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Uniqueness Implies Existence and
Uniqueness Conditions for a Class of

(k + j)-Point Boundary Value Problems for
n-th Order Differential Equations

Paul W. Eloe, Johnny Henderson, and Rahmat Ali Khan

Abstract. For the n-th order nonlinear differential equation, y™ = f(x,y,y’,...,y"~1), we con-
sider uniqueness implies uniqueness and existence results for solutions satisfying certain (k + j)-point
boundary conditions for 1 < j < n—1land 1 < k < n — j. We define (k; j)-point unique solvabil-
ity in analogy to k-point disconjugacy and we show that (1 — jo; jo)-point unique solvability implies
(k; j)-point unique solvability for 1 < j < jo,and 1 < k < n— j. This result is analogous to #-point
disconjugacy implies k-point disconjugacy for2 < k <n — 1.

1 Introduction

In this paper we are concerned with uniqueness and existence of solutions for a class
of boundary value problems for the n-th order ordinary differential equation, n > 3,

(1.1) vy = fe, 9, ..., y"Y), a<x<b,

subject to n — j conjugate boundary conditions followed by j nonlocal boundary
conditions. In particular, given 1 < j < n—1,1 < k < n — j, positive integers
My, ...,mgsuchthat m; +---+mp = n— j,pointsa < x; < x < -+ < x <
X1 < -0 < Xpp2j < b, real values y;, 1 < i < my,1 < I < k, and real values
Vu> Yn—1> Yn—(j—1)> we are concerned with uniqueness implies uniqueness and exis-
tence questions for solutions of satisfying the conjugate and nonlocal boundary
conditions of the type,

(1.2) y(i_l)(xl) =y, 1 <i<my, 1 <1<k,  conjugate conditions,

(ary (1) — oy (Xes2), - -+ a2j—1Y (Xki2j—1) — a2y (Xk125))
= (Ju, Yn—1,-+-»¥n—(j—1)), nonlocal conditions,
where a;,a,, ..., a,; are positive real numbers. We shall refer to the boundary con-

ditions, (L.2)), as (k; j)-point boundary conditions. The boundary conditions (k; 0)
are referred to as conjugate type boundary conditions [15]].

Received by the editors March 16, 2009; revised May 2, 2009.

Published electronically June 14, 2011.

AMS subject classification: 34B15, 34B10, 65D05.

Keywords: boundary value problem, uniqueness, existence, unique solvability, nonlinear interpola-
tion.

285

https://doi.org/10.4153/CMB-2011-117-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-117-0

286 P. W. Eloe, J. Henderson, and R. A. Khan

We shall also refer to the (k; j)-point unique solvability of (II) on (a,b) where
(LI is (k; j)-point uniquely solvable on (a,b) if given 1 < j < n—land1 <

k < n — j, positive integers m;, ..., my such that m; + --- + my = n — j, points
a<xg <o <X <Xy <o < Xppoj < byreal values yy, 1 <@ <my, 1 <1<k
real values y,_j1;,1 < I < j, and positive real numbers a;,a;, ..., a,;, then the

boundary value problem, (1)), (I.2), is uniquely solvable.

Questions of the types with which we deal in this paper have been considered for
solutions of (.} satisfying a-point conjugate boundary conditions. In particular,
for boundary value problems for (LTJ) satisfying, for 2 < o < 1, conjugate boundary
conditions of the form,

(1.3) YV =r1<i<p,1<I<a,

where py, ..., p, are positive integers such that p; +--- + p, = n,a < t; < -+ <
to <b,andr;; € R, 1 <i < pj, 1 < j < a. These questions have involved:

(i)  whether uniqueness of solutions of (L)), (L3]) for @ = n implies uniqueness of
solutions of (II), (I3) for2 < a < n-—1,

(ii) whether uniqueness of solutions of (L)), (I.3) for & = n implies existence of
solutions of (1)), for2 < a<n.

Of course, a primary reason for considering question (i) would be to resolve ques-
tion (ii).

Hypothesis 1.1 With respect to equation (L)), we assume throughout that

(A) f(t,s1,...,8.): (a,b) x R" = Ris continuous;
(B) solutions of initial problems for (L)) are unique and extend to (a, b).

Given Hypothesis [[LT} Jackson [15] established that (i) is true. In independent
works, Hartman [6}[7] and Klaasen [18] provided a positive answer to question (ii).

Several other papers have been devoted to uniqueness questions of these types as
well as uniqueness implies existence questions for boundary value problems. These
works have dealt not only with ordinary differential equations [2,/8}[9}[16}[1920],
but also with boundary value problems for finite difference equations [[10,11], and
recently with dynamic equations on time scales [5}14]. Some questions of these types
have also received recent attention for nonlocal boundary value problems for (L),
for the cases of n = 2, 3, 4; see [[I}[4}[12}[13]. Recently, the case of nonlocal conditions
for equations of arbitrary order # with j = 1 has been addressed [3}[17]].

2 Uniqueness of Solutions

Let jo € {1,...,n — 1}. Under Hypothesis we establish in this section that
uniqueness of solutions for the (n — j, jo)-point boundary value problem implies
uniqueness of solutions for the (k, j)-point boundary value problem for 0 < j < j,
1<k<n-—j.

First we first shall obtain continuous dependence of solutions of (I.I)) on bound-
ary conditions.
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Theorem 2.1 Let j € {1,...,n — 1}. Assume that for some 1 < k < n — j,
and positive integers my, ..., my such that my + --- + my = n — j, solutions of the
corresponding boundary value problem (1)), (I2)) are unique when they exist. Given a
solution y(x) of (LI, an interval [c,d], pointsc < x; < -+ < xp < -+ < Xpy2j < d
and an € > 0, there exists 0(¢, [c,d]) > 0 such that, if |x; — | < 6,1 <i < k+2j,
andc < & <+ < &G <0 < &aj < dandif [y (x) —zu| < 6,1 <i < my
1 <1<k and

|a2i 1y (Xiani—1) — A2iy (Kkr2i) — Zu—i—p)| <9, 1 <0<,

then there exists a solution z(x) of (LI) satisfying 2/ =V(&) = zy for 1 <i < my,1 <
1<k

(@12(kst) — a22(Ekr2), - - - 7612]‘—1Z(fk+2]'—1) - asz(karzj)) = (2z4,. .. ;Zn—(j—l))7
and |y =V (x) — 2 V(x)| < eon[c,d], 1 <i < n
Proof Fix a point py € (¢, d) and define the set
G={(51,-+,Sks2j, €1y s Cn) | € <51 < o- <Sppaj < d, c1,...,00 € R}
Then G is an open subset of R¥"2/*", Let u(x) be a solution of the initial value prob-

lem for (II) satisfying the initial conditions u~"(pg) = ¢;, 1 < i < n. Define a
mapping ¢: G — RF1 by

D(S1, -y Sk12j5 Cly v vy Cn) =
—1 —1
(51, sskezgyuls), - ™), ulse), -, u™ D (sp),
au(sie) — BU(Ske2), - - -, A2jo1U(Ska2j—1) — A2ju(Skeaj)) -

Condition (B) in Hypothesis [[.Tlimplies the continuity of solutions of initial value
problems for (L)) with respect to initial conditions, from which we have the conti-
nuity of ¢. In addition, the uniqueness assumption on solutions of (1) and
for the given k and my, . . . , my in the present context implies that ¢ is one-to-one. It
follows from the Brouwer theorem on invariance of domain [22]] that ¢(G) is an open
subset of R¥*2/*" and that ¢ is a homeomorphism from G to ¢(G). The statement
of the theorem follows directly from the continuity of ¢~! and the fact that ¢(G) is
open. |

We now establish that for k = #n — j, uniqueness of solutions of the (1 — j; j)-point
BVP (L)), (L.2), implies uniqueness of solutions of the (n — j + i; j — i)-point BVP
(T1), @2), fori=1,2,...,].

Theorem 2.2 Assume that for k = n — j, solutions of the (n — j; j)-point BVP
(L1), (2D are unique when they exist. Then for eachi = 1,2,..., j, solutions of the
(n— j+1i;j — i)-point BVP (1)), (L2) are unique when they exist.
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Proof Assume uniqueness of solutions of the (n — j; j)-point BVP (1)), (L2). The
proof is by induction on i, and we begin by showing that solutions of the
(n—j+ 1;7 — 1)-point BVP are unique. Assume the conclusion is not true and
there exist pointsa < x; < -+ < x,_j11 < -+ < Xpyj—1 < b for which there exist
distinct solutions y(x) and z(x) of the (n — j + 1; j — 1)-point BVP such that

y(x) =z(x), 1 <I<n—j+1,
a1y (Xn—jr1+1) — @2y (X js142) = @12(X—ji141) — @22(Xu—j1142),

a2j—3)/(xn—j+1+2j—3) - azj—z}’(xn—j+1+2j—2)
= a2j32(Xp—j+142j—3) — A2j—22(Xu_js142j—2)-

Define w = y — z; then we obtain

w) =0,1<I<n—j+1,
ayW(Xn—jr141) — B2W(Xy—jr142) = 0,

a2j—3w(xn—j+l+2j—3) - azj—z}’(xn—j+1+2j—2) = 0.
If there exists some t; € (x,_ j+1, X, j12) such that w(t;) = 0, then we have
aw(x,_ 1) — bw(t;) = 0,a,b € R.

This implies that y(x) and z(x) are distinct solutions of the (n — j; j)-point BVP at
the points x1, ..., Xu—j, Xn— j1, {1, Xn— j425 Xn— j+25 - - - s Xutj—2, Xny j—1, Which is a con-
tradiction. Hence, w(t) # 0 on (x,—ji1,%u—j+2). Let w(t) > 0 on (x,— i1, Xp—ji2).
The case w(t) < 0 on (x,_j11,%u—j+2) can be dealt with similarly. Then there exists
T € [Xp—js1, (n—j+1 + Xu—j42) /2] such that

Xn—j+1 T Xn—j+2

3 }}:w(7)>0.

max{ w(t):t € [x,,,jﬂ,

Define
aw(t) — bw(r) ifa > Db,
v(t) = .
bw(t) —aw(r) ifa <b.
Then v(7) > 0 and v(x,_j;1) < 0. By the intermediate value theorem, there exists
t" € (xy—js1,7) such that v(t') = 0 which implies that aw(t") — bw(7) = 0. Hence,
there are distinct solutions of the (n — j; j)-point BVP at the points

/
PPN 7xﬂ—j7t y Ty Xn—j42y Xn—j425 + + « s Xt j—25 Xntj—1,

which is again a contradiction. Hence solutions of the (n — j + 1; j — 1)-point BVP
(L1), (I2) are unique. Now the theorem is proved inductively. [ |

Corollary 2.3 Assume that for k = n — j, solutions of the (n — j; j)-point BVP are
unique when they exist. Then solutions of the (n;0)-point conjugate BVP are unique
when they exist.
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In view of the uniqueness implies existence results due to Hartman [6},[7] and
Klassen [18] as discussed in regard to question (ii), we have an immediate corollary
concerning existence of solutions for (; 0)-point conjugate boundary value problems

for (I1).

Corollary 2.4 Assume that for k = n — j, solutions of the (n — j; j)-point BVP are
unique when they exist. Then for 2 < | < n, solutions of the (I;0)-point conjugate BVP
are unique when they exist.

We now establish that uniqueness of solutions of the (n — j; j)-point BVP implies
uniqueness of solutions of the (k; j)-point BVP,when1 <k <n—j— 1.

Theorem 2.5 Assume that for k = n — j, solutions of the (n — j; j)-point BVP are
unique when they exist. Then for each 1 < k < n — j — 1, solutions of the (k; j)-point
BVP are unique when they exist.

Proof Assume that solutions of the (1 — j; j)-point BVP are unique. Assume that,
forsome 1 < k < #n — j— 1, some (k; j)-point BVP has distinct solutions. Let

h=max{k=1,...,n— j— 1] (k; j)-point BVP has distinct solutions}.

Then there are positive integers 1, . . . , my, such that my+- - -+my, = n—j, points a <
x <o <xp < --- < Xpp2j < b, and positive reals, ay, . . . , a5, for which there exist
distinct solutions y(x) and z(x) of the corresponding (h; j)-point boundary value
problem (LI, (I.2). In particular,

YD (xg) =207V (), 1 <i <my, 1 <1< h,
ary(xpr1) — a2y (Xpi2) = a1z(xpi1) — a22(Xp12), - - -
ety (Xnr2j—1) — a2jy (Xni2j) = azj—12(Xpi2j—1) — a2j2(Xp12;5).

Sinceh < n— j— 1,somem; > 2. Let
my, = max{m; | 1 <1< h}>2.

At this point, we need to argue that each x; is a zero of y — z of exact multiplicity
my, 1 < I < h. This argument is done by induction on j, and in fact the proof of this
theorem is truly completed by induction on j. For j = 1, if any of the next higher
order derivatives vanish at xj, then y and z are distinct solutions of an (h;0)-point
conjugate boundary value problem. Complete the proof of this theorem below for
j = 1. Now for j > 1, if any of the next higher order derivatives vanish at x;, then y
and z are distinct solutions of an (h; j — 1)-point BVP. So, we complete this proof by
assuming that each x;, is a zero of y — z of exact multiplicity m;, 1 <1< h.

Thus, we assume, with no loss of generality, that

)’(ml")(xlg) > Z(mlo)(xlo)~

Now fixa < T < xj. By the maximality of h, solutions of the (h+1; j) problems (L),
(L2) at the points 7,x;, ... Xy, - - - Xp42j are unique. Hence, it follows from Theorem
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2Tl that for each € > 0, there is a & > 0 and there is a solution z;(x) of the (h + 1; §)
problem (1)), (L2, satisfying the conditions,

25(1) = 2(7), A

z{ V() = 200 =y V), 1<i<m, 1<I<h I#k,

%mMP%HWMﬂ“WW,ISSWFL (if rmy, > 2),
my, —

2" () = 2D () + 6 = y™ () + 6,
a125(%p41) — B225(Xp42) = a12(xp1) — A22(Xp12) = a1y (Kpe1) — a2y (Kns2),

a2j—126(xh+2j—1) - ﬂsz(s‘(xh+2j) = a2j—1Z(xh+2j—1) - ﬂsz(Xh+2j)
= ayj1y(Xn2j—1) — B2y (Xpi2j),

and |z5(x) — z(x)| < €on [T, x442j]. For € > 0, sufficiently small, there exist points
Xj—1 < p1 < x5, < p2 < X3,41 such that

20 =y V), 1<i<m, 1<I<k—1,
z5(p1) = J’(Pl%

2 V) =y V), 1<i<my, -2, (ifm, >2),
zs(p2) = y(p2),

270 =y (), 1<i<m, L+1<I1<h,
a125(Xpi1) — A225(Xpi2) = a1y (Xpi1) — a2y (Xpi2),

azj—125(Xpr2j—1) — a2j25(Xn12j) = azj—1y(Xni2j—1) — azjy (Xni2j)-

If my, > 2, z5(x) and y(x) are distinct solutions of the (h + 2; j)-point boundary
value problem at the points X1, ..., X, —1, 01, Xly, P25 Xigt15 - - - » Xy - - - » Xp2j> Which is
a contradiction, because of the maximality of h. If m;, = 2, then z;(x) and y(x) are
distinct solutions of the (h + 1; j)-point boundary value problem at the points

X1y ooy Xlg—15 P15 P25 Xig+1y « -y Xhy -+« 5 Xh42j,
which is again a contradiction. ]
In view of Theorem[2Z2land Theorem [2.5] we have the following corollary.

Corollary 2.6 Let jy € {0,...,n — 1}. Assume that solutions of (L)), (I.2), when
k=mn— jo, j = jo, are unique. Then foreach 1 < j < jo, 1 < k < n — j, solutions of
the (k; j)-point BVP are unique when they exist.

3 Existence of Solutions

Having established in the previous section that uniqueness of solutions of (L)), (L2)
when k = n — jy, j = jo, implies uniqueness of solutions of (LI}, (L2) for 1 <
j < joand 1 < k < n — j, we now deal with uniqueness implies existence for
these problems. For such existence results, continuous dependence as in Theorem
2.1l plays a role. In addition, we shall make use of a Schrader [21]] precompactness
result on bounded sequences of solutions of (I]). We begin by stating the Schrader
[21]] precompactness result.
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Theorem 3.1 Assume the uniqueness of solutions for (L1), (L3) when £ = n. If
{yu(x)} is a sequence of solutions of (LI that is uniformly bounded on a nonde-
generate compact subinterval [c,d] C (a,b), then there is a subsequence {y,,(x)}
such that { y(y’;) (x)} converges uniformly on each compact subinterval of (a, b), for each
i=0,...,n— 1L

In view of the Corollary[2.3] we have, as a corollary, a precompactness condition
in terms of (L)), (T2) when k = n — j.

Corollary 3.2 Let jo € {1,...,n — 1}. Assume that solutions of the (n — jo; jo)-
point BVP (LD, (L2) are unique. If {y,(x)} is a sequence of solutions of (1) that
is uniformly bounded on a nondegenerate compact subinterval [c,d] C (a,b), then
there is a subsequence { y,,(x)} such that {y\!) (x)} converges uniformly on each compact
subinterval of (a, b), for eachi =0,...,n— 1.

We now present our uniqueness implies existence result for the (k; j)-point
boundary value problems.

Theorem 3.3 Let j, € {0,...,n—1}. Assume that solutions of (L), (I.2) when k =
n— jo, j = jo, are unique. Then foreach 1 < j < jo, 1 < k < n — j, positive integers
my, ..., mgsuch thatmy + -+ mp = n — j, pointsa < x; < -+ < Xg2j < b, real
values yi;,1 < i < my, 1 <1<k Yo, Yn—1,---3¥n—(j—1) € Roand ay, a,, ..., a5,
positive real numbers, there exists a unique solution of the (k; j)-point BVE, (L)), (L2).

Proof Let1 < j < jo, 1 < k < n — j, positive integers my, ..., m; such that
my+--+m=n— j,pointsa < x; < -+ < Xp2j < b, real values y;, 1 < i <
my, L <1<k ypyu_1,...,Yn—(j—1) € R,and ay, ay, ..., ayj, positive real numbers,
be given.

Since solutions of the (n — jo; jo)-point BVP (1)), (I.2) are unique, it follows
from Corollary[2:4] that solutions of the (I;0)-point conjugate BVP for 2 < I < n are
unique; thus, solutions of the (/; 0)-point conjugate BVP for 2 < [ < n exist [6}Z,[18].

Let1 < j < joand1 < k < n — j. Let z(x) be the unique solution of (L))
satisfying (k + j + 1;0)-point conjugate boundary conditions

2 (x)) = yir, 1<i<m —1,
V() =y, 1<i<m, 2<I<Kk

2(xp41) = 28,

2(xres) = 2,
Y

2(Xr2j—1) = azfiln,

Z(Xg12j) = 0.

Note that in the case m; = 1, z satisfies a (k + j;0)-point problem with boundary
conditions beginning at x,. From the last two conditions

Yn—(j—1)

2(Xk2j) = 0, 2(Xks2j-1) =
azj—1
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we obtain

a2 12(Xpj) — a2j2(t) = yu_(j—1)-

Define the set

S= {u(’”‘_l)(xl) ‘ u is a solution of (L) satisfying
w V() =y, 1<i<my — 1,
u™ V() =y, 1 <i<my, 2 <1<k,

Vn—1 Yn—(j—2)
7"'7u(xk+2j73) =
3 aj—3

U(Xpe1) = % U(Xpe3) =
1

azj—lu(xk+2j—1) - azju(xk+2j) = }’n—(j—l)}-

Clearly, 2"~V (x;) € S, and so S is a nonempty subset of RR.
Next, choose sy € S. Then there is a solution ug(x) of (L) satisfying

M(()i_l)(xl) =y, 1<i<m—1,
ud™ "V (x) = s,

uy V) =yu, 1<i<m,2<1<k,
uo(xxr1) = %7 up(xgy3) = 2=

as

Yn—(ji—

o (Xr2j—3) = ?32), azj_1to(Xpr2j—1) — A2juo(Xkr2j) = Yn—(j—1)-

By the uniqueness of solutions of the (k+ j — 1; 1)-point BVP (Corollary[2.6)), and in
view of Theorem 2.1 there exists a & > 0 such that, for each 0 < |s — 5| < 9, there
is a solution uy(x) of (L) satisfying

Wi Vx) =y, 1<i<m—1,
uﬁf”l’l’(xl) =5,

WD) =yy, 1<i<m, 2<I<k,
us(Xen) = 22, () = 22

as

Vi (i
Us(Xpr2j—3) = az;iaz)

s Agj—1ts(Xpy2j—1) — A2t (Xks2j) = Yn—(j—1),

which implies that ugml’l)(xl) € S, thatis, s € S. Hence, (s — d,50 + ) C Sand Sis
an open subset of R.

Now we show that S is also a closed subset of R. To do this, assume that S is not
closed and there exists an ry € S\ S and a strictly monotone sequence {r, } C S such
that lim,_, 1, = ry. We may assume, without loss of generality, that r,, 1 ro. By the
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definition of S, for each v € N, there exists a unique solution u, (x) of (L) satisfying

ui=V(x) =y, 1<i<m—1,
uz(:nlil)(xl) =Ty,

WD) =y, 1<i<m, 2<I<k,
Uy (Xpy1) = %7uu(xk+3) = b

as

Paiim
y (Xir2j—3) = “o2

2, apj 1ty (Xkr2j—1) — Aajiy (Xki2j) = Yn(j—1)-

Setv = u, — u,41. Then

WD) =0, 1<i<m—1,
V(ml_l)(xl) =1, —Im < Oa

YWiDx) =0 1<i<m, 2<I<k,
V(xke1) = 0, v(xp43) =0,

V(Xk+2j—3) =0,

ayj—1V(Xki2j—1) — A2jV(Xk12j) = Yn—(j—1) = 0.
By the uniqueness of solution of the (k + j — 1; 1)-point BVP, we have one of
(i) w,(x) < up(x)on (a,x;) \ {x1}, if m is odd,
(i) u,(x) > uy1(x) on (a,x;) and u, (x) < u,41(x) on (x1, x,), if m; is even.

We consider only case (i), with case (ii) being completely analogous. So, for case
(1), from Corollary[3.2]and the fact that ry & S, we can conclude that {u, (x)} is not
uniformly bounded above on each compact subinterval of each of (a, x;) and (x1, x).

Now let w(x) be the solution of (L.1)) satisfying (k+ j; 0)-point conjugate boundary
conditions (I3) at the points X1, ..., Xk, Xks1, Xkt3, - - - » Xks2j—15

Wi V) =y, 1<i<m —1,(ifm > 1),
W= (xy) = 1,
W(lfl)(xl) = ¥il, 1<i< my, 2 < 1< kv

Yn—1

wlxer) = 22, wlxis) = 2,

W(Xpr2j—1) = 7%;;(:” :
From the monotonicity and unboundedness property of the sequence {u,(x)}, it
follows that, for some large vy, there exist a solution u,, of (ILT)) and points a < 7 <

x1 < Ty < x such that u,,(171) = w(n), u,,(m2) = w(2). Hence,
Uy, (Tl) = W(Tl)v
uliV(x) = yin = wV(x), 1<i<m—1,
uy, (12) = w(m),
ullV () =y =wiV(x), 1<i<m,2<I1<k
(1) = 28 = Wlean), thyy (Xia3) = 27 = wlias),

Vn—(i—
yy (Xki2j3) = “EH = W(Xir2j-3)-
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Thus, u,,(x) and w(x) are distinct solutions of the same (k + j + 1;0)-point (or if
m; = 1, the same (k + j;0)-point) conjugate boundary value problem (1)), (L3).
This contradicts Corollary[Z4l Thus, S is also a closed subset of R.

As a consequence of S being a nonempty subset of R that is both open and closed,
we have § = R. By choosing y,,,1 € S, there is a corresponding solution y(x) of (L)

such that
YV (x) =y, 1<i<m—1,
YD) = Yo,
Y0 =y, 1<i<m,2 <1<k
y(Xpkr1) = Z*:;)/(xkﬁ) = y:'li;la
y(Xer2j3) = %, Mj—1y (Xks2j—1) — a2y (Xks2j) = Yn—(j—1),

which is the desired solution of the (k + j — 1;1)-point BVP.

Sincel < j<jpand1l < k <n— jpimpliesl < k+j—1 < n—1, wehave
shown existence for each of the (k; 1)-point BVPs, 1 < k <n— 1.

If jo = 1, then the proof is complete. If jo > 1,let k+ j < n — 1 and let z;(x) be
the unique solution of the (k + j; 1)-point boundary value problem,

Zi’:_l)(xl) =y, 1<i<m—1,
27V =y, 1<i<my,2<I<Kk,

z1(Xke1) = %a

_ Yn—(j—2)
21 (kr2j3) = T

21 (Xk12j—2) = 0,
azj121(Xk12j—1) — @221 (Xks2) = Y (j—1)-

9

From the two conditions

Z(Xki2j—2) = 0, z(Xpr2j—3) = Yuoli=2)
azj—3
we obtain
a2j—32(Xps2j—3) — A2j—22(Xk42j—2) = Yn—(j—1)-
Define the set

S = {u(’”‘_l)(xl) | u is a solution of (L)) satisfying
ui V) =y, 1< i <my — 1,
u V) =y, 1 <i<my, 2< 1<k,
n—(j—3)

y Yn—1 V4
ulxeer) = = ulxg) = ——, .o U(xgeajos) = ——,
a; a adj—5

Ay 3u(Xpyaj—3) — Azj—au(Xkr2j—2) = Yn—(j—2),

ayjU(Xpr2j—1) — A2ju(Xpi2j) = }/n—(j—l)}-
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Clearly, ng‘_l)(xl) € S;, and so Sy is a nonempty subset of R. A construction,
completely analogous to the above argument implies S; = R. Hence, y,,1 € S, and
there is a corresponding solution, y(x) of (1) such that

YD) =y, 1<i<m —1,
)/('_11‘71)(961) = Y1,

YD) =y, 1<i<m, 2<I<Kk
(i) = 28,

y(iajs) =
ari—3y (Xki2j—3) — A2j—2y (Xks2j—2) = Yn—(j—2)

Az 1y (Xkaaj—1) — a2y (Xk+2j) = Yn—(j—1)s

)

which is the desired solution of the (k + j — 2;2)-point BVP.
The proof of Theorem [B3]is then completed by induction. [ |

We restate Theorem[3.3]in the terminology introduced in the Introduction.

Corollary 3.4 Let jo € {0,...,n — 1}. Assume that solutions of the (n — jo; jo)-
point BVB, are unique. Then foreach 1 < j < jo, 1 < k < n— jo, (LI is (k; j)-point
uniquely solvable.
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