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This paper deals with the exponential separation of type II, an important concept for
random systems of differential equations with delay, introduced in Mierczynski

et al. [18]. Two different approaches to its existence are presented. The state space X
will be a separable ordered Banach space with dim X > 2, dual space X*, and
positive cone X+ normal and reproducing. In both cases, appropriate cooperativity
and irreducibility conditions are assumed to provide a family of generalized Floquet
subspaces. If in addition X* is also separable, one obtains an exponential separation
of type II. When this is not the case, but there is an Oseledets decomposition for the
continuous semiflow, the same result holds. Detailed examples are given for all the
situations, including also a case where the cone is not normal.
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1. Introduction

This paper deals with the existence of principal Floquet subspaces and generalized
exponential separation of type II for positive random dynamical systems gener-
ated by linear differential equations with finite delay. In particular, some previous
results, obtained in Mierczynski et al. [18], are now completed and extended to
random linear systems of delay differential equations. This reference introduced a
new focusing condition motivated by the non-injectivity of the flow map defined
by a linear delay differential equation, which is also of great interest in the vector
case now considered. In addition to the construction method of the generalized
exponential separation from the principal Floquet subspace given in [18] and now
extended to the high-dimensional case, the present paper provides an alternative
approach based on the Oseledets decomposition for the continuous time flow gen-
erated by the system of linear delay differential equations. This theorem was stated
in Mierczyniski et al. [19] as an adaptation of the semi-invertible Oseledets theorem
proved in Gonzélez-Tokman and Quas [8] and Lee [15].

The top finite Lyapunov exponent of a positive deterministic or random dynam-
ical system is called the principal Lyapunov exponent if the associated invariant
family of subspaces, where this Lyapunov exponent is reached, is one-dimensional
and spanned by a positive vector. In this case, the invariant subspace is called the
principal Floquet subspace. The exponential separation theory was initiated for pos-
itive discrete-time deterministic dynamical systems by Ruelle [31] and Pol4¢ik and
Terescdk [29, 30]. Subsequently, important contributions for discrete and continuous
time flows were obtained by Huska and Polacik [11], Huska [10], Huska et al. [12],
Novo et al. [25], Mierczynski and Shen [20, 21], and Shen and Yi [33], among others.
In particular, Novo et al. [25] introduced the exponential separation of type II, a
version of the classical notion adapted to the study of deterministic delay differen-
tial equations. The importance of this concept for the study of linear and nonlinear
nonautonomous functional differential equations with finite delay can be found in
Novo et al. [26], Calzada et al. [6], and Obaya and Sanz [27, 28].

In the context of random dynamical systems, (Q,F,P) will denote a probabil-
ity space with an ergodic measure P, §: R x Q@ — Q, (t,w) — 6f;w is a metric
dynamical system, X is an ordered Banach space and ®: RT x O x X — Q x X,
(t,w,u) = (f;w,U,(t) u) a measurable linear skew-product semiflow. The concept
of generalized exponential separation (of type I) refers to a measurable decompo-
sition X = Ej(w) @ Fi(w) for P-a.e. w € Q, where Ej(w) = span{w(w)} is the
principal Floquet subspace, F;(w) is an invariant co-dimensional one closed vector
subspace that does not admit any strictly positive vector, and U, (t) exhibits an
exponential separation on the sum.

Arnold et al. [3] proved the existence of generalized exponential separation for
discrete-time positive random dynamical systems generated by random families
of positive matrices. Later, Mierczynski and Shen [22] provided the assumptions
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sufficient for a general random positive linear skew-product semiflows in order
to admit a generalized principal Floquet subspace and generalized exponential
separation. A wide range of applications of this theory, including random linear
skew-product semiflow generated by cooperative families of ordinary differential
equations and parabolic partial differential equations, can be found in Mierczynski
and Shen [23, 24]. More recently, Mierczyriski et al. [18] adapted the previous
abstract theory to the case of a non-injective flow map. More precisely, assum-
ing integrability, positivity, and a new focusing condition in the terms of the one
in [22], a generalized exponential separation of type II is introduced. The main
difference concerning this new focusing condition is that it implies the existence of
a positive T > 0 such that for each u € X+ and w € Q then U, (T)u =0 or U, (t) u
is strictly positive. As a consequence of this dichotomy behaviour, concerning the
measurable decomposition, now Fy(w) N Xt = {u € X*: U,(T)u = 0}, that is,
Fy(w) can contain positive vectors. The present paper studies the applicability of
this theory to the case of random systems of delay differential equations.

The paper is organized into five sections and X will denote a separable ordered
Banach space with dim X > 2, dual space X*, and positive cone X always repro-
ducing and normal in most of the paper. Section 2 collects the main notions,
assumptions, and results of [18] used throughout the paper. Assuming integrability,
positivity, and a focusing condition, theorem 2.5 asserts that the semiflow ® admits
a generalized Floquet subspace Fj(w) = span{w(w)}. Moreover, theorem 2.5 (vii)
provides the exponential convergence of the normalized trajectories of positive vec-
tors to w(w) in the forward and also in the pullback sense. In addition, when X*
is also separable, theorem 2.9 concludes that ® admits a generalized exponential
separation of type II with measurable decomposition X = FEj(w) @ Fi(w). The
previous properties of exponential convergence assure that the family of subspaces
Ei(w), Fi(w), and their associated projections can be calculated numerically in
applications. This shows the interest of the applications of this part of the theory
in the paper.

Section 3 assumes that ® admits an Oseledets decomposition. As proved in
[19, Theorem 3.4], this decomposition exists when  is a Lebesgue space and
there is a ¢y > 0 such that U, (¢g) is a compact operator for all w € Q. In par-
ticular, the separability of X* is not required. If the top Lyapunov exponent
Mop > —00, then X = FE(w) ® F(w), where F(w) = {u € X : there exists
an entire orbit passing through (w,u) with lim_, 4o In||U, (¢) ull/t = Aiop}- and
Fw) ={ue X :lim_oo In||Uy(t) ul|/t < Aop} for P-ae. w € Q. Assuming that
® admits a generalized Floquet subspace E;(w) = span{w(w)}, theorem 3.8 proves
that 4 (w) = E(w) for P-a.e. w € © and then, the previous Oseledets decomposition
provides a generalized exponential separation of type II.

Section 4 deals with systems of linear random delay differential equations of the
form 2/(t) = A(Osw) z(t) + B(0:w) z(t—1), where A belongs to L1 () and B satisfies
a Lg-integrability condition for some 1 < ¢ < oo. Under these assumptions, as
shown in [19], they induce measurable linear skew-product semidynamical systems
®®E) on Q x L for L = RN x L,([-1,0,RY), 1/p+1/g = 1, and &) on Q x C
for C = C([~1,0],RY). Following ideas from [24], appropriate cooperativity and
irreducibility conditions on the systems are assumed to show that both ®() and
®(©) admit a family of generalized Floquet subspaces with principal Lyapunov
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exponent XgL) and ch), respectively. In particular, the focusing condition needed
for the exponential separation of type II allows the irreducibility condition to be
expressed in terms of the matrix A 4+ B, providing a simplified and weaker version
of previous conditions of this type in terms of the matrix B. Since L is separable, an
application of theorem 2.9 provides a generalized exponential separation of type II
for ®(5) with XgL) > —oo. This result cannot be obtained for ¢ in this way because
C' is not separable. However, the natural injection J: C' — L, introduced and
discussed in [19], which in particular proves the norm-equivalence of the trajectories
defined in both Banach spaces, allows us to deduce the result for ¢ in theorem 4.8.
For similar reasoning, see Froyland and Stancevic [7, Sect. 3] and Gonzédlez-Tokman
and Quas [9, Appendix A] in the context of Perron-Frobenius operators, as well
as Blumenthal and Punshon-Smith [5, Section 2.3] in the context of some fluid
mechanics equations. For a more abstract setting, see Kryspin [14].

Finally, assuming that €) is a Lebesgue space and by means of the results from
the Oseledets theory obtained in §3, §5 shows the existence of an exponential sep-
aration of type II in some illustrative examples where the Banach space dual is
not separable. More precisely, the above family of linear random delay systems,
under two different L;-integrability conditions on B, induces measurable linear
skew-product semidynamical systems ®E) on QO x L for the separable Banach space
L=RN x Li([~1,0],RY) and &) on Q x C for C = C(|—1,0],RY). Then, with
the same methods and assumptions of cooperativity and irreducibility of §4, both
®L) and &(©) admit a family of generalized Floquet subspaces. Lastly, conclusions
of §3 provide a generalized exponential separation of type II for them with principal
Lyapunov exponent XgL) > —oo and ch) > —o00. The third case corresponds to the
separable Banach space of absolutely continuous functions AC = AC([-1,0],RY)
with a Sobolev type norm which is not monotone and the cone is not normal, to
show the applicability under a weaker condition on the positive cone. First we con-
sider the same assumptions of the previous case for ®(©) to obtain a measurable
linear skew-product semidynamical system ®A€). Then, from the results for C,
§3 and similar arguments to those of theorem 4.8, a family of generalized Floquet
subspaces and an exponential separation of type II are obtained for AC.

2. A direct theory providing generalized exponential separation

A probability space is a triple (2, §,P), where ) is a set, § is a o-algebra of subsets
of 2, and P is a probability measure defined for all F' € §. We always assume that
the measure PP is complete. For a metric space S by 2B(S), we denote the o-algebra
of Borel subsets of S.

A measurable dynamical system on the probability space (2,F,P) is a (B(R) ®
3§, §)-measurable mapping 6: R x Q — 2 such that

e 9(0,w) = w for any w € Q,
o O(t1 + ta,w) = O(ta,0(t1,w)) for any tq, to € R and any w € Q.

We write 0(t,w) as 6;w. Also, we usually denote measurable dynamical systems
by ((22,5,P), (0)ter) or simply by (0;)ser-
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A metric dynamical system is a measurable dynamical system ((Q2, §,P), (6;)tcr)
such that for each t € R the mapping 6;: Q — Q is P-preserving (i.e. P(6; '(F)) =
P(F) for any F € § and ¢ € R). A subset Q' C Q is invariant if 6,(Q") = Q' for all
t € R, and the metric dynamical system is said to be ergodic if for any invariant
subset F' € §, either P(F) = 1 or P(F') = 0. Throughout the paper, we will assume
that P is ergodic.

2.1. Measurable linear skew-product semidynamical systems

We consider a separable Banach space X with dual space X*.

We write RT for [0, 00). By a measurable linear skew-product semidynamical sys-
tem or semifiow, ® = ((Uy(t)),eq ter+ (Pr)ier) on X covering a metric dynamical
system (6;);er we understand a (B(RT) @ § ® B(X), B(X))-measurable mapping

RT x Qx X 3 (t,w,u) = Uy(t)u € X]

satisfying
U,(0) =Idx for eachw €
Upgw(t) 0 Uy(s) = Uy (t + ) for eachw € Q and ¢, s € R, (2.1)

(X 3u—U,(t)u € X] € L(X) for eachw € Q and t € RT.

Sometimes we write simply ® = ((U,(t)),(0:)). Eq. (2.1) is called the cocycle
property.

For w € Q, by an entire orbit of U,, we understand a mapping v,,: R — X such
that v, (s 4+ t) = Upgw(t) vy, (s) for each s € R and ¢t > 0.

Next we introduce the dual of ® in the case in which X* is separable. (-, -) will
stand for the duality pairing: (u,u*) is the action of a functional u* € X* on a
vector u € X. For w € Q, t € RT and u* € X*, we define U} (t) u* by

(u, U (t) u*) = (Ug_ 0 (t) u,u™) for eachu € X

(in other words, Uj(t) is the mapping dual to Up_,w(t)).
As explained in [22], since X* is separable, the mapping

RT x Qx X* > (t,w,u*) = US(t)u* € X*]

is (B(R') ®F @ B(X*),B(X*))-measurable. The measurable linear skew-product
semidynamical system ®* = ((Uj(t)), eq ier+: (0—t)ter) on X* covering (0—¢)ier
will be called the dual of ®. The cocycle property for the dual takes the form

Us_,u(8) o Ui(t) = Ug(t +s) for eachw € Qandt, s € RT.

Let Qo € §. A family {F(w)}ueq, of [-dimensional vector subspaces of X is
measurable if there are (§,B(X))-measurable functions vy,...,v;: Qo — X such
that (v1(w),...,v(w)) forms a basis of F(w) for each w € Q.

Let {E(w)}weq, be a family of [-dimensional vector subspaces of X, and let
{F(w)}wen, be a family of [-codimensional closed vector subspaces of X, such that
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Ew)® F(w) = X for all w € Qy. We define the family of projections associated
with the decomposition E(w)® F'(w) = X as { P(w)}ueq,, where P(w) is the linear
projection of X onto F'(w) along E(w), for each w € Q.

The family of projections associated with the decomposition F(w) ® F(w) = X
is called strongly measurable if for each u € X the mapping [y > w +— P(w)u € X]
is (§,B(X))-measurable.

We say that the decomposition E(w) @ F(w) = X, with {E(w)}.eq, finite-
dimensional, is invariant if Qg is invariant, U, (t)E(w) = F(f;w) and U, (t)F(w) C
F(0;w), for each t € RT.

A strongly measurable family of projections associated with the invariant
decomposition F(w) ® F(w) = X is referred to as tempered if

L WIPE)]

=0 P-a.e. on Qg.
t—+oo t

REMARK 2.1. In the present paper, instead of the family {P(w)}weq, of pro-
jections onto F(w) along E(w), we usually employ the family {Jg(w)}wego of
projections onto E(w) along F(w) which are related by P(w) = Idx — P(w). It
is straightforward that for the definition of strong measurability we can check
the (F,B(X))-measurability of the mapping [y 3 w — P(w)u € X] for each
u € X. Similarly, due to the inequalities 1 < [|[P(w)| < 1 + [|[P(w)| and
1 < ||P(w)|| <1+ |P(w)]|, a strongly measurable family of projections associated
is tempered if and only if

In || P(0ww)]

t—+oco t

=0 P-a.e. on (.

2.2. Ordered Banach spaces

Let X be a Banach space with norm || - ||. We say that X is an ordered Banach
space if there is a closed convex cone, that is, a nonempty closed subset X+ C X
satisfying

(01) X+ 4+ X+ c X+
(02) RTX+ C X+,
(03) XN (-X+) = {0}.

Then a partial ordering in X is defined by

u<v = v-—ucXy
u<v <= v—uecX;yandu#ov.

The cone X7 is said to be reproducing if X+ — X+ = X. The cone X is said to be
normal if the norm of the Banach space X is semimonotone, i.e. there is a positive
constant & > 0 such that 0 < u < v implies ||u|| < k|jv|. In such a case, the Banach
space can be renormed so that for any u, v € X, 0 < u < v implies ||u]| < ||v| (see
Schaefer [32, V.3.1, p. 216]). Such a norm is called monotone.
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For an ordered Banach space X denote by (X*)* the set of all u* € X* such
that (u,u*) >0 for all u € X*. The set (X*)* has the properties of a cone, except
that (X*)* N (—(X*)") = {0} need not be satisfied (such sets are called wedges).

If (X*)T is a cone we call it the dual cone. This happens, for instance, when
X7 is total (that is, X* — X is dense in X, which in particular holds when X
is reproducing and this will be one of our hypothesis). Nonzero elements of X
(resp. of (X*)T) are called positive.

2.3. Assumptions

Throughout the paper, we will assume that X is an ordered separable Banach space
with dim X > 2, dual space X* and positive cone X normal and reproducing.

Let ® = ((Uy(t)), (6:)) be a measurable linear skew-product semidynamical sys-
tem on X covering an ergodic metric dynamical system (6;) on (£, F,P). We now
list assumptions we will make at various points in the sequel.

(A1) (Integrability) The functions

Q35w sup InT||Uy(s)]| € [0,00)] € L1(2,F,P) and
0<s<1

Q35w sup InT||Upw(1 —s)|| € [0,00)] € L1(9,F,P).
0<s<1

(A2) (Positivity) For any w € Q, ¢t > 0 and uy,uz € X with uy < ug
Uw (t) up < Uw (t) Uus.

For a measurable linear skew-product semidynamical system & satisfying (A2),
we say that an entire orbit v, of U, is positive if v, (t) € X\ {0} for all ¢ € R.
Next we introduce focusing condition (A3) in the following way.

(A3) (Focusing) (A2) is satisfied and there are e € X with [le| = 1 and
U,(1)e # 0 for all w € Q, and an (§,B(R))-measurable function
s5: Q — [1,00) with IntIns € L1(Q,F,P) such that for any w € Q and
any nonzero v € X+

e U,(1)u=0,or
e U,(1)u # 0 and there is S(w,u) > 0 with the property that

Blw,u)e < Uy(1l)u < »(w) flw,u) e.

It should be remarked that our condition (A3) is weaker than condition (A3)
in [22).

REMARK 2.2. Under (A3) for u € X the following dichotomy holds:

e U,(t)u=0forallt>1,or
o U,(t)u>0forall t >1.
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When the dual space X* is separable, we consider the dual of ®, as explained in
§2.1, @* = ((US(1))weq.ter+ (0—1)ter) on X* covering (0_;)ier, and the following
assumptions for it.

(A1)* (Integrability) The functions

(23w sup InT||US(s)] € [0,00)] € L1(2,F,P) and

0<s<1

Q3w sup InT||Up,,(1—s)| €[0,00)] € L1(2, T, P).
0<s<1

(A2)* (Positivity) For any w € Q, ¢ > 0 and u},us € X* with uj < u}
US(t)uf < US(t) .

Notice that in this case, as explained in [22], (A1)* follows from (Al)
and (A2)* follows from (A2).

(A3)* (Focusing for X*) (A2)* is satisfied and there are e* € (X*)T with
(e,e*) =1 and ||e*|| = 1 and an (F, B(R))-measurable function »*:  —
[1,00) with InT Ins* € Ly1(Q,,P) such that for any w € Q there holds
Ur(1)e* # 0, and for any w € Q and any nonzero u* € (X*)* there is
B*(w,u*) > 0 with the property that

B (w,u)UL(1)e* <UL u" < 5" (w) B (w,u”)UL(1) e.
Condition (A3)* follows from (A3), as proved in [18, Proposition 2.4],

REMARK 2.3. We can replace time 1 with some nonzero T' € R* in (A1), (A3),
and (A1)*, (A3)*.

2.4. Generalized exponential separation

In this subsection, we recall the definition and existence of a family of generalized
principal Floquet subspaces, and of a generalized exponential separation of type
I1, introduced and proved in [18]. They are important for the cases in which the
previous concepts given in [22] do not apply, as measurable linear skew-product
semidynamical systems induced by delay differential equations.

DEFINITION 2.4. Let ® = ((Uy(t)), (6¢)) be a measurable linear skew-product semi-
dynamical system on a Banach space X ordered by a normal reproducing cone
X*t. A family of one-dimensional subspaces {E1(w)}, cq of X is called a family
of generalized principal Floquet subspaces of ® zfﬁ C Q is invariant, P(ﬁ) =1,
and

(i) By(w) = span{w(w)} with w: Q@ — X\ {0} being (3, B(X))-measurable,
(ii) Uy(t) By(w) = By (8w), for any w € Q and any >0,
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(iii) there exists X € [—00,00) such that

t—o00 t

for eachw € f~2,

(iv) for each w € Q and each v € X+ with U, (1) u # 0

lim sup <A (2.2)

In [|U,, (t) ull
t—o0 t
X is called the generalized principal Lyapunov exponent of ® associated with the

generalized principal Floquet subspaces {E1(w)},,cq-

It should be remarked that a family of generalized principal Floquet subspaces
need not be unique: take U, (t) = Idx for all w € Q and all ¢ > 0; then for any
nonzero w € X* the assignment Ej(w) = span{w} satisfies the definition. For
conditions guaranteeing uniqueness, see theorem 2.5.

Under assumptions (Al) and (A3), (i)—(v) of the next theorem, proved in
[18, Theorem 3.10], show the existence of an invariant set Q1 of full measure
Q with By (w) =

span{w(w)}, and generalized principal Lyapunov exponent \i. Notice that in [18],
a standing assumption is that not only X but also its dual X* is a separable
Banach space. However, the next result considers measurable linear skew-product
semidynamical systems taking values in X only, so no assumptions on X* are
needed.

P(Q) = 1, a family of generalized Floquet subspaces {E; (W)}weﬁl’

THEOREM 2.5. Under assumptions (A1) and (A3), there is an invariant set
and an (§,B(X))-measurable function w: Q) — X, w = w(w), [[ww)|| =1 for
each w € Oy, such that

(i) for each w € Q1 and t > 0,

Uo(t) w(w)

) = 5w

(i) for each w € Qy, the map w,: R — X+ defined by

w(Opw
wo(t) = ot wman  Jort <0,
U, (t) w(w) fort>0;
is a positive entire orbit of U, unique up to multiplication by a positive
scalar; _ _ _
(iii) there are an invariant set Q; C Qy with P(Q;) = 1 and a \; € [—00,0)
such that

- . 1 ,
A= dim e ()] = / It [u (1)]] dB(w)

for each w € S~21;
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(iv) for each w € Q4 and v € X+ with U,(1)u #0
lim L0 [0 (8) ul = A
t—oo ¢
(v) for each w € Q) andu e X

lim sup ~ 1n||U t)ul] < Xl%

t—o0

that is, { Eq (w)}weﬁl, with Fr(w) = span{w(w)}, is a family of generalized

principal Flogquet subspaces, and Xl is the generalized principal Lyapunov
exponent; ~
(vi) for each w € Qq,

1 ~
lim — Insup{ [|U,(t)ul| :u € X, ||ul| < 1} = \y;
t—oo t

(vii) there exists o >0 such that, for any w € (~21,

Ug ,,(u
hinbup ln(bup{"m — w(w)” cu € X, Up_,w(l)u # O}) < -
—00 w
h{nsup ln<sup{H% (Htw)H cu € XT, Uw(l)u#O}) < -
—00

Note that in view of the uniqueness of positive entire solutions stated in (ii), the
family obtained of generalized principal Floquet subspaces is unique.

Proof. Parts (i)—(v) are [18, Theorem 3.10]. To prove part (vi), notice that in the
proof of [18, Theorem. 3.10] on p. 6175 the inequality

Wetyul < 25N 1wy, 621

)

) are as in (A3). For a fixed w € €,

holds for all w € Qy, where 3(-) and (-,
W) iue X+, Uy()u £0, Jull <1} < oo.

since U, (1) is linear bounded, sup{ 5(w,
Consequently,

limsup § Insup{ ||Uy, () ul| : u € X*}
t—o0

= limsup L nsup{ ||U, () u] : v € X+, [Ju <1} < Ar.
t—o00

The other inequality is straightforward by theorem 2.5 (iv), and finally, part (vii)
follows along the lines of the proof of [22, Proposition 5.5] (for a fairly similar
reasoning, see p. 6173 below [18, Proposition 3.9]). O

DEFINITION 2.6. Let ® = ((Uy(t)), (6¢)) be a measurable linear skew-product semi-
dynamical system on a Banach space X ordered by a normal reproducing cone
XT. ® is said to admit a generalized exponential separation of type 11 if there
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are a family of generalized principal Floquet subspaces {F; (W)}weﬁ’ and a family

of one-codimensional closed vector subspaces {F; (w)}weg2 of X, satisfying

(i) Filw)NXT ={ue XT:U,(1)u=0},

(i) X = Ey(w) ® Fy(w) for any w € Q, where the decomposition is invariant,
and the family of projections associated with the decomposition is strongly
measurable and tempered,

(iii) there exists o € (0, 00| such that

1Uo(@®)lrywll

lim -1 = -0

n @A @
t=oo b [Uy(t) w(w)l|
for each w € Q.

It is said that {F1(-), F1(-),0} generates a generalized exponential separation of
type II.

REMARK 2.7. The following example shows that condition (i) in definition 2.6 does
not follow from (ii) and (iii) and therefore cannot be removed because it is needed
throughout the paper. Put  to be a singleton, X = R2with the standard cone, and

t_
Ut)= Loe—1 , d.e. U(t) = e, where A = 01 .
0 ¢ 0 1

As et — 1 > 0 for all ¢ > 0, the dynamical system & is positive. Put E; =
span{(1 1)}, and Fy = span{(1 0)T}.

The subspace Ei1 is a generalized principal Floquet subspace. Indeed, it is
straightforward that properties (i) and (ii) in definition 2.4 are satisfied, with

w = %(1 1)". Further, one has

li

t—o0

i DIV

Finally, for any nonzero v e X we have either

In||U(t In||U(t

limwzl(ifngl) or limMzo(ifveFl).
t—00 t t—o0 t

Therefore, E is a generalized principal Floquet subspace, and its associated

generalized principal Lyapunov exponent X\ equals 1.

Observe that (ii) and (iii) in definition 2.6 are satisfied, whereas, for example,
(10)T e R NX+ but U(1)(10)T #0.

As stated in the introduction, sometimes a less general concept is used, namely,
that of generalized exponential separation of type I. Then in definition 2.6(i), we
would have just F; (w)NXT = {0}. Note that the only difference is that now F}(w)
may contain those positive vectors u >0 for which U, (1) u = 0. For a theory of
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generalized exponential separation of type I (called there generalized exponential
separation), see the series of papers [22-24].

We include for completeness an example of a random semidynamical system,
generated by a scalar linear random delay differential equation, which admits a
generalized exponential separation of type II but not of type I. Recall that condi-
tion (i) in type I is Fi(w) N X T = {0}. We claim that, in this case, U, (t)u # 0 for
each t € RT and u € X \ {0}. Note that u can be written as u = uj + uz with
uy = A (u) w(w) for each w € Q with Ay (u) > 0 and uy € F(w). Then

o) ul _ 1MW) V(@) wiw)] | _[[Us(t) ua| 10U (8) us |
10w (8) w(w)| 10 (8) w(w)|| 10 (8) w(w)|| 10w () w(w)]’

which together with definition 2.6 (iii) shows that U, (t) u # 0, as stated.

= A, (u) +

EXAMPLE 2.8. We put Q = S' = R/Z the unit circle and, as in [18, Section 5],
we consider the separable Banach space X = R x Lo([—1,0],R) with the norm

0 1/2
||U|X|U1|+||U2|2|U1|+(/ |u2(s>|2ds) for anyu = (u1,us) € X.
—1

Next, we take the 1-periodic function: by(t) = 0 if ¢ € [0,1/2) and bo(t) = 1 if
t €[1/2,1). As usual, the equation z'(t) = bo(t) z(t — 1) can be included in a family
of the form 2'(t) = b(Oyw) z(t — 1), w € Q, or equivalently 2'(t) = b(t + ¢) z(t — 1),
¢ € St =R/Z. The initial value problem

2'(t) = b(0rw) z(t — 1),
2(t) = ug(t), te[-1,0), (2.3)
z(0) =0,

with initial data ug = (0,u2) given by the step function: us(t) = 1if t € [-1,-1/2)
and ug(t) = 0if t € [-1/2,0) induces a measurable linear skew-product semidynam-
ical system on S' x X, which admits a generalized exponential separation of type II,
as shown in [18, Theorem 5.8]. Finally, it is easy to check that U, (1) ug = 0 for w
corresponding to the original equation and then, as explained above, an exponential
separation of type 1 cannot hold because ug € X \ {0}.

The next theorem, proved in [18, Theorem 4.6] and included here for complete-
ness, shows the existence of a generalized exponential separation of type II. We
maintain the notation of theorem 2.5.

THEOREM 2.9. Assume that X* is separable. Under assumptions (A1) and (A3),
let )\1 be the generalized principal Lyapunov exponent and assume that >\1 > —00.
Then there is an invariant set Qo C Qy of full measure P(Qg) = 1 such that

(i) The family {P(w)}weﬁo of projections associated with invariant decompo-
sition E1(w) @ F1(w) = X is strongly measurable and tempered.
(i) Filw)N Xt ={ue Xt :U,(1)u=0} for any w € Q.
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(iii) For any w € Qo and v € X \ Fy(w) with U, (1)u # 0 there holds
lim L1 U, (1)) = lim ~In||U.(6) uf = X
Jim U] = Jim < In [U(0) ul] = .

(iv) There exists & € (0,00] and Ay = Ay — & such that

Us(t)| Py (w -
L Ul el
S L@ )]

and

1 5N
tllglo n In ||Uw(t)|F1(w)H = A2
for each w € SNIO,

That is, ® admits a generalized exponential separation of type II.

3. Generalized exponential separation as a consequence of Oseledets
decomposition

Let ® = ((U,(t)), (0+)) be a measurable linear skew-product semidynamical system
on a separable Banach space X with dim X > 2, covering a metric dynamical
system (6;). We always assume that (A1) is satisfied, that is, the functions [Q >

w = sup InT||Uy(s)|| € [0,00)] and [2 2 w — sup In"||Upw(l — s)|| € [0,00)]
0<s<1 0<s<1
belong to L1(€,§,P). It follows then from Kingman’s subadditive ergodic theorem

that there exists Ayop € [—00, 00) such that

li

t—o0

AT

for P-a.e. w € Q. Ayop is called the top Lyapunov exponent.

Our starting point is the semi-invertible operator Oseledets-type theorem
[19, Theorem 3.4], based on the results in [8]. We state here its parts used in
the sequel.

THEOREM 3.1. Let (2,F,P) be a Lebesgue space. Assume that U, (tg) is compact
for all w € Q and some tog > 1. Let Aiop > —00. Then there exist:

e an invariant Q' C Q, with P(Y') =1,
e an invariant measurable decomposition X = E(w) D F(w), w € ', such that

the family of projections associated with it is tempered,
o Ay € [—00, Atop)

with the properties that
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(i) E(w) has constant finite dimension, I, on Q',
(ii) for each w € Q' and each t>0, U,(t)|pw) is a linear isomorphism onto
E(Qtw),
(iil) for any w €

I ||U, ()| o, I [(U (D)l gron) =t
lim n | ()|E()||:lim n [|(Us () 5ey) I

t—00 t t—00 t

= >\top»
(iv) for any w €

In || U ()| (0
e LACIE

t—o00 t

Ag.

The measurable invariant decomposition satisfying the above is unique.

When dim X < oo it is possible that E(w) = X for all w € €. In that case, (iv)
is vacuous.

Below, we apply some ideas from Blumenthal’s paper [4], elaborated later in
Varzaneh and Riedel [34]. As in [16, Subsection 4.0.4], define the I-dimensional
volume function vol: X! — R by the formula

-1

vol(vy,...,v;) = |ju]] Hdist(vi,span{viﬂ. o)), v,..,u e X (3.0)
i=1

PROPOSITION 3.2. Under the assumptions and notations of theorem 3.1, for any
w € QY and any basis {v1,...,v} of E(w) there holds

lim In vol(U,(n) v1,...,Uy(n)v;)

n—00 n

== l )\top~

Proof. See [34, Thm. 1.21(v)]. O

The following result is known as one of the Krein-Shmulyan theorems (see
[1, Theorem 2.2]).

LEMMA 3.3. Let XT be a reproducing cone in a Banach space X with norm ||-|.
Then there exists K > 1 with the property that for each uw € X there are uT,u~ €
X such that u=u" —u~, |[ut| < K|u| and |Ju~|| < K|ul.

THEOREM 3.4. Under the assumptions and notations of theorem 3.1, there holds
E(w)nX*t 2 {0} P-a.e. on Q.

Proof. Tt goes along the lines of the proof of Theorem 3.5 in [22]. O
From now on until the end of the present section we assume that, whenever we

talk about generalized principal Floquet subspaces, the vectors w(w) € X* \ {0}
spanning the one-dimensional subspace are chosen to be unit vectors.
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LEMMA 3.5. Under the assumptions and notations of theorem 2.5, Agop = Xl,

Proof. The inequality Xl < Atop is straightforward. In order to prove the other one,
observe that

10U @) = sup{ [Us(t)(u™ — w7+ lu™ —u"|| <1}
< 2K sup{ |Us,(t) ul| s u € X7, Jlul <1},

where K > 1 is a constant in lemma 3.3 and apply theorem 2.5(vi). O

We should mention here that a similar result, [24, Proposition 2.2], was proved
with the help of Baire’s theorem.

LEMMA 3.6. Under the assumptions and mnotations of theorems 2.5 and 3.1,
Eq(w) C E(w) for P-a.e. w € .

Proof. Tt is sufficient to show that w(w) € E(w) for P-a.e. w € Q. By theorem 3.4,
P-a.e. on Q, for each n € N we can find u, € E(f_,w) N XT, with [ju,| = 1.
The invariance of E gives that Uy_ (1) un/||Us_,,w(n) un|| belongs to E(w). By
theorem 2.5(vii), Up_, w(n) un/[|Us_, w(n) un|| converges, as n — oo, to w(w). O

THEOREM 3.7. Under the assumptions and notations of theorems 2.5 and 3.1, the
dimension | of E(w) equals one.

Proof. Let Q; be the invariant subset of © of theorem 2.5 and without loss of
generality, assume that the set Q' of theorem 3.1 is valid for theorem 3.4, that is,
Ew)NnX* 2 {0} for all w € .

Suppose to the contrary that [ > 2. Fix w € €' N Q; such that Fy(w) C E(w),
and let {uy,...,u—1,w(w)} be a basis of unit vectors for E(w). We will look at the
action of U, (n) on I-dimensional volume. We have, by (3.1),

vol(U, (n) ug, ... }7U1w(n) up—1, Uy (n) w(w))
= Uy (n) w(w)]| 11;[1 dist(U,, (n) us, span{U,(n) wit1, ..., Uys(n) u—1, Uy (n) w(w)})

< 0 () ()] TT dist(Ua(n) s, B (0,)

(3.2)
for all n € N.
By lemma 3.3, there is K > 1 such that for each u;, 1 <7 <[ —1, one can find
uf,uy € X1 with w; = uf —uy, [Juf || < K, |luf|| < K.
It follows from theorem 2.5(vii) that for any p € (0,0), one can find Ny such
that for n > Np and 7 € {1,...,] — 1} there holds

U (n) uf = ([0 (n) uf [ w(Bnw)|| < exp(—np)||U(n) u;f |,
Us(n) u; = [[Us(n) uy [ w(fnw) || < exp(=np)|[Us(n) u; ||,

https://doi.org/10.1017/prm.2025.15 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.15

16 M. Kryspin, J. Mierczynski, S. Novo and R. Obaya

consequently,

Uy s = (1) wf || = [0 (0) w7 1) ()
=[Oty it 10 () i N Bn)) = (V) — [0 w7 B |

< exp(—np) (|Us (n) u || + [|Uu(n) ;).
(3.3)
Pick some p satisfying

-1
7

There is Ny such that for n > Ny and ¢ € {1,...,1 — 1}, there holds

>\top < 14 < /\top +

U (n) u" || < exp(rp)lu" [, (10 (n) ;|| < exp(rp)u; |- (3.4)

Gathering (3.3) and (3.4) we obtain, in view of lemma 3.3, the following;:
dist(Uy (n) us, E1(0pw)) < 2K exp(n(p — p)), 1<i<Il-1,
for n > max{Ny, N1}, which gives, via (3.2),
vol(Uy,(n)uz, ..., Up(n) ui—1, Uy(n) w(w))
<27 K exp((I = 1)n(p — p)) exp(np),

consequently,

lim sup I vol(Uy(n) uy, - - ., Uu(n) w1, Uy (n) w(w))

n—00 n

<lp—(=1)p,

which contradicts proposition 3.2 and finishes the proof. O

As a consequence, we can deduce the existence of a generalized exponential
separation of type II as shown in the following theorem.

THEOREM 3.8. Let (Q,F,P) be a Lebesgue space, ® = (U, (1)), (0;)) be a measur-
able linear skew-product semidynamical system on a separable Banach space X with
dim X > 2, positive cone X+ normal and reproducing. Assume that (A1) and (A3)
hold, U, (to) ts compact for all w € Q and some ty > 1, and moreover, Ayop > —00.
Then ((Uy(t)), (0¢)) admits a generalized exponential separation of type II.

Proof. We claim that F(w) of theorem 3.1 can serve as Fi(w) in the definition of
generalized exponential separation. Indeed, parts (ii) and (iii) in definition 2.6 are
direct consequences of theorems 3.1 and 2.5 combined with theorem 3.7. In order to
prove (i), let u € X be such that U, (1) u = 0. Then, lim;_, o In ||U,, (¢) u||/t = —o0,
and hence, by the characterization given in theorem 3.1 (iii)—(iv), u € F(w) =
Fi(w). Finally, suppose to the contrary that there is a v € F(w) N X such that
Uy(1)u # 0. Then, by remark 2.2, U,(t)u € X \ {0} for all ¢ > 1. Hence, by
theorem 2.5 (ii) and lemma 3.5, limy_, oo In ||Uy, (¢) u||/t = Atop, which contradicts
theorem 3.1 (iv), shows that definition 2.6 (i) holds and finishes the proof. O

https://doi.org/10.1017/prm.2025.15 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.15

Two dynamical approaches to the notion of exponential separation 17

We should mention here that theorem 3.8 is new even in the case of general-
ized exponential separation of type I. Indeed, in [22, Theorem. 3.8] generalized
exponential separation of type I was proved (with stipulating neither (Q,F,P) to
be a Lebesgue space nor Ayp > —oo) under a much stronger assumption than
(A3), namely, that Ins € L1(Q,F,P) (such a property was called strong focus-
ing). As both the Lebesgue property of (2, §,P) and Ayp > —o0 are quite natural,
the above theorem is, for all conceivable practical purposes, a strengthening of
[22, Theorem 3.8].

4. Semiflows generated by linear random delay differential equations

This section is devoted to showing the applications of the theory of §2 to ran-
dom dynamical systems generated by systems of linear random delay differential
equations of the form

Z'(t) = A(Ow) 2(t) + B(Ow) z(t — 1), (4.1)

where z(t) € RN, N > 2, A(w), B(w) are N x N real matrices:

a11(w)  ar2(w) - ain(w) b11(w)  brz2(w) -+ bin(w)

a21(w) aze(w) -+ aan(w) bo1(w)  ba2(w) -+ ban(w)
Alw) = : : - : > Blw) = : : - : ’

ani1(w) anz2(w) -+ ann(w) byi(w) by2(w) - byn(w)

and ((Q,§,P), (6)ter) is an ergodic metric dynamical system, with P complete.
From now on, the Euclidean norm on RY will be denoted by ||-||, RV *# will stand
for the algebra of N x N real matrices with the operator or matricial norm induced
by the Euclidean norm, i.e. ||A|| := sup{||Au| : |[u| < 1}, for any A € R¥*N_ For
z=(21,...,2n5) € RY we write z > 0 if z; > 0 for all i € {1,2,...,N}.
For 1 < p < oo, let L = RY x L,([-1,0],RY) be the separable Banach space
with the norm

1/p

0
el = Nl + szl = ]| + ( / 1 ||u2<s>|”ds)

for any u = (u1,us) with u; € RN and ug € L,([—1,0],R). The positive cone
LT ={u= (ur,ua) € L:u; > 0andus(s) > Ofor Lebesgue-a.e. s € [0,1]}

is normal and reproducing, and the dual L* = RY x L,([-1,0], R) with 1/¢+1/p =1
is also separable.

We denote by C the Banach space C([—1,0],R"Y) of continuous R"-valued func-
tions defined on [—1, 0], with the supremum norm (denoted by ||-||c). The positive
cone

Ct={ueC:u(s)>0foralsec01]}

is normal and reproducing.
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Further, by J we denote the linear mapping from C to L
J:. C — L
u = (u(0),u),
which belongs to £(C, L) and ||J|| = 2.

Now we introduce the assumptions on the coefficients of the family (4.1):

(S1) (Measurability) A, B: Q — RN*N are (F,B(RY*N))-measurable.
(S2) (Summability) The (F,B(R))-measurable functions a, b: @ — R defined
as a(w) := ||A(w)| and b(w) := || B(w)|| have the properties:

Q3w a(w) €R] € L1(Q,3,P),and
Q5w Int [l b(0w)ds € R} € L1(Q,3.P).

As shown in [19, Remark 4.1], the following is sufficient for the fulfillment of the
second condition in (S2):

[23wr b(w) €R] € Ly(Q, 5, P).
REMARK 4.1. Although the coefficients A and B are defined only P-a.e. on 2, we

can put the value of A(w) and B(w) to be equal to 0 for w in a set of null measure
(see [19] for more details) to obtain

[R St a(9tw) S R] S Ll,loc(R)a
[R> ¢t b(0iw) €R] € Ly oc(R) C L1 joc(R),

for each w € Q.
As a consequence, for a fixed w € Q, we will denote by U2(-) the fundamental
matrix solution of the system of Carathéodory linear ordinary differential equations

z' = A(Ow) z and define

0

1/q
c(w):= sup \|U£t1w(t2 —t1)], dw):= (/lbq(05+1w) ds) . (4.3)

0<t1<to<1 -

Notice that ¢(w) > 1, and as shown in [19, Lemma 4.2], we have

o(w) < exp ( /O ' a(bu0) ds). (4.4)

Under assumptions (S1) and (S2), it is shown in [19] that the family of systems (4.1)
generate measurable linear skew-product semidynamical systems both on C and L.
More precisely, for C, we consider the initial value problem of Carathéodory type
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Z'(t) = A(Gww) 2(t) + B(bww) 2(t — 1), t € [0,00)

(1) = u(t), te[-1,0], (45)

where the initial datum u is assumed to belong to C' = C([—1,0],RY) and empha-
size the dependence of the equation (resp. the initial value problem) on w € Q we
will write (4.1),, (resp. (4.5),). As shown in [19], it has a unique solution denoted
by z(t,w,u). Moreover, it can be checked that for each ¢ and » > 0

Z(t+ryw,u) = 2(t, 0w, 2 (w,u)), (4.6)

where z,(w,u): [-1,0] — R is defined by s — z(r + s,w,u), and z;(w,u) € C for
each t > 0, w € Q and u € C. Therefore, we can define the linear operator

v ¢ — ¢

(4.7)
u = zi(w,u).
Analogously, concerning L we consider the initial value problem
Z'(t) = A(byw) 2(t) + B(brw) 2(t — 1), t € [0,00)
2(t) = ua(t), t € [-1,0), (4.8)

with initial datum u = (u1, us) belonging to L = RY x L,([-1,0],RY). Again, to
emphasize the dependence of the initial value problem on w € Q we will write (4.8),,.
It has a unique solution denoted by z(t,w, u) and, as in C, we can define the linear
operator

v L — L
u = (2(tw,u), ze(w, u)).
Finally, under assumptions (S1) and (S2), ((Uu()c)(t))weg,t@gﬂv(gt)teR) and

((UU(JL)(t))wEQ7t6[O7OO), (6:)icr) are measurable linear skew-product semiflows on C
and L covering 6, as shown in [19, Proposition 4.4 and 4.14, resp]. Moreover, we can
connect both semidynamical systems in the following way. By [19, Proposition 4.7],
for ¢t > 1 the linear operator

uvsE9%: L —  C

u = z(w,u) (4.9)
belongs to £L(L,C) and is a compact operator satisfying
UEO(t) = Ul (t = 1) 0 UL (1), (4.10)
Moreover, from [19, Corollary 4.8] we know that
UB () =T o UL, UML) =UFD t)oT (4.11)
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for any ¢ > 1 and any w € €.
For the rest of the section, the following assumptions will also be necessary.

(S3) (Cooperativity)
(i) aij(w) >0forall iy 4,5 =1,2,...,N and w € Q.
(ii) bij(w)>0foralli,j=1,2,...,N and w € Q.
(S4) (Irreducibility) There is a (§, B(R))-measurable function §: Q — (0, 1], an
invariant set Qg of full measure P(€) = 1 and M € N such that
(i) for each w € Qo and i € {1,2,..., N} there is a path j1,j2,43,...,JN
starting at j; = ¢ such that {ji,j2,...,jn} ={1,2,...,N} and

M
/O (ajl+1,jl (Ost1w) + bjl+1’jl (Os41w)) ds > 0(6pw)

whenever t € {k+ (k—2)M : k=2,3,...,N}and 1 =1,2,..., N — 1.
(ii) in*In(1/8) € L1(2, 5, P).
(S5) (S4)(i) holds and condition (ii) is changed to
(i) I0(1/6) € Ly (2,3, B).

Notice that (S5) implies (S4). Under assumptions (S1)—(S4), we will prove the
existence of a family of generalized principal Floquet subspaces for the measurable
linear skew-product semidynamical system ((ULSL) (t)weq.ter+s (6:)tcr) generated
by (4.1). If, in addition, (S5) holds, then a generalized exponential separation of
type II is obtained. In order to do that we first check the following results.

PROPOSITION 4.2. Assume (S1)—(S4) and let z(t) be a solution of (4.1),, satisfying
z(t) > 0 for each t € [—~1,00) and sup,c(o 1 [|2(t)|| > 0. Then z(t) > 0 for each
t>N+(N—1)M.

Proof. Let t* be the point of [0,1] and j; be the index in which the maximum

is attained, that is, ¢; = z;, (t*) > z(t) for each i € {1,2,...N} and ¢ € [0,1].
Consider the path and the constant M given in (S4)(i), and denote

N+H
K;(w) = exp </ |ajiji(05w)|ds>, fori=1,2,...,N (4.12)
0

where H = (N —1)M + 1. From 2} (t) = aj, j, (0;w) zj, (t), and using a comparison
result for Carathéodory differential equations [35, Theorem 2], we deduce that

t
zj, (t) > exp (/ajiji(esw) ds)zjl (t*) > a1 Ky (w)fort € [1, N + H].

t*

Analogously, if t € [2+ M, N + H|, from

3}2 (t) > @jajo (0rw) %2 (t) + @jaj1 (etw)zji (t) + bj2j1 (etw)zjl (t—1)
> oo (01w) 25 (8) + [y, (i) + bjgjy (Buw)] 1 K1 (w)
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we obtain
t
50() 2 K1 @Ka(w) [ asy +ba] (00) ds

M
2 1k (w)KQ(w)/ [aj2j1 + bjzh} (0s42w) ds
0
and (S4)(i) provides
2jy (1) > c1 K1 (w) Ko (w) §(Oow) fort € [24+ M, N + H].
Similarly,

2j () 2 1 K1 (w) Ko (w) K3(w) 0(02w) 6(034 pw) fort € [3+2 M, N + HJ,

and finally, in a recursive way we prove that for k =2,3,... N

k k
2, () = 1 [[ K@) [ 60054 (-2ynw) fort € [k+ (k—1)M,N + H], (4.13)
j=1 j=2
which finishes the proof. O

THEOREM 4.3. Consider the measurable linear skew-product semidynamical system

((UU(JL)(t))wEQ7teR+,(Gt)tGR). Under assumptions (S1)—(S4), conditions (A1) and
(A3) hold for time T =N+ (N —1)M + 1.

Proof. As in [18, Proposition 5.7], concerning the first part of (Al) with T note
that

T-1
sup Int| U (s)|[ <> sup It |USF(s)]
0<s<T o k<s<k+1

and from cocycle property (2.1)

sup  Int| UL (s)| = sup Int|USH (K + s)]
k<s<k+1 0<s<1

L
< sup (In*|USE (k)| + | USE (s)]]).
0<s<1

Therefore,

T—1
sup Int[USH (s)| < T sup USSP (s)] + Y sup int||[USE) (k)|
0<s<T 0<s<1 =1 0<s<1

and we have to check that both terms belong to L;(92,F,P). As shown in
[19, Proposition 4.6], ||U£,L)(t)|| < 3¢(w) (14 d(w)) for each t € [0,1] and w € Q,
where ¢(w) and d(w) are defined in (4.3) and ¢(w) > 1. Thus, from inequality (4.4)
and [18, Lemma 5.6], we deduce that

1
sup InT|UE ()| < In6 + inte(w) + Intd(w) < In6 +/ a(fsw)ds + Intd(w),
0<s<1 0
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which belongs to L1(2,F,P) because of the definition of d, (S1), (S2), Fubini’s
theorem and the invariance of P. We omit the proof of the second term, as well as
that of the second part of (A1) because they are analogous. In addition, it is also
immediate to check that (A2) follows from (S3).

We will finish by verifying that (A3) holds for time 7. First we claim that for

each w € Q and u € C* with UL (T)u # 0

Blw,u)e < U T)u < s(w) Blw,u) e (4.14)

where € € CT is the constant unit function €(s) = 1 for each s € [—1,0],

Blw,u) = [T (1) ulle ks(w),

T-2
se(w) = k5 Hw) 3T T eO410) (1 + d(Gj410)), (4.15)
j=0
N N
ks(w) = H Kj(w) ]___[ 6(0)4(j—2)Mmw), (4.16)

and K (w) are defined in (4.12) (N + H = T). Notice that ||[US (1) ul|¢ is strictly

positive because of UU(JC) (T)u # 0 and the cocycle property (2.1), so that E(w, u) is

strictly positive. Moreover, since (ULE,C) (T)u)(s) = 2(T+s,w,u) for each s € [—1,0],

the lower inequality of (4.14) follows from (4.13) with k=N and t =T and (4.16).
Concerning the upper inequality, we first claim that for each n > 1

n—1
U () ulle < 3™ H c(0jw)(1 + d(0;w)) [|u||c whenevert € [n — 1,n].  (4.17)
§=0

From [19, Proposition 4.4], we deduce that
1T () ulle < 3e(w) (14 d(w)) ||lulle for eacht € [0,1]andw € €,

which together with the cocycle property (2.1) yields

IUSO (1) ulle = [Ug (= DU (1) u)le

< 3c(f1w)(1 + d(f1w) 3e(w)(1 + d(w)) |Jullc

for each t € [1,2] and w € Q. Thus (4.17) is easily checked in a recursive way.
Finally, from US”(T) u < |US(T) ul|c & and (4.17) for t = T — 1, we obtain

US(T)u < |USH(T = 1)U (1) )| &
T—-2
< UL W) w) e 3T ] elb419) (1 + d(0;410)) @
j=0

= x(w) B(w, u) €,

as claimed.
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Next we will prove that for any u € L™ such that Ul (TYu#0
Blw,u)e < U (T)u < s(w) Blw, u) e, (4.18)
where e = (1/(2v/N)) (€(0),8) € Lt is a unitary vector of L, i.e |le||, = 1 and
Blw,u) = 2V N [|[ULD (1) u) ¢ ks(w) > 0. (4.19)
As shown in [19], the following relations hold
UP () = T o UEO(), UEO (@) = Ut 1) o UF (1)
for any ¢ > 1 and any w € Q, where J is the linear map defined in (4.2). Hence

USN(T) u = (2(T,w,u), 27 (w,0) = J (Ugo ) (T = DU (1) )
and notice that UU(JL’C)(I) u = z1(w, u) € C. Therefore, as in proposition 4.2,
2(T + s,w,u) > UL (1)l ks(w) &
for each s € [—1,0] and the lower inequality of (4.18) holds. Concerning the upper
inequality, as above

ZT(UJ u) < HU(L C) 3T ! H j+1w 1 +d(9j+1w))6

from which the upper inequality of (4.18) can be easily checked.

In order to finish the proof we have to check that the (F,B(R))-measurable
function ¢ defined by (4.15) satisfies In* Ins € L1(2,§,P). From (4.12) and the
definition of a(w) = ||A(w)|| we deduce that there is a constant ¢ such that

N T
Kj(w =ex a;;(0sw)| ds < ex coa(fsw)ds. 4.20
(1_1 ()) p/Z| s <exp [ walo.w) (4.20)

Moreover, from (4.20), (4.4) and In(1+2z) <z ifz >0

1
InTInc(f41w) < / a(@j411sw)ds, InTIn(l+d(0;11w)) <Intd(0;11w),
0

N -1 T
0<Iin"In (H Kj(w))> < co/ a(fsw) ds,
0

j=1
and we deduce from [18, Lemma 5.6] that there is an integer number ng such that

In™ In s (w) §c0/ (Osw)ds + Z [/ (0j1145w)ds +1In" d(0;11w)

0

+ Zln+ In (1/8) (04 (j—2ymw) + T In(37~1) + In(ny).
j=2
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As before, from the definition of d, (S1), (52), (S4)(ii), Fubini’s theorem and the
invariance of P we conclude that In*Ins € Li1(Q,§,P) and (A3) holds for 7, as
stated. O

As a consequence, from theorem 2.5 the existence of a family of generalized
principal Floquet subspaces is obtained.

THEOREM 4.4. Under assumptions (S1)—(S4) there is a family of generalized
principal Floquet subspaces for the measurable linear skew-product semidynami-
cal system &) = ((U(L)( ) wea.ter+s (0t)ier) generated by (4.1), with generalized

(L
principal Lyapunov exponent ,\§ ),

If we assume (S5) instead of (S4), the existence of a generalized exponential
separation of type II is obtained, as claimed before.

THEOREM 4.5. Under assumptions (S1)—(S3) and (S5), the measurable linear
skew-product semidynamical system ®L) = ((Uu(,L) () weq.ter+: (Or)ter) generated
L)

by (4.1) admits a generalized exponential separation of type 11 with Xg > —00.

Proof. As L = R x Lp([—l,O],RN) is an ordered separable Banach space with
separable dual L* = RY x L,([-1,0],RY) and positive cone L* normal and repro-
ducing, the claim follows from theorems 2.9, 4.3 and 4.4, once we check that
)\(L) > —00.

Let e be the unitary vector of L defined for the focusing inequality (4.18). From
proposition 4.2, we deduce that UQ(,L)(T) e # 0 and hence UQ(,L)(T) e > f(w,e)e for
each w € Q. Thus, from the cocycle property (2.1), (A2), and the monotonicity of
the norm, it is easy to check that

n—1
IUS (nT)e| L > H B(Oprw,e) for eachn € N,
k=0

and therefore

n—1

n||[UE (nT
n||Us” (n )eIIL Zlnﬁ (Borw.e).

nT

Finally, note that the function —1In (-, e) for § defined in (4.19) satisfies

N

0<—Inp(w,e) Zan Z (1/0) (04 (j—2ymw) + 1

Jj=2

for some constant ¢y, and thus belongs to L1 (2, §,P) from (4.20) and (S5). Then,
an application of Birkhoff ergodic theorem gives that for P-a.e. w € 2, there holds

n—1

1
lim — 1 0 = 1 O’ dP(w' —
Jm 3 0k [ mors ) () > .
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hence

In | UV
s IO el
t—o00 t

and (2.2) finishes the proof. O

LEMMA 4.6. Let U(A(,L’C)(l) be the compact linear operator defined in (4.9). Then
the mapping

[Qx L3 (w,u) — ULD1)u e Ois(F @ B(L),B(C))-measurable.

Proof. From [2, Lemma 4.51, pp. 153], it is enough to check that it is a

Carathéodory function, i.e. for each fixed w € Q, the map L — C, u +— U‘SL’C) (Du=
z1(w, u) is continuous, which is well known, and for each fixed u € L, the map

Q3w UED) (D) u= 2 (w,u) € Clis(§, B(C))-measurable. (4.21)

In order to prove this, denoting by u = (¢,v) € RN x L,([-1,0],R"), we can find
a sequence of continuous functions v, € C such that, v, (0) converges to ¢ in RV
and v, converges to v in L,([—1,0],RY) as n 1 co. Therefore, the measurability of
the maps [ 3 w — 21(w,v,(0),v,) = z1(w,v,) € C] (see [19, Lemma 4.11]) for
each n € N, the convergence of them to the map (4.21) as n 1 oo and [2, Corollary
4.29] show the measurability and finishes the proof. O

THEOREM 4.7. Under assumptions (S1)—(S4), there is a family of generalized
principal Floquet subspaces for the measurable linear skew-product semidynami-

cal system ®(©) = (( éC)(t))weQ,tER+’ (0:)ter) generated by (4.1), with generalized
principal Lyapunov exponent AgC) which coincide with )\gL) of theorem 4.4.

Proof. Theorem 4.4 states the existence of a family {E%L)(w)}weﬁ1 of generalized
principal Floquet subspaces for %), For w € S~)1, put E%L) (w) := span{w®)(w)}
with ||w™) (w)|| = 1. First notice that from (4.9) the function

w

Ug(f’lc)(l)w(L)(G,lw) = (z1(0_ 1w, wP(h_1w)) € C,
from (4.11), we deduce that

U2 (1w (0-1w) = (21(0-10, w0 (0-1w))(0), 21 (010, w P (I_1w)) € RY x C,

which is proportional to w)(w) because Ue(f)lw(l)E§L) (0_1w) = E§L)(w), and
hence, can be denoted by w™ (w) = (w(w)(0),w(w)) € RY x C. In particular,
w(w) is proportional to Ua(f’lcw)(l)w(’:)(ﬁ,lw) # 0.

Next, we define w(@ (w) := Us“ ) (1) w® (0_10) /[ U5 (1) P (0_10) | ¢, uni-
tary and also proportional to w(w). We consider the one-dimensional subspace of C'

defined by E%C) (w) := span{w(®)(w)} and we claim that {Eic)(w)}weﬁl is a family

https://doi.org/10.1017/prm.2025.15 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.15

26 M. Kryspin, J. Mierczynski, S. Novo and R. Obaya

of generalized principal Floquet subspaces of ®(©), i.e. conditions (i)—(iv) of defini-
tion 2.4 hold. First, it is easy to deduce from lemma 4.6 that w(©): Oy — C\ {0}
is (§,B(C))-measurable and thus, (i) holds. Condition (ii), that is, the invariance
of {E%C) (w)} follows from E%c) (w) = span{w(w)}, wH) (W) = (w(w)(0), w(w))

and the invariance of {EiL)(W)}weﬁl' In order to check (iii), notice that from

[19, Proposition 5.2(2)], we deduce that

wEﬁ]_ ’

~ 1 U‘A()L) t (L) 1 U‘E;L’C) t (L)
WO DIV O O w0 D e

However, as stated in (4.11), UL (¢) = USS9)(t) o J for ¢ > 1, then
~ In |U) (¢ In |ULE) (#) (@)
50 _ g WV O w@le w0 00O w) e 23)

t—00 t t—00 t ’

as needed, and in particular the generalized principal Lyapunov exponents of &%)
and ®(©) coincide. Finally, for each w € Q; with Uf,c)(l)u # 0 we know that
f)L)(l) Ju # 0. Then, as in [19, Proposition 5.2(1)], it can be shown that

In [|US (¢
lim sup M = lim su

n U (1) J 30 _ %
p il ") Julle 5y _5@ (400
t—00 t t— o0 t

Therefore, (iv) holds and {E£C) (W)}, o, 82 family of generalized principal Floquet

subspaces of ®(©), as claimed. O

Although the dual space of C' = C([—1,0],R") is not a separable Banach space
and thus, theorem 2.9 does not apply, we will show the existence of a generalized

~(C)

exponential separation of type II with )\g > —oo for the measurable linear skew-

product semidynamical system ®(©) = ((Uu(,c) (1) wea.ter+> (0)icr)-

THEOREM 4.8. Under assumptions (S1)—(S3) and (S5), the measurable linear
skew-product semidynamical system ®(©) = ((Uf(t))wemew, (0¢)ter) generated
by (4.1) admits a generalized exponential separation of type 11 with X(lc) > —o00.

Proof. In order to prove that ®(©) admits a generalized exponential separation of

type II we need to check that the family {E§C) (w)}weg21 of theorem 4.7, defined by

Efc) (w) = span{w(w)}, satisfies conditions (i)—(iii) of definition 2.6.

First notice that from theorems 4.4 and 2.9, we know, among other things, that
there are an invariant set ; of full measure P(€2;) = 1 and a family of generalized
principal Floquet subspaces {E§L) (w)}weﬁl with EgL)(w) = span{w®) (w)} satis-
fying that the family of projections {P)(w)}

decomposition L = E%L) (w) ® Fl(L) (w), is strongly measurable and tempered, i.e.

wedy associated with the invariant
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PO W)

0 P-a.e. on (), (4.25)
t—+too t

and FI(L)(w) NLY ={uelLt: U‘A()L)(l)u = 0} for any w € €. We also know
that [Jw(™ (w)|| =1 for any w € Q;. As in remark 2.1, the family of projections
onto E§L) (w) will be denoted by {ﬁ(L)(w)}weﬁl (remember that pE) (w)=1dg —
PE)(w)). As PE)(w) is a projection on span{w® (w)}, for each @ € L we have
PO ()i = A\w, @) w) (w).

Next, for any v € C, we know that Ju = (u(0),u) € L so that u can be
decomposed as u = Aw, Ju) w(w) + (v — Aw, Ju) w(w)), with u — A(w, Ju) w(w) €
C. Forw € Qy, put Fl(c)(w) ={uel:Jue Fl(L) (w) }. The closedness of Fl(c) (w)
in C' is a consequence of the continuity of J and the closedness of FlL (w) in L.

We have thus obtained an invariant decomposition C' = E§C) (w) & Fl(c) (w). We
claim that for any w € € there holds F\“)(w) N C+ = {u e ¢+ : UL (1) u = 0}
Indeed, let u € C* be such that Ju € Fl(L) (w). Then, by (4.11) and the invariance
of FV Jul? (1) u = JU 9 (1) Ju = U (1)Ju € FP(61w). Further, it follows
from (A2) and definition 2.6(i) for ®) that JUU(JC)(l)u = 0. As J is injective,
U‘,(JC)(I)u = 0 holds. On the other hand, if u € C'* is such that Uﬁc)(l)u =0,
then, by (4.11), 0 = JUQ(,L’C)(l)Ju = UL(VL)(l)Ju, and, since Ju € LT, again by
definition 2.6(i) for ®), Ju € Fl(L)(w), that is, u € Fl(c) (w), our claim is true and
(i) of definition 2.6 holds for ®(©).

Next, in view of remark 2.1, we prove that the family {]3(0) (w)}weﬁ1 of pro-
jections onto E§C)(w), defined as P (w)u = Aw, Ju) w(w) for each u € C, is
strongly measurable and tempered. Concerning the strong measurability, we have
to check that for each u € C' the mapping [Q; 3 w — P (w)u € C] is (F,B(C))-
measurable. Once we fix v € C, the strong measurability of {IB(L)(w)}weﬁl
together with P (w) Ju = A(w, Ju) w™ (w) and [wP ()|, = 1 show that
[ 5w~ Aw,Ju) € R] is (§,B(R))-measurable, and the result follows from
the composition of the maps

Qo RXxC—=C we AMw, Ju), ww)) — Mw, Ju) w(w).

In order to show that the family is tempered, first notice that from the definition
of P and ||w™) (w)||z = 1 we deduce that

PP (0,w)|| = sup [P (Ow)illp = sup |[Mbuw, )| for anyw € Q.
llall <1 @l <1

Therefore, from {Ju € L :u € Cand |Jullc <1} C{u € L:|ul|r <2} it holds

1< [PO@w)ll= sup [|PDOw)ullc = sup [A(bw, Ju)[|w(@w)|c
lule<t lule<t
< s A, D) [w(Bw)llc < 2| PH (Gew)| [[w(Be0) |,
ullr, <2
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and consequently,

In || P (6rw)|| _ In || P (G,0)]| n In [Jw(b:w)lc

0< lim < lim lim
t—+oo t t—+oo t t—+oo t
Thus, because of (4.25), in order to prove that {P(®) (w)}weﬁl is tempered, it is
enough to check that
1 0
i 2wCle o (4.26)
t—+oo t

From UU(JL)(t) w (W) = a(t,w) w™) (fiw) and ||w™) (G;w)||r, = 1, we obtain

() w®) (w)
ISP () wD ()|

U (8) w (w)

, and thus, w(fw) =
1USP (1) w (@), '

w (Qyw) =

for t > 0. Hence, In [|w(fw)||c = In U (#) w® (w)||lc — In [US (#) w®) (w)]|,
and (4.26) as t goes to +oo follows from (4.22). Concerning the limit as ¢t goes
to —oo, as in theorem 2.5 (see [18, Theorem 3.10] for the complete proof), we
consider the negative semiorbit for ®(X) defined as

) — w() (0sw)
1USE) (—5) w D (B,w) 1

fors <0, (4.27)
which satisfies wL(UL)(O) = w) (w) and

(4.28)

¥ 1 In [|[U5) (—s) w@) 0w
X =t L@ )l = -t 0 Gl

s——00 § s——00 S

Then, as in [19, Theorem 5.6], denoting by w,,(s) the second component of waL)(s),
which belongs to C, defines a negative semiorbit for ®(©), Juw,,(s) = wi (s) and

fm lvellle 5o (4.29)

S§——00 S

Therefore, from (4.27), we deduce that
w(fsw) = ||U‘§i))(—s) w') (0,w)|| L wy(s) for eachs <0,

and Inl|lw(fsw)|lc = 1n||U(§fi(—s)w(L)(95w)||L + In|lwy(s)||c holds. Thus

from (4.28) and (4.29) the limit (4.26) holds as ¢ goes to —oo, {P(©)(w)}
is tempered, as claimed, and (ii) of definition 2.6 holds.

weﬁl
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Now we check that (iii) of this definition also holds, that is, there exists o € (0, o0]
such that

Ul
10570 o1, |

lim —1In
e [ ORI
Again, from theorems 4.5 and 2.9, we know that there exists & € (0, co] such that

= —0 for eachw € S~21.

M =X 5 and
L
1S O)o | ' .,
lim - In 1 =5 and lim - [[UP@)] 1) || ="
tooo t ||U£)L)(t) w® (w)]|L t—oo ¢ P ()

for each w € §~21, which together with (4.23) shows that it is enough to prove that
lim © I U9t =M for eachw € Q) 4.30
Jim S0 U000, | oreachw e (430)
As in [19, Proposition 5.2(2)], it is easy to check that

5@ _ o L (L) _ g L (L,C)
59 = Jim SO = Jim OO0 ) @

(w)

for each w € €. Moreover, from (4.10) and the construction of Fl(c) (w), we obtain

U 1) (FP (W) € F{w) and  J(FL9 (W) ¢ FP (). (4.32)
Thus, from (4.10), (4.11), (4.31) and (4.32), we deduce the following chain of
inequalities

L) _ 1 (L,C)
Ay = hm n In [[Ug™ o (t+ 1)|F1(L)(9_1w)H
. 1 C (L,C)
:g&t]hw%>mO%_Auumem

1
< 1iminffln||Uu(,C )] (C) || < hmsup 1n||U(C (t )|F(c) I
1

(w)
B (L.O) (4 < Tm - (L,C) =B
= limsup — 1n||U (t )°J|F(c)( )|| < Mim - ln”Uw ®) (L)(w)H Az

t—o00 1 « F1
which shows (4.30) and (iii) of definition 2.6 holds. Finally, from Xﬁ” > —oo and
(4.24), we deduce that )\gc) > —00, which finishes the proof. O

5. Semiflows generated by linear random delay systems in a state
space with not separable dual

This section deals with three cases in which the dual of the phase Banach space
X is non-separable and (2, F,P) is a Lebesgue space. In particular, we will apply
the Oseledets theory of §3, more precisely theorem 3.8, to show the existence of a
generalized exponential separation of type II.
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5.1. Case 1

In this subsection, we briefly explain what happens for p =1, that is, we consider
the separable Banach space L = RY x L;([-1,0],R") with the norm

0
lullz = lluall + [luzll, = flul] +/1 [[uz(s)]l ds

for any u = (uj,u2) with u; € RY and uy € Li([-1,0],RY). We maintain
conditions (S1) and (S3)—(S5) and we change (S2) by

(S2a) The (§F,B(R))-measurable functions a, b: @ — R defined as a(w) :=
|A(w)]] and b(w) := || B(w)|| have the properties:

[Q Swralw) € ]R] € L1(Q,F,P),and
[23w s InTesssup_ < ,ob(fss1w) € R] € L1(Q,F,P).

REMARK 5.1. Note that
Q5w b(w) € R] € Loo(2, T, P)

is sufficient for the second part of the assumption (S2a). Moreover, under assump-
tion (S2a), we can deduce that for P-a.e. w € )

[R >t b(0iw) € R] € Log 10c(R).

Under assumptions (S1) and (S2a), the initial value problem (4.8) with initial

datum u = (u1,ug) € L hasa unique solution z(+,w, u), and as before for L, we will
denote UQ(JL)(t): L—L uws (2(t,w, u), zt(w,u)). If we change d(w) in (4.3) by
cf(w) = essSup_j<<b(fs11w), (5.1)
it is not hard to check that Proposition 4.14 of [19] holds for the new fiber space
L, that is, ) = ((Uﬁ,(,L)(t))weQ,tE]R.F7 (6:)ter) is a measurable linear skew-product
semiflow on L covering 6. This result was already stated and used in [19, p. 2254].

Next we prove the existence of a family of generalized principal Floquet subspaces
for this case.

THEOREM 5.2. Under assumptions (S1), (S2a), (S3), and (S4), there is a family
of generalized principal Floquet subspaces for the measurable linear skew-product
semidynamical system ®() = ((UU(JL)(t))wGQ’teR_F, (0)icr) generated by (4.1), with

generalized principal Lyapunov exponent X:(LL).

~

Proof. First note that from [19, Lemma 5.8], we have ||U£,L)(t)|| < 3c(w) (1+d(w)),
where d is defined in (5.1). In addition, proposition 4.2 remains true when (S2a) is
assumed instead of (S2). Hence, as in theorem 4.3, we can deduce step by step that
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conditions (A1) and (A3) hold for time 7' = N+ (N —1)M +1 for the semiflow o@D,
Finally, theorem 2.5 shows that a family of generalized principal Floquet subspaces
of &) is obtained, as claimed. O

Finally, from §3, an exponential separation of type II for the measurable linear
skew-product semidynamical system ®(X) is obtained.

THEOREM 5.3. Assume (S1), (S2a), (S3), and (S5). Then the measurable linear
skew-product semidynamical system ®F) = ((Uu()L)(t))weQ,teRJra (0)icr) generated

by (4.1) admits a generalized exponential separation of type 11 with Xﬁ” > —00.

Proof. From theorem 3.8, it suffices to check that conditions (A1) and (A3) hold,
the operator US" (2) is compact and XﬁL) > —oo. Since condition (S4) is weaker
that (S5), from the previous theorem we know that (A1) and (A3) hold. Moreover,

the compactness of the operator UU(JL)(2) is shown in [19, Lemma 5.9(iii)]. Finally,

from lemma 3.5, we deduce that X§L> = Mtop, S0 it suffices to show that Aop > —00,
which can be done via Birkhoff ergodic theorem as in theorem 4.5 and finishes the
proof. O
5.2. Case 2

In this subsection, we briefly explain what happens for the separable Banach space
C = C([-1,0],RY) with the usual sup-norm when we maintain conditions (S1)
and (S3)—(S5) and we replace (52) by

(S2b) The (F,B(R))-measurable functions a, b: & — R defined as a(w) :=
|A(w)|| and b(w) := || B(w)|| have the properties:

25w a(w) € R] € L1(2,F,P),and

0
CEPIT / b(0ss10) ds € R | € Li(©,3,P).
-1

REMARK 5.4. Note that
22w bw) € R] € L1 (2,3, P).

is sufficient for the second part of the assumption (S2b). Moreover, under
assumption (S2b), we can deduce that for P-a.e. w € Q

[R 3¢+ b(6w) € R] € Ly 10c(R).
As in §4, it can be checked that, under assumptions (S1), (S2b), for each u € C

the initial value problem (4.5) has a unique Carathéodory type solution which will
be denoted by z(-,w,u). Moreover, the cocycle relation (4.6) is also satisfied and

we will use the same notation UU(JC)(t) for the corresponding linear operator (4.7).
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Then, a measurable linear skew-product semidynamical system is also obtained, as
shown in the next result.

PROPOSITION 5.5. Under (S1) and (S2b), ((chc)(t))weg,tem—h(at)teR) is a mea-
surable linear skew-product semiflow on C covering 6.

Proof. First of all in (4.3), we change d by

_ 0
d(w) ::/ b(0s41w) ds.

-1

From this, it is not difficult to check that
U () ulle < e(w) (1 + d(w)) |lullc for eacht € [0,1] andw € €, (5.2)

and together with the cocycle property (4.6) we deduce that UU(JC)(t) € L(C) for
each t > 0 and w € ). The rest of the proof follows step by step the one of
[19, Proposition 4.12]. O

THEOREM 5.6. Under assumptions (S1), (S2b), (S3), and (S4), there is a family
of generalized principal Flogquet subspaces for the measurable linear skew-product

semidynamical system ®(©) = ((U(E,C)(t))weg’teRJr, (6¢)ier) generated by (4.1), with

. o ~(C
generalized principal Lyapunov exponent )\g ).

Proof. First note that proposition 4.2 remains true when (S2b) is assumed instead
of (S2). Hence, from (5.2), as in theorem 4.3, we can deduce that conditions (A1)
and (A3) hold for time T = N + (N — 1)M + 1 for the semiflow ®(©). Finally, as
in case 1, theorem 2.5 finishes the proof. 0

Finally, once we check that Uu(,c)(l) is a compact operator for each w € €2, from

§3 an exponential separation of type II for the measurable linear skew-product
semidynamical system ®(©) is obtained.

LEMMA 5.7. Under (S1) and (S2b), the bounded operator UU(JC)(I) is compact for
any w € Q.

Proof. First notice that the equicontinuity of the set { s () ||ull o < 1} follows
from (S1), (S2b), (5.2), and the inequality

TS (Wu)(s1) — (UL (V)u)(s2) e

1+82 59
< / a(8.0)|| (s, w, )| ds + / b(Ba 1) () ds
1

+s1 s1

1+s s
<)+ delule [ aw)ds+ ful [ bOu)ds

+s1 s1

whenever —1 < s; < sy < 0. Therefore from UL(UC)(I) € L(C), the Ascoli-Arzela
theorem finishes the proof. 0
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THEOREM 5.8. Assume (S1), (S2b), (S3), and (S5). Then the measurable linear

skew-product semidynamical system ®(©) = ((Uﬁc)(t))weg’tem_, (6)tcr) generated

by (4.1) admits a generalized exponential separation of type 11 with ch) > —o00.

Proof. From theorem 3.8, it suffices to check that conditions (A1) and (A3) hold,
the operator Uéc)(l) is compact and X§C) > —oo. Since condition (S4) is weaker
that (S5), from the previous theorem and lemma we know that (A1) and (A3) hold
and Uéc)(l) is compact. Finally, from lemma 3.5, we deduce that ch) = Atop, SO it
suffices to show that Aiop > —00, which can be done via Birkhoff ergodic theorem
as in theorem 4.5 and finishes the proof. O

5.3. Case 3

In this subsection, we briefly explain what happens for the separable Banach space
of absolutely continuous functions AC = AC([-1,0],R") with the Sobolev type
norm

0
lullac = llulle + [lu'll, = sup |lu(s)] +/1 [/ (s)l|ds  for anyu € AC.

s€[—1,0]

We maintain conditions (S1), (S2b) and (S3)—(S5) of case 2. The problem now is

that this norm is not monotone and the cone is not normal, so that we cannot

directly apply the results of the previous sections. As before, under assump-

tions (S1) and (S2b), for each u € AC, the initial value problem (4.5) has a

unique Carathéodory-type solution which will be denoted by z(-,w, ). Moreover,

the cocycle relation (4.6) is also satisfied and we can define the linear operator
LSAC)(t): AC — AC, u — zi(w,u).

First we show that a measurable linear skew-product semidynamical system is
also obtained. Then, although the cone is not normal, we will maintain defini-
tions 2.4 and 2.6 without this assumption to prove, by using some of the results
in case 2, the existence of a family of generalized principal Floquet subspaces and
a generalized exponential separation of type II in this case. The conclusion of this
subsection is that these measurable notions can appear and be used in some natural
phase spaces even with weaker properties on the positive cone.

PROPOSITION 5.9. Under (S1) and (S2b), ((US*“(#))ucaicrts (00)cr) is a
measurable linear skew-product semiflow on AC covering 6.

Proof. From [17, Theorem 4.6], we deduce that Uit (t) € L(AC) for each t > 0
and w € Q. In order to check the (B(RT) ® § ® B(AC), B(AC))-measurability of
the mapping [RT x Q x AC' 3 (t,w,u) — Uit (t)u € AC], as shown in [2, Lemma
4.51, pp. 153], it is enough to check that it is a Carathéodory function, i.e. for each
w € Q, the map RT x AC — AC, (t,u) — Uit (t)u = z(w,u) is continuous,
which follows from [17, Theorem 4.6], and for each t € R and u € AC

Q3w UAS) () u = z(w,u) € AC)is(F, B(AC))-measurable. (5.3)
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Moreover, from the cocycle property (2.1), it is enough to check this property
for each t € (0, 1]. First notice that AC ~ RY x L;([-1,0],R") and then its dual
space (AC)* ~ RY x Lo.([~1,0],RY). Since AC is separable, from Pettis’ Theorem
(see Hille and Phillips [13, Theorem 3.5.3 and Corollary 2 on pp. 72-73]) the weak
and strong measurability notions are equivalent. Thus, to prove (5.3), it is enough
to check that, for each (v1,v2) € RN x Loo([—1,0],RY), u € AC and t € (0,1], the

mapping
Q2w (v, 2(tw,u)) + (vg, (UAO () u)’)) € R]is(§, B(R))-measurable,

which follows from

0
(v, (UL () u)') = / (o (7)) 2/ (t + 7, w, u) dT

—1

:/_ (UQ(T))tu’(t+T)dT+/O (0a(7 — 1)t (7, w0, u) dr

-1

= /7 (vo (7)) (t 4 7)dT + /0 (vo(T — 1)) A(O,w)2(T, w, u)dT

+ /ot(’l)g(’]' — 1)) B(0,w) 2(1 — 1,w,u) dr

and similar arguments to those of [19, Lemmma 4.13]. O

In order to relate both semiflows ®(4¢) and ®(©) (case 2), we define for each
t > 1 the linear map

A ¢ —  AC

5.4
u = z(w,u). (5:4)

PROPOSITION 5.10. Under (S1) and (S2b), for any w € Q, ULE,C’AC)(t) € L(C,AC)

for each t > 1 and it is a compact operator for each t > 2.

Proof. First we check the result for ¢ =1 and each w € Q. Take u € AC; from the
definition of the norm, proposition 5.5 and the delay differential equation (4.1), we
deduce that

0

US4 V) ullac = [lz1(w, vl +/ 12 (1 + 5,0, u)|| ds
1

<l (1+ [ a0 s) + @ fulc

< <c<w><1 T dw) (1 - a(6.) i) +0)) [l
= (@) Julle (55)

which shows that Uf,aAC)(l) € L(C, AC). Next, from the cocycle property (4.6),

we deduce that UU(JC’AC)(t) = UO(C’AC)(l)o P (t—1) € L(C, AC) for each t > 1 and

t—1w
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w € €. Moreover, from lemma 5.7, we know that Uogc)(t) is compact for each w € 2

and t > 1, so that the above composition proves the compactness of ULC’AC)(t) for
each w € Q and t > 2, as claimed. O
COROLLARY 5.11. Under assumptions (S1) and (S2b), A0 (t) is a compact
operator for any t > 2 and w € €.

Proof. Tt is a consequence of the continuity of the map i: AC — C, u — w and the
previous result. O

As a consequence, from [19, Theorem 3.4], we deduce that PAC) also admits
an Oseledets decomposition and the next theorem shows the coincidence of the
Lyapunov exponents for both semiflows ®(4¢) and ®(©) (case 2). We refer the
reader to [19] for all definitions and also the corresponding results for ®(©) and
®() that were proved in that paper. First we need the following lemma.

LEMMA 5.12. Assume (S1), (S2b) and consider the function e defined in (5.5).
Then for P-a.e. w € Q)

<0.

lim sup
t—o0

Ine(6w)
t

Proof. As in [19, Lemma 5.1], it is enough to check that Inte € L'(Q,3,P).
From [18, Lemma 5.6] and inequality (4.4), we deduce that there is an integer
number ng such that

1
Inte(w) < 2/ a(fsw)ds +2InTd(w) +Inng
0

and the claim follows from (S2b), Fubini’s theorem and the invariance of P. O

THEOREM 5.13. Under assumptions (S1) and (S2b), the sets of Lyapunov expo-
nents for ®AC) and ®(©) coincides.

Proof. Let A\(©) be a Lyapunov exponent for ®(©) and nonzero u € C. First notice

that for each ¢ > 0 we have UQ(,C’AC)(t + Du = Uég;AC)(l)( o (t)u) € AC. Thus,

from (5.5) we deduce that
IS+ D ulle < JUSSAD 4+ 1) ullac < e(@w) UK (0) ullo-
Therefore, from the definition of A(¢) and lemma 5.12, we deduce that

) (C,AC)
2O — lim In ||Usy ™’ (t + 1) ullc o In ||Us (t+ 1) ullac

< li
t—o0 t+1 t— 00 t+1
()
< hmsupw + lim M < /\(C),
t—o00 t—o0 t
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That is,

(AC) c

In US4 (¢ + 1 In[|Uy, " (6) US (1) ullac

@ g IO 4 Dulae UG
t—o00 t+1 t—o00 t

is a Lyapunov exponent for ®4¢) and nonzero US(1)u € AC. When u € AC,

the above inequalities show that each Lyapunov exponent for ®(4¢) and nonzero

u € AC is a Lyapunov exponent for ®(©) which finishes the proof. O
LEMMA 5.14. Let UL(UC’AC)(l) be the linear operator defined in (5.4). Then the
mapping

[Qx C 3 (w,u) = UCAD) (1) u e AC)is(F @ B(C), B(AC))-measurable.

Proof. As in lemma 4.6, it is enough to check that it is a Carathéodory function,

i.e. for each fixed w € Q, the map C' — AC, u — UL,(JC’AC)(l) u is continuous, which
follows from proposition 5.10, and for each fixed u € C, the map

Q3w ULCAD 1) 4 = 2, (w,u) € AC)is (§, B(AC))-measurable. (5.6)

In order to prove this, we take a sequence of functions u, € AC converging to
u € C as n 1 oco. Thus, the measurability of the maps [2 3 w — 2 (w,u,) € AC]
for each n € N, shown in (5.3), the convergence of them to the map (5.6) as n 1 oo
and [2, Corollary 4.29] show the measurability, which finishes the proof. O

THEOREM 5.15. Under assumptions (S1), (S2b), (S3), and (S4), there is a family
of generalized principal Floquet subspaces for the measurable linear skew-product
semidynamical system ®AC) = ((UU(JAC)(t))weQ7t6R+, (0:)icr) generated by (4.1),
3O

with generalized principal Lyapunov exponent XgAC) = > —00.

Proof. Theorem 5.6 states the existence of a family {E§C) (W)}weﬁl of generalized
principal Floquet subspaces for () with generalized principal Lyapunov exponent
)\gc). For w € Oy, put E%C)(w) := span{w(©)(w)} with [|w(®)(w)||c = 1. First notice
that from (5.4)

U(C’AC)(l) w(O_1w) = 2 (01w, w ) (0_1w)) belongs to AC

0_q1w

and is proportional to w(®)(w) because Uéfiw(l)EﬁC)(G_lw) = Egc)(w). Next,
we define w49 (w) = U(gffu))(l) w(c)(ﬁ,lw)/HUéf%(l) w(©)(0_1w)|| ac, unitary
and proportional to w(®)(w). Then EiAC) (w) := span{w4®)(w)} = E;C) (w) is
a one-dimensional subspace of AC and we claim that {E%AC)(w)}weﬁl is a fam-
ily of generalized principal Floquet subspaces for ®(A¢) i.e. conditions (i)—(iv)

of definition 2.4 are satisfied. First of all, from lemma 5.14 it is easy to check
that wA¢): Q; — AC*t \ {0} is (§,B(AC))-measurable and thus, (i) holds.

Condition (ii) follows from Ut (t) E;AC) (w) =US (1) E{C) (w) = E§C)(9tw). From
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theorem 5.13, we deduce conditions (iii)—(iv) and the coincidence of the generalized
Lyapunov exponents because both w(©)(w) and w¢)(w) belong to AC. 0

Finally, once we have checked that X(lAC) > —oo and UU(JAC)(2) is a compact
operator, from theorem 3.1 and the previous theorem an exponential separation
of type II for the measurable linear skew-product semidynamical system ®(4C)
is obtained.

THEOREM 5.16. Assume (S1), (S2b), (S3), and (S5). Then the measurable linear

skew-product semidynamical system ®AC) = ((ULE,AC) (1) wea.ter+> (01)icr) gener-
ated by system (4.1) admits a generalized exponential separation of type 11 with

AAD S o,

Proof. From theorem 3.1, we obtain a measurable decomposition of AC. In addition,
from the previous theorem the first term is the one-dimensional subspace E%Ac) (w)
with Apop = X(lAC) > —o00. Then, we denote AC = EiAC)(w) & Fl(AC) (w) where
Fl(AC) (w)=ACN Fl(c)(w) for P-a.e. w € Q. Properties (i) and (ii) of definition 2.6

are immediate and finally (iii) is deduced from theorem 5.8 following the arguments
of theorem 4.8. O
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