can readily refer to.

2  Proof of (1.13)

In this section we shall use the ¢ — 1 cases of (A1), (A2), and (A.5). So, applying
the limit case of (A1) on Ry(x) and R, _,.¢(m) in (L.8) we find that

(2.1) Ry(x3b,2y +c+d,a,N — y)R,_ny(m;c,2n+b+d,a,N — n)

(@1 -N—-y—c—d), (a,1—-N—-—n—b—4d),
C(bN+y+at+tb+c+d—1),(c,N+n+a+b+c+d—1),

X Ry—y—¢(xsa,2—2N —a—b—c—d,b,N — y)
X Ry—y—¢(m;a,2 —2N —a—b—c—d,c,N —n),

and, by the limit case of (A.5),

(22) Ry—y—¢(xa,2—2N—a—b—c—d,b,N —y)
X Ry—y—¢(mya,2 —2N —a—-b—c—d,c,N —n)

72(ny+€,1foyfbfcfde,fm,m+a+cf1)r
N - rllajn —N,1—N—n—>b—d),

>(Z(—r,l—2N—b—c—d+r,—x,x+a+b—1)5
sia,y =N, 1 =N —y —c—d);

N

—ssN—n+l—-nrnl—a—rN+n+b+d—r

31
m+l—r2—-m—a—c—nrn2N+b+c+d—r—s

X 4F3{

Substituting (2I) and [22) into (L8) we find that the summation part can be
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written as

B () -N,1-N—y—-b—c—d,—mym+a+c—1),
mn(x)/)~_z r!(a,n—N,l—N—”_b_d)f

r

XZ( nl1—2N—-b—c—d+r—x,x+a+b— 1)
sia,y —N,1 =N —y —c—d);

;1| H,,

F —ssN—n+l—-nrl—a—rnN+n+b+d—r
O lmel-r2-m—a—c—r2N+b+c+d—r—7%

where
—n,l—d—nN+y+at+tb+c+d—1,y—N+
(23) Hr:Z ( n, n, yra c 4 r)k
p Ky —m+1,1+y—N—-a,b+c+d+N+y—rc+d+2y)

(b+c+d+2y)x b+c+d+2y+2k—1,y+k+ bredel
Gtetdt2y)o y y :
b+d+y+n)y +h+ ezl ) N g+ k,

( y+ y 5

N+y+a+b+c+d+k—1,b+k,c+y—n+k7y—N+r+k'_1}
c+d+2y+kb+d+y+n+kb+c+d+N+y+k—r °

However, by [10, (3.2.12)], ¢F5 is a multiple of

E y— N+r+ky+n+dN+y+a+b+c+d+k—11
3 c+d+2y+kb+d+y+n+k ’

_(a+b+r+ Ny

— (_I)nyfrfk
(c+d+2y +k)noy—r—k

% F ny+r+k,N+y+a+b+c+d+kf1,b+k_1
2 b+d+y+n+ka+tb+r+k N

by [10, (3.1.1)]. Substituting this reduction of the ¢Fs[—1] series into (Z.3)) we obtain

(b+c+d+2y,a+bn_, (a,1-N—y—c—d),
(c+d+2y,a)N_y (a+b,1 —N—y—b—c—d),

r=

XZ( nl—d—nN+y+a+b+c+d—1,y —N+r)
Ky —n+1Lb+d+y+na+tb+r)

(—1)k

F yfN+r+k,b+k,N+y+a+b+c+d+kf1.1
2 b+d+y+n+ka+b+r+k U

Now,

lim 3F2 |:

a— 00

y—N+r+k,b+k,N+y+a+b+c+d+k—1_1
b+d+y+n+ka+tb+r+k ’

_F y—N+r+kb+k
T2 b+d+y+n+k’

_ (d ty+ ”)nyfrfk
(b+d+y+n+kn_y—ri

by [10, (1.2.11)].

https://doi.org/10.4153/CJM-2010-081-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-081-9

210 M. Rahman

. (b+ct+d+2y,d+y+ny_,1-N—-y—c—d1-N—-—n—>b—d),
lim H, =
a—o0 (c+d+2y,b+d+y+n)y_y 1 -N—-y—-b—-—c—d,1-N—-n—d),
—n,1—d—ny—-N+r
X ah y—n+1,1-N—n—d+7r
Note that the 3F, series in (2.4) is balanced, and by the Pfaff-Saalschiitz summation
formula [10, (1.7.1)], see also [7], its sum is
—N,1—-N—d+1)n_y_,
(25) (T 9 T')N y _
(I1=N-n—d+rnr+n—N)n_y_,
(=N)u(d+y)N—y (n—N,1—N—n—d),
(=y)u(d+n+y)N—y (=N,1-N—d),

Substituting (24) and (Z.35)) in (Z.3) we find that

. (=N)u(b+c+d+2y,d+y)n—y
2. 1 n (V) =
(2.6) agroloG #) (=yc+d+2yb+d+y+n)N_,

(y_Nvl_N_y_C_da_m)r
> AN, 1-N—d),

Z(—r,l—ZN—b—c—d+r,—x)5
sy —=N,1 =N —y—c—d),

% F —s,N—n+1—r,N+n+b-i—d—r‘1
2 m+1-r2N+b+ct+d—r—s > |°

By [10, (3.2.8)]

—ssN—n+1—rN+n+b+d—r
3B, ;

m+1—r2N+b+c+d—r—s’

(1 —c—m), F —s,m+an,m+lfonfbfd.l
(1—2N—b—c—al-|-r)532 m+1l—rc+m—s N
Using this in and simplifying, we get
(2.7)
lim Gy, (x, )
a— 00
_ (=N)u(b+c+d+2y,d+y)n-y
_(—y)n(c+d+2y,b+d+y+n)N_y

(m+n—N,m+1—-N-—n—>b—di(—x)jx(l —c—m);j
XZZ]:; Ky —N.1-N—y—c—d)n

" (=m)isj(y = N,1 =N —y —c — d)ijsk
(_N7 1—d-— N)i+j+k

(—1)/.
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The sum over i above is

E j—m,j+k+y—N,j+k+1—N— yfcfd1 _
’ j+k—=N,j+k+1—-d—N ’
()m—j g [imm—yytetd—1,
(G+k+1—d—N),_;>° i+k—N,c e

by [10, (3.2.8)]. The triple sum in (Z.7)) becomes

(©)m (m+n—N,1+m—N-—-n—>b—d,—x)i
(1—d N).. ZZ k(1 —d — N+ m)(—N)ik

(—=m,—y,y+c+d—1); —x,i— my
(¢); 2 1+k N’

(6, x = N)w(b)x F —x,fn,n+b+d—1_l
_(_N)m(l_d_N)m+x3 ? bvm_N ’

X

—-m,—y,y+c+d—1
3B Cx—N Y

which is obtained by summing the ,F; series, then using [10, (3.2.8)] once again,
followed by some simplification. This completes the proof of (L13). ]

3 Proof of (1.16)
By (AJ)) and (A.5)

(3.1) Wi(x;b,cdq” ,a,N — y|q) Wy_se(ms c, bdq™", a, N — n|q)
(a,4' N fed)c (a,q" N b o, .
- bedd™ ™ DY (bedgNtr—1)m
(b, abcqu+)’—1)x (c, abcqu+"—1)m( caq ) (be q )

0y (@ N g N Jbed, g™, acg™ "),
- (4.9 N,a,q""N="/bd),

X Z (q_ra q1_2N+r/de7 q—x’ aqu_l)S S
(g, N,a,q""N=7/cd),

S

/a qN n+l—r bqu+n r
4¢3 |:bcdq2N r— squ#—l r7q2 m— r/aL.)qvq .

Substituting (B) into (LI4) and (.I5) we find that

(3.2) R}, .(x,7|9) = Bun(x, y|)S;,,(x, ¥]4),
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where
(@ (@)y—y(bed)sy(q),g"0 N+ C)
(abedq=")Nn(bed)N+y (cd)2y (bd) iy (@™ )n
X 1= abq2x_l (abq_lv a, ql_N_y/Cda qy_N)x
1 —abq~" (q,b,abcdgN*/=1, abgN=7),
(abedq™", cd)nsy(c,d)y 1 — cdg? ! (cdq™ 1)y(b -
(qaah)N—y 1— qu_l ( ))/
X - acqzm_l (acq_l’ 4, ql_N_n/bd7 qn_N)m
1—acqg (q,c,abedgN*"=', acg"="),,

(33) Bm,n(x7)/|q) =

(bcquN—l)x

(bcquN—l)m

(abedq™", bd)yin 1 — bdg?™=" (bdq~", b), d”}l/ ?
(@,a0N—w 1 —=bdg" (q,d), ’

and
mfl)
Shac, y1a) Z(q p e ey
8 Z (qff”qfﬂ’lsz/de’ qix,aqufl)s ;
(q, 97N, a,q" "N [cd)
—s N—ntl—r N+n—r _l1—r
q  bdg™™" " g " /a,
4¢3 |:deq2N r—s qm+1 r 2 m— r/ac’q 4
Z g g
(q7b g~ n+1 N n) sk
with

(bedg™)ai(abedg™ =1, b, cq’~", 7q" Vbed, @ ~N*)i

Tr k=
@ N a, cd? bdgr+n, 7= /bedg?, bedgN )y

k
X (@ N, q' N fbed), | ~(d/b) g far | q~C)
x gWs (bcdq2k+2y—l;bqk7qu—n+k7abcqu+y+k—l’Tqy+k\/@’
qk+r+ny; q, (d/bc)l/zqnﬂfrfk/aT) ]

By using (A2)) and simplifying the coefficients we get

g " gt
(3.4) Z(q T

(@M, ¢ N bed), (bedg” , A", abdq™ T 7@ Vbed)n— ),
B (cdq?,bdq*", "V =N Ja, 7= gV bed)N——,
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X( qlfN )N—y rz 1 n/d qr+y N)k qk
atV/'bed (g, qy "H q' N fd)y

213

qr+k+y7N gV q17N7n+r/bd q17N7y+r/Cd
X (b ? ar/bed’ ’ i q,
493 ql_N_"+'+k/d, q2+r—2N/ade’ ql‘N“/T\/W 9

However, since

Z ’ql n/d qr+y N) q (qr+k+y—N)j
(q g~ n+1 1 N— n+r/d)k (ql—N—n+r+k/d)j

B (q“’)’*N)j (b 7ql n/d q]+r+y —N
_(qI,N,n_H/d) 32 qy n+1,q n+r+]/d’ 34,49

_ (q_N, ql_y_n/d)n (qHy*N7 qniN)Hj
(qiy)n (qiN)r-%—j(qliNinJrr/d)Hj ’

by [10, I1.12], the lhs of (B4) becomes, on simplification,

(g og s N (bedg?” ,dq"*", abedg™ )n_y (g \"7
(g™, q=7 ) (cdq® , bdq’™", g N [a)y_, bed

y (qny7 qlfoy/Cd, qan7 qlfon/bd’ a)r quN r
(@N,q'""N/d,q*~*N /abcd), bed

y (b qr+y N7q1—N—y+r/Cd’ qn—N+r7q1—N—n+r/bd’ ql—N/aTm.
5%4 qrfN’ q17N+r/d’ q272N+r/ade, q17N+r/7_m >4

Therefore,

(3.5)
Sonn (X, ¥|q)

N—y
2

@y @) T (cdg?, bdq )y, (@)n—, bed

y Z acqm—l’ qy—N’ ql_N_y/Cd)r ql—N r
(q,97N,q'7N/d, g*=2N [abcd), bed

:(d)N(qiN)n Ny (bcdq2y7abcqu+y+l)N,y (_ qlfN >NY q(

qr N,qu*N/d, q272N+r/ade’ q17N+r/7_ /de
8 Z (q—r7qr+l—2N/de7 q—x7aqu—l)s ;
(qa a, qy_Na ql_N_y/Cd)S

—s N—ntl—r N+n—r _l—r
q  bdg™™" " g 7" /a,
4¢3 [deqZN r—s qm+1 r qZ m— r/ac’q 4

y 5¢4 [qr+y N,ql_N_y+r/Cd, qr+"_N,ql_N_"+r/bd, ql_N/aT\/@; 7 :|
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Substituting this into and (3.3)) followed by some straightforward simplification

leads to (I.14).
Note that (x, y) or (m, n) does not appear in any of the denominator factors in the
above sum. If we take 7 = —1, take the ¢ — 1 limit, then specialize the parameters by

using ([12)), we can easily derive (LTI from above. The question is: can one derive a
g-analogue of the Krawtchouk polynomials in (IIT]) from (B.5)? It does not seem to
be possible to take any sort of limit on the a, b, ¢, d to get this analogue. However, the
only obvious thing would be to replace a, d by —a and —d respectively, then consider
the parameters to be positive.

4 Alternate Form of R, ,(x, y|q)

As we mentioned earlier, the form of R}, ,(x, y|q) in (LI€) is not suitable for taking
the limit d — 0 or d — o0. So we need to proceed in a slightly different way. First
we use ([A.])) to obtain

We(x; b, cdqzy,a,N —ylq) =

(qZ—ZN/ade7 qHy_N/b)N—x—y (b N+y71) N—x—y
C
(quZy’ q1+y_N/a)N—x—y q

(qu2y7ql+y—N/a)[ (ab N—y—l) l
(b, abcdgN+r—1), 1

XWny—t (N=x=y:4"""N/b,q" "N /cd, "N /a,N - y|q) .

Substituting this into (II4), then using (A.5) and carrying out the subsequent
simplification we find a multiple series that has a part of the form

T

(dequ)zk(qu_n,Tqy /de, qr+y—N)k |:_(bd) 1/2 qN+n—y—r_1}k
(bdgrtm, 7= 1q"/bed, bedgN*r =)y, c

bd 1/2 N+n—r—k
x q_(i) eWs |bedq? Y cq? = 7@ Vbed, N g, (T) q} ’

T

which, by virtue of [10, I1.21], and simplification, gives

(bcdq2y7 Tﬁlqn\/ﬁ)ny (qufn7 Tqy\/@, qy+r7N)k
(bdgr, 7= q~/bed)y_, (7(c/bd)12q=—N=ntrir),

o« @N"/bd, 7q" N Vbcd),
(ql—N—y/de7 T(C/bd)l/qu_N_””),.

So the series over k in (I.14]) becomes

(bedg” , 77 'q"Vbdc)y—y (@ N7"/bd, 7q' "N /\/bcd), "
(bdgt, 7= g’V bed)n—y (' ~N77 /bed, T =N=1r /c/bd),
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qa ", g N, q'" 7" /d, 7q"Vbed
X 493 34,9
b, qyfn+1’ qufon-*—y-*—r C/bd

_ (bedg” , 7= 'q"\/bd/c)n—y (gN,d, 7Vbcd),

= T b/edgN )"
(bdgr™, 71/ bed)y—, (47, b,7-1gN—7/bdjo)n [edq™)

(qn—N, ql—N—n/bd7 qu—N/M)r
X
(@ N,q' =N~ /bed, 7q' "N \/c/bd),

‘o q " bdg" g7 Tt N /ed/b
493
qgN,d, 7Vbcd

which is obtained by applying (A.I)) twice on the 4¢3 series on the lhs. Collecting all
contributing terms and series we find an alternate expression for R}, ,(x, y|q):

34,9 s

(4.1)
1 —abg® ' (abg',a,q" N /cd, g ),
R;.n(xaﬂq) = 1 1 ( 1 qN —1/ ?\I— )
1 —abg (g, b, abcdgN*y—1,abgN—7>),
(c,d)y(q)n(abedq")on 1 —cdg? " (cdq™
(abcdq=!, cd)n+y(q,ab)y—, 1 —cdq=  (q),
. L—acg™ " (acq™!,a,q' """ /bd, "),
1 —acqg=' (q,c,abcdgN =1 acgN—"),

(@(abedg ™oy 1~ bdg ! (bdg™" d) /C)n}“ ’
(abedq=", bd)n+n(q, ac)n—n 1 —bdg™"  (q,9)n
(b T~ \/W/C)N L (N (TVbed), T_”q(;)
(t7 1@ Vbcd)n -, (1=1/bd/c),

XZ x+yN 1Nx+y/abqn N7q1Nn/bd7_q1 N/\/g)rr
- (,97N, g7 N /b, g>=N Jabed, 71 /c/bdg' —N+7),

" Z (q’r, qrﬂsz/de, qfrn7 acqul)s E
(q:94" N, a,q'~N="/bd);

q 7qN y+l—r qu y—r abcquN r—1
4¢ bcquN r—s qN+1 x—y—r aqu+x y—r349q

(dequil)x

D)
J’( /b)N y

(bcquN—l)m

q ", bdg"" g7, TN \/cd/b,
X 4¢3|: qr_N,d,T\/ﬁ a%q .

Because of the term (T c/bdg' =Nty ) , in the denominator, the quadruple series
above is not clearly a polynomial in y, but it has the right form for the limits d — 0
ord — oo.
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5 Limitof R, (x,y|q)asd — 0ord — oo

We need to consider only one of the limits, since the other is going to be almost the
same. From (4.])) it follows that

(5.1)
qx+y—N7 ql—x—Ner/ab’ qyﬂz—N)r

lim R”, = Cn(x, N—n—y\r
lim R, (x, 71q) = Cpux qu)z G-~ a Vb, )

(aq

acqul)s( 17N+n+r/c)s

("
XZ (q,ﬂ qn N)

757Ny+1 rbNyr
X 3¢2 |:aqqu?x y—r qN+lq x—y—r 4594

with

(5.2)
_ f1—abg™ ' (abga,q V) ()
Cm’"(x’ylm_{ T—abg T (q.boabg), T )
(@Dn(©)y (/DN 1 — acg” " (acg™",a,q" ) v ("
Dn()y(c/ T (acq g_n) (— g™y
(g, ab)n—y(q)y 1 —acq (q, ¢, acqN ")

(@n(b/o)" }‘/2 Oy (@ @),

(g, ac)N—n(q, Pn (M)
since
. —n bdqn 17q y 7,qy+r N /Cd 7n qu
ili% i3 |1 7N d, r/bed ,q q| = 201 qrfN 34,4
(qy+r N)n —y
== ", by [10, IL6].
(@ N)u Y
By [10, (3.2.2) and (3.2.6)],
—5’ N—y+l—r b N—y—r (a’ N—y+1—'r)5 s
q 59 q q (qu y=ry

N‘H —x—y—r>4> q:| - (qN+1—x—y—r aqu+x—y—r)

S aqu 1 —N+r
3¢2|: aqy N+r5 54,9 ik +/b .

3¢2 aqu+x y—r .q

So the triple sum in (&I) can be written as

m, acq m—1 qy+n—N)s(q—s, q—x’aqu—l)t (ql—y/c)s

(9~
(5.3) ZZ (4,9" N, "N /b)s(q, a, ")
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B ) stytn=N_ gety=Ngl—x=N+y /g}y —n—
% (ql N+y+ /b)t 3¢2 |:q qHy_q;:] q1+yq—N+5/b / 3 q, an )'+t:| .

By [10, (2.2.7)] the 3¢, series in (5.3)) transforms to

sty+n—N _t—x
)

q

t+x—1
;abq

1 o ;qvql‘"/b}

t+y—N
s

(54) (a)nyfnfs ¢2 |:q

(@M o)y s 3

Substituting (5.4) in (53] gives

(@)N—y—n (@)@, abq )y (g™, acq™ 1),
I S0 D) By T 7 N P
(g%, agN—r—"),
(q7 a)t
_ (a)nyfn(b)n
(b)n—y

("7 N (@, abg ) (g™, acg™ ),
x>
S J

(ql—n/b)r(ql—y/C)S(ql—N+y+s/b)t

(7b)N*y*”q(Nz_y)*(;)

(g, 7N)j(@)sj(q,q"N)s

q . q 7 aqg" "

X (7" /b)Y (q" 7 [e) 3¢ . 54,4
.q +l—y—n—s—j

which we obtain by setting r + ¢ = j. Note that the 3¢, series here is balanced and so,
by [10, II.12], has the sum

(aqs’ qy+n7N)j
(61, qn+y7N+s)j

which, on substitution, leads to the following product for (5.3)
(b)n(a)N—y—n
(b)n—y

—x,ab x—l7
X 3¢ [q aqqy,;r]

(—p)N—r=ng("2)=()

n+y—N m—1 _n+y—N

. 1—n q_maacq vq
34,9 /b} 302 [ a,q"~N

;qﬂz]_y/C}

_ (b)n(c)m(b)x(a)nyfn
(b)ny(a)m(a)x

x—1 _—n —m m—1 _—

—x,ab } , ac ) 4
X 3¢2 |:q b ;y—N 1 >4, ‘J] 3¢2 |:q c qqn—N 1 g, q:|

(—b)N=Fr=1(—¢) *mq(NZy)* G)-()-0G)

by [10, (3.2.5)]. This, combined with (5.2), yields (LI7).
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6 Remarks

Unlike the ¢ — 1 case dealt with in Section 2, there does not seem to be any factor-
ization possible in the limit a — oo or 0 in the q # 1 case. One can see why it is not
likely to be so by setting m = n = 0 in ([4.I). The quadruple series collapses to

qx+y—N’ ql_N_x+y/ab, ql_N/bd, qu_N/\/@.

1T N g3 fabed, v fehdgh N

This is balanced and terminating, but in the limit a — 0 or oo the resulting 3¢, series
is no longer balanced and hence cannot be summed. In the g — 1, however, with
T = —1, it becomes a , F; series with argument 1, and hence summable. Note that in
both d — 0 and d — oo cases, the above 4¢3 series becomes a summable ,¢; series.

One may ask: how about the limits b and/or ¢ — 0 or oo? In either case the limit
of the weight function does not exist, so these limits are not permissible.

A Appendix

Two of the most important formulas in the theory of basic hypergeometric series that
are frequently used in this paper are Sears’ transformation formula

(A1) 405 = {q"»”»bvc. } _ C/aflan [ a7 ad/b.dfc

d7e7f >qaq (e7f)ﬂ d7aql—n/e,aql—n/f;q7q 9

defq"™' = abc, that transforms one terminating balanced 4¢3 series into another,
and the terminating form of Watson’s transformation formula

(A2) §W;(a;b,c,d,e,q ";q,a’q""* /bede) =

(ag/aq/de), s q " d,eaq/bc
(aq/d, aq/e), ** |aq/b,aq/c,deq"/a 1| >

that connects a very-well-poised g¢7 series to a balanced 4¢3 series. The W-notation
used in ([A2)) for an g¢; series is in keeping with the one adopted in [10] for nota-
tional economy. See [10] for these notations and formulas. In the two formulas above
as well as the others throughout this paper we have used the abbreviated symbol (a),,
to mean the g-shifted factorial (a; q),,. The same symbol is also used for the ordinary
shifted factorials in Section 2 where we consider the g — 1 cases.

For the sake of quick reference we lift the following product formula for 2 balanced
and terminating 4¢3 series from [10, (8.2.5.)];

q ",aq", b1, by q ",aq9",c1,¢ _
(A.3) 493 b, b3,qab1b2/bb3’q’q} 493 [C,C3,qaclcz/CC3’q’q o
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_ Z (47", aq",c1, &, gaby /bbs, qaba/bbs)i_ ¢
k=0 (qv ¢, C37qa/bb3aqaC1C2/CC3,qab1b2/bb3)k

Zk: 1 — bbsq® %=1 Ja (bbsq™=" /a, by, by, bg~* /a, bsq* /a,q7%); [ bbsq*\’
e 1 —bbsg=*=1/a (q,bbsq=*/aby, bbsq=*/ab,,bs,b,bbs/a); \ bib,
x (b q_j7 bb?ﬁqj_k_l/a? ql_k/ca ql_k/c3v CC3q_k/ﬂCIL‘2'

5P4 bqg*/a,bsq*/a,q' " Jcr, g /s g, 4q| -

Unfortunately, the symmetry of the lhs in (b1, b,, b, b3) and (c1, &2, ¢, ¢3) is not
obvious in the rhs. Also, there is no known transformation formula between a gen-
eral balanced s¢, series and another single series. So (AJ3)) is not very useful. Note,
however, that the inner series in j on the rhs can be reversed and simplified as

(Ad) zk: (@597 */c,q" " /c3,ccsq¥ Jacicr, by, by)
' =0 (% ba b3; bb3/ﬂ, ql_k/cla ql_k/CL bb3q_k/ﬂb1, bb?’q_k/abZ)j

bbygc= 1N
x(bb3q7k/a)zj(* bslqbz )qf(Z)

bbaqk_j>

X Wy (bbaq”"“l/a;blq’}bzqﬂbqj‘k/a, bsq'*/a, 4" q, o
102

By using (A2)) we find that this sW; series transforms to

(bbsq*~*/a, bbsq—* /abiby)i— X 40 g 7" aq", big’, brg’ 59,9
(bbsqi—*/aby, bbsqi—*/aby)i_; ? b/, bsq’, abibyg’*! [bbs” |

which, upon substitution in (A4]), leads to the following double sum

(qa/bb3, qablbz/bb3)k
(qab1 /bb3, qabz/bb3)k

Y (q75,b1,02) j20(aq") j(q' % e, " F /e3, ccsq ™ [acicr)e
~ 4 (b, bs, qab,b, /bbs)ie(q)i(q, q* % /c1,q' %/ c2)e

% qj(aqk+l)l

_ (qa/bbs, qab, b, /bbs )i Z (q_kaﬂqkablabz)j g
(qabl/bb3,qab2/bb3)k 7 (q, b, b3,qab1bz/bb3)j

% ¢ qu’ qlik/ca qlik/c37 Cc3q7k'/aC1C2. q
L d T and  ag T a0
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Hence we obtain a much more useful formula:

" aq*, by, b, q " aq",c1, ¢

A5 q ) ) . ) s L1y .
(A-5) 193 {b, bs, qab, b, /bbs’ 94| 493 ¢, 3, qacicy/ccs’ T4
n —
3y et b

—o (q, b, b3, qabyby /bbs)x

k —
« Z (q kvaqkaclaCZ)j q]

=0 (q7 ¢ 63, qaClCZ/CC:’))j
—j 41—k 1—k —k
X 403 97,9 L /baq k/b37bb3qk /able.q q
1— 1— 1—k—7j >
q' ~"/b1,q' 7" /b2,q" 7" /a ’
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