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A NOTE ON CHARACTERISTIC EQUATION OF TOEPLITZ
OPERATORS ON THE SPACES A,

GUANGFU CAO

1. Preliminaries

Let k be any integer, k = 0. The k-th Bergman measure on unit ball B of C”,
Uy, 1S given by

T+ k+1 ok
A= o+ ra+n 4 lwh) dv@w).

Note that g, is simply normalized Lebesque measure on B. The k-th Bergman
space, A;, is defined as the space of analytic functions on B which are square in-
tegrable with respect to the measure g,. Note that A, = H*(x,), where H’(g,) be
the L*(1,)-closure of the ball algebra A, and that A; C A, for j < k. The standard
orthonormal base for A, is given by
et =cla, k, Wz" = cla, k, n)rle'™™ - - pling' ™

where c(a, k, ) is a constant number such that c¢(a, k, n) || z2* || = 1. Let P, de-
note the projection of L*(u,) onto A,. Note that L™ (x,) = L”(B) = {f : fis essen-
tially bounded on B with respect to Lebesque measure on B}. Also H" (¢,), the
weak™ -closure of the polynomials in z in L™(B), is the set {f : f € L”(B) and
fA, € A,) = H”, the set of bounded analytic functions on B. For f € L”(B),
||f|L,, denotes the essential supremum of f on B. For any ¢ € L”(B) and for any
k = 0, we define a Toeplitz operator T;k) 1A, — A, as follows:

T,'f=Pof) (fEA.
It can be seen easily that

e £
(1 . <Z, w>)k+n+1

1@ = [ de, (0)
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(consult Rudin [1]). The set of all bounded linear operator on A, is written as
L(4,), clearly, Tq,(k) € L(4,). It is well-known that equation 7377, = T characte-
rize the Toeplitz operators on Hardy space in one complex variable. A. M. Davie
and N. P. Jewell [2] proved that 22, T;TT,, = T characterizes Toeplitz operators
on Hardy space of several complex variables. D. H. Yu and Sh. H. Sun [3] proved
that T € L(H® is a Toeplitz operator iff equation T, TT, = T is hold for each
inner function 1. In [4], for » = 1, N. P. Jewell raised the following.

PROBLEM. Is therve a set of operator equations which characterize Toeplitz opevators
on the weighted Bergman spaces of one complex variable?

In next section, we answer negatively the problem.

2. Theorems

THEOREM 1. Let B be a set of operator equations and A be the set of bounded
linear operators on the k-th weighted Bergman space A, which satisfy B. If A contains
all Toeplitz operators on A,, then A is weak™ -dense in L(A,).

Proof. 1f A is not weak * -dense in L(4,), there exists a nonzero trace class
operator S such that tr(ST) = 0 for any T € A. Then there exist {f,} in A, such
that S = 2, f, ® ¢, where {e,} is the orthonormal basis of A, and f, e, is a

1-rank operator on A,. Without loss of generality, one can assume that {e},., =
{ef} yczn, where ex = ¢(n, k, @)z". For convenience, we replace f, by f,. Note

S*=3,ef®f, so
S*S=(Zef@f)(Zf,®e) =2 fPe, ®e.
Furthermore, | S “cl = tr((S*S)%) =3, £l Hence, Z,llf,l, < o, conse-

quently, >, foer € L'. If A contains all Toeplitz operators on A,, then for any
¢ € L”(B), we have quk) € A. Thus

tr(T,”S) = X <T,”Sel, e

aez*?
= 2 {o( X f,Qees, ety
aez* gez*"
= X Lof, e
aez¥?
= Z f(ofae:idﬂk
aez*" vB
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*
= [o( = feDdu, =o.
B acz*

Since ¢ is arbitrary, we easily see that 25 f,(2) e,’f(z) = 0 for any z € B. Suppose
. . k
f, has series expansion f, = 2igcz @u5€5, then

zgw&a=z§%ﬂaa
= 5, 3 agctn, a, Deln, B, 22
a B
= 2 agcn, a, ke, B, Y G
aB

= S [ 2 agen, a, De, B, K7 =0,

tez*" a+B=t
where

6=1(,...,6,),0<6,<2r, B—a)b=2 B, —a)b,
r=(r, 7, 0<|r] <1

So for each t € Z*",

2 avzﬁc(", a, k)c(n, B, k)e’(ﬁ“’“ﬁ —0

a+B=t
ie.
X aucn, a, ke, B, el = ¢,
a+h=t
Clearly, {¢"" ™} is linear independent, so @gs = 0 for & + B = ¢. Hence, for any

ac€Z™" BEZ™ we have a,; =0 and so S=0. It contradicts that S # 0.
This completes the proof.

Frankfurt [5] proved that no bounded operator T on A, satisfies the operator
equation By TB, = T, where B, is the Bergman shift on A,(D) and D is the unit

disc. We can extend this result to the case A,(B). In fact, we have the following.

THEOREM 2. There isn't nonzero bounded operator T on A,(B) such that
SLTETT, = T,

To prove Theorem 2, we need some lemmas. The proof of Lemma 1 is related
to that of Proposition 2.4 in [4]
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Lemma 1. Let M, - - - M, be multiplication by the coordinate functions on
L (B, dw,). If there exists T € L(L®) such that Z:LIM:TMZ‘ =T, then T com-
mutes with M, , M: G=1,...,n).

Proof. For any positive integer m and f, g € LZ, we have

<Tf, g> Z I{Z ' k i <TMk1 ce Mz’;nf, Mz’il . MZI;ng>

2 ki=m

by 27, M;TM,, = T. Hence

(TM,, — M, Df, &
!
= Ty COMET M M M

oy k=m

+ 1!
> (k _é”il)'kzl') : kn' <TM:11+1 . Mz’;”fv M:Mzklﬁl e MZ’;ng>

Py ky=m
+
— > (m 1) <TMkz . Mz];nfr M:Mz/;z . Mz:ng>

ot k‘,r=m+1

= L kytl o oagka ( _mtl . o« kv oLoapke
= I ot (1= MEM,)ME - Mg

St ki=m
- X ,(C”f;l) (TMJ2 - M2 f, MM, -+ My"g) .
R, k=m+1 :
Furthermore
I TI"«(T™,, — M, T f, &
kytl | arkg m+1 . kn
< % k,lle, MEFIN (1 = 7oy Ma M )M - Mg
m+ 1)
Fn M M N MM Mg
sty ky=m+1 27

Note for any f € L*(B, du,)
loeMm, + - + M, M)"fl
= (Zz,.llz,tz)mf""’ 0 (m— o)

and

z

M MR
Sy b=m pl p AR " “ an"
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= Z Yl <(MM)p1~-.(MEMZ)Pnf’f>
'_1 pi=m pl p n n
= <(M—M1 + o0 4 M;an”)mf, f>
< (227=11z,|2)mf 7.
By
ky+l ky m + 1 . ky
W R R M g (1 = R MM )M Mg
m!  m+1 1
SUS g M M
m!  k +1 m+1 -
[zn_lz,c:_m kto-ok,! om+ 1 "( k, +1 MEIMZ)MZ Mgl 2
and
m! k + 1 m —|— 1 k )
2”‘1%=m ko k! M+1”< k, +1MM>M Mz,,g“
m! k,+1
= . }I;_ kl' - kn' Wi T3 [”leil . Mz’;nguz
+
—2 ;;n + i Re <Mlkll e le:lg’ leleMzkll T Mz’;ng>
m+ 1\2 o b 2
+ <le1) Ia M, My - Mg )
< 2 k_‘-k—‘ I Mzkll e le;"g I>+ 2] Mz’ix . Mkng P
2y ky=m
+
S S LA AR A
<3 <§ ME:’MZi)mg, g) + <(§:1 MF;Mz,.)mHg, g>
<30S M) gl gl +1 Z MM gl D g
we have
™, — M, T =0,
ie.

™, = M, T.
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Similarly, TMz, = leT, for 2 = 1,2, -+, n It shows the lemma.

Lemva 2. If T € L(A satisfy 25, T,TT, = T. Then there is S €
L) with | S| =TI, > ME,_SMZ,_ = S and such that T is the compression of S
to A,.

Proof. It is similar to the proof of Lemma 2.5 in [2]. In fact, we can define ¢ :

L(LH — L(L% by
9(S) = £ MM,

then || ¢(S) | < || S| Let T~ be any operator on L* whose compression is T, with
- 1 P
171 =0Tl tet S, = EZZ’; ¢'(T7), and let S be a weak operator topology

limit point of {S,,}, then S has the required properties.

Lemma 3. If T € L(A,) satisfies 2. lT TT =T, then T is a Toeplitz

operator.

Proof. 1f T satisfies the equation, and S is the operator given by Lemma 2,
then Lemma 1 shows that S commutes with M, and M;, {k =1,..., %), so there
is ¢ € L” such that S = M,, consequently, T = Tq,(k),

Proof of Theovem 2. 1f there is T € L(A,) such that >, TkTT(k) =T

then T is a Toeplitz operator on A,, i.e., there is L”, such that T = T(k)

n
T * k)
_Z TE- - T(z{’.,lz,l’)w

[

(k)

$0 Tign zm = T(k) and hence, T(l . = 0. Hence, ¢ = 0, consequently, T =

zl®e ™

0. We complete the proof of Theorem 2.

The author is indebted to the referee for his many suggestions.
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