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The main purpose of this paper is to study weight-semi-greedy Markushevich bases,
and in particular, find conditions under which such bases are weight-almost greedy.
In this context, we prove that, for a large class of weights, the two notions are
equivalent. We also show that all weight semi-greedy bases are truncation
quasi-greedy and weight-superdemocratic. In all of the above cases, we also bring to
the context of weights the weak greedy and Chebyshev greedy algorithms—which
are frequently studied in the literature on greedy approximation. In the course of our
work, a new property arises naturally and its relation with squeeze symmetric and
bidemocratic bases is given. In addition, we study some parameters involving the
weak thresholding and Chebyshevian greedy algorithms. Finally, we give examples of
conditional bases with some of the weighted greedy-type conditions we study.

Keywords: bases; greedy approximation; weights

2020 Mathematics Subject Classification: Primary 41A65; Secondary 46B15, 46B20

1. Introduction and background

Let X be an infinite dimensional separable Banach space over the real or com-
plex field K. A sequence B = (X;)ien is fundamental if it generates the entire
space, that is X = [x; : 4 € NJ, and it is minimal or a minimal system if there is a
(unique) sequence B* = (x});cn in the dual space X* (which we call the biorthogonal
functionals) such that x}(x;) = §; ; for all 4, j € N. If in addition B* is total, that is if

*
w
)

X*=[x;:ieN]
the sequence B is a Markushevich basis for X. When there is C > 0 such that

> xi(2)xi|| < Cllz]l, Yz eX, VneN,

Jj=1
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the sequence B is a Schauder basis and the minimum C > 0 for which the above
inequality holds is the basis constant of B. A basic sequence is a Schauder basis for
the closure of its span. A Schauder basis B is C-unconditional if

> bxi()x;|| < Cllzll, Vo eX, V(b)jen CK: |b| <1Vj€EN,
j=1

and it is C-suppression unconditional if
|Pa(z)] < Cllz||, VzeX, VAeN<®

where P4 (x) denotes the projection of x on A (with respect to B), that is

Pa(x) =Y xj(2)x;,
JjEA
with the convention that the sum is zero if A is empty.

It is well-known that C-unconditionality entails C-suppression unconditionality,
whereas C-suppression unconditionality entails 2C-unconditionality if K =R and
4C-unconditionality if K = C.

In this paper, unless otherwise stated by a basis B we mean a Markushevich basis
with biorthogonal functionals B*. We will refer to this sequence as the dual basis
of B. Except in § 2, we will assume that both B and B* are bounded and we set

As=sup|xfl, A :=sup i, A7 = sup [[xill|x ], (1.1)
ieN ieN ieN

a notation that we will use for all such bases. As usual, we use supp(z) to denote
the support of z € X, that is the set {i € N: x}(z) # 0} and we set N<> := {A C
N:|A] < c0}.

Given a basis B for X, the Thresholding Greedy Algorithm (TGA for short) gives
approximations to vectors in X in terms of greedy sums, or equivalently, in terms
of projections on greedy sets. We will consider the more general concept of t-greedy
sets, which are involved in approximations given by Weak Thresholding Greedy
Algorithms (WTGA for short).

DEFINITION 1.1. Let 0 <t < 1. For each m € N, a set A C N is an m-t-greedy set
forxz e X if |Al =m and

Ij%ig |xj (z)] = tjrenl\zlau\%4 |x;k ()] (1.2)

Ift =1, A is called an m-greedy set for x. By G(x,m,t) we denote the set of all
m-t-greedy sets for x, with G(x,0,t) consisting only of the empty set, and we let
G(x,t) := U pen G(x,m, t). Also, by Ay, (2) we denote the element of G(x,m, 1) with
the property that for any B € G(x,m,1) such that B # A, (2), we have

max(A,,(z) \ B) < min(B \ A, (2)).

The TGA was introduced by Temlyakov in [36] in the context of the trigonometric
system, and extended by Konyagin and Temlyakov to general Banach spaces in [31],
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where the authors defined the concepts of greedy and quasi-greedy Schauder bases.
A Schauder basis B for X is greedy with constant C > 0 (or C-greedy) if

lz = Py, 2)(@)|| < Cop(z), VreX, VmeN, (1.3)
where 0., (x) is the best m-term approximation error (with respect to B) given by
Om(x) = om(z)[B,X]= inf |z—yl. (1.4)
yeX
[ supp(y)|<m

REMARK 1.2. Note that, due to the continuity of the norm, it is equivalent to take
|supp(y)| = m in (1.4). Also, a standard small perturbation argument (see e.g. [11,
lemmas 10.2.5, 10.2.6]) gives that (1.3) is equivalent to

|z — Pa(z)|| < Cop(x), VrzeX, VmeN, VA e G(z,m,1)
and also to
|z — Pa(z)|| < Cop(x), VaeX, Vm eN, for some A € G(z,m,1).

Since their inception, greedy bases have been widely studied; see for example the
book by Temlyakov [38], the more recent articles [1, 6, 9, 17] and the references
therein. Greedy bases are a subclass of quasi-greedy ones, defined as follows: B is
C-quasi-greedy if

| Pa, ) (@) < Cllz|, VxeX, VmeN.
Following [2], we say that B is C-suppression quasi-greedy if
l¢ = Pao @)l < Cllell, Vo €X, ¥m e N.

Intermediate structures between these two are almost greedy bases—introduced by
Dilworth et al. in [24]—and semi-greedy bases—defined by Dilworth et al. in [23].
A basis is almost greedy with constant C > 0 (or C-almost greedy) if

||CU - PAm(:c)(:L')” < Cgm(x)v Vo € Xa Vm € N,

where ,,(x) is the best m-term approximation error to x via projections (with
respect to B), given by
Om(z) = 0B, X]|(z) = inf |z — Pg(z)|. (1.5)

BCN
|B|=m

Notice that, since B* is weak star null, in order to compute (1.5), it is equivalent
to take |B| = m or |B| < m.
On the other hand, B is semi-greedy with constant C > 0 (or C-semi-greedy) if

inf lz —yll < Cop(z), VaeX, VmeN.
[supp(y)|CAm ()

The algorithm associated with a semi-greedy basis is called a Chebyshev Greedy
Algorithm (CGA for short).
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REMARK 1.3. As in the case of greedy bases (remark 1.2), one may replace A,,(z)
by all A € G(x,m, 1) or at least one A € G(x, m, 1) in the definitions of quasi-greedy,
almost greedy and semi-greedy bases, obtaining equivalent notions, with the same
constant C.

Almost greedy bases have been studied, among other papers, in [2, 8, 15, 22,
23], while semi-greedy bases have been studied, for example, in [14, 15, 19, 37].

Originally defined for Schauder bases, the concepts of quasi-, almost and semi-
greediness were extended to and studied in the context of seminormalized minimal
systems with seminormalized biorthogonal functionals (see e.g. [6, 19, 25, 40]). Tt
is known that quasi-greedy systems are Markushevich bases [6], and that almost
greediness and semi-greediness are equivalent concepts for Markushevich bases (see
[14, theorem 4.2], [15, theorem 1.10] and [23, theorem 5.3]), but not for general
minimal systems [14, example 4.5].

Weaker versions of the TGA and the CGA have also been studied. In the case of
the WTGA, one may mention for example [25, 26, 29, 32, 33], and for the WCGA
see [21, 25, 26, 39] among others. These algorithms consider approximations
involving t-greedy sets, for some 0 < ¢t < 1.

Recently, Dilworth et al. extended the concepts almost greedy and semi-greedy
Schauder bases to the context of sequences of weights [27]. In their work, the
authors follow a similar extension for greedy Schauder bases previously introduced
and studied by Kerkyacharian et al. [30]. In [27] it is shown that weight-almost
greedy bases are weight-semi-greedy and that the converse holds for Schauder bases
if the Banach space has finite cotype. The cotype condition is removed in [16], where
the author raises the question of extending the results to a more general class of
Markushevich bases.

In this context, we focus on weight-semi-greedy bases as well as a weak variant
of them involving weak algorithms, and in particular the implication from (weak)
weight-semi-greediness to weight-almost greediness, under different hypotheses. We
prove that, for a large class of weights, (weak) weight-semi-greedy Markushevich
bases are weight-almost greedy. Also, we prove that if we impose some mild con-
ditions on the basis, the above holds for any weight. Finally, in this context, we
show that for any weight w, a weight semi-greedy basis with weight w is truncation
quasi-greedy and w-superdemocratic. In the course of our study, some new proper-
ties arise naturaly, namely almost semi-greedy Markushevich bases, and its weighted
and weak counterparts. We show that this property turns out to be equivalent to
squeeze symmetry, and can be used to characterize bidemocracy.

Additionally, we study parameters involving the WTGA in the classical context,
that is for constant weights.

The paper is structured as follows: In § 2, we recall results from [14] about the
finite dimensional separation property (FDSP) which is useful to replace arguments
involving the Schauder basis constant when working with Markushevich bases. We
also study a variant of this property for bounded uniformly discrete sequences that
allows us to improve some of the upper bounds that would be obtained by using the
FDSP. In § 3, we study weight-semi-greedy bases. We introduce the weak notions
of weight-almost and semi-greedy bases and prove our main results: theorems 3.22
and 3.23. Our proofs lead us to consider an intermediate notion that we call almost
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semi-greedy bases and the formally weaker versions thereof, as well as their weighted
counterparts. These properties show a tight connection between the CTGA and two
properties generally studied in connection to the TGA: bidemocracy and squeeze
symmetry. This can be found in § 4. To complete the framework for our study of
weighted bases, in § 5, we deal with the formally weaker variant of weight-almost
greedy bases. We show that, as it is the case of weak almost greedy bases (see [14,
proposition 2.3], [26, theorem 6.4]) they are equivalent to the weight almost greedy
property. In § 6, we extend some of the results on the WTGA and CTGA from [14].
In particular, we study parameters that allow us to estimate how the algorithms
involved in said results perform with respect to bases that are not necessarily semi-
greedy. Additionally, for bases that are (weak)-semi-greedy, we improve the known
estimate for the quasi-greedy constant, and give a new estimate for the almost
greedy one. Finally, in § 7, we give some examples of bases with the properties we
study.

Our general notation is standard. In addition to what was set before, unless
otherwise stated, X, Y and Z denote infinite-dimensional Banach spaces, whereas
E and F denote finite dimensional spaces and V stands for a Banach space without
any restrictions on the dimension. Given a Banach space V over K, Sy denotes its
unit sphere and V* denotes its dual space. For x € V, Z denotes the image of = in
the bidual space V** | via the canonical inclusion. The same notation will be used
for subsets of V. The constant xk isset as k =1 if K=R, and x =2 if K= C.

Given any set A C N, we define

Eq = {6 = (5i)i6A5 ‘€l| =1 Vie A}

with the convention that £4 = @ if A = &. When A C N is finite and B = (x;)ien
is a basis, for € € £4, we denote

1€,A = ].55,4’[37 X} = ZEiXi

i€A

with the convention that any sum over the empty set is zero. Also, if € € £4 and

B C A, we write 1. p considering the natural restriction of € to B. If €; = 1 for all

J, we write 1 4. If B* = (x});en is the dual basis of a basis B, the supremum norm

of x € Vis ||z|loo := sup [x] (x)], whereas for 1 < p < oo, ||z||, denotes the usual £,
ieN

norm, when it is defined. Finally, for each x € X we define e(x) = (sgn(x}(x)))ien,
where sgn(0) =1 and sgn(t)|t| =t for all t € K.

All the remaining relevant terminology and preliminaries will be given in
corresponding sections.

2. Separation properties

In this section, we recall the definition of the FDSP and some results from [14]
used to prove the implication from semi-greedy to almost greedy for Markushevich
bases. Also, we study a related property that allows us to improve some of the
upper bounds that would be obtained by using the FDSP.
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DEFINITION 2.1. ([14, definition 3.1]) A sequence (u;)ien € X has the FDSP if
there is a positive constant M such that for every separable subspace Z C X and
every € > 0, there is a basic subsequence (u;, )ren with basis constant no greater
than M + € satisfying the following: for every finite dimensional subspace F C Z
there is jr.. = jF7((uik)keN7€) € N such that

2] < M+ €)f|l2 + =], (2.1)

for all x € F and all z € [u;, : k> jre]. We call any such subsequence a finite
dimensional separating sequence for (Z,M,€), and the minimum M for which this
property holds will be called the FDSP My [(w;)ien, X], leaving the sequence and
the space implicit when it is clear.

REMARK 2.2. Note that a subsequence (u;, )xen is finite dimensional separating for
(Z,M,e) if and only if (2.1) holds for any x € Sg and all z € [u;, : k > jr.].

Recall that a subspace Y C X* is said to be r-norming for X, 0 < r < 1, if
rllzll < sup |z”(2)].
" €Sy

Additionally, we will say that a set R C X* is r-norming if the subspace it spans in
X* is r-norming.

Also recall that a sequence (v;);en is a block basis of a Markushevich basis (xx)ken
if there is a sequence of scalars (bg)ren and sequences of positive integers (n;)en,
(m;)ien with n; < m; < m;qq for all 4 such that

m;
vy = E brxx,

k:n,;

with at least one nonzero by for each i € N. In particular, any subsequence of a
Markushevich basis is a block basis of it.

PROPOSITION 2.3. ([14, proposition 3.11]) Let (vi)ien C X be a block basis of
a Markushevich basis (yi)ken for a subspace Y C X with biorthogonal func-
tionals (y;)ken. Let (ai)ien be a scalar sequence such that (z; := a;v;)ien is
seminormalized. The following hold:

(i) (zi)ien and (v;)ieny have the FDSP with the same constant, that is
Ms [(vi)ien; X] = Miys[(2i)ien, X].

(ii) If either 0 € {Zi}?)eN or X is a dual space and 0 € {zi};ﬂeN, then My, = 1.

(iil) If {zi}zueN is not weakly compact, then
=] 2
x W o

Msg 2+1nf — = _: 117**6 /Z\Z : X .
/ < {dist(z**,X) { GN}ZEN\ })

(iv) If Y =X and [y;: k € N] is r-norming, then My < r~ 1.
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(v) IfY = X and (yi)ren is a Schauder basis for X with constant Ky, then My, <
K.

REMARK 2.4. Proposition 2.3 remains valid if we replace a block basis with any
sequence of nonzero vectors, that are pairwise disjointly supported.

Next, we prove further results involving a similar property. Given § > 0, we say
that a set S C X is d-uniformly discrete if ||z — y|| > 6 for all 2,y € S, 2 # y. For a
sequence (z;);en by d-uniformly discrete we mean that ||z; — ;|| > § for all i # j.

LEMMA 2.5. Let S C X be a bounded uniformly discrete set and F C X a finite-
dimensional subspace. Given € > 0, there are x # y € S such that for every b € K
and every z € F,

2l < (L + )z + bz — y)]-

Proof. Choose 6 > 0 so that S is d-uniformly discrete, and 0 < € < € so that

0 o < 1+e (2.2)

< 1—46-1e —

Let {z1,...,2,} be an €-net in S, and {27,..., 2} C Sx- so that 2(z;) =1 for
all 1 < j < n. Since S is bounded, there exists z3* € X** a w*-accumulation point
of S C X**. Hence, there are x # y € S, such that for 1 < k < n,

207 (21) — zi(2)| < € and |27 (27) — 25 (y)| < €
Fix z € Sy, and choose 1 < k < n so that
2k — 2| < €.

Now pick b € K. If |b] < 2571, then

12 + b(z = y)ll = € > |27 (2k + bl — y)| — ¢

Iz + bz —y)|| =
21— bl|z(z —y)| — ¢
>

1267 25" (20) — 2 (@) + 2 (y) — 25" (2n)| — €
>1-—46"1 —¢.
Hence, by (2.2),
2 =1 < (I +)lz+ bz —y)|.
On the other hand, if || > 26!, then
12+ b(z —y)l| = [blllz —yll = ll=] = 1 = [|z]].
This completes the proof for z € Sy, and hence by scaling for all z € F. O

LEMMA 2.6. Let X be a Banach space, and (uj)jen C€ X a bounded uniformly
discrete sequence. Then, for any separable subspace 7. C X and € > 0 there is a
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subsequence (u;, )nen such that the sequence {u;,, | — Wj,, tnen is basic with basis
constant no greater than (14 €) and satisfies the following: for any finite dimen-
sional subspace F C Z and every & > 0, there is rp ¢ € N such that for all y € F and
allv € [uj,, | —uj,, :n>7rpgl,

Iyl < (1 +lly +vll-

Proof. The argument is very similar to that of [14, lemma 3.5]; we give a proof for
the sake of completeness.
Fix Z C X a separable subspace and € > 0. Choose a sequence (vj)jen C Z, dense
in Z, and a sequence of positive scalars (¢;) en so that H (I14+¢€)<(1+e). Let
J=1
Jo := 1. Applying lemma 2.5 to the set {u;};~;,, we can find jo < ji < j2 so that
for all y € [ug,ug : 1 <k < jo] and all b € K,

1yl < (L +e)lly + bluj, —ug)ll-

Similarly, we can find jy < j3 < js so that for all y € [vg,ur : 1 <k < jo] and all
bek,

lyll < (1 + e2)lly + bujy —ws)ll-

By an inductive argument, we obtain a strictly increasing sequence of positive
integers {j, }nen such that for all y € [vg,up: 1 < k < jop—2], b€ Kand n €N,

Iyl < (U4 en)lly + b(ws, .y — g, )|]-

Then, for any positive integers m <1, any y € [vg, ur: 1 <k < jam—o] and any
scalars (an)m<n<is

l
lyll < H (1+e€n)

l

Z an(ujZH—l - uj2n)

n=m
o l
g H (1 + 6”) Y + Z an(ujZH—l - uj2n)
n=m n=m

In particular, (uj,, , —uj,, )neny is basic with basis constant no greater than
(o]
[[ (1 +e€,) <1+e¢ and, given F C [v;: 1 < j < n| for some n € N, we can pick
n=1
rr,¢ using the above computation. Now, standard density arguments allow us to

obtain the result for any finite dimensional subspace of Z = [v;: j € N]. O

COROLLARY 2.7. Let B = (X;)ien C X be a seminormalized Markushevich basis
for Y C X, with finite dimensional separation constant no greater than M. Then
for every separable subspace Z C X and every € > 0, there is a basic subsequence
(xi, Jken satisfying the following condition: for every finite dimensional subspace
F C Z, there is spe € N such that for every x € F, every y € [x;, : k > sp,e| and
eVETY 2z € [Xig, _, — Xipy * K = SB.e],

]| < min {(M + €}z +yl|, (1 + €)[Jx + 2|}
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Proof. Fix Z C X a separable subspace and € > 0. An application of proposition 2.3
gives a separating subsequence (x;,)ien for (Z, M, e). Thus, for any finite dimen-
sional F C Z, every x € F and every y € [x;, : | > jr,e],

2]l < (M + €)l|lz + y]|.

Let B* = (x});en be the dual basis of B. Since (x});en is bounded, (x;,)ien
is uniformly discrete, then by lemma 2.6 we obtain a further subsequence
(Xilk)keN such that for any finite dimensional F C Z, every x € F and every

2 € [Xiy, | — X, k>R,

o]l < (1 +€)flz + 2]

Taking for each F, sp . := 1 + max{rp, jre}, it is immediate from the above that
(xilk Jken has the desired properties. O

3. Weak weight-semi-greedy bases

Let w = (w;);en be a sequence of positive numbers, and for each set A C N, let

w(A) = Z w.

€A
The sequence w is called a weight and, for A C N, w(A) is the w-measure of A
(which might be infinite if |A| = 00). In this section, we introduce the weak weight-
semi-greedy property, and study its relation with other notions studied in this
context, in particular the weight-almost greedy property, introduced in [27], which
is a weaker version of the weight greedy property introduced and studied in [30].

DEFINITION 3.1. Let B be a basis for X, w a weight and C > 0. Then:

e B is weight-almost greedy with weight w and constant C (or C-w-almost greedy)
if
lz — Py, @) (@) <C inf |z — Pg(z)], VzreX, VmeN.

<oo

w(B)<w(Am (2))

e B is weight-semi-greedy with weight w and constant C (or C-w-semi-greedy) if

inf |z -yl <C inf |z —z|, VzeX, VmeN.
supp(y) C A (2) z€X
| supp(z)|<oo
w(supp(2))<w(Ap (2))

As in the case of their regular counterparts, these weighted properties can be
defined considering for each = the set A,,(z), or all greedy sets, or at least one,
obtaining equivalent notions. Also, for w-greedy and w-semi-greedy bases, it is
equivalent to consider approximations using vectors with only finite support or any
support, provided that the weight condition is kept. For the sake of completion, we
give the proof for weight-semi-greedy bases; the proof for weight-greedy bases is sim-
ilar. We will use a result that follows at once from the proof of [16, proposition 2.3],
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which is an extension of [27, proposition 4.5] without the Schauder hypothesis, and
which uses the same definition of w-semi-greedy bases given above.

LEMMA 3.2. Let B = (x;)ien be a basis for X and w = (w;);en a weight. If B is
w-semi-greedy and (w;, )ken is a subsequence such that ), w;, < 00, then (X;, )ken
18 a basic sequence equivalent to the canonical unit vector basis of cg.

REMARK 3.3. Note that under the conditions of lemma 3.2, if A C N is an infinite
set such that w(A) < oo, then the projections Ps(z) are defined for each = € X|
with unconditional convergence of the sums. Indeed, this follows at once from the
fact that B* is weak star null. Also, due to the totality condition, if x has infinite
support and finite w-measure, then

again with unconditional convergence. In particular, by [27, theorem 4.3], this holds
for w-almost greedy bases.

LEMMA 3.4. Let B be a basis for X, w a weight and C > 0. The following are
equivalent:

(i) For all z € X, m e N and A € G(z,m,1), there is y € X with supp(y) C A
such that

lz -yl < C inf [z — 2|
zeX
w(supp(z))<w(A)
(ii) For all z € X, m € N and A € G(x,m, 1), there is y € X with supp(y) C A
such that

lz -yl <C inf |z — z]|.
zeX
| supp(z)|<oco
w(supp(z))<w(A)

(iil) For all x € X and m € N, there is y € X with supp(y) C A () such that
e -yl <C inf [z — 2.
z€X
w(supp(2))<w(Am(x))
(iv) For all x € X and m € N, there is y € X with supp(y) C Ay, () such that

_ ol < ; — 2.
le—gl<C it e
| supp(2)[<oo
w(supp(2)) <w(Am ()

(v) Forallz € X and m € N, there is A € G(x,m, 1) andy € X with supp(y) C A
such that

|z —y|]| < C inf |l — 2]
zeX
w(supp(z))<w(A)
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(vi) Forallz € X and m € N, there is A € G(x,m, 1) and y € X with supp(y) C A
such that

— < i —z||-
le-yl<Cc  mf ez
| supp(2)|<oo

w(supp(z))<w(A)
Proof. The implications ()= (iil) = (v) and (ii) = (iv) = (vi), as well as (i)
= (ii), together with (iii) = (iv) and (v) = (vi) are immediate.
Let us prove (v) = (i): Fix A € G(z,m,1). We may assume x # Ps(z) (else,

we take y = x), so | supp(z)| > m. For each [ € N choose 7 € X with w(supp(z;)) <
w(A) so that

1
|M—mH<(1+l il ez,
w(supp(z))<w(A)

which is possible because A C supp(z) so the infimum above is not zero.
For each n € N, set z,, := z + L P4 (). As G(z,,m,1) = {A} for each n € N, for
each [ € N there is y,, ; with supp(yn,1) C A such that

< Cllzy — 21|

lzn —

Given that A € N<*°  for fixed [ € N there is y; with supp(y;)) C A and a
subsequence (Yn, ;.1)ken convergent to y;. Letting & — oo in

||xnkl ynkz,lH Cllxnkz Zl||7
we obtain
o —ull < Clle — = < € (143 it o]
T — 1y T — 7z i ;IEIX x — z||.
w(supp(z))<w(A)

Reasoning as before and taking a subsequence if necessary, we may assume that
(y1)ien is convergent to some y with supp(y) C A, so we complete the step letting
[ — oo.

The implication (vi) = (ii) is proven by the same argument as that given above
to prove (v) = (i).

Finally, we show that (iv) = (iii). Fix € X and m € N. Suppose there is z € X
with | supp(z)| = oo and w(supp(z)) < w(A,(x)). Then by remark 3.3, given € > 0
there is a finite set B C supp(z) such that

[z — Pp(2)|| <e.
It follows that
inf |l — z|| = inf |l — ||,
zeX zeX
w(supp(2))<w(Ap (2)) | supp(z)|<oo
w(supp(2))<w(Am (z))

so the proof is complete. O
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It was shown in [27, theorem 4.3] that every w-almost greedy Schauder basis is w-
semi greedy (see also [16, theorem 1.11], which improves the bound for the w-semi-
greedy constant). Both proofs are valid for Markushevich bases. The implication
from w-semi-greedy to w-almost greedy was first proven for Schauder bases in
spaces with finite cotype in [27, theorem 4.15]. The cotype condition in [27, theorem
4.15] was later removed in [16, theorem 1.11]. In these papers, w-almost greedy
bases were characterized as those being quasi-greedy and w-superdemocratic or
w-disjoint-superdemocratic. Below, we find hypotheses weaker than the Schauder
condition under which w-semi-greedy bases are w-almost greedy. Additionally, we
prove that all w-semi-greedy Markushevich bases are w-superdemocratic and that
they have a property, called ‘property (C)’, with roots in [24, lemma 2.2] that was
studied, for instance, in [16, 20]. Before we go on, we give the relevant definitions,
as well as some related notions.

DEFINITION 3.5. Let B be a basis for X, w a weight and C > 0. Then:

e B is weight superdemocratic with weight w and constant C (or C-w-
superdemocratic) if

[1.4ll < Cl1e |, VA, B e N<® w(A) <w(B),c € &a,c €Ep.

e 3 is weight disjoint superdemocratic with weight w and constant C (or C-w-
disjoint superdemocratic) if the above holds for A and B disjoint sets.

When taking 14 and 1p instead of 1. a4 and 1./ g, the basis B is w-democratic
(see [27, 80]) and w-disjoint democratic, respectively.

DEFINITION 3.6. Let B be a basis for X with dual basis B* = (x})ien. We say that
B has property (C) with constant K > 0 if

min [x}(@)|[[1call <Kllzf, Vo € X, VAENTF, vz € £y, (3.1)

When (3.1) holds only for ¢ = e(z), this property has been studied under the
name ‘truncation-quasi-greediness’ (see [4, 5]), which reflects the fact that the
restricted truncation operator is bounded (see [6]). These two definitions are equiv-
alent (see [6, proposition 4.16]). We will keep the latter terminology, though some
of our proofs establish also upper bounds for the constant in (3.1).

REMARK 3.7. Note that if B is C-truncation quasi-greedy, it has the 2xC?2-property
(C). Indeed, given = € X with x}(z) € Ry foralli, A € G(z,m, 1) and € € 4, then

- N - -
min 1x; (z)[[[1e,a] < ggglxz (z)|r ax [1er,all < 2k ggglxz ()] max 115
eie{-1,1}vj

< 26 min [x;(2)|C|[14]| < 26C7||z].
1€

The general case follows because for every « € X, the basis B, = (y; := €;x;) where
the ¢; are chosen so that y;(z) € Ry for all 7 is also C-truncation quasi-greedy.
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Note that the above argument also shows that if B is C-truncation quasi-greedy,
|1c 4] < 2kC||1. 4| for any A € N<° g.&’ € £4.

To prove the implication from w-semi-greedy to w-almost greedy bases, we use
the concept of disjoint w-almost greedy bases, which we define in terms of all greedy
sets for convenience.

DEFINITION 3.8. Let B be a basis for X, w a weight, and C > 0. We say that B
is weight-disjoint almost greedy with weight w and constant C (or C-w-disjoint
almost greedy) if
lo = Pa(@)[| <C  mf |[lo—Pp(z)ll, VzeX, VAeG(z,1)
BeN™>
w(B)<w(A)
BNA=9
We will use the following elementary result, which is a weighted variant of

[6, lemma 6.2]; we give a proof for the sake of completion.

LEMMA 3.9. Let B be a basis for X, w a weight and C > 0. Then B is C-w-disjoint
almost greedy if and only if it is C-w-almost greedy.

Proof. Suppose B is C-w-disjoint almost greedy, fix z € X, A € G(z,1), and B C N
with w(B) < w(A). If BN A =@ or A= B, there is nothing to prove. Else, since
A\ B € G(x — Panp(x),1) and w(B\ A) < w(A\ B), we have
|2 = Pa(x)|l = |z = Panp(z) — Pavp(2)|| < Cllz — Panp(z) — Pp\a(2)]]
= Cljz — Pp(x)]|.
|
REMARK 3.10. In the definition of w-almost greedy bases, the projections are taken

over finite sets, which guarantees that they are well defined. But if a basis is
w-almost greedy, by remark 3.3, we have

inf |z — Pg(x)|| = inf |z — Pp(x)], VzeX,VmeN.
BEN<> BCN
w(B)<w(Ayy, () w(B)<w(Am (z))

Similar considerations hold for the infima taken over all sets A € G(z,m, 1).

Next, we define a property that can be seen as an extension of the weight-semi-
greedy property as well as an extension, to the context of weights, of the weak
semi-greedy property given in [14, definition 1.7] .

DEFINITION 3.11. Let B be a basis for X, w a weight, C >0 and 0 < s < 1. We
say that B is weak weight-semi-greedy with parameter s, weight w and constant C
(or C-s-w-semi-greedy) if, for every x € X and m € N, there is A € G(x,m, s) and
y € X with supp(y) C A such that
—yll <C inf —z||. 2
le-yl<C it ez (32)

[ supp(z)|<oco
w(supp(z))<w(A)

We denote by GS(x,m, s) the subset of G(xz,m,s) for which the above holds.
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REMARK 3.12. Note that the set GS(x, m,s) depends on C, but we will leave that
implicit if is no risk of ambiguity; else, we will write GS(x,m, s, C). The same
consideration applies to later definitions as is the case with definitions 4.1 and 5.1.

It is known that a basis is greedy, quasi-greedy or almost greedy if and only if the
relevant definition holds for elements with finite support (see e.g. [34, lemma 2.3]
for quasi-greedy bases; similar arguments hold for almost greedy or greedy ones).
We will show that this is also true for weak weight-semi-greedy bases. First, we
need some auxiliary lemmas.

LEMMA 3.13. Let B be a basis for X with dual basis B* = (x;)ieny and 0 <t < 1.
Fiz x € X and m € N such that | supp(z)| = m, then G(z,m,t) is a finite set and
x5 (x) # 0 for alli € A with A € G(x, m,t).

Proof. Let

B := U A and b:= Z_léllg |x; ()],
AegG(xz,m,t)

and pick any j € supp(z). Since B* is weak star null, there is i € N such that

Ix; (z)] < t]xj(x)], Vi=io.

Hence, B C {1,...,i0} and G(x, m,t) is a finite set, so b is a minimum. Now choose
A€ G(x,m,t) and n € A with |x} ()| =b. If b =0, choose j € supp(x) \ A. Then
0 =102 txj(z)| > 0, a contradiction. O

Next, we strengthen [34, lemma 2.2] for Markushevich bases.

LEMMA 3.14. Let B be a basis for X, x € X and ¢ > 0. The following hold:

(i) Given D € N<° there isy € X with finite support such that ||x — y|| < € and
Pp(z) = Pp(y).

(ii) Given mo € N and 0 <t < 1, there is y € X with finite support such that
llz — yll <€, and, for each 1 < m < mg, Gz, m,t) = G(y,m,t) and Pa(y) =
Py (z) for each A € G(x,m,t).

Proof. To prove (i), choose a finitely supported z so that || — Pp(z) — z|| < (1 +
| Pp||)~te, and define y := z — Pp(z) + Pp(z). We have

e =yl <llz— Pp(z) = zl|+|Pp(z— 2+ Pp(z)| < (1+[|Pp D]z — Pp(z) — 2| <e.

To prove (ii), set B* = (x});en the dual basis of B. We may assume that x has
infinite support, so the hypotheses of lemma 3.13 hold for m = my. Let

B := U A, b= riré%l|xi ()]
A€G(xz,mp,t)

First note that if mog>1, 1<m<mg and A€ G(z,m,t), then AUA; €
G(x, mp,t) for every Ay € G(x — Pa(z), mg —m,1). Hence, A C B.
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Since B* is weak star null, there is igp € N such that |x}(z)| < 271¢b for all i > 4.
Set

_ tmin{e, 1,b}
D:={1,... =
{ ) 720}7 €1 2(1+)\/) )

and let y be obtained by an application of (i) to «, D and €;. To see that y has the
desired properties, first note that for each n € D and each k ¢ D,

x5 ()] < x5 (z — )| + [x(2)| < Xz —yll +271b < th < t]x,(2)] = x5, (y)].

(3.3)

Since ig > my, it follows that G(y,m,t) C D for all 1 < m < mp. Now fix 1 <m <
mg, and choose A € G(z,m,t),n€ Aand k ¢ A. If k € D, then

w

5, ()] = P ()] =t ()] =t (y),

whereas if k£ ¢ D, then t|x}(y)| < |x}(y) by (3.3). Therefore, A € G(y,m,1t).
Similarly, choose A € G(y,m,t), n € A and k &€ A. Since n € D, the case k € D

is handled as before but changing the roles of x and y, whereas if k ¢ D, then

tlx;(z)] < b < |x)(y)| = |x%(x)]. We conclude that A € G(x, m,1). O

REMARK 3.15. Note that the proof of lemma 3.13 holds without changes for p-
Banach spaces, for 0 < p < 1, whereas that of lemma 3.14 holds as well, with
only straightforward modifications: just choose z so that ||z — Pp(z) —z|? <
(14 || Pp||P)~1e?, and use p-convexity. Thus, for Markushevich bases, our result
strengthens [13, lemma 7.2] in addition to [34, lemma 2.2].

REMARK 3.16. Note also that the totality hypothesis does not play a role in the
proofs of lemmas 3.13 and 3.14. Moreover, in the proof of lemma 3.14(i), even if
B* is not total, we can pick z € [B] and obtain y € [B], in other words we obtain
y as a finite linear combination of the x;’s. Thus, if |supp(z)| = mg, we can also
get y € [B] in lemma 3.14(ii). However, if = ¢ [B] and |supp(z)| < mg, without
totality we cannot obtain y € [B] in lemma 3.14(ii), because in that case, for every
A€ G(x,mg—1,t) and every n & A, x5 (x) =0 and AU {n} € G(x,mp,t). On the
other hand, with only straightforward modifications, the proofs of [13, lemma 7.2]
and [34, lemma 2.2] yield y € [B] even when B* is not total.

Now we can prove the aforementioned equivalence.

LEMMA 3.17. Let B be a basis for X, w a weight, C >0 and 0 < s < 1. Suppose
that the conditions of definition 3.11 hold for x with finite support. Then B is C-s-
w-semi-greedy. Moreover, the conditions of definition 3.11 hold even if the infimum
is taken without the restriction |supp(z)| < oo.

Proof. Pick z € X\ {0} and m € N. If | supp(z)| < m, then supp(z) C A for every
A € G(x,m,t), and there is nothing to prove. Otherwise, for every n € N, by lemma
3.14 there is z,, € X with finite support such that ||z — z,,|| < n~! and G(z,,, m,t) =
G(x,m,t). By hypothesis, for each n there are A, € G(z,m,t) and y,, € X with
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supp(yn) C A,, such that

[zn —ynll < C inf 20 — 2.

| supp(2)[<oo
w(supp(2))<w(An)

By lemma 3.13, G(x, m,t) is finite. Thus, passing to a subsequence, we may assume
A, = A, a fixed set. Passing to a further subsequence, we may also assume that
there is y supported in A such that ||y, —y|| <n~! for all n. Now pick z € X
with w(supp(z)) < w(A). By remark 3.3, for each n € N there is z, € X with finite
support contained in supp(z) such that ||z, — z|| < n~!. Hence,

o =yl < 207" + [lzn — yall <2071 + Cllzn — 20|
<Clz—z|+2n" 1+ C),¥n eN.

As this holds for every n €N, we get ||z —y| < C|lz — z||. Now the proof is
completed by taking infimum over all such z. U

Our next result collects some general facts about weak w-semi-greedy, w-
democratic and w-superdemocratic bases. In particular, we give upper bounds for
the norms of vectors of the form ||1. 4| in terms of the w-measure of A, and for the
unconditionality parameter k,, = k,,[B,X] (also known as conditionality constant
or parameter), defined by

kp, = sup | Pall,
ACN

[Al<m

which is used to measure how far a basis is from being unconditional (see e.g. [3,
4, 7,10, 18, 19, 25]). Below, we appeal to the constants A and A of (1.1).

PROPOSITION 3.18. Let B = (X;)ien be a C-s-w-semi-greedy basis for X, w =
(w;)ien a weight, C >0 and 0 < s < 1, and let

Cy:=3Cs 1+ A\)A max{QJirElgw;l, 1}.
The following hold:
(i) For every finite set A CN and e € €4,
11:,4] < Cimax{w(4),1}.
(ii) For every z* € Sx-,
w({j €N:Ja*(x)| > Cruy}) < 1.
(iii) For each m € N,

k,, < CiN max{ sup w(A),1}.
ACN
[Al<m
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If B is K-w-disjoint superdemocratic (in particular, if it is K-w-almost greedy),
the above results hold if we replace Cq with

R ; -1
K; := 4K\ max{Q}relgwj 1}
If B is K-w-disjoint democratic, then the above holds with Cy replaced by 2K .

Proof. To prove (i), fix 0 < € < 1, and choose jy € N so that

w;l < inf w;l + €.
0 jEN

Given A and € as in the statement, define the possibly empty set
Ay ={ie Arw; < 27w}
We first estimate the norm |1, a\ 4, [|:

[1c,ava, || S AAN Ay < Zij_(]lw(A) <21 +¢) max{irelgwj_l, 1} max{w(A),1}
j

< Z(1 + €)Cy max{w(A),1}. (3.4)

Wl =

If Ay = @, as € is arbitrary there is nothing else to prove. Else, to estimate the norm
|1 4, ]| choose a partition of A; as follows: first, pick a set A1 1 C A; of maximum
cardinality such that w(Aj1) < wj,. If Ay # A1, then pick A; 9 C Ay \ A11 of
maximum cardinality such that w(A;2) < wj,, and so on. By this procedure, we
get a partition of A; into finitely many sets {A1 i bi<r<r, with w(A4 ) < w;j, for
all 1 <k < ky. If k1 > 1, then by construction, for every 1 < k < ky — 1, there is
i€ Ay \ Ay such that w(Ay ) +w; > wj,, which implies that w(A; ) > 2_1wj0.
Thus,

k1—1
w(Ar) > > w(Arg) =27 (k — Dy,
k=1
SO
kr < 2w(Anwy! +1 < 2w(A)w; ' + 1. (3.5)

For each 1 < k < kq, define
zp = (14 €)s 'xj, + o4,
As G(zk,1,8) = {{Jjo}}, there is by € K such that

[z = brxjol| < C inf Iz = 2l < C(1+ €)s™H|xjo |-
| supp(z)|<oo
w(supp(z))Swjg
Hence, by the triangle inequality,
Lo, a0 i ll < Nz = b | + (1 + €)s ™ = bi)x;i |

< (L4 €)s™ Cllxo | + (1 + €)s™H — bl -
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Let B* = (x})ien be the dual basis of B. Since

[(L+€)s™ = bl =[x, (21 — buxjio )| < 15, 2 — B || < ClIx, [1(1+ €)™ 1 |
we obtain

1 Le, a0l < L+ €)s™H L+ llxo 135, D116 -
Using again the triangle inequality and (3.5), we get

e, ]l < Qu(A)wy! +1CL+e)s™ (14 [l 1, 1) %5l
2C(1 4 €)s™H(1 4+ A\)A max{ij_Olw(A), 1}

<
_2 e 1 qy-1 4
= 3C1(1 + e)(max{2j1_g£]wj 117 max{2w; “w(4),1}
< %Cl(l + ) max{w(A), 1}.

Given that e is arbitrary, the proof of (i) is completed combining the above
inequality with (3.4).

Now suppose (i) is false, and choose 2* € Sx« for which the result does not hold.
Then, there is A C N finite with w(A) > 1 such that

|£L'*(Xj)| > Cle, V] € A.

Define € € £4 by

As w(A) > 1, using (i) we get

Crw(A) 2 [[1c all = [2"(1-4)] = Y |27 (x)] > Y Crw; = Crw(A),
JEA jEA
a contradiction.

To prove (iii), fix z € X, m € N and A C N with |A| < m. By (i),

1Pa(@)]| < ll2]loo max 1, 4]l < A'Cy max{w(A), 1}|]].

so the proof is completed by taking supremum.

Now suppose that B is K-w-disjoint superdemocratic. Then all of the steps of the
above proof hold with the only modification consisting in replacing C; with Kj,
except for the bounds for |[1. 4\ 4, || and [|1. a,][; we give bounds for these norms
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as follows: First,
[Te,a,.ll < Klxjol| S KA, VI<E <k

Thus, using (3.5),
1
114, || < kKA < KA1+ 2w(A)w; ') < 5K1(1 + 2¢) max{w(A), 1}.
On the other hand, arguing as in the proof of (3.4) we obtain

(1+ ¢)Kj max{w(A), 1},

N =

1o, a4, || < 2A(1 + €) max{1, in&w;l}max{w(A), 1} <
JjE

and the result follows by the above inequalities.

If B is K-w-disjoint almost greedy, it is K-w-disjoint superdemocratic by
lemma 3.9 and [16, theorem 1.5].

Finally, if B is K-w-disjoint democratic, by convexity we have

||157A1,k|| < 2K Slip HlB” < 2"{I<||on|| < 2KK/\) 1<k< klv
B

1,k

and the rest of the proof is the same as that of the K-w-disjoint superdemocratic
case. g

REMARK 3.19. It is known that if B-is w-semi-greedy or w-disjoint superdemo-
cratic and w € {1, B is equivalent to the canonical unit vector basis of ¢ (see [16,
proposition 2.3], [20, proposition 3.10], [27, proposition 4.5]), whereas the result
for w-disjoint democratic bases can be obtained via a straightforward modifica-
tion of the proof of [20, proposition 3.10]. Using proposition 3.18, we can obtain
some quantitative variants of these results, as well as a similar result for weak
weight-semi-greedy bases. More precisely, if x is finitely supported, then

] < lllloe __max [|1c supp(a [| < A'Comax{L, [[wlli }|] (3.6)

supp(x)

where, using the notation of proposition 3.18,

C, if B is C-s-w-semi-greedy;
Cy=<¢K; if B is K-w-disjoint-superdemocratic;

2kK; if B is K-w-disjoint-democratic.

Since the set of finitely supported elements is dense in X, the bound on the right-
hand side of (3.6) holds for any z € X.

REMARK 3.20. It follows from remark 3.19 that lemma 3.2 and remark 3.3 also
hold if we replace the w-semi-greedy property by w-democracy.

Next, we prove that when w & ¢, every w-semi-greedy basis is w-almost greedy.
While w-almost greediness entails w-superdemocracy (see [16, 27]), we give a direct
proof of this result, as the upper bounds for the w-superdemocracy constant might
be of interest as well. We also give an upper bound for the truncation quasi-greedy
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constant. First, we prove an auxiliary result which will allow us to pick adequate
s-greedy sets.

LEMMA 3.21. Let B be a C-s-w-semi-greedy basis for X, w a weight, C > 0 and
0<s<1, and let B* = (x});en be the dual basis of B. For every x € X and every
nonempty finite set A C N, there is m € N and B € GS(x,m, s) such that A C B
and for all j € B,
* > ¢ min |x* .
()] > 5* min i (2)
Proof. Let ¢ := min;e 4 |x](x)]. Clearly we may assume ¢ > 0. Since B* is weak star

null, there is ng € N such that for each n > ng, every set in G(x,n, s) contains A.
Let

ni :=min{n € N: 3B € GS(z,n,s) : B D A},

and choose B € GS(x,nq,s) containing A. If B = A, there is nothing to prove.
Otherwise, since ny > 1, we can choose D € GS(x,n; — 1, ). By the minimality of
ny, it follows that

A¢ D.
Hence, for all j € D,
Ix} ()| = sc. (3.7)
Thus, if there exists jo € D\ B, it follows that for all j € B,
(@) > s, (@)] > 5%

On the other hand, if D C B, given that A ¢ D and A C B, there is i; € A such
that

B=DU{i},
which implies that (3.7) also holds for all j € B. O

Before going on, we note that the weak w-semi-greedy and w-disjoint and w-
super-democracy properties can be extended from the context of Markushevich
bases to that of general minimal systems. Some minor and straightforward modifi-
cations are necessary to account for the fact that if the system is not a Markushevich
basis, having finite support is not the same as being a finite linear combination of
the elements of the system. In the more general context, the proofs of proposition
3.18 and lemma 3.21 are valid as well. However, we continue working with Marku-
shevich bases as the hypothesis of being a total system is used in the remaining
proofs of this section, in particular to guarantee that we can appeal to the separation
properties studied in § 2.

Next, we prove our first case of the implication from weak weight-semi-greedy
to weight-almost greedy bases. We will use the following notation: given finite sets
A, B C N, we write A < B to mean that max(A) < min(B), and for j € N, we write
Jj < A to mean that j < min(A). We use similar conventions for ‘>’; ‘> and ‘<’.
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THEOREM 3.22. Let B = (X;)ien be a C-s-w-semi-greedy basis for X, w = (w;);en
a weight, C >0 and 0 < s < 1. Suppose that w has a subsequence (w;, )gen that is
bounded below, that is

]irelg wi, > 0.
Let M := Mys((xi, )wen, X) and let B* = (x])ien be the dual basis of B. The
following hold:

(i) Foreveryz e X, meN,0<t<1, AeG(x,m,t), and y with w(supp(y)) <
w(A) and supp(y) N A = &,

llz — Pa(x)|] < CMmax{1 + 8t 's7'A\N 1+ 6Ct s}z —yl|.
Thus, B is w-almost greedy with constant as above taking t = 1.
(ii) For every v € X, every A € N<* and every ¢ € €4, if
w(A) Sw({i € N:[xj(z)| > 1})
then
1c.4]] < 257 'CMmax{A\,2s 2C}|z|.

Thus, B is w-superdemocratic and truncation quasi-greedy, in each case with
constant as above.

Proof. To prove (i), choose 0 < ¢ < 1 and let (Xikj )jen be a subsequence given by

an application of corollary 2.7 to (x;, Jren and (X, M, €). Fix z, m, t and A as in the
statement, and y such that w(supp(y)) < w(A) and supp(y) N A = &. We assume
first that both = and y have finite support, and we may also assume x # Pa(x), so

i *
a = min [x; (z)]

is positive. Pick ig > supp(z) Usupp(y), and set F:=[x; :1 < i <ip]. We will
consider two cases:

Case 1. Suppose that there is a set E/ C {iy, }>s: . such that [E] < 8 and 2w(A4) <
w(F). Define

21 =1 — Pa(x) +a(l+e)t s Mg,

Notice that |x}(21)| = |x}(x)| <t la for all i € E, so G(21,|E|,s) = {E}. Hence,
there is 2o € X with supp(z2) C E such that

|21 — 22| < C inf |21 — 2]|-
| supp(2)|<oo
w(supp(2))<w(E)
Given that w(supp(y)) + w(A) < w(E), we have
21 = 22ll < Cllz1 + Pa(x) — gl < Clle — yll + Ca(l + )t ~15~ |1

< Cllz —y|| + 8Ca(l 4 )t ts 1.
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Pick any i € A. Since A Nsupp(y) = &, we have

a < [xj(z —y)| < Nz —y].
Thus,
|21 = 22| < (C+8C(1+ et s~ AN ||z — yll.
Given that
[ = Pa(z)| < M+ €)l|lz1 = 2,

it follows that

|z — Pa(z)]| < C(M + €)(1+8(1 + e)t s AN) ||z — y]|. (3.8)
Case 2. Suppose there is jo > sp such that

w(A) > 4wy, , Vi = jo. (3.9

Choose l1,1l5 > 3 so that

w

1<d<l1})

{Zk2<jo+d)—1’zk2<jo+d) :

Sw(4) < w({ikQ(j0+d)—17ik2(jU+d) 11<d <)

'1§d<l2})

{Zk2<jo+zl+d>—1’Z"v‘z(jo+zl+d) :

Sw(A) <w(

w(
11<d<ly}).

{Zk2<jo+zl+d)—1 2 Uz (g iy +a)

Set

El,l = {Z'kz(j0+d)71 01 < d < ll}; ELQ = {ikz(joer) 01 < d< ll},

Eyq = {ik2(_7‘0+ll+d)—1 1 <d< s} Es o = {ikQ(j0+ll+d) 1 <d< s}

Bz 1= kom0 aggen i1 b E32 7= Lkago iy gy v 15
3 2
FE = U U Eb,d-
b=1d=1
Tt follows from our choices and (3.9) that
w(E)
B E <w(Ad) < ——. 1
11233310( b1 U Ep2) <w(A) < 9 (3.10)

Now define

3
23 =T — PA(CL') - a,s_lt_l(l + e) (Z 1g,, — 1Eb,2> .
b=1
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As before, we have |x}(23)| = |x}(z — Pa(x))| < at™!foralli ¢ E,soG(z3,|E|,s) =
{E}. Hence, there is z4 with supp(z4) C E such that

llzs — 2z4]] < C inf llzs — z||
zeX
w(supp(z))<w(E)
| supp(z)|<oo

Since w(supp(y)) + w(A) < 2w(A) < w(E), we have

[z — Pa(@)[| < M+ €)l[z3 — za]| < C(M + €)[|z3 + Pa(z) — y||

3
<SCM+¢)|lz —y| +CM+€)as™ t 1+ )| Y 1i,, — 1,
b=1
(3.11)

To estimate || 22:1 1g,, —1g,,||, set
Zpi=x —yY+ a52(1 - €)(]-El,1 - 1E1,2)'
By lemma 3.21, there is a set D D A with D € GS(z5,|D|, s) such that

in |x7% > 52 min |x* = s2 min |x* — 52
min [ (5)] > 5% min |} (25)| = 5 min x; (x)| = °a,

which implies that D C {1,...,4p}. Choose zg with supp(z¢) C D so that
llzs — z6]] < C inf llz5 — z]|.
zeX
w(supp(z))<w(D)
| supp(2)|<oo
Given that zg € F, using (3.10) and the fact that w(A) < w(D) we infer that
las*(1 = €)1y, — el < lzs — 26l + [lz =y — 26l < (2 + €25 — z6]
< (2 + 6)C||Z5 - a52(1 - €)(]'El,1 - 1E1,2)||
=2+ ¢Cllz -yl
The same argument gives
las®(1 = €)(15,, —1m,.)| < 2+eCla—y|  V2<b<3.
Combining these inequalities with (3.11), by the triangle inequality we get

|z — Pa(z)]| SCM +e)(14+32+e)C(1+e)(1—e) 't s )|z —yll. (3.12)

As € is arbitrary, a combination of (3.8) and (3.12) gives (i) for x,y € X with finite
support. Now choose again x, m, t, A and y as in the statement, x # Pa(z), fix§ > 0,
and let K := CM max{1+ 8t s~ 1A\, 1+ 6Ct !s73}. By lemma 3.14, there is
x1 € X with finite support such that A € G(z1,m,t), Pa(x1) = Pa(z) and |z —
x1|| < 4. Also, remark 3.3 gives y; € X with finite support such that supp(y;) C
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supp(y) and |ly — y1|| < 6. Applying the result for vectors with finite support, we
obtain

[ = Pa(@)[| < flz1 — 2l + [z = Pa(z1)]| <6+ Kllz1 =y

<
<O+ Kz =yl + Kz — 2] + Ky — g1 < 36 + K|z —y].

Since ¢ is arbitrary, the proof of (i) is complete.

To prove (ii), choose 0 < e < 1, let (Xik]- )jen be as in the proof of (i), and let
A, € and x be as in the statement, and suppose z has finite support. Choose
io > AUsupp(x), and set

F:=[x;:1<i<1).

We will consider again two cases:
Case 1. Suppose there are j, > j; > s such that

J1 jo
Set
E = {ikjl,ikh} and 23 =14+ (1+ )5~ 115.

Since G(z1,2,s) = {E}, there is zo € N with supp(z2) C F such that

|21 — 22]] < C inf |21 — 2]
| supp(z)|<oo
w(supp(z))<w(E)
Hence,
1call S M+ €)flz1 — 22| < (M +€)C(1+€)s™ 1]
Given that
[1e]l < 2X < 20Nz,

we obtain

[1c.a]l < 2(M 4 €)C(1 + €)s AN ||| (3.13)
Case 2. Suppose that there is jo > sp  such that
w(A) = 2w(ix;), Vi = jo,
and choose {7 > 2 so that

W ({Tkaggg a1 Hhagrgeay 1 < d < li}) Sw(A)

< w({ikzuwd)—l’ikmmd) r1<d< ll})'
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Define

B = {Z'k2(j0+d)71 1<d< ll}; B o= {ik2(jo+d) l<d<li};

E271 = {Z‘kQ(joJrh)*l}; E2’2 = {ik2(jo+l1)};

Note that max{w(ELl U E172)7w(E271 U E272)} g w(A) g w(E) Let
B:={ieN:|xj(z)]>1} and 2z =z+s*(1— (1p,, —1g,,).

By lemma 3.21, there is a set D D B with D € GS(z1,|D|, s) and a vector zo with
supp(z2) C D such that

min [x} ()| > 57,

jeb
and
-zl <C it e
w(supp(z))<w(D)
| supp(2)|<oo
Since D C {1,... 40}, considering that w(D) > w(B) = w(A) > w(E11) + w(E 2),
we have

1521 = €)(Xpy, — L)l <l — 22l + o — 22l < 2+ €)]lz1 — 2]
< (24 6)Cllz].-
The same argument gives
Is*(1 = )(Lp,, = 1m,,)| < 2+ €)Clz].
To finish the proof, define

2
z3 =14+ 5*1(1 + e) <Z 1Eb,1 — 1Eb,2> .
b=1

Since G(z3,|E|,s) = {E}, there is z4 with supp(z4) C E such that

|23 — 24| < C inf [z — |-

w(supp(z))<w(E)
[ supp(z)|<oo

Therefore,

el < M+ €)l|zs — za] < CM +€)s™ (1 +¢)

2
E 1Eb,1 - 1Eb.2
b=1

<2C* (M +e)s3(1+e)(1—e) 2+ ).

Now the proof is completed combining the above result with (3.13), and letting e
tend to zero. ]
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We have yet to consider the case of w € cg \ ¢1, which (to us) is more intricate.
The main obstacle is that we are not able to take a separating sequence of B given by
an application of proposition 2.3 or corollary 2.7 to prove that (weak) w-semi-greedy
bases are w-almost greedy, because we cannot guarantee that there is one such
sequence (X, )ken with w({iy}ren) = 0o, and if the w-measure were finite, there
would be greedy sets with arbitrarily greater w-measure than the entire sequence,
precluding the kind of approximation we have used in our proofs so far. Even so,
if B* is r-norming for some 0 < r < 1, we can still prove that weak w-semi-greedy
bases are w-almost greedy. Our next result handles this case.

THEOREM 3.23. Let B be C-s-w-semi-greedy a basis for X, w = (w;);en a weight,
C >0 and0 < s < 1. Suppose that w has a subsequence (w;, )ren € co \ 1 and that
there is M > 0 such that

My ((vk)ren, X) < M,

for every block basis (vi)ren of B with the property that (w(supp(vg)))ken S
bounded. Then, the following hold:

(i) Forallr e X,meN,0<t <1, A€ G(x,m,t) andy € X with w(supp(y)) <
w(A),

lz = Pa(2)|| < CM(1 + 6Ct™'s %) [z — y.
In particular, B is w-almost greedy with constant as above taking t = 1.

(i1) Let B* = (x})ien be the dual basis of B. For every nonempty finite set A C N,
every € € E4 and every x € X, if

w(A4) <w({i € N:[x{(z)] > 1})
then
11,4l < 4572 C*M]|z]|.

Thus, B is w-superdemocratic and truncation quasi-greedy, in each case with
constant as above.

In addition, if B* is r-norming for some 0 < r <1, the above conditions hold
with M = r— 1.

Proof. The statement for the case of an r-norming dual basis follows from
proposition 2.3, so we need to prove (i) and (ii). To prove the former, fix z, m,
t and A as in the statement, and y with w(supp(y)) < w(A). We may assume
x # Pa(x), and we will also assume that both x and y have finite support. Set

@ = min [x; (7)),

choose ig > supp(x) Usupp(y), and set F := [x; : 1 <14 < ipl. Given that (w;, )ren €
co \ 41, there is a sequence of finite sets of positive integers (Ag)gen such that for
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all k € N, ig < A < Ap41 and

WA ay) < LA (3.14)
3 2

By hypothesis Mfs((14,)ren, X) < M. To simplify our notation, we may assume

that (14, )ken is already a separating sequence for (X, M, €). By proposition 3.18,

(14, )ken is bounded. Since it is also X'~ !-uniformly discrete, we may choose 0 <

e < 1 and apply lemma 2.6 to (14, )ren. Again, we assume that (14, )xen is already

the subsequence given by the lemma. Set

L:= {k‘ €bN: k> maX{'r]F’(lAn)nEN’e7jF’(lAn)neN’€7 }},

and for every k € L, define

3
Rk =T — PA(x) + Siltila(l + 6) Z(1A2k+2l—1 - 1A2k+2l);
=1

22kl =X — Y — 82(1 - e)a(1A2k+2l—1 - 1A2k+2l)7 Vi<i<3.

Fix k as above and 1 <[ < 3. By lemma 3.21, there is a set D D A such that
D € GS(z2,4,|D|,s) and

in |x* > s% min |x* = 52 min |x* = s2q.

min x5 (22,k0)| = s %12\x] (z260)] = s 5%1£|x3 (z)| = s%a

It follows that D C {1,...,40}, so there is z3 ;; € F such that

22,60 — 23,k,2]l < C inf 22,60 — 2]|-

| supp(z)[<oo
w(supp(z))<w(D)

As D D A, using the above inequality and (3.14) we get

22,10 — 23 k0]l < Cllz —y].

Hence,

”32(1 - e)a(1A2k+2l—l - 1A2k+2l)|| < ||Z2,k,l - Z37k7l” + HJ? — Y- Z37k7l”
< 2+ 6|22, — z3p,ll < C2+ )]z —y]|.
(3.15)

Now we consider z; j: set

3

By, = U Aggqa1-1 U Aogyor.
=1

Notice that G(z1k,|Bx|,s) = { B }. Hence, there is z4 j with supp(z4 ) C By such
that

21,6 — 24kl < C inf 21,k — 2]|-
zeX
[ supp(z)|<oo
w(supp(z))<w(Byg)
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By (3.14), 2w(A) < w(Byg). Since w(supp(y)) < w(A), this gives

21,6 — zak|l < Cllzix + Palz) —y|

3
Z 1A2k+2l—1 - 1A2k+2l) (316)

< Cllz —yl| +Ca(l +e)s 't !

Note that the sequence

3
(uk =a(l+e)s 7! Z(1A2k+zz—1 — 1y ,0) — 24’k>
kel

=1

has the FDSP with constant < M. Indeed, if u; = 0 for infinitely many values of
k, the sequence has this property with constant 1, whereas if this is not the case,
there is kg € L such that the subsequence beginning in kg is a block basis of B, so
we have this bound by hypothesis. In particular, it follows that there is k& € IL such
that

[ = Pa(z)|| < M +¢€) ||z — Pa(z)

3
a(]- + E)Siltil Z(1A2k+2l—1 - 1A2k+2l) — 24,k
=1

=M+ €|z — zakll;

which, when combined with (3.15), (3.16) and the triangle inequality gives
Iz = Pa(2)| < CM +€)(1+3C(L+€)(1 — ) (2+ )t~ 's77)[lz — gl

As € is arbitrary, this completes the proof of (i) for x and y with finite support, and
the general case is proven by the argument given in the proof of theorem 3.22.
The proof of (ii) is similar: fix A, € and x as in the statement, set

B:={ieN:|xj(z)| > 1},

choose 0 < € < 1 and i9 > A Usupp(z). Now choose a sequence of sets of positive
integers (Ax)ren so that for all k, iy < Ap < Ag4+1 and

A A
W) iy < A (3.17)
4 2
As before, we assume that (14, )ren is already a separating sequence for (X, M, ¢),

and that we have applied lemma 2.6. Set

Fi=[x;:1<i<1);

L:={kebN:k> ma‘x{r]Fv(lAn)neN757ij(lAn)neNvf’ 138
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For each k € L, define

2
21,k = 157A + s 1 +e€ E 1A2k+2l—1 - 1A2k+2l);
=1

22kl =X — 52(1 - 6)(1A2k+2l—1 - 1A2k+2l)7 vi<i<2

Fix k€L and 1 <1< 2. By lemma 3.21, there is a set D D B such that D €
GS(#2,k.1,|D|, s) and

: 2. — <2 2
min 3 (22,1,0)| > 5% min e (2001)| = 57 min i} (@)] > o2,

which implies that D C {1,...,io}. Hence, there is z3 ;; € F such that

22,50 — 231l < C inf 22,60 — |-
zeX
| supp(z)|<oo
w(supp(z))<w(D)

As D D B, using the above inequality, (3.17) and the fact that w(A4) < w(B) we
get

llz2,k0 — 23,101 < Clz||-

Thus, the property of lemma 2.6 gives

||82(1 - 6)(1A2k+2l 1 1A2k+2l)
< (2+6)l22k0 — 234l SC2+ )|zl (3.18)

For fixed k € L, set

2
By, = U Aspto1—1 U Agjgar.
=1

Note that G(z1 k, |Bkl|, s) = {Bx}. Thus, there is z4 ) with support contained in By,
such that

— < inf —z||-
216 — Zakll < C inf 21k — 2

| supp(z)[<oo
w (supp(z))<w(Bk)

By (3.17), w(A) < w(Byg), so

21,6 — 24l < Cllz1,k — Le,all = C(1 +¢€)s (3.19)

2
E : 1A2k+2l—1 - 1A2k+2l>

As before, the sequence

2
—1
( 1 + 6 Z 1A2k+2171 - 1A2k+2l) - z4,k>
=1

kel
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has the FDSP with constant < M. In particular, there is k € L. such that
[1e.all < M+ €)l|lz1r — za il
which, when combined with (3.18), (3.19) and the triangle inequality gives
[1eall <2C* (M + €)1+ €)(1— )7 (2 +€)s ™|
As € is arbitrary, the proof is complete. O

It remains to study the general case w € co \ ¢1. We do not know whether all
(weak) w-semi-greedy bases are quasi-greedy, but we can prove that they are w-
superdemocratic and truncation quasi-greedy. To do so, we only need to address
the cases that do not meet the conditions of theorem 3.22 or 3.23. The following
result covers all such cases.

PROPOSITION 3.24. Let B be a C-s-w-semi-greedy basis for X, w a weight, C > 0
and 0 < s < 1. Let B* = (x})ien be the dual basis of B and suppose that B has a
seminormalized block basis (vi)ken with (w(supp(vk))ken bounded that is not weakly
null. Then, there is K > 0 such that

(i) For all x € X and all A € N<*,

in [x < :
min [x; (z)w(4) < Kl|z]|

(ii) For all A € N<*° and all e € €4,
max{w(A), 1}K~! < ||1. 4| < Kmax{w(A),1}.
(i) For allz € X, all A € N<*® and all € € &4,

min [x; (2)[[|Le,all < K|z

(iv) For all A, B € N<* with w(A) < w(B), and all e € E4, €' € Ep,
11e.all < K[[1e 5]

Proof. As this is not a quantitative result, we will not keep track of the constants
(even so, note that the right-hand side of the inequality in (ii) was estimated in
proposition 3.18).

Note that (ii) follows from (i), proposition 3.18 and the fact that ||z]e < |||
for all z € X; (iii) follows from that fact together with (i) and (ii), whereas (iv)
follows from (ii). Thus, we only need to prove (i). Moreover, by lemma 3.14, it is
sufficient to prove (i) for x with finite support.

Let B = (x;)ien- Since (vg)gen is not weakly null, passing to a subsequence we
may assume there is € > 0 and x* € Sx~ such that

|z*(v)| =2 €, VkeN.

For each k € N, set Ay := supp(vy), and define ¢; := max{1, ||(||vk| co)ken|loo }-
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Note that ¢; is a well-defined positive number because B* and (vi)gen are both
bounded. For each k € N, choose ¢*) € £4, so that

€§'k)l'*(Xj) >0, Vje A

Note that (1.t a,)ren is bounded by proposition 3.18. Let €; := ec;’t. For each
k € N, we have

2 (L a,) = Y 2" ()| = et Y G (on)lla™ () = e 2™ | D x5 (vg)x; | |

JEAR JEAL JEAR
= ¢zt (o) > e te= e > 0. (3.20)
Set

a= likm inf w(Ag).

By hypothesis, a is a nonnegative real number. We claim that a > 0. Otherwise,
there would be a subsequence (1_w;) 4, )]eN such that (w(Ag;))jen € £1. By lemma

3.2, ((Xl)ZGAkj )jen would be equlvalent to the canonical unit vector basis of ¢g, so

all of its bounded block bases would be weakly null, contradicting (3.20). Thus,
passing to a subsequence if necessary we may assume that

g < w(Ay) < 2a, VkeN. (3.21)

Let M := My,((1.0 4, )ken, X). Applying proposition 2.3, again we may assume
that (1. 4, )ken is already a separating sequence with the properties of definition
2.1 for (X, M, 1).

Now fix z € X with finite support, A a finite nonempty subset of N and ¢ € £4.
We may assume that A C supp(x). If w(A) < 3a, pick any i € A. We have

min [} (2)]w(4) < 3alx} (2)] < 3N (3.22)

On the other hand, if w(A) > 3a, define b := min;c 4 |x;(x)], and set
F := [x, : n € supp(z)].
By (3.21), there is B > jg 1 such that
D w(Ar) < w(A) <2 w(Ay). (3.23)
keB keB
Set
Z1 I—I‘FiZle(k) Ap-
keB

By lemma 3.21, there is D D A such that D € GS(#1,|D], s) and

min [xj (21)] > & min | (z1)| = s” min |5 (@)] = bs”.
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It follows that D C supp(z), so there is zo € F such that
21 — 22| < C inf l21 = 2.
| supp(z)|<oo

w(supp(z))<w(D)

Thus, using (3.23) and the separating condition on (1. 4, )Jren We deduce that

bs?
5 2 Lo

keB

<z — 22l + |z — 22l < M+ 2) |21 — 22 < (M +2)C|lz].

On the other hand, by (3.20), (3.21) and (3.23),

* w(A €
Z 18(k)7Ak P> |£L’ (Z le(k)7Ak> ‘ > 61|B| > e Z ;ak) > ﬁw(A)

keB keB keB
Hence,
min |x; (z)[w(4) = bw(4) < Sae; 'sT*C(M +2)|z]|.
1€
The proof is completed combining the above inequality and (3.22). U

In [20], the authors introduced and studied the weighted property (A), extending
to the weight setting a property that arises naturally in the context of the TGA.
Property (A) has been studied for example in [2, 12, 17].

DEFINITION 3.25. (/20, definition 1.3]) Let B be a basis for X, w a weight and
C > 0. We say that B has the C-w-Property (A) if

[+ 1call < Cllz + 1 5],

for any x € X, ||z|lco < 1, for any A, B € N<*® such that w(A) < w(B) with AN
B =@ and supp(z) N (AU B) = &, and for any e € £4,¢" € Ep.

From our previous results, we have the following corollary, which extends [20,
theorem 5.2].

COROLLARY 3.26. Let B be a basis for X, w a weight and 0 < s < 1. If B is s-w-
semi-greedy, it is truncation quasi-greedy and w-superdemocratic. Hence, it has the
w-property (A).

Proof. Note that if w € ¢ \ ¢; and the hypotheses of proposition 3.24 do not hold,
then by proposition 2.3 the hypotheses of theorem 3.23 do, with M = 1. Hence,
it follows from theorems 3.22, 3.23, proposition 3.24 and lemma 3.2 that if B is
s-w-semi-greedy, it is truncation quasi-greedy and w-superdemocratic. Then, by
[20, proposition 3.13], it has the w-property (A). O

Before we end this section, there are two questions about weak weight-semi-
greedy bases that need to be addressed. First, in definition 3.11, we require the
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existence of one s-greedy set for which (3.2) holds; this is in line with similar
definitions in [14, 26]. An alternative would have been to require that (3.2) holds for
all s-greedy sets; this would have been similar to the definition of n-s-quasi greedy
bases in [34]. So, one question is whether the two approaches are equivalent. The
second is whether a basis that is s-w-semi-greedy for some 0 < s < 1 and weight
w, is also t-w-semi-greedy for all 0 < t < 1. After proving that weak weight-semi-
greedy bases are truncation quasi-greedy, we are able to tackle and answer both
questions in the affirmative. In order to do so, we will use the following definition
(see e.g. [6]).

DEFINITION 3.27. A basis B is suppression unconditional for constant coefficients
with constant C (C-SUCC) if

e8]l < Cll1c
or a CAe and all e € E4.
for all BC A € N<* and all &

Clearly a basis that is either C-truncation quasi-greedy or C-w-superdemocratic
for some weight w is also C-SUCC. Hence, by corollary 3.26, any weak weight-
semi-greedy basis is SUCC.

THEOREM 3.28. Let B be a basis for X, w a weight and 0 < s < 1. If B is s-w-
semi-greedy, then for every 0 < t < 1 there is C(s,t) > 0 such that for every x € X,
m € N and A € G(x,m,t), there is y € X with supp(y) C A such that

loe—yl <Clst)  inf  lle—z]. (3.24)
ze
w(supp(z))<w(A)

In particular, B is t-w-semi-greedy for all 0 < t < 1.

Proof. Set B = (x;)ien and B* = (x});en its dual basis. Suppose B is Ci-s-w-
semi-greedy. By the previous remarks and corollary 3.26, B is C,-SUCC and
Cs-truncation quasi-greedy for some positive constants Co < Cs.

Set x,m,t, A as in the statement. If & = P4(x), there is nothing to prove. Oth-
erwise, take a := min;e 4 |x;(x)| > 0 because A € G(x,m,t). Choose y € [x; : i € 4]
so that

le—yll= min |z-z|, (3.25)
zeX
supp(z)CA

pick € > 0, and set
wi=x+at sl + )lo(z),A-
For every i € A and k & A,
[xi(w)] = [xx(2)] <t71a < s|x} (u)].
Hence, G(u,m,s) = {A}. By lemma 3.17, there is y; € [x; : i € A] such that

[u—w| <Ci inf lu— z]|.
w(supp(z))<w(A)
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Thus, setting
Yo = —at tsT (1 + )1o(x),a + 1,
we get
[z =yl = lu =gl < Cy inf |z — 2+ at™ s 1+ €)1 all- (3.26)
w(supp(z))<w(A)

Now choose v € X with w(supp(v)) < w(A). If supp(v) C A4, then ||z —y| < ||z —
v||. Otherwise, set

A; = Ansupp(v), As:= A\ supp(v).
By (3.26),
lz =2l < Cillz — v —at™'sTH L+ €)1egay,a, +at™ s 1+ €) Lo al
< Cillz — || +aCit ™ s (1 + €)1y, ll- (3.27)

Note that A # @. Let A3z be a greedy set for x —v of minimum cardinality
containing A,. We have

mip () = mip [} (@~ )] = min [} (2)] > min b} 2)] = o
Since Ay C As,
al| Loy, Az ll = allle@—v),a5 | < C2al[lez—v) a5/ < C2Csllz —v]|.
Combining the above with (3.25) and (3.27) it follows that
o~y < Ca(1 + CoCt~ s (1 + )|z — ]
Taking infimum over all such v and letting ¢ — 0, we conclude that (3.24) holds for

C(S,t) = Cl(l+CQC3t71571). O

4. Weak weight-almost semi-greedy bases

An examination of the proofs of proposition 3.18, theorems 3.22(ii), 3.23(ii), propo-
sition 3.24 and corollary 3.26 shows that these results do not need the full strength
of the C-s-w-semi-greedy property, but can be obtained using approximations by
projections. This suggests an ‘almost semi-greedy’ property, and its corresponding
weak and weighted versions. In this section, we study the position of such bases
with respect to the already known ones.

DEFINITION 4.1. Let B be a basis for X, w a weight, C >0 and 0 < s < 1. We say
that B is weak weight-almost semi-greedy with parameter s, weight w and constant
C (or C-s-w-almost semi-greedy) if, for every x € X and m € N, there is A €
G(x,m,s) and y € X with supp(y) C A such that

le—yll<C inf |z—Pp(z). (4.1)

BeN<>
w(B)<w(A)

We denote by GAS(x,m,s) the subset of G(x,m,s) for which the above holds. In
case s =1 and w, =1 for all n € N, we say that B is C-almost semi-greedy.

https://doi.org/10.1017/prm.2023.53 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.53

1152 M. Berasategui and S. Lassalle

As pointed out, the same proofs of the aforementioned results hold ver-
batim under this weaker hypothesis, obtaining the same estimates when we
replace the s-w-semi-greedy constant with the s-w-almost semi-greedy one.
Thus, in particular, any s-w-almost semi-greedy basis is truncation quasi-greedy
and w-superdemocratic. It turns out that truncation quasi-greediness and w-
superdemocracy characterize w-almost semi-greediness and its weak variant, as
we prove next.

PROPOSITION 4.2. Let B be a basis for X and w a weight. The following are
equivalent:

(i) B is truncation quasi-greedy and w-superdemocratic.
(ii) B is truncation quasi-greedy and w-democratic.

(iii) For every 0 < s < 1, B is s-w-almost semi-greedy.
Moreover, there is C(s) >0 such that for each z€X and meN,
GAS(x,m,s,C(s)) = G(x,m,s) and, for each A € G(x,m,s), there is D C A
such that (4.1) holds for C = C(s) and y = Pp(x).

(iv) There is 0 < s < 1 such that B is s-w-almost semi-greedy.

(v) For each 0 < s < 1 there is C(s) such that
2]l < C(s)llz — Pr(2)]l;

for all x € X and B € N<*° such that there is m € N and A € G(x,m,s)
disjoint from B with w(B) < w(A).

Proof. The implications (i) = (ii) and (iii) = (iv) are immediate, whereas (iv)
= (i) is the counterpart of corollary 3.26.

To prove (v) = (iii), ix 0 < s < 1,z € X, m € N, A € G(x,m, s) and B € N<>
so that w(B) < w(A). Let E:=ANB, Ay :=A\B, Bj:=B\Aand D C A so
that || — Pp(z)|| < |Jx — Ps(x)| for all S C A. Since Ay € G(x — Pg(x),|A1],s)
and w(By) < w(Ay), we have

|z = Pp(z)|| < [l — Pe(x)]|
< C(s)llx — Pp(z) — Pp, (z — Pp(x))|| = |z — Pp(z)]|.
Now the result follows by taking infimum.
To prove (ii) = (i), suppose that B is Cj-truncation quasi-greedy and

Cy-w-democratic, and fix A, B € N<*° with w(A) < w(B), € € €4, ¢’ € Ep. By
remark 3.7,

[1c.4]] < 25C1||1a]l € 26C1C2|| 15| < 45*CICs||1. 5]

Finally, set B* = (x});en the dual basis of B to prove (i) ==(v). Suppose B is C;-
truncation quasi-greedy and Cs-w-superdemocratic, and choose s,z, m, B and A
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as in the statement. Let A; be a greedy set for  — Pp(x) containing A of minimum
cardinality. Given that w(B) < w(A1), A € G(x — Pg(x),m, s) and

N e
min |x; (z)] = min [x; (z — Pp(2))| = mip [x; (z - Pp(2))l,

lell < llz = P (@)l + 1P (@)l < [lx — Pp ()| + max|x; (2)] max |[1. 5|

< llz = Pp(@)l + 57 min [x(z - Pp(2))|Calleta—ps e,

1€

< (14 s7'C1Cy)|lz — Pp()].
O

REMARK 4.3. Note that the proof of the implication (iv) == (i) of proposition 4.2
is the only one in which the totality condition on B* is used. For that implication,
the condition is essential: indeed, [14, example 4.5] shows that even semi-greedy
systems need not be democratic. In fact, it is easily shown that the system of
[14, example 4.5] is not truncation quasi-greedy, either, or even unconditional for
constant coefficients (see [40, definition 3]).

Next, we give an analogue of lemma 3.17 for weak weight-almost semi-greedy
bases, which is proved in a similar manner.

LEMMA 4.4. Let B be a basis for X, w a weight and 0 < s < 1. Suppose that there is
C > 0 such that the conditions of definition 4.1 hold for x with finite support. Then
B is C-s-w-almost semi-greedy. Moreover, the conditions of definition 4.1 hold even
if the infimum is taken without the restriction |B| < co.

Proof. Pick z € X\ {0} and m € N. As in the proof of lemma 3.17, we assume
| supp(z)| = m and, for every n € N, we choose z,, € X with finite support such
that ||z — x,|| < n~! and G(x,,m,t) = G(x,m,t). By hypothesis, for each n there
are A, € G(x,m,t) and y,, € X with supp(y,) C A, such that

[zn —ynll < C ingoo |zn — Pp(zn)ll-
DeN
w(D)<w(Ar)

Passing to a subsequence, we assume A, = A and there is y supported in A such
that ||y, — y|| < n~! for all n. Given B € N<* with w(B) < w(A4),

o =yl < 207" + [lzn — ynll <2071 + Cllzn — Pp(z,)|
<n~'(2+ C+C||Pg|) + Cllz — Pp(z)|l.
As this holds for every n € N, it follows that ||z — y|| < C||l — Pg(«)]||. Thus,
taking infimum over all such B, we obtain that B is C-w-almost semi-greedy.
Now set x,m as before, choose A € G(x,m,t) and y € X with supp(y) C A so

that (4.1) holds, and suppose there is B C N with |B| = oo and w(B) < w(A4). By
proposition 4.2, B is w-superdemocratic. Hence, by remarks 3.3 and 3.20, Pg(z)
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is well-defined and, for each n € N, there is B,, C B such that B, € N<® and
|Ps(x) — Pa, (2)]] < n~'. Thus,

lz = yll < Cllz = Pp, (2)|| < Cllz — Pp(x)|| + Cn~".

As n is arbitrary, we conclude that |z —y|| < C|lz — Pg(x)||, and the proof is
completed by taking supremum. O

In many cases, equivalent weights w ~ w’ (those satisfying Ciw, < w!, < Caw,
for all n € N; for some 0 < C; < Cs < 00) produce the same weighted bases. This
happens for the w-property (A), w-superdemocracy and w-democracy which are
equivalent to their respective w’-counterparts (see [20, proposition 3.5, remark
3.6]). This extends to w-almost greedy bases characterized as quasi-greedy and w-
democratic [27, theorem 2.6]. Proposition 4.2 combined with the aforementioned
result for w-democracy gives the following natural result.

COROLLARY 4.5. Let B be a basis for X, 0< s < 1. If w and w' are equivalent
weights, then B is s-w-almost semi-greedy if and only if it is s-w’-almost semi-
greedy.

In the case of constant weights, proposition 4.2 sheds light on some of the connec-
tions between the Chebyshevian Thresholding Greedy algorithm with bidemocratic
and squeeze symmetric bases, which are defined below.

Recall that squeeze symmetric bases are those that can be sandwiched between
two symmetric bases of quasi-Banach spaces with equivalent fundamental functions
(see [3, 6] for further definitions and results).

DEFINITION 4.6. Let B be a basis for X. We say that B is squeeze symmetric
if there are quasi-Banach spaces Y, Z with symmetric bases By = (Yn)nen and
Bo = (2n)nen and bounded linear operators T :Y — X and S : X — Z such that
by T'(yn) = x,, and S(x,) = 2y, and there is C > 0 such that

11c4[B1,X]|| < C|[1:,4[B2,X]||, VAEeNS® Vee&y.

It was proven in [6, proposition 9.4, corollary 9.15] that a basis is squeeze symmet-
ric if and only if it is truncation quasi-greedy and superdemocratic (or democratic,
[6, proposition 4.16]). In our context, that is when B is Markushevich basis for a
Banach space X, a combination of the aforementioned results with proposition 4.2
gives the following.

COROLLARY 4.7. Let B be a basis for X. The following are equivalent:
e B is almost semi-greedy.
e B is truncation quasi-greedy and superdemocratic.
e B is truncation quasi-greedy and democratic.

e 3 is squeeze symmetric.

https://doi.org/10.1017/prm.2023.53 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.53

Weak weight-semi-greedy Markushevich bases 1155

Bidemocratic basis were introduced in [24] to study duality in connection to the
TGA. A central result is that a quasi-greedy basis B is bidemocratic if and only if
both B and B* are almost greedy, or partially greedy [24, theorem 5.4].

DEFINITION 4.8. A basis B is bidemocratic if there is C > 0 such that, for each
m e N,

sup sup [[L4[[[15]] < Cm.
ACN BCN
[A|<m | B|<m
Bidemocratic bases have also been studied for their own sake in [4], where it was
proven that a basis B for a Banach space X is bidemocratic if and only if both
B and B* are truncation quasi-greedy and (super)democratic [4, corollary 2.6]. In
the case of Markushevich bases, we can combine this result with proposition 4.2 to
obtain the following.

COROLLARY 4.9. A basis B is bidemocratic if and only if both B and B* are almost
semi-greedy.

5. Weak weight-almost greedy bases

It is known that in the standard case—equivalently, in the case of constant
weights—almost greediness with respect to the weak algorithm is equivalent to
almost greediness ([14, proposition 2.3] and [26, theorem 6.4]). Thus, it is natural
to ask whether this equivalence has an extension to general weights. In this section,
we answer this question in the affirmative. To do so, we introduce and briefly study
a weighted extension of the notion of weak almost greedy bases from [14]—which
can also be seen as a weak-algorithm extension of the concept of weight-almost
greedy bases from [27] (see remarks after definition 3.1).

DEFINITION 5.1. Let B be a basis for X, w a weight, C >0 and 0 < s < 1. We say
that B is weak weight almost greedy with parameter s, weight w and constant C (or
C-s-w-almost-greedy) if, for every x € X and m € N, there is A € G(x,m,s) such
that

|z —Pa(z)| <C  inf |lz— Pp(z)|.

BEN<>
w(B)Sw(A)

We denote by GA(x,m, s) the subset of G(x,m,s) for which the above bound holds.

REMARK 5.2. First, note that every C-s-w-almost-greedy is Cs~'-w-disjoint
superdemocratic. Indeed, given disjoint nonempty sets A, B € N<* with w(A) <
w(B), e € E4,¢" € Eg, for every € > 0 we have

[eall = 1ea+ (1 +€)s 1o — (1 +€)s™ Lo p| < C(1+€)s™ 1o 5],

where we used that G(1. 4 + (14 €)s™'1. g, |B|,s) = {B}. Finally, as in addition
B is w- semi greedy, proposition 3.18 applies to these bases. In particular, if w € ¢1,
then B is equivalent to the canonical unit vector basis of cg.
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To prove that w-s-almost greedy bases are quasi-greedy, we need an auxiliary
result analogous to lemma 3.21.

LEMMA 5.3. Let B be a C-s-w-almost greedy basis for X and let B* = (x})ien be
the dual basis of B. For every x € X and every nonempty set A € N<*° there is
m €N and E € GA(z,m, s) such that A C E and for all j € E,

2 .
()] > 5% min ] ()]

Proof. This is proven by the same argument as lemma 3.21. ]

Now we can prove the main result of this section. The proof is based on that of
[14, proposition 2.3], which in turn is based on the arguments of the proof of [26,
proposition 4.4].

THEOREM 5.4. Let B = (X;)ien be a C-s-w-almost greedy basis for X, with C > 0,
0<s<1 and w a weight such that w & {1, and set

K := Cs ' max{2Cs™ 1, A\'}.
The following hold:

(i) For all A, B € N<*° with w(A) < w(B), if (a;)ica, (bi)icp are scalars such
that

max .| < min b
iGaA Jai] < ielB| il
then

<K

§ ;X

i€A

Z biXi

i€B

(ii) For every0 <t <1,z e€X, meN and A € G(x,m,t),
1Pa()]| < (1 +t71s?K) (1 + C)||]].
In particular, B is quasi-greedy with constant as above taking t = 1.
Proof. To prove (i), fix A, B, (a;)ica, (bi)icp as in the statement with
a:= rl;1€afi<|ai| >0,

and consider two cases:
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First, suppose there is j > A such that w; > w(A). As a < N| > ,c5bixi|, by
remark 5.2 and convexity

E ;X

€A

<asup |[1eal <as !Clx;| <as™'CA < s CAN

e€€a

Z biXZ'

i€EB

. (5.1)

On the other hand, if there is no such j, since w & ¢; we can choose two finite sets
of positive integers Ay > A; > AU B so that

max{w(4;),w(As)} < w(A) < w(4;) + w(4s).
As before, by remark 5.2, convexity and the triangle inequality,

E ;X

i€A

< aS_IC”lAl + 1A2|| < (J,S_ICHlAl || + aS_ICHlA2||' (52)

Fix 0 < e < 1, and set

21 = E bix; + (1 — €)asly,.
1€B

Given that G(z1,|B|,s) = {B} and w(A;) < w(B), we have

(1 = €asla, || = |21 = Pp(z21)[| < Cllz1 = Pa, (21)ll =

bez

i€B

By the same argument, the above bound also holds for ||(1 — €)asl ,||. From this
and (5.2) we deduce that

§ ;X

i€A

C2 —2

bez

i€B

As € is arbitrary, the proof of (i) is completed combining the above estimate and
(5.1).

Now, set B* = (x]);en the dual basis of B. Fix ¢, z, m and A as in (ii), assuming
x # Pa(z), and set

a = min |x; (z)].

By lemma 5.3, there is A C D € GA(z,|D|, s) such that

min [xj(z)| > s”a.

Let B:= D\ A.If B = @, then ||Pa(x)| < ||z]| + ||z — Pp(x)] < (C+ 1)||z|. Oth-

erwise,

<t ra <t hs 2 min |x] ().
a3 ()] < 1o < 715 i ()]
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Hence, by (i)
1P (@)l < t's™*K]||Pp(x)|.

Thus, by the triangle inequality,

|Pa@) < [Ps(@)l| + | Pp(@)]l < 1+~ s~2K) || Pp(a)]

<A+t sTK)(l2] + llo = Po(@)l) < (1+t71s7*K)(1 + C) 2.
O
Finally, we have:

REMARK 5.5. If w &~ w’ and 0 < s < 1, then a basis B is s-w-almost greedy if and
only if it is s-w’-almost greedy. This follows by theorem 5.4 and the remarks before
corollary 4.5.

6. Lebesgue and Chebyshevian Lebesgue parameters

In this section, we study some parameters that involve the (weak) TGA and
CGA, and also improve the known bounds for the quasi-greedy and almost greedy
constants of weak semi-greedy bases.

We will use the following auxiliary definitions.

DEFINITION 6.1. Let B be a basis for X, 0 <t <1 and m € N.

e The t-quasi-greedy parameter g(m,t) is defined by
g(m,t) := g;fo{”PA(x)H < Cllz|, VxeX, VAeG(z,m,t)}.

e The suppression t-quasi-greedy parameter g(m,t) is defined by
g0m.0) = jnf {llo— Pa(a)|| < Clall, Vo € X, ¥A € Ga,m,0)}.

For t = 1, the parameter g(m, 1) has been considered in [4], and the quasi-greedy
parameter given by g,, 1= max,<m g(n,1) has been studied as well, for example
n [19]. Next we define the Chebyshevian Lebesgue parameters associated to weak
thresholding greedy algorithms.

DEFINITION 6.2. Let B be a basis for X, 0 <t <1 and m € N.

o The upper Chebyshevian Lebesque parameter, LY, (m,t) = LY (m,t)[B,X], is
given by
u . Vo e X, VA € G(x,m,t),
= — < : .
Lt m.t)i= ot Loyl < Conlo): Uy £ V1S T
e The lower Chebyshevian Lebesgue parameter, Ll, (m,t) = L., (m,t)[B,X], is
given by

L, (m,1) = inf {|x —yll < Com(a): JEEX FAEb(@m.t), } .

Jy € X:supp(y) C A
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As usual, to simplify our notation we leave the space and basis implicit when clear.

REMARK 6.3. Under the conditions of definition 6.2, it is clear that there is a
smallest C > 0 in the definition of LY, (m, t), so the parameter is attained. The same
holds for L., (m,t), since for each z € X with |supp(z)| > m, the set G(z,m,t) is
finite.

REMARK 6.4. The upper Chebyshevian Lebesgue parameter is the Chebyshevian
Lebesgue constant introduced in [25] and also studied in [19].

Next, we study a relation between g, M, and L!,, which in particular gives a
slight improvement of the known bound for the suppression quasi-greedy constant of
semi-greedy bases. More precisely, [14, theorem 4.2] gives that if B is C-s-weak semi-
greedy, it is K-suppression quasi-greedy with K < MC(1+ (Mys 4+ 1)Cs™2),
whereas theorem 3.22 avoids the quadratic factor Mfcs at the cost of involv-
ing A\ and X, and gives K < M,Cs ! max{Cs~2,A\'}. Our next result gives
K < My;C(1+2Cs™2).

PROPOSITION 6.5. Let B be a basis for X. For all0 < s <1,0<t<1 andm €N,
we have the following estimates:

g(m,t) < My,LL, (2 Vn;lJ ,3> <1 +2LL, (2 V‘;lJ s> t152> . (6.1)

Hence, if B is C-s-weak semi-greedy, it is M, C(1 + 2Cs~2)-suppression quasi-
greedy.

Proof. Set B = (x;)ien and B* = (x]);en. Choose 0 < € < 1, and let (x;, )ren be a
subsequence given by an application of corollary 2.7 to B and (X, Myy, ¢€).

Fix z € X with finite support, and A € G(x,m,t). We may assume z # Py (x).
Set

@ = mive x (@),

and pick 79 > supp(z). Set

F:=[x;:1<i<i;
By = ig(er 4j)-1: 1 < j < n
By = {ig(e 4j) 1 1 <j < nk
z:=z+ats(l —e€)(1g, —1g,).
Note that sp > ip (otherwise, x,, € F and [|xg, || < (Mys + €)||Xsp. — X,
0). So, the sets Fy, Ey and A are pairwise disjoint. Since A € G(x, m,t), we have

{1l <i<ip: |xf(2)| > at} 2 |Al+1=m+1>2n.
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Thus,

D c{1,...,i0}, VD €G(z2n,s).

It follows that there is u € F such that

Iz = ull < Léy (20, 5)o2n(2) < Ly (20, 5) |l2]].
Hence, by corollary 2.7,

ats(1 = €)|[1p, —1g, || < [z —ul + [lz — ull < 2+ )|z — ull
< (24 €)Lgy (20, 8) |12 (6.2)

Now set

yi=x—Pa(z)—s '(14+e)a(lp, —1g,).
Given that

x;(z = Pa(z))| <a, VieN,

we have G(y, 2n, s) = {E1 U Ey}. Thus, there is v € X with supp(v) C E; U Ey such
that

ly = vl < Lén(2n, 8)o2n(y)
<Ly, (20, 8) [l + Liy (20, 5)s ™ (1 + €)alllp, — 1] (6.3)
Again, by corollary 2.7, combining (6.2) and (6.3) we obtain
[z = Pa(x)[l < (Mys + €)lly — o]l
< (Mys + o)LL, (2n,s)(1 + LL, (20, 8)t 7 's72(1+€) (2 + €)(1 — €)Y ||2]|.

As € is arbitrary, the proof of (6.1) is complete for « with finite support. The general
case is handled as in the proof of theorem 3.22.
Now if B is C-s-weak semi-greedy, then

sup g(m,1) <My, sup Léh(n,s) 1+2 sup Lih(n,s)s

meN neN neN
n 18 even n 1S even
< MyC(1 +2Cs™2). O

REMARK 6.6. Note that the linear factor My, in (6.1) is necessary. Indeed, [14,
example 4.4] shows that for each « > 0, there is a basis B for a subspace X of
{1 that has quasi-greedy constant C, > « and semi-greedy constant K, < 4; the
first computation of the proof implies that B is a Schauder basis equivalent to the
canonical unit vector basis of ¢; with basis constant no greater than 3 + 2«, and
the constant M, is no greater than the basis constant by proposition 2.3(v).
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Next, we consider the following Lebesgue-type parameters.

DEFINITION 6.7. Let B be a basis for X, 0 <t <1 and m € N.
e The Lebesque parameter, L(m,t) = L(m,t)[B,X], is given by

. Ve € X, VA € G(z,m,1),
L 0) = ot {lo = Pa@)] < Cla — ] : s

Vy € X: [supp(y)| < m
e The disjoint Lebesgue parameter, Lg(m,t) = Ly(m,t)[B,X], is given by
Ld (m, t)

. VzeX, VAeG(z,m,t),Vy e X:
= gt {le Pl <ol o O e )

The Lebesgue parameter for t = 1 has been widely studied in the literature, for
example in [18, 19, 28, 35|, among others. The parameter involving the WTGA
for any 0 < t < 1 has been studied for example in [19, 25]. The disjoint parameters
are weaker variants suggested by theorem 3.22. Our next result gives upper bounds
for the disjoint Lebesgue parameter in terms of the lower Chebyshevian Lebesgue
parameter.

PROPOSITION 6.8. Let B be a basis for X and M := My, (B,X). For all0 < s <1,
0<t<1andm €N, we have the following estimates:

(i) La(m, t) < MLL, (2m, )(1 +2(M + D)LL, (m, s)t~1s72).

(ii) If m is even, in addition we have:
Lg(m,t) < MLL, (2m, s)(1 4 4L, (m, s)t~'s72).
(i) If m is odd, m > 1, in addition we have:
La(m,t) < MLL, (2m, s)(1 4 (4LL,,(m — 1,5) + 2L%, (2, )t " 's72).
In particular, if B is C-s-weak semi-greedy, it is K-almost greedy with
K < min {MC(1 + 2C(M + 1)s™?, max{MC(1 + 6Cs ™), 1 + A\ + \"}} .

Proof. Set B = (x;)ien and B* = (x});en. Choose 0 < € < 1, and let (x;, )ren be a
subsequence given by corollary 2.7 for (X, M, ¢). To prove (i), fix x € X with finite
support and A € G(z,m,t). We may assume that P4(z) # x, so |supp(z)| > m.
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Pick y € X so that

|supp(y)| <m and supp(y) NA =2,

set a := min;e 4 |x}(x)| and choose ig > supp(z) Usupp(y). Now define

Fo=[x;:1<0<

Ep = {igsg 4jrim 1 1 < j<my, VI€{0,1}

z:=x—Py(x) +a(l +e)s 't (1g, +1g,).

We have
IxI(2)| = |x}(x — Pa(z))| <t la, Vig EyUE;.
Thus,
G(z,2m,s) = {EyU Ey}.
It follows that there is v € X with supp(v) C Ep U E; such that
Iz = vll < Ly (2m, 8)o2m(2).

Hence,

Iz = Pa(@)| < (M + €)1z = vl| < (M + )Ly, (2m, 5)||2 + Pa(z) — ]|

N

Set
w=z—y—a(l—¢)slg, VIe{0,1}.
Given that supp(y) N A = &, we have

{1<i <io: Ixi(@ — )| > a}| > |A] = m.

It follows that for I € {0, 1}, every element of G(u;, m, s) is contained in {1, ...

so there is v; € F such that
ur — v|| < LL,(m, 8)om(w), VIe{0,1}.
This entails that
a(l = €)slip || < [lu —vill + lz —y — vl < 1+ M+ €)|lug — vi|
< (1+M+ €L, (m, 8)om (w)
<(L+M+ o)LL, (m,s)lla —yl, V¥ e{0,1}.
Combining the above estimate with (6.4), we get

[ = Pa(2)]

(M + €)Lgy, (2m, s) (|2 — yll + a(l + €)s™ 7 |1g, + 1)

(6.4)

7i0}7

< (M + o)LL, (2m, s)(1+2(1 + M+ e)LL, (m, s)(1 + €)(1 — ) Ls 2~ H)|ja — y.

C

As € is arbitrary, the proof of (i) is complete.
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To prove (ii), we use the same argument, with only the following modifications:
for I € {0,1} and n € N, define ,, := (—1)""!, and substitute 1. g, for 1, in the
definitions of z and w;.

When |E;| = m is even, 1. g, is a sum that meets the conditions of corollary 2.7,
so instead of (6.5) we obtain

a(l = €)s||le,m || < llwe —wll + |z —y — ol <A+ 1+ )flu — v
< 2+ OLg (m, s)om(w) < (2+ )Ly, (m, s)||lz —yl| Ve {0,13,

and the result follows as before.
Finally, suppose m is odd, m > 1. The proof is as that for m even, with the
following modifications: for [ € {0,1}, let

By = {igsy . 4jtim-1) 1 1 <j<m—1},
and let Ey := {iog; 4 2m—1, 0255 .42m }, With &, := (—1)"*1 as before. Set
zi=2—Pa(z) +a(l+e)s 't (e p, + 1ep + 1em,)
Since |Eg| = |E1| =m — 1, for I € {0,1} we get
a(l=e)sl|le gl < lw—vl +llz =y —wl < QA+ 1+ e)llu — vl
(2+ )Ly, (m — 1, S)Um—l(ul) < 2+ )Ly (m — Ls)|lx -y,

NN

whereas |Fs3| = 2, so

a(l = €)s||Le.m, || < flug —v2ll + [l& =y — val| S (L + 1+ €)fJug — v2]

(2 + )Ly (2, )UQ(UQ)<(2+6)Lf:h(2’8)”$_y”'

and the proof is completed as in the even case.
Finally, suppose that B is C-s-weak semi-greedy. Combining (i), (ii), (iii) we get
that

NN

Lg(m,1) < MCmin{l +2C(M + 1)s~%,1 + 6Cs?}

for all m > 2. Hence, using lemma 3.9, to complete the proof of the remaining
inequality, we only need to prove that if A = {k} € G(z,1,1) and j # k, then

lz = Pa(@)]| < (1+ AN + X))z = x5 (2)x;]].

But this follows easily from the triangle inequality and the fact that A is a greedy
set for x:

[z = Pa()|l < llz = x5 (@)% | + [|Pa(@)] + 1% (@)%
= o = xj(@)x; || + [[Pa(z — xj (2)x;)[| + x5 ()|]|%;]]
S L+ M)z = xG()x; ]| + i (2 — x5 (2)x;)|A
<A +N + M) |lz = x5 (2)x;]|.

https://doi.org/10.1017/prm.2023.53 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.53

1164 M. Berasategui and S. Lassalle

Next, we consider parameters involving only projections rather than arbitrary
vectors.

DEFINITION 6.9. Let B be a basis for X, 0 <t <1 and m € N.

e The almost greedy parameter, Lqo(m,t) = L, (m,t)[B,X], is given by

Vo e X, VA € g(m,m,t),}

mew:gg@m—mum<cw—Pmmwvgﬂﬂm:m

o The disjoint almost greedy parameter, L, q(m,t) = Ly q(m,t)[B,X], is given by
La7d(m, t)

= iat {lle — Pa@)l < Cllo — Po(o)]

Ve e X, VA € G(z,m,t),
C>0 '

BCN,Bl=m:BNA=g

In the case t = 1, the almost greedy parameter has been studied for example in
[3, 18, 28]. The disjoint variants are weaker versions naturally suggested by lemma
3.9. It is immediate that L, ¢(m,t) < min{L,(m,t),Lg(m,t)}, and the arguments
of lemma 3.9 show that

L,(m,t) < lré_aén Lo.a(m,t).

Indeed, if z € X, A€ G(z,m,t) and B CN, with |B| =m, are such that 0 <
min{|A N B|,|A\ B|}, then A\ B € G(z — Panp(x),|A\ B|,t), so
|z = Pa(z)|| = |z — Panp(x) — Pa\p(z — Panp(z))|
< Laa(|A\ Bl t)[|z — Panp(z) — Ppya(z — Panp(z))|

N
< max Loa(jt)llz — Po(2)])

Thus, proposition 6.8 also can be used to obtain bounds for L,(m,t). In the case
t = 1, another route to find such upper bounds is to combine proposition 6.5 and
the results of § 2 with [3, theorem 3.3]. First, we find estimates for the squeeze
symmetry parameter, defined as follows.

DEFINITION 6.10. [8, lemma 1.4(iii)] Let B be a basis for X with dual basis B* =
(x})ien and m € N. The m-squeeze symmetry parameter, Ay, = A [B,X], is given
by

Ay, 1= inf {mig %) (2)]]|1e,8]] < Cllz]| :

Ve e X, VA € G(z,m, 1),
C>0 | ne '

VBCN:|Bl=m,e€&p

PROPOSITION 6.11. Let B be a basis for X and M := My,(B,X). For all0 < s <1
and m € N we have the following estimates:

Am < (L, (m,))2M(1+M)s~2, VmeN.
(il) Am <
Am < 2(LL, (m —1,5))2Ms™2 + AN, Vm € 2N — 1, where L., (0, s) := 0.

2(L

ch

(m,s))>Ms~2,  Vm € 2N.
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Proof. The proof is very similar to those of proposition 6.8 and theorem 3.22(ii) but
simpler, so we shall be brief. Set B = (x;);en and B* = (x});en. Choose 0 < € < 1,
and let (x;,)reny be a subsequence given by corollary 2.7 for (X,M,e€). Now fix
x € X with finite support, A € G(x,m,1) and B C N,|B| =m. We may assume
a = min;e 4 [x}(z)| > 0. Choose ig > B U supp(z), and set

Fi=[x;:1<i<io); Eo:={igse 1j:1<j<m}; z:=alcp+a(l+ €)s tpg,.

Since G(z,m,s) = {Ey}, there is v € X with supp(v) C Ey such that ||z —v| <
L!, (m,s)om(2). Hence,

lale sl < M+ €)lz — v]| < (M + e)Lg, (m, 5)[|2 — ale, gl
= (M + €)Lgy,(m, s)a(l + €)s™ |15, .

Let w:=x —a(l —¢€)slg,. Since every element of G(u,m,s) is contained in
{1,...,io}, there is v € F such that

[u— || < Ly (m, 5)om(u).
This entails that
Ju—vl| +[lz —vf| < (1+M+e)llu—0
(14+M+e)LL,(m, s)|z].- (6.6)

a(l —€)s|[1p,||

NN

Combining the above estimates and taking into account that e is arbitrary, we get
lale sl < (Ley(m, 5))°M(L +M)s 2|z,

so the proof of (i) for finitely supported vectors is complete. The general case follows
using some of the arguments of theorem 3.22.

The proof of (ii) is like that of (i), with only the following differences: the set
Ey has a partition £y U Ey with |E;| = [Ey| = % resulting from an application of
corollary 2.7, and instead of 15, we define z and v using 15, — 15,, so that instead
of (6.6) we get

lu = ol +[lz — ol < (L + 1+ €)flu—wv]
(2 + €)Lgy, (m, 5)|]]-

a(l = €)sl1p, —1p,| <
<

Finally, to prove (iii), write B = By U {jo} and A = Ay U {ko}. Then
allxo | < AN|||
and, if m > 1, by (ii) we have
al[1c,, || < min [x (2)|][1c, ]| < 2(Lgy, (m — 1,5))*Ms ™.
neAp
Applying the triangle inequality we get the desired result. O

Combining propositions 6.5 and 6.11 with [3, theorem 3.3], we obtain the
following.
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COROLLARY 6.12. Let B be a basis for X and M := My4(B,X). For 0 < s <1 and
m € N let

Pm = 1r<n]a<)<:mL ( V;lJ ,s) (1 + 2Llch <2 V;lJ ,5) 52> .
The following hold:
Lo(m,1) < Mp,, + (L%, (m,))>M(1 + M)s™2  Vm € N;
Lo(m,1) < Mp,, + 2(LL,, (m, 5))?°Ms™2  ¥m € 2N;
Lo(m,1) < Mp,, +2(LL, (m —1,5))?Ms™2 + AN Vm € 2N — 1.
In particular, if B is C-s-weak semi-greedy, it is K-almost greedy with

K < MC(1 4 2Cs™2) + min{C*M(1 + M)s~2,2C*Ms 2 + \\'}.

7. Examples

In this section, we construct bases with some of the properties we have studied. We
leave aside the case w € 1 because in that case any w-democratic basis is equivalent
to the canonical unit vector basis of cq (see remark 3.19). Similar considerations
apply to the case w &l (see [16, 27]). Also, it is known that if w € { is a
weight, there is a w-greedy basis which is not equivalent to the canonical basis of
co. Indeed, for 1 < p < oo, if X, is the completion of cgp with the norm

1

[(an)nen|l = max { [|(@n)nenlloo, (Z wn|an|p> ) (7.1)

neN

the canonical vector basis B, of X, is l-unconditional, and ||1. 4l =

max{l,(w(A))%} for all A € N<° (see [27, remark 4.10]) for p =2). For this
reason, we will focus on constructing conditional bases. When w is seminormal-
ized, the weighted properties are equivalent to their standard counterparts—that
is, those involving constant weights—and there are many examples of conditional
bases showing a broad overview of the particularities of the different greedy-type
bases (see e.g. [4, 6, 8, 22, 23, 31, 40], among others). On the other hand, we are
not aware of any examples in the literature of conditional w-almost greedy bases
in either of the following cases: w € cg \ £1, and w € £, \ co with (w,; })nen & oo
Our purpose, in this section, is to give examples of such bases, as well as examples
of w-almost semi-greedy bases that are not w-almost greedy. We begin with the
weight in cq \ ¢; defined by

wl) = (n*% log(n + 1))n€N.

Our first task is to construct a conditional w(M-almost greedy basis or, equivalently
by [27, theorem 2.6], quasi-greedy and w(-democratic. We will need an elementary
lemma.
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LEMMA 7.1. For all A € N<°°,

Z n"i <4 (Z n": log(n + 1)) 2 .

neA

Proof. By induction on |A|. If |A] = 1, the result follows by an immediate compu-
tation. Fix ng € N, and suppose the result holds for 1 < |A| < ng. If |[A] =ng + 1,
let ny :=max A, and A; := A\ {n1}. Using the inductive hypothesis, we obtain

2 2
. : _3 -3
(Zn—z> - (Z n> e (Z - >
neA neAy neA;

<16 Z n~2 log(n + 1) +n1_% +8n1_% (Z n~? log(n + 1)>

N

[N

neAy neAy
1
1 —3 1 :
= IGanilog(n—i—l)—F&zl 1 Z n~2 log(n + 1)
neA neAy

_3 _1
+n, > —16n, ? log(n, + 1)

[N

_s 1
<16 E n"% log(n+ 1) +8n, * ( E n-s log(n + 1)) — 15n, 2 log(ng + 1)
neA neA;

<16 Z n~7 log(n + 1)
neA

1
2
+n1_% log? (ny + 1) 8711_% (Z "_5> —~15log? (ny + 1)

<163 n % log(n + 1) +n; * log? (ny + 1) (8\/5 - 1510g%(3))

neA
<16 Z n~% log(n + 1),
neA
and the proof is complete. O

Now we can construct the example, which is a variant of one given in [31]
(see also [38, page 35] or [37, page 266]).

EXAMPLE 7.2. For each (ay,)nen € coo, define

I(an)nenllo == (W) Fan)nenllz and || (an)nenllo := e

m
_3
E n- iay|.

n=1

Let X be the completion of cgg with the norm

l[(@n)nen|l = max{||(an)nenllo, [[(an)nenllo; [[(an)nenlloo },
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and let B be the canonical vector basis and B* its dual basis. Then B is a normalized

monotone conditional w(M-almost greedy Schauder basis.

Proof. Tt is clear that B is a normalized monotone Schauder basis. Now fix A € N<*
and € € £4. We have

1ealle = (w(A))2

and, by lemma 7.1,
H]-E,A”o < Z n_% < 4(w(1)(A))%
neA

Thus,
max{1, (w®(4))2} < [[1c,4] < max{1,4(w®(4))7}.

It follows that B is 4-w(!-superdemocratic. To prove that it is quasi-greedy, fix
x € X with ||z]| =1, meN, A€ G(x,m,1), and define a := min,e4 |x)(x)]. We
may assume a > 0. Let ko := [a™*| and B :={1,...,ko}. We have

1
1Pans ()]l < IPE@)]lo + [Prra@)llo 1+a > 071 <1+ 4aki <5,
neB

whereas, for n > ko, n € A, |x%(x)| > n"7, and we have

1Pas@)le < D 07 ik (@) < D n7 2 x;(a)?

neA neA
n>ko n>ko
< Z n~2 log(n + 1)|x% (z)> < 1.
ncA
As the respective inequalities are immediate for || - ||, and || - ||s0, this proves that
B is 6-quasi-greedy. It only remains to prove that it is conditional. For each m € N,
define
m m
1 1
Ym = Z n~1log '(n+ 1)x, and 2z, = 2:(—1)”717Z log ' (n+ 1)x,.
n=1 n=1

Then [|[ymlloo = l|2mlloc = log_1(2) and

W=

[ymllo = llzmllo = (Z n~tlog™! (n + 1))
n=1

On the other hand,

[ymllo = Z nHog M (n+1),
n=1
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whereas

k
_ _1\n,,—1 -1 < _ -1 .
Jonle = e, [ D21~ log ™ (n-+1) < 2l = 2l0g ™2

Thus,

1z |7 [yl ——— o0,
and the proof is complete. [

Next, we modify example 7.2 to obtain a w(!-almost semi-greedy basis that is
neither quasi-greedy nor, in any order, a Schauder basis. For the construction, we
also adapt some of the arguments from [4, theorem 3.13 and proposition 4.17].

EXAMPLE 7.3. Let (A,)men C N<%° be a sequence of nonempty integer intervals
such that A,, < A,,41 for all m, and

( Z n~tlog™!(n + 1)) C (1,00)
meN

neA,

is an unbounded sequence. For each (a,)nen € coo, define

_s3
E n_ia,

||(an)nEN||<1 ‘= sup
meN

)

ne€Am
and let || - ||, be as in example 7.2. Let X be the completion of cgg with the norm
l[(@n)nenl| := max{[|(an)nenllo, [ (an)nenlla; [I(an)nenlloc},

and let B be the canonical vector basis with B* its dual basis. Then B is a normalized
w(D_almost semi-greedy basis that is not quasi-greedy nor, in any order, a Schauder
basis.

Proof. 1t is clear that B is normalized. First, we prove that B is a Markushevich
basis: suppose otherwise, and fix z € X\ {0} with x}(z) =0 for all k£ € N. Pick a
sequence (z,)nen C [B]\ {0} so that ||z — 2, | < n~?! for each n € N. Now choose
a strictly increasing sequence (m(n))neny C N so that for each n € N, A, ) >
maxi<x<n SUpp(zx), and set By :={1,...,¢, := max(A,(,))}. Let ny:=1 and
y1 = x1. Given that for each k € N,

%k (zn)| —— 0 < inf [lz,,
n— oo neN

there is ny > ¢, such that ||Pp, (z,,)| <27 and 2,, # Pp, (@n,). Hence, if yp :=

Tn, — Pp, (zn,), then

.
> By, D supp(y1),

T <27 27N
1

y2 #0, supp(yz2)
ly2 — 2|l < [|[2n, — 2zl + | PB,,, (

ny

In addition, for each m € N, if A,,, Nsupp(y2) # &, then A,, > supp(y;). Similarly,
we can find nz > ¢, so that ||Pg, (zn,)|| <37 and @, # Pg,, (Tn,). Hence, if
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Y3 ‘= Tnz — PBTL2 (mng)u

Wl N

Y3 #0, supp(ys) > Bn, D supp(ye), lys — zll < [0, — || + | PB,, (zny) || <

9

and for each m € N, if A,, Nsupp(ys) # &, then A,, > supp(y2). In this manner,
we find an increasing sequence (ny)ren so that (yi == @y, — PB% (Tn,))ken has the
following properties: for each k € N,

yk € [BI\ {0}, supp(yk+1) > Bn, D supp(yk), |lye —zf| <271

and, for every m,k € N, if A,,, Nsupp(yx) # @ then A, Nsupp(y;) = @ for all j #
k.

For a contradiction, let us show that (yx)ren converges to 0 and consequently
= 0. First, notice that a5 supp(ye+1) NSUpp(ye) = 2, [kllso < Il — Y1 oo and
llykllo < lve — Yrt1llo- Also, as each A,, intersects with only one supp(y;), [|yk|l« <
vk — Yr+1]l<. Thus,

lywll < llye — yreall < 4671

— 0.
k—oo

Therefore, B is a Markushevich basis.

Next, we prove that B is w()-almost semi-greedy: by proposition 4.2, it suffices
to show that B is truncation quasi-greedy and w("-superdemocratic. To prove the
former, fix z € X, m € N and A € G(z,m,1). Let a := min,c4 |x}(z)|. For each
m € N for which AN A, # @ and every € € £4, by lemma 7.1 we have

_3
E n-igy,

neA,,NA

1
3
a <a E n2§4a< g nélog(n—kl))

nEANA, n€ANA,,

1
<4< > né1og(n+1)|x:;(x)|2> < 4|z

neANA,,

We conclude that B is 4-truncation quasi-greedy. Now fix A € N<*° and ¢ € €4,
and let || - |2 be the norm on cgg defined in example 7.2. By the computations in
the aforementioned example, we have

(WD (A)E = 1allo < 1o all < [Lealler < 4(w® (A))%.

Thus, B is 4-wV-superdemocratic.

Finally, we prove that B is neither quasi-greedy nor, in any order, a Schauder
basis. Fix 7 : N — N a bijection, and let Br := (X (n))nen be the reordered basis.
For each m € Nxg, let d,, := |A,,|, and write Dy, == 71 (Ay) = {lm1 <+ <
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lm.d,, }- Now consider 1 < j,, < dy, defined by

dm
A . N=17..—1 )
Jm = Inin Z ()~ log™ (7(lm,;) +1)
j=k+1
k
<Y wllmy) M log T (@l g) +1) ¢
j=1
Then, we have
dm Im
Z (L) " og ™ (7l ) +1) < () " log ™ (7 (lpm.5) + 1)
J=jm+1 j=1
d’VTL
<1+ Y wllmy) Hog ™ (w(lm,;) + 1)
J=Jm+1
(7.2)
For each m > 2, define
j’VYL N
Zm = Zﬂ'(lm’j)_Z logfl(ﬂ'(lm’j) + 1)x,r(lm,j)
=1
dm
= Y wlng) Flog™ (@l g) + DX, ), (73)
J=Jm+1

that satisfies

”ZmHoo <1,

1
3
zmlla <1, lzmlle = ( Z n"tlog™( n—|—1)> ; (7.4)

neAy,

Zxﬂa Xl ) Z )" Hlog (7 (ln,y) + 1)

27! Z n~tlog t(n +1). (7.5)
neAn,

Hence,

lim inf ||Zm I

meoe || 320 D Em)Xa,

so B, is not a Schauder basis. Moreover, when 7 is the identity mapping on N, we
have D,, = A, and Ep, == {l;m.1, .., lmj,. } € G(Zm, jm, 1), which proves that B is
not quasi-greedy. O

_O7
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In our next example, we use the previous one to construct a w(-almost semi-
greedy conditional Schauder basis that is not quasi-greedy. In the construction, we
will use the following lemma.

LEMMA 7.4. Let B = (X)nen be a basis for X and w a weight. Define Y as the

completion of cop with the norm

)

X

m
(an)nenlly = sup sup || anxy,
meN1<k<m ||~

and let By := (Yn)nen be the canonical basis of Y. The following hold:
(i) B is a monotone Schauder basis and ||y,|ly = ||Xnllx for all n € N.

(i) For every A € N<* and every ¢ € Ea,
1Le,ally < max||1e,pllx.

(iii) If B is C-w-(super)democratic, so is By .
(iv) If B is C-truncation quasi-greedy, By is 2kC?-truncation quasi-greedy.

Proof. (i) and (ii) are immediate from the definitions. To prove (iii), we consider

the superdemocracy case, as the democracy one is proven in the same manner. Fix
A, B € N°*° with w(A) < w(B), ¢ € £4 and &’ € Eg. By (ii),

[1cally < max [1e,pllx < Cll1er Bllx < Cl1e B]ly-

Now suppose B is C-truncation quasi-greedy. Let (x});en and (y;)ien be the dual
bases of B and By, respectively. Given y € Y with finite support and A € G(y,m, 1)
for some m € N, set @ := 3, 00, Yn(¥)Xy. It follows from (i) and remark 3.7
that

min [y (1) Leqy).ally < min [, (2)] max | 1), 5lx < 26C?|2llx < 26C?[lylly.

This completes the proof of (iv) and of the lemma. O

REMARK 7.5. Note that lemma 7.4 does not require a totality hypothesis on B*.
Also, one could note that the basis B; obtained by this method inherits from B
several properties studied in the context of greedy approximation in addition to
those stated in the lemma, such as quasi-greediness, quasi-greediness for largest
coeflicients, unconditionality for constant coefficients and bidemocracy.

EXAMPLE 7.6. There is a w(!-almost semi-greedy Schauder basis that is not quasi-
greedy.

Proof. We will use the construction and notation of example 7.3 unless otherwise
specified, with X the space, B the w(!-almost semi-greedy basis of that example
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respectively, and 7 : N — N the identity mapping. Take (2, )men as in (7.3). Then
for each m € N,

lzmll« <1 and |x)(zm)| <1 Vn € A, = supp(zm).

Also, it follows from (7.2) and (7.3) that

0< Z n_%xfl(zm) <L
neA,,

From the above inequalities, we deduce that there is a bijection p,, : A, — A,

such that
_3
max |3 pm(n) 7, oy (2m)| <1, (7.6)
<k
which entails that
k 3
e |32 pn(m) oy () < 2 (7.7
j<k |"=J

Define p : N — N by

m(n) ifn e A,;
p(n) = { ()
n if n & U,,en Am-

Then p:N — N is a bijection. For each n €N, let z, :=x,,), and let By :=
(Zn)nen. As suppg, (2m) = suppg(2m) = Ay, for each m € N, it follows from (7.7)

that
k
3
sup sup Zp(n)*zz;(zm) <2 (7.8)
meN jk€A,, | —
j<k 177

On the other hand, for each m € N, it follows from (7.5) that

1Py (,0),8, ()| = 1P 5 (zm) [ 2 270 D 0 og™H(n+ 1),
neA,

Let By = (yn)nen be the Schauder basis obtained from By by an application of
lemma 7.4. Then B; is truncation quasi-greedy and w(!-superdemocratic since, By
(which is a reordering of B) has these properties. Hence, by proposition 4.2, By is
w(-almost semi-greedy.
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For each m € N, let

Ym ‘= Z Z:L(Z7H)Ym

neN

‘We have

1Pyt (8,8, (W) x> 1Pp-1(5,),8,(z) ] =271 Y 0 Mg (n+1), ¥meN.
neEAn,

On the other hand, it follows from (7.4) and (7.8) that

k
[ymllv = sup Z

J, e
X
k
=max { [|zm|lso, [[2m[lo, sup Zp “12 (2m)
JkE€EAm |
i<k |n=d
1
2
( 1logl(n—|—1)> .
It follows that
llym lly

=0.

lim inf
m—oo || Pp-1(g,,).5, (Ym) v

Since E,, € G(2m,dm, 1), we have p~1(E,.) € Gg,(2m,dm, 1) = G, (Ym,dm, 1).
Therefore, B is not quasi-greedy. O

REMARK 7.7. While not the focus of this paper, we point out that remark 7.5
combined with the proof of example 7.6 suggests a way of using the constructions
of [4, theorems 3.6, 3.13] to obtain bidemocratic Schauder bases that are not quasi-
greedy, for a wide range of fundamental functions.

Now we turn to the case of w € £, \ co with (w;,!),en & loo. Here, we have
more flexibility constructing conditional bases: given two weights w, w’, define
their combined weight W (w, w’) by

Won—1(w,w') :=w, and Wa,(w,w):=w).

We will show that given w € ¢¢ and w’ seminormalized, there is a W (w, w’)-almost
greedy conditional Schauder basis, and obtain similar results for the weighted
almost semi-greedy property. To that end, we will combine the w-greedy basis
B, of the space X, which we defined using (7.1), with suitable conditional bases.
First, we need a technical lemma.
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LEMMA 7.8. Let w,w’ be weights, C > 0, and By = (Xp)nen, B2 = (Yn)nen bases
for X and Y respectively. Suppose that for all A,B € N<*°  ||14]|x < C|1s|y
whenever w(A) < w'(B). Then, for all A, B € N<*° such that w(A) < 2w'(B),

1Lallx < (2C + X0 Xo) 115y,

where Ao and X\ are the mazima between the constants X\ and X in (1.1) for By
and Bs.

Proof. Fix A, B € N<*° with w(A4) < 2w'(B). First choose two (possibly empty)
sets Ay, Ay as follows: A; is a subset of A with maximum w-measure such that
w(A;) < w'(B), and As is a subset of A\ A; with the same property. Now let A3 :=
A\ (A1 U Ay). We claim that |As] < 1. Indeed, if this is false, choose my,ma € A\
(A1 U Ay), with my # ma. Then by our choice of 41 and Ay, w(A; U {my}) > w'(B)
and w(Az U {msa}) > w'(B). Hence, w(A) > 2w'(B), a contradiction. We conclude
that

Mallx < 114 llx + 14, 1% + [[1as[lx < (2C + Ao Xo) 15[y O

REMARK 7.9. Note that lemma 7.8 can be applied to a weight w and a C-w-
democratic basis B, taking B; = B, = B and X =Y.

The next lemma forms the basis of our final construction.

LEMMA 7.10. Let By = (Xp)nen be a basis for X and By = (yn)nen @ basis for
Y. Define Z := X @Y with the norm ||(z,y)||z := max{||z||x, |y|lv}, and let B =
(Zn)nen be given by

Zon—1 = (Xn,0) and 29, := (0,y,).
Then B is a basis for Z, and the following hold:
(i) B is a Schauder basis if and only if By and Bs are Schauder bases.

(ii) B is unconditional (quasi-greedy) if and only if By and By are unconditional
(quasi-greedy).

(iii) B is truncation quasi-greedy if and only if By and Bs are truncation-quasi-
greedy.

(iv) B is W(w,w')-democratic if and only if By is w-democratic, By is w'-
democratic, and there is C > 0 such that for all A, B € N<*°, we have

[1allx < Cl1Blly
if w(A) < w'(B), and
1ally < Cl1p[x

if w'(A) < w(B).
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Proof. (i) and (iii) are clear. To prove (iii), suppose that B; is C;-truncation quasi-
greedy, j = 1,2, and fix z € Z, m € N and A € G(z,m, 1). Let a := min;c 4 |z (2)|
with (z});en the dual basis of B. Write z = (z,y), and set

Ay:={neN:2n—-1€ A}, Ay:={neN:2ne A}

Note that Ay € G(x,|A1],1) and As € G(y, |As|,1). Hence, taking £(z), e(x) and
e(y) with respect to the respective bases, we have
al[le(z),allz < max{al|Ll.(z),a, lIx, all1o(y), . [Iv} < max{Cy|lz([x, Callyl|v}
< max{Cy, Ca}|2]lz.

This proves that B is max{Cy, Cy}-truncation quasi-greedy.

On the other hand, if B is C-truncation quasi-greedy, it is immediate that so are
Bl and BQ.

It only remains to prove (iv). Suppose first that B is C-W (w, w’)-democratic,
and fix 4, B € N with w(4) < w(B). Given that w(D) = W(w,w')(2D — 1) for
all D € N<* we have

[1allx = [[124-1]lz < C|[12p-1]z = Cl[15]x.

Hence, B; is C-w-democratic. Similarly, Bs is C-w-democratic. Now fix A, B € N>
with w(4) < w'(B). We have

[1allx = [[124-1llz < C|[128]z = C|[1]y.

The case w’(A) < w(B) is proven in the same manner.

Now suppose that B is Ci-w-democratic and By is Co-w-democratic, and let
C be as in the statement. Fix A, B € N with W(w,w’)(A) < W(w,w’)(B), and
define

Ai:={neN:2n—-1€ A}, Ay:={neN:2nec A};
By :={neN:2n—-1€ B}, By:={neN:2nc B}

Since W (w,w’)(A) = w(A;) + w'(Az2) and the same holds for B, we have
w(Ay) +w'(Ag) < w(By) + w'(B2) < 2max{w(By),w'(Bz)}.

Suppose first that the maximum above is w(Bj). Then max{w(A4;),w'(A2)} <
2w(By). Taking A and A" with respect to the basis B of Z, an application of lemma
7.8 yields
1allz = max{[|1a, ][x, [14,llv} < max{(2C1 + AX) |15, [|x, (2C + AX) |15, [Ix}
< (AN +2max{C,C1})|15]|y-
The same argument holds if the maximum is w’(Bsy)—we just get Cs instead of

C; in the upper bound. Thus, we conclude that B is (AN + 2max{C, Cy, Cs})-
W (w, w')-democratic. O
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COROLLARY T7.11. Let w,w’' be weights, with w € co and w' seminormalized. The
following hold:

(i) There exists a conditional W (w, w’)-almost greedy Schauder basis.

(ii) There exists a conditional W (w,w’)-almost semi-greedy Schauder basis that
18 not quasi-greedy.

(iil) There exists a conditional W (w,w')-almost semi-greedy basis that is not
quasi-greedy nor, in any order, a Schauder basis.

Proof. Due to the equivalence of the above properties for equivalent weights, we
may assume that w’ is constant. To prove (i), pick 1 < p < oo, and let B, be the
basis of the space X,, defined using (7.1). Now choose a conditional almost greedy

Schauder basis with |1 4] ~ |A|% for all A € N<*° (e.g. apply [4, theorem 4.9]), and
then apply lemma 7.10. Now (ii) is proven by the same argument as (i), with the
only difference that, as the second basis in our construction, instead of a conditional
almost greedy Schauder basis we choose an almost semi-greedy Schauder basis that
is not quasi-greedy (in light of corollary 4.9, bases with such properties can be found
in [4, proposition 3.17]). Finally, (iii) is again proven using the above construction,
but in this case, our second basis is almost semi-greedy but neither quasi-greedy
nor, in any order, a Schauder basis (e.g. we can find such bases in [4, theorem
3.13)). O

8. Open questions

In theorem 3.23, we proved that if w € cg\ ¢1, B* is norming and B is (weak)
w-semi-greedy, B is also w-almost greedy. However, we do not know whether this
holds in general, so a salient question is whether it does. In light of corollary 3.26
and [27, theorem 4.3], this is equivalent to ask whether such bases are quasi-greedy.

QUESTION 8.1. Let w € ¢ \ ¢1. Is every (weak) w-semi-greedy Markushevich basis
quasi-greedy, and thus w-almost greedy?

There are further questions about the case w € co\ ¢; that arise from our
research: we proved that in that case, if B is a (weak) w-(almost) semi-greedy basis,
it is w-superdemocratic and truncation quasi-greedy, but in the proof we used a
non-constructive argument and we were not able to obtain quantitative results, that
is upper bounds for the w-superdemocracy and truncation quasi-greedy constants
depending on the (weak) w-(almost)-semi-greedy constant and other known and
simple properties of B.

QUESTION 8.2. Let w € co \ {1 and suppose B is t-w-(almost) semi-greedy. Is there
an upper bound for the w-superdemocracy constant and the truncation quasi-greedy
constant depending on the t-w-(almost) semi-greedy constant and perhaps other,
simple properties of the basis?
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The weighted variants of (weak) almost (semi) greediness, democracy and
superdemocracy are all preserved under equivalent weights. On the other hand,
given question 8.1, the following problem remains open.

QUESTION 8.3. Let w and w' be equivalent weights, with w,w’ € co \ {1, and let
0 < s < 1. If B is s-w-semi-greedy, is it s-w'-semi-greedy?
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