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Abstract

Let A be a simple eigenvalue of a bounded linear operator T on a Banach space X, and let (7,)
be a resolvent operator approximation of 7. For large n, let S, denote the reduced resolvent
associated with T, and A,, the simple eigenvalue of T, near A. It is shown that

_ k _
wp I =TS TSl
k=12... ISn]|k=1

under the assumption that all the spectral points of T which are nearest to 4 belong to the discrete
spectrum of T. This is used to find error estimates for the Rayleigh-Schrédinger series for 4 and
¢ with initial terms A, and ¢., where ¢ (respectively, ¢,) is an eigenvector of T (respectively,
Ty») corresponding to A (respectively, A,), and also for the Kato-Rellich perturbation series for
PP,, where P (respectively, Py) is the spectral projection for T (respectively, T,) associated with
A (respectively, 4,).

0, asn— o0,
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1. Introduction and preliminaries

Let X be a complex Banach space, and let T belong to the space BL(X) of
all bounded linear operators on X. Let 4 be an isolated simple eigenvalue of
T. We assume that T # AI. Let I" denote a circle with centre A and radius
a < dist(4,a(T)\{A}). Then I' C p(T) and T isolates A from the rest of the
spectrum of T.
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For z in p(T), let R(z) = (T — zI)~! be the resolvent operator of 7. Then
the spectral projection P associated with T and 4 is given by

(1) P=—%/R(z)dz

We choose s such that 0 < s < a/2 and define

0,  iflz—A<s
F@=) L feoas2s
z—4

Then f is locally analytic on a neighbourhood of ¢(7") and at oo, if we define
f(o0) =0.

The reduced resolvent S associated with 7 and A can then be defined as

) S = (1) = 5 / F(2)R(z)dz = % /r f(-z/)l dz.
Then we have

(3) S(T-Aly=(T-AI)S=I1-P, SP=PS=0.

The spectrum a(S) and the resolvent set p(S) of S are given by
@ o($) = { 71 L aM\(@ U 0}

) p(S) = { zep)}.

(See Taylor and Lay [9, Theorem 9.5].) It follows that the spectral radius
re(S) of § is given by

1
dist(4, o(T)\{A})’

Also, 1 is an isolated point of the spectrum of T if and only if 1/(A — ) is an
isolated point of the spectrum of .S, and in that case, the spectral projection
associated with T and 1 coincides with the spectral projection associated with
f(T)=S and f(1) = 1/(A — 2). (See Taylor and Lay [9, Theorem 9.8].)

Let (T,) be a resolvent operator approximation of T on p(T) (T, > T),
that is,

re(S) =

T,x — Tx for every x in X, and
(T, — T)R(z)(T, — T)|| — O for every z in p(T).
(In Chatelin and Lemordant [3], and in Kulkarni and Limaye [5], the resol-

vent operator approximation was considered under the name ‘strong conver-
gence’. It can be proved that if the spectrum of T is simply connected, then

(6)
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T, 5 T if and only if |(T - T,)T*(T — T,)|| — O foreach k = 1,2,.... This
is certainly the case when T is a compact operator.

If either (7,) converges to T in the norm (T, Iy T), or if (T,) converges

to T in a collectively compact fashion (T, < T), that is, if T,x — Tx for
every x in X, and ;2 ,{(T» — T)x: ||x|| < 1} is a relatively compact subset
of X,then T, 5 T.

Since I' is a compact subset of p(T'), we have

(7) max (T, — T)R(z(T, - T)|| - O.
Then for all n large enough, I C p(T;,) and it can be seen that
(8) rgxealg( I(T% = T)Rn(2)(Tn - T)|| = O,

where R,(z) = (T, — zI)~! for z € p(T,).
For all n large enough, the spectrum of 7, inside I" consists of a simple
eigenvalue 4,. (See Chatelin and Lemordant [3, Lemma 4].) Let

1
) Py= 5o /r Rn(2)dz
and
_ 1 [ R(2)
(10) Sn_ﬁ/rz——/l,,dz

be the spectral projection and the reduced resolvent associated with 7, and
An, rESpectively.

Since for every x € X, R,(z)x — R(z)x, uniformly for z in I', and since
An — 4, it can be easily verified that

P,x—-Px and S,x —Sx forallxin X

As dim P, X = dim PX = 1, we have, in fact, P, < P (Chatelin [2, Proposi-
tion 3.13]), and hence

(11) [(Tw — T)Py|| — 0

(Anselone [1, Corollary 1.9]). By the uniform boundedness principle, we see
that for all large n,

(12) [1Pall, 1Sl IKT — T)Sall < € < o0.

Fix n sufficiently large. Following Chatelin {2], we consider the Rayleigh-
Schrodinger series

[ o) [ o]
A=Y 4 and p=3 o,
k=0 k=0
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where '1;0) = A, and (pﬁ,o) = @, is an eigenvector of T, corresponding to A,,
and for k > 1,

AP = (T = TelkY, o3),

where ¢, is the eigenvector of T* corresponding to 4, satisfying (¢, %) = 1,
and

(13) o =S, (—(T T.)on~ ”+Za<” v )

In case T, < T, Redont [8] gave error bounds for |1 — Z;‘:o lﬁ,”l and
g — =k, 04|l in terms of [|(T, — T)P,|| and a quantity a, defined by

Sh
B={xeX:|x||<1}, K,= (T, — T)S,B,
H,(ns,.u)

an = diameter((T, — T)S, K,).

He claimed that o, — 0 as n — co. However, his proof does not seem to
be justified, as shown by us in [4] by citing a counter example. Instead, we
introduced in [4] a parameter r > 1 and proved that if r > 1, then a,(r) = 0
as n — oo, where

an(r) = diameter((T — T,,)S,K,(r)),
with
Sh
K,(r)= (T — T,)SyB.
kLJO (rns n)

Note that a,(1) = a,.
In his thesis [7], Nair introduced another quantity

T =T)SKT - TSl
(14 Gn(r) = S G IS

for r > 1, and gave error bounds for the convergence of the Rayleigh-
Schrodinger series in terms of &,(r). He proved that if r > 1, then &,(r) — 0.
Note that &,(r) < a,(r). Thus, the original question regarding the case r = 1
remained unanswered. (See also [6].)

In the present paper we prove under the assumption of resolvent operator
approximation (which is weaker than collectively compact approximation),
that

an(1) - 0 asn— oo;

the only restriction we impose is that all the spectral values of T nearest to
A are eigenvalues of T of finite algebraic multiplicities. If 7" is a compact
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operator and A # 0, then this merely says that O is not the nearest spectral
value of T from A. Our proof is motivated by Redont’s considerations.

Using the fact that a,(1) — 0 as n — oo, we can also improve some results
for the approximation of the spectral projection P given in [5, Theorem 4.2
and Theorem 4.3(b)]. These results use the Kato-Rellich perturbation series.
We are able to give better error bounds for the approximations of PP,.

The discrete spectrum a,(7") of T is defined as follows:
04(T) ={u € a(T): u is an eigenvalue of finite algebraic multiplicity}.

We first prove that if one of the spectral values of T nearest to 4 is in the
discrete spectrum of T, then r,(S,) tends to r,{S). Recall that 4 is a simple
eigenvalue of T, separated by a circle I" of radius a from the rest of o(T).
If (T,) is a resolvent operator approximation of 7', then T, has a simple
eigenvalue A, inside I and it is the only spectral value of 7, inside I'. We
begin with the following elementary lemma.

LEMMA 1.1. Let T, B T. If (u.) is a sequence of spectral values of T,, and
if (un) converges to u, then p is a spectral value of T.

PRrROOF. Let, if possible, x4 € p(T'). Consider a simple closed curve I" in
p(T) enclosing u and such that the interior of I is contained in p(T"). Then

Since T, 5 T, I ¢ p(T,) for all n large enough. As u, — p, u, lies in the
interior of T for all large » and hence

P, =- szR )dz #0.

This is a contradiction, since dim P, X = dim PX for all large n. (See Chatelin
and Lemordant [3, Lemma 4].) Hence u € o(T).

PROPOSITION 1.2. Let T, X% T and assume that there exists A in the discrete
spectrum of T such that |A — A| = dist(A, a(T)\{A}). Then

(15) dist(An, 0 (Tp)\{An}) — dist(4, a(T)\{A})
and hence
(16) ro(Sn) = r6(S).

PrOOF. Let 4;, € o(T,) be such that |1; — 4,| = dist(4,, 0(Ty)\{An}). Then
|Al, —An| > J for some & > 0 and for all large n. Since A belongs to the discrete
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spectrum of T, there exists 4, in (T,) such that 4, — 4. (See Chatelin and
Lemordant [3, Lemma 4].) Now, |4}, — A,| < |An — A,] — |4 — 4], sO

(17 Tm |4, — 4l < - Al
In order to prove (15), it is enough to show that
(18) JA— 4] < Lim |4, — Aal-

Suppose that this is not the case. Then there exist subsequences (4;, ) and
(An,) such that |A;, — 4, | — & < |4 — A|. By passing to a subsequence, if
necessary, we can assume that A’,,k — A’ for some A’ € C. Since T,, 3 T, it

follows by Lemma 2.1 that ' € o(T') and |A' — 4] < |4 — 4|, a contradiction
to the fact that |4 — 4| = dist(4, (T)\{A}). Thus, (15) follows from (17) and
(18). Finally, (16) follows by

1
"0(Sn) = Tt e TN D)
and 1
o(8) = Es o NG

2. Main results

Consider the following inclusion, which we call by the name ‘Assumption
(*)".
(*) {Ae€a(T): |A-Al =dist(A, a(T)\{A})} C 64(T).
In this case, the spectral points of T nearest to A are finite in number and
each such point belongs to the discrete part of the spectrum of T'.

Note that this assumption is stronger than the one made in Proposition

1.2
In case T is compact and A # 0, Assumption (x) is satisfied if

|A| # dist(4, 6 (T)\{4}),
that is, if O is not one of the nearest spectral points from A. We write

— ”(T - T,,)S,’,‘(T - Tn)Sn”
1S 1% =" ’

ﬂn,k k>1.

Then for large n,
an(1)=sup{Bs:k=12,...}
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THEOREM 2.1. Let T, 55 T and let Assumption (x) be satisfied. Then

(19) &n(l) >0 asn— oo.

ProoF. We denote the eigenvalues of T nearest to 4, that is, the elements
of the set N
E ={lea(T): |A-A| =dist(4, a(T)\{A})}
by A) = 1/u/+4, j=1,...,q. Then each #/ is an eigenvalue of S. Note that
{ue G(S): lul = ro(S)} = {u". 42, ..., u%}.
Let m; denote the algebraic multiplicity of A/, j=1,...,¢9. For j=1,...,q,
let I'; denote a curve in p(T) isolating A/ from the rest of the spectrum, and

let P;; be the associated spectral projection. Then P;; is also the spectral
projection associated with S and u/. If we write

P=Pi+---+P,
then
(20) ro(S(I = P)) <r4(S).

Since T, = T, T; C p(T,) for all n large enough and j = 1,...,q. Let P, ;
denote the spectral projection associated with T, and ¢(7,) ﬂ Int I';, where
IntI’; denotes the interior of I';. Then the spectral projection P, associated
with T, and UI_ (6(T,) N IntT;) is given by P, = Pyy + -+~ + Png. By
Assumption (x), rank P = m; + - -- + m, < oo. Hence P, & P and

(21) Ty - T)P,| =0 asn— oo.

(See Anselone [1, Corollary 1.9].) Also, ||(T, ~ T)S,|| and ||(T, — T)(I — B,)||
are uniformly bounded. Now, we write

Sy = SpPy+ Sy(I — By).
Since S, and P, commute,
(22) (T — T)SKBall < NISall“I(T = T) Ball-
Also,
T = T2)SK(T = To)Sall < (T = To)Sn Pa(T — T1)Sall
+ (T = T)Sx(I ~ Ba)(T — Tn)Sn Pl
+ (T = T)SK(I — P)(T = T)Sa(I - By)|.

Using (21) and (22), we see that in order to prove (19) it is enough to prove
that
Sup (7" = Ta)Sy (1 = Pa)(T = T)Su(l = Ba)lI/Sull~"

tends to zero as n — oo.
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We recall from (2) and (10) that
o [ 5dz and s,= 5 [ 2

= 2nmi rz—4 2ni Jrz — A,

where I represents a circle with centre A and radius a with

a< dist(d,a(T)\{2}) =

r(S)
Hence
1 R(z)(I - P)
(23) SU-P)=5n | =F5—7 9
and
Rn(Z)(I P)
(24) Sall = P2) = 5 / dz.

We note that R(z)(I — P) has a removable singularity at A/, j = 1,...,q.
Hence, we can choose a circle I” with centre A and radius a’ satisfying a <
a' < 1/rs(S(I — P)). Then (23) remains valid with I replaced by I'.

Now we wish to show that even in (24) we can replace I by I
Consider

Pe(T) = — = / R(z)dz

" 2rmi
and for all n large,

1
Pp(Tn) = —2—7[-17 ‘/l:-: Rn(Z) dz.

Figure 1

https://doi.org/10.1017/51446788700030937 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700030937

464 Error estimates 9]

Then Pr/(T) =P+Pu+--+Pyand Pn(T)) =Py + Py +--- +P,,,q. Now
rank Pr(T) =1+ my + --- + my = rank P (T},).

Since
rank P, = rank(Py | + -+ Pyg) =m + -+ my,

the only singularity of R,(z)(I — 15,,) inside I" is at A,. Thus, we can replace
I by I in (24) and write

(25) Sl - By) = '2%/;- 3"—(‘?(_%5"—)@_

In Proposition 1.2 we have proved that r,(S,) — r,(S) as n — co. Hence we
can choose 0 < ' < n < 1 such that

(26) ro(S(I = P)) < 1'rg(S) < nro(Sn)-
If welet @’ = 1/(n'r,(S)), then
27) 1 1 , 1

< <d < —.
nSall = nre(Sn) = re(S(I - P))
Since A, — 4, A, is inside the circle with centre A and radius (1 — )a’ for all
large n. Then for z in I”,
(28) lz=A 2 lz-A—-JA-Ap|2d - (1 —n)d =nd.
Now, fork=1,2,...,

“(T - Tn)Srlxc(I - Pn)(T - Tn)Sn(I - Pn)”
L/ (T = Tu)Ra(2)U = P (T — Tu)Ra(w)(I — Pr)dz dw ”

4n? Jp Jr (z = An)k(w — 4n)

2 (T = TR (2T — P)(T = T)Ra(w)(I — P\
< max (a')* 12 = 2o F|w = 4|

< max |(T — Tn)Ru(2)(T - B)(T — T)Ra(w)(I = B/ (na' )<= n?.

Hence by (27),
sup (T - T,,)S,lf(] - Pn)(T = Tn)Sn( — Pn)”/”Sn"k_l

k>1
< (max I(T = TR = PT = T Ra(w)(E = PI) /.

Since T, 55 T on p(T) and I" is compact, we have
max (T — T,,)Ry(z)(T — T,)Rp(w)||
zwel”
< max | Ry(w)||max |[(T — T,,)R.(z2)(T - T)||,
wer’ zel”
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which tends to 0 as n — oo. Also by (21) we have
(T = T,,) Po|| — 0.
Since R,(z) commutes with B,, we obtain
Inax I(T — Ta)Ra(2)(I = Pa)(T — Tu)Ra(w)(I — B,)|
< max, (T = T)Ra(z)(T — To)Ra(w)||I — P

+ (mashRu(2) ) (maxT = TR} ) T = TR = Aol

which tends to 0 as n — co. This completes the proof of &,(1) — 0as n — co.

Let
Nn = “(T - Tn)¢n”’
tn = max{|(T — T)Sall. (T — T)@alll| Palll|Snll}.
&n = max{an, |[(T = To)@alll| Palll|Snlltn},
&n = max{an, (T — To)@nll|| PallllSnlltn}
and

a =1, ak=2a,~_lak_,~, k=1,2,....

The following error bounds for the Rayleigh-Schrédinger iterates have been
obtained by Redont. (See [8, Remark 3.3].) Fork=0,1,2,...,

R < ayennll Pall(vVED ™, IAPD] < agpr 1 M| Palltn(VEm)

and
o2 N < a1 mallSAll(VED® . 102N < @aisaMallSalltn(VER) .

The error bounds obtained in [6] and [7] are similar to the above bounds
with &, replaced by &,. We have proved that if 7, > T, then & — O as
n — oco. Hence we have the following theorem.

THEOREM 2.3. Let T, 2 T and let Assumption (x) be satisfied. Then for
k=0,1,2,...,
%
|,1 -y i)
i=0

= O(1n || PAlIER). = O(11u| Pall )

1 2k+1

A=5"a0
i=0

and

=

2k+1

= O(11||Sn|€X). W Z¢” O |Sn ]| 20 EX).
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Now we consider the Kato-Rellich perturbation series for the spectral pro-
jection P. We choose n large enough so that max,cr7,((T — T,)R,(z)) < 1,
where I' is a circle with centre A and radius a < dist(4, o(T)\{A}). The
Kato-Rellich perturbation series for P is given by

[> o]
(29) P=P, =) Y SIT,-T)SE...(T.— T)SP",
k=1 (")IHI
where (*),,, denotes the conditions
Pi+ -+ P =k and p; >0, j=1,....k+1.

We adopt the notation S? = —P,. The number s, of the ordered (k + 1)-

tuples (py, ..., Prs+1) satisfying (*)x,, is the coefficient of x* in the binomial
expansion of (1 — x)~*+1, Thus,

2k)!
Mt = (k!k)! '
We define
(30) h(x) = ngyx* for x| < 1.
k=1
et h h h h
h = BRI g h@) hen)
We have
(31) PP, =P, +Y PP,
k=1
where for k > 1
(32) P == 3 SP(T,~T)Sp (T, - TSP
(*)kﬂ
Pi+1=0
We set m
P=pP"=P, Pr=>pP"
k=0

Recalling that
ﬂ - “(Tn - T)Srlx((Tn - T)Sn”
nk [ Safle-T ’

we write
P = Max{||Sy{[(Tn — T) Pl (T — T)Snll},

b= max {ISulI(Ts = TIPAINT: = T)S,, max B

b = max {IS,11(T, = T)Puln,5up B}
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By (11) and (12) we know that ||(T, — T)P,|| — 0 as n — oo and that
I(Tn — T)S4|| € C < oo for all large n. In Theorem 2.1, we have proved
that G,(1) = supg>; faxk — 0, as n — oo under Assumption (+), so that
6, —» 0asn— oo.

THEOREM 2.4. Let T, 5 T, and Assumption (x) be satisfied. The series
PP, — P, =322, P®) is dominated term by term by the following series

(33) IS en (V) + Tt /3)].
Hence for k > 0

(34) 1P, — P2 = O(IPIISH (T — TYPal(5)%)
and

(35) 1PP, — P2**1]) = O PalllSAll (T = T)Pall7n(En)").

ProoF. It is easy to see that for p,g >0

(36) I(Tw — T)SE(Tw — T)SE|| < [|SnllP+926n.
Let pr+--+ D1 =k, pj20,j=1,...,k and py,; =0. Then
ISF!(Tn = T)SF? - (T — T)S*|
ISa? 1(Tn — T)SP(Tw — T)SP?|| - -
”(Tn - T)Srfk‘l(Tn - T)Srfk“"(Tn - T)Pn”’
< if k is odd,
=) ISal? (T = TSP (T = TS| -+
(T = T)S3* > (Tw = T)S7* (T = T)SFN(T — T)Pall,
if k is even,
< { IPAlISAllll (T — T)Pall(82) %112, if k is odd,
= LRSI T, = T)Pn”yn(an)(k_z)/zr if k is even.
Hence
1Y) < {nanPnuuSnmuTn ~ TP J(@n)*-172,  if k is odd,
U T Ukt | PallllSall (T = T)Pallya(82) 6 =272, if k is even.
Thus, the result follows.

REMARK 2.5. The above theorem should be compared with the following
result [3, Theorem 4.2].

Let T, converge to T in a collectively compact fashion. Let p > 1 be a
fixed integer. Then there exists ny such that for every fixed n > np and for
k=0,...,p—1, we have
(37) 1PPn = PEIl = OURAISAIN (T = T)Pul).
|PP. — PN = O\ PallllSallll(T = T)Pall7nvy),
where v, = max{||Sy|||(T% = T)Pull¥n, Snx+1}
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We see from the above result that P/ approximates PP, in a semi-geometric
fashion for j =0,...,2k — 1.

Since ||Su||||[(Th — T) Pullyn < 6, and d, 441 < d, for all k, the bounds given
in (37) are sharper than those in (34) and (35), but they have the disadvantage
that they depend upon k. Also, the proof of the above result given in [5] is
much more complicated.

References

{11 P. M. Anselone, Collectively compact operator approximation theory (Prentice-Hall, Engle-
wood Cliffs, N.J., 1971).

[2] F. Chatelin, Spectral approximation of linear operators (Academic Press, New York, 1983).

[3] F. Chatelin and J. Lemordant, ‘Error bounds in the approximation of differential and
integral operators’, J. Math. Anal. Appl. 62 (1978), 257-271.

[4] R.P.Kulkarni and B. V. Limaye, ‘On the steps of convergence of approximate eigenvectors
in the Rayleigh-Schrodinger series’, Numer. Math. 42 (1983), 31-50.

[5] R.P.Kulkarniand B. V. Limaye, ‘Geometric and semi-geometric approximation of spectral
projections’, J. Math. Anal. Appl. 101 (1984), 139-159.

[6] B. V. Limaye and M. T. Nair, ‘On the accuracy of the Rayleigh-Schrodinger approxima-
tions’, J. Math. Anal. Appl., to appear.

[7] M.T. Nair, Approximation and localization of eigenelements (Ph.D. Thesis, Indian Institute
of Technology, Bombay, 1984).

[8] P. Redont, Application de la théorie de la perturbation des opérateurs linéaires a l'obtention
de bornes d’erreurs sur les éléments propres et a leur calcul (These de Docteur-Ingénieur,
Université de Grenoble, France, 1979).

[91 A. E. Taylor and D. C. Lay, Introduction to functional analysis, 2nd ed. (John Wiley and
Sons, New York, 1980).

Department of Mathematics and
Group of Theoretical Studies
Indian Institute of Technology
Bombay

India

https://doi.org/10.1017/51446788700030937 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700030937

