G\ Compositio Math. 144 (2008) 503521
,»\ ompositio Math. ( )
"

\ doi:10.1112/50010437X07003223

>,
Supersymmetry of the chiral de Rham complex

David Ben-Zvi, Reimundo Heluani and Matthew Szczesny

ABSTRACT

We present a superfield formulation of the chiral de Rham complex (CDR), as introduced
by Malikov, Schechtman and Vaintrob in 1999, in the setting of a general smooth manifold,
and use it to endow CDR with superconformal structures of geometric origin. Given a
Riemannian metric, we construct an N = 1 structure on CDR (action of the N = 1 super-
Virasoro, or Neveu-Schwarz, algebra). If the metric is Kéhler, and the manifold Ricci-flat,
this is augmented to an N = 2 structure. Finally, if the manifold is hyperkéhler, we
obtain an N = 4 structure. The superconformal structures are constructed directly from
the Levi-Civita connection. These structures provide an analog for CDR of the extended
supersymmetries of nonlinear o-models.

1. Introduction

In the paper [MSV99], Malikov, Schechtman and Vaintrob introduced a sheaf of vertex superalgebras
Q‘j\}j attached to any smooth complex variety M, called the chiral de Rham complex (CDR) of M
(see also [GMS04]). If M is n-dimensional, the fibers of QS are isomorphic as vertex superalgebras
to a completion of the bc — 37 system on n generators, or, in physics terminology, to the tensor
product of the bosonic and fermionic ghost systems on n generators. The sheaf cohomology of Q‘j\},
H*(M, Q‘j\}j), also a vertex superalgebra, is related to the chiral algebra of the half-twist of the o-
model with target M, a quantum field theory associated to M (see [FLO7], [Kap05] and [Wit05]).
It is shown in [MSV99] that, in the holomorphic setting, for arbitrary M, H*(M,QS%) carries a
conformal structure, and when M has a global holomorphic volume form, H* (M, le/}) admits N = 2
superconformal symmetry (equivalently, admits the structure of a topological vertex algebra).

In this paper, we present a superfield construction of the chiral de Rham complex in the C'*°
setting, and examine how various geometric structures on a manifold give rise to extra symmetries
on Q§. (For the C* formulation of CDR, see [MSV99] and [LLO7] — we present a streamlined
formulation in §5. For a related super-spacetime approach to CDR, see [GMS03].) We show that a
Riemannian metric on M gives rise to an N = 1 structure on Qj}}[, i.e. there exist global sections of
Q‘j\}j that generate an N = 1 superconformal vertex subalgebra. The N = 1 structure is constructed
from the Levi-Civita connection on M. When M is Ricci-flat and Kéhler, this is augmented to
an N = 2 structure (quasiclassical limits of the N = 1 and N = 2 structures on CDR were
independently obtained by Malikov (private communication), starting from the Lagrangian for the
o-model). In this case, choosing holomorphic and anti-holomorphic coordinates on M, Q‘j\}j can be
locally written as a tensor product of a holomorphic and anti-holomorphic part. The N = 2 structure
splits as a tensor product of two commuting N = 2 vertex algebras, one ‘holomorphic’ and another
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‘anti-holomorphic’. These structures are slightly different from the ones considered in [MSV99], and
agree only in the case when the metric g is flat.

Finally, we consider the case where M is a hyperkahler manifold. Recall that a hyperkéahler
manifold is a Riemannian manifold possessing three isometric complex structures I, J and K, parallel
with respect to the Levi-Civita connection, and satisfying the quaternionic relations

P=J*=K?=-1d, 1J=-J =K.

The real dimension of M is then necessarily a multiple of 4, and the above is equivalent to the
holonomy group of M being contained in Sp(n,H) C SO(4n,R). We show that, in this case, the sheaf
Qj}}[ carries N = 4 superconformal symmetry, i.e. has an embedding of the N = 4 superconformal
vertex algebra.

Our approach relies heavily on the superfield formalism for vertex algebras introduced in [HK07]
under the moniker of SUSY vertex algebras. In the standard approach to vertex superalgebras one
considers fields which are endomorphism-valued distributions,

A(z) = Zz_"_lA(n) € End V[[z, 271, A(ny € EndV,
neL

where V is the vertex superalgebra. Let 6 be an odd formal variable satisfying 82 = 0. A superfield
is an endomorphism-valued distribution of the form

A%(2,0) = A(2) +0B(z), A(z),B(z) € EndV[[z,27]].

The operator products of the two fields A(z) and B(z) are now encoded in the operator product
of the single superfield A*(z, ). In the standard field approach to vertex superalgebras, the N = 4
superconformal algebra is generated by eight fields. Thus, constructing a representation of this
object in terms of free fields involves checking that a very large number of operator products are
correct. In the SUSY vertex algebra formalism, the N = 4 superconformal algebra is generated by
only four fields, which greatly simplifies the computations involved.

The SUSY vertex algebra formalism also yields a simpler, tensorial description of the chiral
de Rham complex. In a coordinate patch U diffeomorphic to R”, Q%(U ) is generated by sections
al(2),b(2), ¢'(2),v*(2),i = 1,...,n. Under a change of coordinates, b’(z) transforms as a function,
¢'(z) as a 1-form and 9*(2) as a vector field, while a’(z) transforms in a seemingly complicated, non-
linear way (see Equation (4.1.3)). In the SUSY formalism, these are combined into two superfields:

Bi(2,0) = b'(2) + 0¢'(2), T'(z,0) = ¢'(2) + 0a’(2).

We show that, under a change of coordinates, B*(z, #) transforms as a function and ¥*(z, #) simply as
a vector field. In particular, the well-known cancellation of anomalies necessary for the construction
of the chiral de Rham complex becomes an obvious consequence of the superfield formalism.

To construct the desired supersymmetries, we first show that endomorphisms of the tangent
bundle give sections of the chiral de Rham complex, and hence (under the state—field correspon-
dence) fields or superfields. The basic N = 1 structure (Neveu-Schwarz current) of CDR on any
Riemannian manifold is constructed explicitly out of the metric. Finally, to enhance this to an
N = 2 (respectively, N = 4) structure on a Calabi—Yau (respectively, hyperkéhler) manifold, we
simply adjoin the superfield associated to the complex structure endomorphism I (respectively, the
superfields associated to I,J and K).

The superconformal structures exhibited in this paper are inspired by the well-known super-
symmetries of o-models. Zumino [Zum79] and Alvarez-Gaumé and Freedman [AGF81] showed that
nonlinear o-models on general Riemannian, complex and hyperkéahler targets carry N = 1,2,4
super-Poincaré symmetries, respectively (see [HKLR87, Fre99] for excellent discussions, and [BGLO04]
for a related recent development). In the N = 2 case, this structure is superconformal when the
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target is Calabi-Yau. (Note that the quantum o-model is only conformally invariant, up to higher
order terms, when the Ricci curvature vanishes.)

It is interesting to compare the superconformal structures we exhibit with the bundles of super-
conformal vertex algebras constructed by Tamanoi [Tam99] and Zhou [Zho00]. Note that these
bundles of vertex algebras are linear, i.e. associated to the (frame bundles of the) tangent bundles
of Riemannian manifolds, and should be compared with the associated graded of our construction
with respect to a natural filtration on CDR (which depends on all order jets on the manifold). Note
also that [MSV99] endow CDR with an N = 2 structure that is defined for any smooth manifold,
coming from the choice of a volume form on that manifold. However, this structure is different from
ours (and that for the o-model), which depends directly on the metric, and does not seem to allow
for an N = 4 extension in the hyperkéhler case.

Finally, the superfield formulation of the chiral de Rham complex is closely related to its geo-
metric formulation as a factorization algebra over supercurves, extending the factorization structure
over (even) curves described by Kapranov and Vasserot [KV04]. This geometric construction was
an initial motivation for this work and we plan to return to it in the future.

The outline of the paper is as follows. In §2 we recall the standard approach to vertex super-
algebras following [Kac96], and review the N = 1,2,4 superconformal vertex algebras in this lan-
guage. In § 3 we introduce the formalism of SUSY vertex algebras following [HK07], and give several
examples, including a description of the N = 1,2,4 superconformal vertex algebras in this more
compact language. Section 4 recalls the construction of the chiral de Rham complex and gives its
simplified superfield description. Section 5 presents a coordinate-free construction of CDR on gen-
eral smooth manifolds. Section 6 is a brief review of hyperkahler manifolds. Finally, § 7 contains the
construction of the N = 1,2, 4 structures on the chiral de Rham complex.

2. Vertex superalgebras

In this section, we review the definition of vertex superalgebras, as presented in [Kac96], in order
to fix notation, and facilitate comparison with the superfield formalism introduced later.
2.1. Given a vector space V, an End(V')-valued field is a formal distribution of the form

A(z) =Y 2" Ay, Agy € End(V), (2.1.1)

nez

such that, for every v € V, we have A,v = 0 for large enough n.
DEFINITION 2.2. A vertex superalgebra consists of the data of a supervector space V, an even
vector |0) € V' (the vacuum vector), an even endomorphism 7', and a parity preserving linear map

A~ Y(A, z) from V to End(V)-valued fields (the state-field correspondence). These data should
satisfy the following set of axioms.

(i) Vacuum axioms:

Y (]0), z) = 1d,
Y (A, 2)|0) = A+ O(z), (2.2.1)
70y = 0.
(ii) Translation invariance:
[T,Y (A, z)] = 0,Y(A,z). (2.2.2)
(iii) Locality:
(z—w)"[Y(A,2),Y(B,w) =0, n>0. (2.2.3)

(The notation O(z) denotes a power series in z without constant term.)
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2.3. Given a vertex super-algebra V and a vector A € V', we expand the fields
Y(Az) =) 2 "TA, (2.3.1)
JEZ

and we call the endomorphisms A;) the Fourier modes of Y (a, z). Define now the operations

bV
= 7 (2.3.2)

AB — A(—l) B
The first operation is called the A-bracket and the second is called the normally ordered product. The

A-bracket contains all of the information about the commutators between the Fourier coefficients of
fields in V.

The N =1, N =2 and IN = 4 superconformal vertex algebras

In this section we review the standard description of the NV = 1, 2, 4 superconformal vertex algebras.
In §3, the same algebras will be described in the SUSY vertex algebra formalism.

Ezample 2.4 (The N =1 (Neveu-Schwarz) superconformal vertex algebra). The N = 1 supercon-
formal vertex algebra [Kac96] of central charge c is generated by two fields: L(z), an even field of
conformal weight 2, and G(z), an odd primary field of conformal weight %, with the A-brackets

3
IaL) = (T + 20+
1,G] = <T + gx> a, (2.4.1)
2
(CAG] = 2L + %

Here L(z) is called the Virasoro field.

Ezample 2.5 (The N = 2 superconformal vertex algebra). The N = 2 superconformal vertex algebra
of central charge c is generated by the Virasoro field L(z) with A-bracket (2.4.1), an even primary
field .J(z) of conformal weight 1, and two odd primary fields G¥(z) of conformal weight %, with the
A-brackets [Kac96]

[LaJ] = (T + \)J, (2.5.1)

[LAG*] = <T + ;) G, (2.5.2)

[\GE] = £G=, [T\J] = gx, (2.5.3)
GG =L+ %TJ F AT+ gv, GEGE) =0, (2.5.4)

Ezample 2.6 (The ‘small’ N = 4 superconformal vertex algebra). The even part of this vertex
algebra is generated by the Virasoro field L(z) and three primary fields of conformal weights 1, _JO,
Jt and J~. The odd part is generated by four primary fields of conformal weight 2, G* and G*.
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The remaining (non-vanishing) A-brackets are (cf. [KWO04, p. 36])

[J0J%] = iQJi, (7979 = %)\, (2.6.1)
C

[(JJ7) = + 52 [J0GE] = £G*, (2.6.2)

[J9GF] = +G i, [JiGT]=G", (2.6.3)

[J,G1] = G : [JyG™]=-GT, (2.6.4)

[J,GT] = [GEGH] = (T +2\)J7, (2.6.5)

(GEGF) = L+ 5TJO 400+ %)\2. (2.6.6)

(Note that the J currents form an sly current algebra.)

3. SUSY vertex algebras

In this section we collect some results on SUSY vertex algebras (SUSY VAs) from [HKO07]. Since
we only need the case with one odd variable, we will adapt the notation to this case, and avoid the
prefix ‘super’ when possible.

Structure theory of SUSY VAs

3.1. Let us fix notation first. We introduce formal variables Z = (z,0) and W = (w, (), where 6,
are odd anticommuting variables and z,w are even commuting variables. Given an integer j and
J=0or 1 weput 2/ = 277,

Let 7 be the universal enveloping algebra of the 1|1 dimensional Lie super-algebra [y, x| = —2A,
where x is odd and A is even and central (super-Heisenberg or Clifford algebra). We will consider
another set of generators —S and —T for .7, where S is odd, T is central, and [S, S| = 2T". Whenever
we treat ¢ as an JZ-module it will be by the adjoint action. Denote A = (A, x), V = (1,9),
NV =Ny and VIV = 1787

Given a supervector space V and a vector a € V, we will denote by (—1)¢ its parity.

3.2. Let U be a vector space. A U-valued formal distribution is an expression of the form

Z Z_l_j‘l_‘]w(ju), we|gy € U. (3.2.1)
€7
JJ:EO,I

The space of such distributions will be denoted by U[[Z, Z~!]]. If U is a Lie algebra, we will say
that two such distributions a(Z) and b(W) are local if

(z—w)"a(Z),b(W)] =0, n>0. (3.2.2)

The space of distributions such that only finitely many negative powers of z appear (i.e. welg) =0
for large enough j) will be denoted U((Z)). In the case when U = End(V') for another vector space
V', we will say that a distribution a(Z) is a field if a(Z)v € V((Z)) for all v € V.

DEFINITION 3.3. An N =1 SUSY vertex algebra consists of the data of a vector space V', an even
vector |0) € V' (the vacuum vector), an odd endomorphism S (whose square is an even endomorphism
that we denote by 7T'), and a parity preserving linear map A — Y (A, Z) from V to End(V)-valued
fields (the state—field correspondence). These data should satisfy the following set of axioms.
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(i) Vacuum axioms:

Y (|0),Z) = 1d,
Y (A, Z)0) = A+ O(Z), (3.3.1)
S10) = 0.

(ii) Translation invariance:
[5,Y(A, 2)] = (99 — 00.)Y (A, Z),

T,Y(A Z)] = 0.Y (A, Z). (3.3.2)

—

(iii) Locality:
(z—w)"Y (A, Z),Y(B,W)] =0, n>0. (3.3.3)

Remark 3.4. Given the vacuum axiom for a SUSY vertex algebra, we will use the state—field corre-
spondence to identify a vector A € V' with its corresponding field Y (A4, Z).

3.5. Given an N = 1 SUSY vertex algebra V and a vector A € V', we expand the fields

Y(A,2)=Y_ z VA, (3.5.1)
JEL
J=0,1

and we call the endomorphisms A; ) the Fourier modes of Y (A, Z). Define now the operations

AJI
Bl = > —rAuinB,
750
J=0,1

AB — A(_1|1)B.

(3.5.2)

The first operation is called the A-bracket and the second is called the normally ordered product.

Remark 3.6. As in the standard setting, given a SUSY VA V and a vector A € V', we have

Y(TA,Z)=0,Y(A,Z)=[T,Y (A, Z)]. (3.6.1)
On the other hand, the action of the ‘odd’ derivation S is described by
Y(SA,Z) = (09 +60.)Y (A, Z) # S, Y (A, Z)]. (3.6.2)

The relation with the standard field formalism is as follows. Suppose that V' is a vertex super-
algebra as defined in §2, together with a homomorphism from the N = 1 superconformal vertex
algebra in Example 2.4. Therefore V' possesses an even vector v of conformal weight 2, and an odd
vector 7 of conformal weight %, whose associated fields

(3.6.3)

have the A-brackets as in Example 2.4, and where we require G_;/5 = S and L3 = T. We can
then endow V with the structure of an N = 1 SUSY vertex algebra via the state—field correspon-
dence [Kac96]

Y(A7 Z) = YC(A’ Z) + HYC(G—1/2A7 Z),

where we have written Y¢ to emphasize that this is the ‘classical’ state—field (rather than state—
superfield) correspondence in the sense of §2.
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(Note however that there exist SUSY vertex algebras without such a map from the N = 1
superconformal vertex algebra.)

DEFINITION 3.7. Let 47 be as before. An N =1 SUSY Lie conformal algebra is an #-module %

with an operation [p | : Z @ Z — # @ X of degree 1 satisfying the following.

(i) Sesquilinearity:
[Sapb] = x[aab], [aaSO] = —(—=1)*(S + x)[anb]. (3.7.1)
(ii) Skew-symmetry:

[bra) = (=1)®[b_p_val. (3.7.2)
Here the bracket on the right-hand side is computed as follows: first compute [bra|, where
I' = (v, n) are generators of % supercommuting with A, then replace I' by (=A — T, —x — ).

(iii) Jacobi identity:
[anfbre]] = =(=1)*[lanblr+ac] + (1)@ brlanc]). (3.7.3)
Here the first bracket on the right-hand side is computed as in skew-symmetry and the identity
is an identity in %% ® Z.

Morphisms of SUSY Lie conformal algebras are .7-module morphisms ¢ : Z — %’ such that
the following diagram is commutative.

Y By

l l (3.7.4)

H QR = %”@%’

Remark 3.8. In this definition we consider Z ® #Z as a module over . using the co-multiplication
of . Similarly 2 @ % is a module over J (recall that J# is a module over itself with the
adjoint action). The bracket [ ] is a morphism of 7#-modules. The Jacobi identity is an identity
in 0 ®H%.

3.9. Given an N = 1 SUSY VA, it is canonically an N = 1 SUSY Lie conformal algebra with the
bracket defined in (3.5.2). Moreover, given an N = 1 Lie conformal algebra %, there exists a unique
N =1 SUSY VA called the universal enveloping SUSY vertex algebra of % with the property that,
if W is another N =1 SUSY VA and ¢ : Z — W is a morphism of Lie conformal algebras, then ¢
extends uniquely to a morphism ¢ : V' — W of SUSY VAs.

3.10. The operations (3.5.2) satisfy the following.

(i) Quasi-commutativity:

0
ab—(—l)“bba:/ [apb] dA. (3.10.1)
-V
(ii) Quasi-associativity:
(ab)c—a(bc):Za( i 2‘1)b(]|1 c+( Zb( —j—2[1)a(j|1)C- (3.10.2)
§>0 §=0

(iii) Quasi-Leibniz (non-commutative Wick formula):
A
lanbe] = [andle + (—1)@Doblare] + / ([anblrc] dT. (3.10.3)
0
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Here the integral [dA is 0, [dA. In addition, the vacuum vector is a unit for the normally
ordered product and the endomorphisms S and T are odd and even derivations respectively of
both operations.

Examples

Example 3.11. Let Z be the free 57-module generated by an odd vector H. Consider the following
Lie conformal algebra structure in Z:

[HyH) = (2T + xS + 3\ H. (3.11.1)

This is the Neveu—-Schwarz algebra (of central charge 0). This algebra admits a central extension
of the form

HaH] = (2T + xS + 3\ H + Sx)2, 3.11.2
3

where ¢ is any complex number. The associated universal enveloping SUSY VA is the Neveu—Schwarz
algebra of central charge c.! If we decompose the corresponding field

H(z,0) = G(z) + 20L(2), (3.11.3)

then the fields G(z) and L(z) satisfy the commutation relations of the well-known N = 1 supervertex
algebra in Example 2.4.

Ezample 3.12. Consider now the free s#-module generated by even vectors { B} ; and odd vectors
{w}n_ | where the only non-trivial commutation relations are

[BLW/] = 4;; = W) B). (3.12.1)
Expand the corresponding fields as
Bi(2,0) = b'(2) + 0¢'(2), Ti(z,0) ='(2) + 0a'(2). (3.12.2)
Then the fields b?, a’, ¢* and v* generate the bc — 37 system as in [MSV99)].

Ezample 3.13. The N = 2 superconformal vertex algebra is generated by four fields [Kac96]. In this
context it is generated by two superfields — an N = 1 vector H as in Example 3.11 and an even
current J, primary of conformal weight 1, i.e.

[HrJ) = (2T + 2X + xS)J. (3.13.1)

The remaining commutation relation is
[JpJ] = — (H + %)\X) (3.13.2)
Note that given the current J we can recover the N = 1 vector H. In terms of the fields of

Example 2.5, H and J decompose as

J(2,0) = —vV/=1J(2) = V-10(G" (2) — GT(2)),

H(z,0) = (GT(2) + G (2)) +20L(2). (3.13.3)

Ezample 3.14. The ‘small’ N = 4 superconformal vertex algebra is a vertex algebra generated by
eight fields [Kac96]. In this formalism, it is generated by four superfields H,J, i = 0,1,2, such
that each pair (H,.J?) forms an N = 2 SUSY VA as in the previous example and the remaining
commutation relations are

[Ja ] = e"™™(S +2x)JF, i3], (3.14.1)

!Properly speaking, we consider the universal enveloping SUSY vertex algebra of Z @ CC with C' central and TC =
SC' = 0 and then we quotient by the ideal generated by C = ¢ for any complex number c.
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where ¢ is the totally antisymmetric tensor. (In other words, we are writing the N = 4 algebra in
terms of an sug basis J* of superfields rather than the sly basis J°, J* of even fields, together with

odd G fields, as before.) In terms of the fields of Example 2.6, H and J* decompose as
J(2,0) = —V=1J(2) = V=10(G" (2) — G*(2)),
TH(z0) = VEIH () +J7(2) + VELGHE) — G (2)), Gain)
T (2,0) = (J*(2) = T~ (2)) + 0(G*(2) + G (2)),
H(z,0) = (GT(2) + G (2)) +20L(2).

4. Chiral de Rham complex

In this section we recollect some results from [MSV99]. We then provide and discuss a superfield
formulation of the chiral de Rham complex in the algebraic setting. For the applications we have in
mind, we will need to work in the C*° setting, which is described in § 5.

4.1. The chiral de Rham complex Q?& is a sheaf of vertex algebras defined over any smooth algebraic
variety M over the complex numbers. In order to construct such a sheaf, the authors in [MSV99]
first construct a sheaf of supervertex algebras on C" and then show that we can glue these sheaves
by studying the action of changes of coordinates.

To construct the sheaf on U = SpecCl[z!,...,2"], we first look at its global sections. This
vertex algebra can be described in terms of generators and relations as follows. Then Q% (U) is the
bc — B system vertex algebra. Namely, it is generated by fields {a’, b%, 9", ¢'}7_,, with commutation
relations

[a}V] = [¢5¢7] = by, (4.1.1)
where we have identified the coordinate functions x' with the (—1) Fourier mode of the fields b°(2)
(recall that we identify vectors in our vertex algebras with the corresponding fields by the state—field
correspondence).

The next step in [MSV99] is to consider a localization of this vertex algebra, whereby we allow
expressions of the form

f(2),...,0"(2)), (4.1.2)
where f(z!,...,2") is an arbitrary algebraic function on U. This allows us to construct a Zariski
sheaf on C". We may also pass to a formal completion, allowing f to be an arbitrary function on
the formal disk Spf C[[z!, ..., 2"]].

Finally, in order to glue these sheaves, one has to analyze how these generators transform under
changes of coordinates of the formal disk. Given such a change of coordinates ' = g'(z), with
inverse 2! = (), the generating fields transform as

b' = g'(b),

¢ = <agb(ﬂ )W)
9 = <a—"f.(g<b>)w>, (4.1.3)

ob
- (o 2a) - (S )

4.2. Let us analyze this sheaf of vertex algebras as a sheaf of N =1 SUSY VAs. For this, we combine
the generators into superfields as

B =b' 404", W' =14 0a. (4.2.1)
511
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These fields generate a SUSY VA as in Example 3.12. Given a change of coordinates g as above,
the formulas (4.1.3) imply that these fields transform as

B'=g¢'(B),
- (Of : (4.2.2)
W= (S ey ).

Therefore the chiral de Rham complex is described in a simple fashion when viewed as a sheaf of
SUSY VAs.

Conversely, the transformation properties (4.2.2) imply (4.1.3). Indeed, suppose that the fields
U’ and B! transform as in (4.2.2). Evaluating at § = 0 we immediately obtain the transformation
properties of ¥" and b° as in (4.1.3). We now note that

i Qi _ 89i(B) j
SB' = S¢'(B) = 357 SB (4.2.3)
and evaluating at § = 0 we obtain the transformation property of ¢'. Finally, we have
- ofI >
SU' =S| ——=(g(B))¥’
(2L o)
0% fi ~k> - Ofd .
(555500 O (o)
9 fi 99" (B) of? :
= — B SB' )W B))Sv. 4.2.4
(55202 snt ) w + 2L (g(a) 24
Using quasi-commutativity we can write the second term as
afi D2 fi aél>
Sz B))-T|—=——= B - ). 4.2.5
B -T( LB 429
On the other hand, using quasi-associativity we can write the first term of (4.2.4) as
o>t 99"(B) ¢ i gd 0% dg*(B)
—— B'Y + T ————=(g(B))—=—=—= ). 4.2.
a2 s vr (2L ) 2L ) (4.26)

Adding these two terms and evaluating at # = 0 we obtain the transformation property of a’.

4.2.1 From this perspective, we can construct the chiral de Rham complex as a sheaf of SUSY
vertex algebras, by arguing as in [MSV99], replacing vertex algebras by SUSY VAs and using (4.2.2)
instead of (4.1.3). To do this we must check that (4.2.2) preserves the SUSY VA structure. This can
be done as follows. We check immediately that

[ByB7] = 0. (4.2.7)
On the other hand, we have from the Wick formula:
ni g1 Of" 99'(B) _
[Bav?] = =5 (9(B) 9(B") = 0ij. (4.2.8)
To compute ¥} U/] we first need
; OfF } _of! <8fk >
L) = L) 5 (S o) (4.2:9)
and
Ti pk a_(of !
(UL "] = ~ 35k (832 (g(B))> v (4.2.10)
512

https://doi.org/10.1112/50010437X07003223 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X07003223

SUPERSYMMETRY OF THE CHIRAL DE RHAM COMPLEX

Now using the Wick formula and noting that the integral term vanishes we obtain

#307] = 5L 08 5 (55 0l )= 5
_of o> f* 9g9™(B) o
= 8Bi(9(3))m(9( )55 U —io g
= ﬂ( (B)W* — i j
0B 0B ’
— 0. (4.2.11)

The equivalence of (4.1.3) and (4.2.2) shows that the sheaf constructed is in fact the chiral de Rham
complex of M.

Remark 4.2.2. We note that in this approach all the cancellation of anomalies is contained in the fact
that the integral term in the A-bracket (4.2.11) vanishes, which in turn is an obvious consequence
of our formalism.

Formal setting

4.3. In the formal setting, the chiral de Rham complex is constructed by using the standard argu-
ments of ‘formal geometry’ [MSV99, 3.9] (see also [FBZ01, ch. 17]), i.e. using an action of the Lie
algebra of vector fields on the formal n-dimensional disk on the bc — B system. Indeed the vector
field f(x;)0;; acts as the residue of the field

FO)a + > (0a, £) (b)) $F. (4.3.1)

k=1

In the context of SUSY vertex algebras, the vector field f(z;)0,; simply acts as the super-residue
of the superfield

f(BYY,. (4.3.2)
Here the super-residue is defined to be

sres, g f(z,0) = Ogres; f(2,0). (4.3.3)

5. The C° case

5.1. In this section we give a coordinate independent description of the chiral de Rham complex
of a smooth differentiable manifold M. This construction is essentially a superfield reformulation
of the corresponding construction in [LLO7].

5.2. Let us fix notation first. Let U be a differentiable manifold. Let .7 be the tangent bundle of
U and 7% be its cotangent bundle. We let 7' = I'(U,.7) be the space of vector fields on U and
A = T(U, 7*) be the space of differentiable 1-forms on U. We let ¥ = €>°(U) be the space of
differentiable functions on U. Denote by

()1 AT =€ (5.2.1)

the natural pairing. Finally, we denote by II the functor of change of parity.

Consider now a SUSY Lie conformal algebra &% generated by the supervector space
¢ o lIT & A lIA. (5.2.2)
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That is, we consider differentiable functions (to be denoted f,g,...) as even elements, vector fields

X,Y,... are odd elements, and finally we have two copies of the space of differential forms. For dif-
ferential forms «,(,... € A we will denote the corresponding elements of IIA by &, f3,.... The
non-vanishing commutation relations in % are given by (up to skew-symmetry)

[Xaf]=X(f),

| =
[XAY} [ X, Y]Lie, (5.2.3)

[Xaa] = Liex a + AMa, X),
[Xpa] = Liex a + x(a, X),
where [, ]Lie is the Lie bracket of vector fields and Liey is the action of X on the space of differential

forms by the Lie derivative. The fact that (5.2.3) is compatible with the Jacobi identity is a (long
but) straightforward computation.

We let R(U) be the corresponding universal enveloping SUSY wvertex algebra of Z%. As noted
in [LLO7], this algebra is too big. We want to impose some relations in R(U). We let 17 denote the
constant function 1 in U. Let d : ¥ — A be the de Rham differential. Define I(U) C R(U) to be
the ideal generated by elements of the form

feng —(f9),  fanX — (fX), foma—(fa),  fepa — (fa), (5.2.4)
1y — [0), Tf — df, Sf - df. (5.2.5)
Finally we define the SUSY vertex algebra as
QNU) = RU)/IU). (5.2.6)
Expanding the superfields in terms of ordinary fields, it is straightforward to check that this super-
vertex algebra is just Q(U) in the notation of [LL07]. We therefore arrive at the following result.

THEOREM 5.3 [LLO7].

(i) Let M C R™ be an open submanifold. The assignment U + Q"(U) defines a (weak) sheaf of
SUSY vertex algebras Qj}}[ on M.

(ii) For any diffeomorphism of open sets M’ %, M we obtain a canonical isomorphism of SUSY
vertex algebras QP (M) — 9%e), QP (M"). Moreover, given diffeomorphisms M’ LNy VN ,
we have Q% (o ') = QP (¢') 0 QP ().

5.4. This theorem allows us to construct a sheaf of SUSY vertex algebras in the Grothendieck
topology on R™ (generated by open embeddings). This in turn lets us attach to any smooth manifold
M, a sheaf of SUSY vertex algebras Q‘j\}j We call this sheaf the chiral de Rham complex of M.

Remark 5.5. In the algebraic case, this construction gives the chiral de Rham complezx as described
in the previous section in terms of coordinates. Indeed, we see that identifying B* with the field
corresponding to the coordinate ' and ¥; with the field corresponding to the vector field 9,:, the
relations defining I(U) are obviously satisfied.

6. Recollections on hyperkihler manifolds

In this section, we briefly review the notion of a hyperkahler manifold following [Joy00]. Let (M, g)
be a Riemannian manifold of real dimension 2n, and J a complex structure on M. The metric g is
Hermitian if J is an isometry of g, i.e. if

g(Ju, Jv) = g(u,v) for tangent vectors u,v.
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Given (M, g,J) we can define a 2-form w by
wv,w) = g(Jv,w),

and w is called the Hermitian form of g. The metric g is said to be Kdhler if dw = 0, in which case
w is called the Kdhler form. The following theorem [Joy00] gives other useful characterizations of
Kahler metrics.

THEOREM 6.1. Let (M, g,J) be as above, and V denote the Levi-Civita connection of g. Then the
following conditions are equivalent:

(i) g is Kahler;

(i) VJ =0;
(iii) Vw = 0;
(iv) the holonomy group of g is contained in U(n) C SO(2n,R).

A Riemannian manifold (M,g) of dimension 4n is hyperkdhler if it possesses three complex
structures I, J and K such that (M,g,I),(M,g,J), and (M, g, K) are each Kéhler, and satisfy the
quaternionic relations

1J=-JI =K.

This is equivalent to the holonomy group of g lying inside of Sp(n, H) C SO(4n,R). Dualizing using
the metric yields three Kahler forms wy, wy and wg.

7. Superconformal structures from geometry

7.1. Let now (M, g) be a Riemannian manifold. Denote by F;-k the Christoffel symbols of the Levi-
Civita connection of M. Let I be an endomorphism of the tangent bundle of M, namely I is a tensor
of type 1,1 on M. Let wf be the coordinate components of such a tensor. We will systematically
raise and lower indices using the metric ¢ and sum over repeated indices.

In the rest of this paper, we will adopt the following notational convention, aimed at reducing
clutter.

Convention. In the 8y — be SUSY vertex algebra, expressions such as
(w! SBY)W; + Tw! TB*
correspond to the field
(W!(BY(2,0),...,B"(2,0))(SB")(2,0))¥;(z,0)
+T0(BY(2,0),.... B"(2,0))w! (B'(2,0),..., B"(2,0))(TB*)(z,0). (7.1.1)

In other words, all coefficients of tensors, Christoffel symbols, etc., are being evaluated on the
superfields B%(z,6). This in turn should be interpreted as follows. If f(z!,...,2") is a C* function
on an open set U, then

f(BY(2,0),...,B"(2,0)) = f(b'(2) + 04 (2),...,b"(2) + 04" (2)) (7.1.2)

= F0M2),. . 02+ 0 %(bl(z), V() (2). (7.1.3)
i=1

The meaning of expressions such as f(b(2),...,b"(2)) is explained in [MSV99] (see also §5 and
[LLOT]).
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LEMMA 7.2. The assignment

I+ J=(w]SB)W; + I'yw] TB (7.2.1)

defines a linear morphism

(M, End(Tyr)) — T(M, Q5. (7.2.2)

7.3. In the case where [ is a complex structure on M with associated Kéhler form w, we will denote
the corresponding current J by J,,.

Proof of Lemma 7.2. Given that the fields B’ transform as coordinates do, we will simplify the
notation and denote

OB 9g'(B)

557 — 9Bl (7.3.1)
The first term in J,, expressed in the coordinates B is given by
OB*9BI 9B | OB" OBI ;.\ [OB"
————w. . SB™ —U" ) = | —w,SB —U" ). 3.2
( o5 0B 9B+ > (aBJ' ) <8Bl 55\ o5 (73.2)
Using quasi-associativity (3.10.2) we see that this is
o 0°B!  9B7 9B™
(w! SB")Y; wF TB™. (7.3.3)

"~ 9Bi oB™ OB* 9B"
On the other hand, in the second term in J,,, there are no quasi-associativity issues and the anoma-
lous term comes from the transformation properties of the Christoffel symbols. Indeed, the second
term in J,, transforms as

9’B' 9B'9B™ 0BJ 9B* .

— . TBP + T, w! TBF. 7.3.4

9Bi 0B* OBl 9B 0B, 9B Lk (7:3.4)

Adding (7.3.4) and (7.3.3) we obtain the result. O

THEOREM 7.4.

(i) Let (M,g) be a Riemannian manifold of dimension n, and g = log \/det g;;, where det g;; is
the determinant of the metric. Then

H = SB'SU; + TB'¥; — TSg (7.4.1)
generates an N = 1 superconformal structure of central charge 3n. We shall refer to H as the
Neveu-Schwarz vector.

(ii) Let (M,g) be a Calabi-Yau 2n-manifold with Ké&hler form w. Then J, and H generate an
N = 2 vertex algebra structure of central charge 6n.

(iii) If moreover M is hyperkéhler of dimension 4n, with three Kahler structures w,n and 7 such
that the corresponding complex structures satisty the quaternionic relations, then J,,.J,, Jy
and H generate an N = 4 vertex algebra of central charge 12n.

Proof. (i) If we write H = H° — T'Sg, then the fact that H° defines a global section of Q¢} and that
HY is a Neveu—Schwarz vector of central charge 3n follows from the analogous results in [MSV99).
The fact that T'Sg is a well-defined global section follows since M is orientable. To check that H is
indeed a Neveu-Schwarz vector (3.11.2) we compute

[HYg] = (2T + xS)g, (7.4.2)
516

https://doi.org/10.1112/50010437X07003223 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X07003223

SUPERSYMMETRY OF THE CHIRAL DE RHAM COMPLEX

which in turn follows from the fact that H° is a Neveu-Schwarz vector and any function f = f(B?)
is primary of conformal weight 0 (cf. [HKO07, §5.6]). Using sesquilinearity we obtain

[HR TSg] = (A + T)(S + x)(2T + xS)g
= (2T + 3\ + xS)TSg + A\2Sg + \Tg,

7.4.3
[TSg\H"] = =M\ (2T — (x + 5)S)g (7:4.3)
= —\Tg— \2Sg.
It follows then that
[HyH] = [H{H"] — [TSg\H"] — [H} TSg]
= (2T + 3\ + xS)H? + n\?x — (2T + 3\ + xS) TSg
= (2T + 3\ + xS)H + n\?. (7.4.4)

(ii) To check the remaining commutation relations of the N = 2 vertex algebra as in Exam-
ple 3.13, it is enough to do it in any coordinate system. In particular, we may choose holomorphic
coordinates {z,} (respectively anti-holomorphic coordinates {z}) for the complex structure asso-
ciated to w such that

;i (i1d 0
w; = < 0 —iId) . (7.4.5)
In this case J = J, is given by
J =iSB*V, —iSB*V4 +ig ,TB* —ig ; TB®. (7.4.6)

Here we have used the fact that for a Kahler manifold

rs,=g,=08 TIS;=g;=0d8 (7.4.7)

Let us first compute [HyJ]. For this we need

[HAVo] = 2T + A+ xS)Wq + AXE 4
[HaVs] = (2T + A+ xS)¥a + Ax8 4>
[HAB‘T] = (2T + xS)B‘f, (7.48)
[HyB“] = (2T + xS)B¢,
[HASB®] = (2T + X + xS)SB®,
J=(

%}
Sy
Ql

2T + A+ xS)SB®,

which follow from the fact that ¥; and B’ are primary with respect to H°. Using now the non-
commutative Wick formula we obtain

[HASBOWa) = (2T + A + xS)SB®) U, + SB(2T + A + xS) ¥,

A
+ SBYA\xg o + / (2T + X\ + xS)SBRVY,, ] dl’
0

A
= (2T +2X + xS)SB*V,, — \xg ,SB" + / (=27 4+ X = xn)n[BY¥,|dl.  (7.4.9)
0

Since the integral clearly vanishes, we obtain
[HASBYW,] = (2T + 2X\ + xS)SB*V,, — \xg ,SB. (7.4.10)
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Similarly, we compute now
80 H] =SB (X + 5)8 0 + TB'g i
= —XxSgo + SB'Sg 4 + T8 4
= (T — X5)8 .o — 8.0i; 5B’ SB’ (7.4.11)
= (T = x9)8.a
[Hrg o] = 2T + x9)8.4-
We also have
[H\TB“| = (A+T)(2T + xS)B* = (2T 4+ 2\ + xS)T'B* + A\xSB“. (7.4.12)
Hence using the Wick formula again and noting that the integral term trivially vanishes, we obtain
[Hrg ,TB] = ((2T + xS)g ) TB*
+ 8,27 +2X + xS)TB* + g ,AxSB“

= (2T + 2\ + xS)g I B* + \xg ,SB”. (7.4.13)
Adding (7.4.10) to (7.4.13) plus their conjugates we obtain
[HpJ] = (2T + 2\ + xS)J, (7.4.14)

as we wanted.

Finally, we need to check (3.13.2). For this we compute using the non-commutative Wick formula:

(Wapd] = ixVq +ig 3, TB" +irg
=ixVo +i(T + N)g 4,
[TaTa] = —i(x + ) Vs — iAg 4, (7.4.15)
[SBRJ] = —ixSB*,
[JASB®] = i(x + S)SB.

Here in the second line we used the fact that M is Ricci-flat, therefore g 3 = 0. Using this we can
compute now

[JASB®T,] = i((x + S)SB*)¥,

A
+iSBY(x + S)Vq +iSBAg ,, + / i[(x + S)SB{V,] dl
0

A
=1TB*V, +iSB*SV, +i\SB%g , + m/ (n—x)ndl
0

=1iTB*V, +iSB*SV, +i\SB%g , + inAx. (7.4.16)
Similarly we have

[g,aAJ] = _iSBﬁg,a,B

= o8 (7.4.17)
[JAg,a] = _ng,a)
[JATB®] = —i(A+T)SB“.
Hence using the Wick formula we obtain
[Jrg o TB?] = —i(Sg ,) TB* —ig (A +T)SB”
= —i)\g ,SB* —iS(g , TB"). (7.4.18)
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Adding (7.4.18) and (7.4.16) plus their conjugates, we obtain
[JaJ] = =TB"V; — SB'SU; — A\x2n + S(g ,TB*) + S(g 4T B*)
= —TB"U; — SB'SV; + STg — 2n\x. (7.4.19)

(iii) In order to prove the rest of the statement, we may choose holomorphic coordinates for one
of the three complex structures. We suppose then that J, is given by (7.4.6). This forces the other
two complex structures to be of the form

j 0 7 j 0 ind
j 7 J 7.4.20
U (ng 0 ) i (—ing 0 ( )

with ngng = —04. It follows then that J© = $(J,, — iJ,) is given by

Tt =nlsBv;, (7.4.21)

where we note that the second term in (7.2.1) vanishes in this case since M is K&hler. Therefore
the only non-vanishing components of the Christoffel symbols are F and I‘%",y. The theorem will
be proved then if we show that?

[Joad ] =i(2x + S)JT. (7.4.22)
In order to do so we compute (we denote J = J,)

3\ J] = —ing ,SB" + in 5SBY,

[Tang) = —ing SB7 + ing 1SB7. 2
It follows then from (7.4.15) and the Wick formula that
[Jan2SB°] = —inf  SBYSB® + in -SBYSB* + in(x + S)SB°. (7.4.24)
Since the complex structure is parallel we have
0l =Ty =l . (7.4.25)
Therefore the first term in (7.4.24) vanishes and we have
[Jan2SB] = infl -SBYSB® + in(x + S)SB. (7.4.26)
Now conjugating (7.4.15) we see that
[Ja¥5] = i(x + S)¥j5 +i)g 5. (7.4.27)
Now using the non-commutative Wick formula we obtain
[Jurd ] = i(nf 4SBTSBY)W; + il (x + S)SBY)¥ 5
—i(SB*) (x + 8)¥5 — i(n2SB*)Ag 5
i /0 A[nMSBVSB | dr + i /O "2 0+ $)5B3 W dr. (7.4.28)

Let us compute the integral term first. Clearly the second integral vanishes since V5 commutes with
SB®. The first term on the other hand is given by

A _ _
—/0 nng’BSBa al’ = —)\ng’BSBa. (7.4.29)
2Note that the commutation relations with J~ = %(Jn +iJy) follow by conjugation.
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Re-grouping the terms in (7.4.28) we obtain

[undt] = i(2x + 8)J T —iX(nlg 59B° + 1l 55B%). (7.4.30)

Finally, using again the fact that 7 is parallel, we see immediately that
0 5= —FgﬁnZ = —g 570 (7.4.31)
This proves (7.4.22) and completes the proof of Theorem 7.4. U

Remark 7.5. (i) In the Calabi—Yau case, choosing holomorphic coordinates 2% and anti-holomorphic
coordinates %, we see that g = g, + g, where g is holomorphic. The superfield H can be decom-
posed as a sum of two terms Hy + Hg, where

Hy = SB*SU,, + TB*V,, — TSg,. (7.5.1)

The superfield .J decomposes in a similar way as a ‘holomorphic’ part Jy and an ‘anti-holomorphic’
part Jy. These fields are invariant under holomorphic changes of coordinates, and hence we obtain
two commuting N = 2 superconformal structures.

We note that these fields are different from the ones considered in [MSV99]. In the case of the
Virasoro field, the correction given by TSgy appeared in [Wit05, p. 16]. When the metric is flat
(i.e. go = 0) we obtain the same topological structure as in [MSV99].

(ii) When the manifold M is complex but not Calabi-Yau, the decomposition H = Hg + Hy
is not invariant under holomorphic changes of coordinates. Therefore our N = 1 structure pairs in

a non-trivial way the ‘holomorphic’ and ‘anti-holomorphic’ parts of the chiral de Rham complex
of M.

(iii) The fields H and J are defined for any almost complex manifold M (though they gen-
erate N = 2 only when M is Calabi-Yau). In particular, the field J allows us to construct a
Dolbeault resolution of the holomorphic chiral de Rham complexr in terms of the differentiable one
(see also [Kap05]). We plan to return to this matter elsewhere.
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