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Abstract. Given the pair (P, n) of (0, 2) tensors, where n defines a volume element,
we consider a new variational problem varying n only. We then have Einstein metrics
and slant immersions as critical points of the 1st variation. We may characterize Ricci
flat metrics and Lagrangian submanifolds as stable critical points of our variational
problem.
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1. Introduction. The variational problems to obtain typical geometric objects,
such as minimal surfaces, harmonic mappings, Einstein metrics and Yang-Mills
connections, are the central topics in Riemannian geometry. The important geometric
structure for the geometric objects is the curvature tensor of the metric. However, since
the curvature tensor itself is too complicated and difficult to treat, one may consider
the Ricci tensor, denoted by Ric, which is easier to treat than the curvature tensor. In
1916, Albert Einstein used the Ricci tensor to describe the gravitational field equation.
When the spacetime is empty and the cosmological constant is zero, Einstein’s field
equation becomes Ric — ‘; g = 0]2], where g is the Lorentzian metric and S is the trace
of Ric with respect to g called a scalar curvature, and consequently Ric = 0 holds.
A Riemannian or Lorentzian metric satisfying the latter condition is called a Ricci
flat metric. The existence of such a Ricci flat metric is ensured for a compact Kahler
manifold with zero 1st Chern class because of the solution for the Calabi conjecture by
S. T. Yau [5], which led to the concept of the Calabi-Yau manifold in mirror symmetry.
More generally, a Riemannian or Lorentzian metric g satisfying Ric = %g is called an
Einstein metric, where n is the dimension of the manifold. It is known that Einstein
metric is a solution for the variational problem of the function of the total scalar
curvature divided by the ”n;z-power of the volume of the Riemannian manifold (we
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consider only the case of compact Riemannian manifold). In mirror symmetry, the
Lagrangian submanifolds of the symplectic manifold play an important role. We then
ask the question “Is the Lagrangian submanifold the solution of certain variational
problem?”.

In this paper, we introduce a new variational problem on the space T9 x T9* of the
tensor product of the bundle of smooth (0, 2)-tensors and the bundle of smooth (0, 2)-
tensors with non-zero determinant. Given a (P, n) € Tg x Y%, fixing P we consider
the function E(n)(see Section 1). Varying the tensor n, we calculate the 1st and 2nd
variation formulae for the variational problem. Consequently, the critical point of
the 1st variation is given by the equation P = %,En. From this, we obtain an Einstein
metric or a slant immersion as the critical point when P is the Ricci tensor or f*Qy,
respectively (for details, see Corollaries in Section 4). For the stability problem of the
critical points, we prove that if » = 3 and p is a non-zero, then the critical point of
E(n) is unstable (Theorem 5.5). As corollaries of this theorem, we may characterize the
Ricci flat metric or a Lagrangian immersion as the stable critical point of E(n), where
we take 1 to be a Riemannian metric or a symplectic form, respectively (see Corollaries
in Section 5).

2. New variational problem. Let (M,g) be an n-dimensional Riemannian
manifold. Choose a local coordinate system {x', x?,...x"} of M. Then, the
Riemannian metric g is expressed as g = )/, g;dx'dx’. The standard measure dp,

of (M, g) is given by
dpg = /det(gy) dx'dx* ... dx".

We denote by R, Ric and S the curvature tensor, the Ricci tensor and the scalar
curvature of (M, g), respectively. A famous variational problem in Riemannian
geometry is to extremise the function

/ S dpg

M

J@=—"""—"23

()

The c.rltlcal point of J(g) is a metric g, which satisfies Ric = %g, that is, g is an Einstein
metric.

We now introduce a new variational problem. Let M be an n-dimensional smooth
manifold. We assume that, in this paper, M is connected. Let 9 = T)(M) be the set
of all smooth (0, 2)-tensors on M. Denote by Tz)* = Sg*(M ) the subset of all smooth
(0, 2)-tensors n's with detn # 0. Choose a local coordinate system {x', x?,... x"} of

M. Givenann =Y ndx' ® dx' e T%*, we define a dy, by

dp, = \/Idet(ny)| dx'dx*...dx". 2.1

We then define a function 7 on T x T5* by

I(P,n) = /M trace, P du, for (P,n) € T x T9*, (2.2)
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where trace, P = Y_/"_, Py’ and n’ is the component of the inverse matrix of the
matrix (n;). We normalize / so that it is invariant under the homothetic transformation
n — An. Next, fixing P € T9, we define E(i7) by

ftracenP du,
E() = M —. (2.3)

()

For applications, we mainly consider the case where 7 is a symmetric tensor or a
skew-symmetric tensor.

3. Slant immersion. Let (M, Q) be a 2m-dimensional symplectic manifold, that
is, © is a closed real nondegenerate 2-form. It is known that M admits an almost
Kahler structure (g, J) with Q(X, Y) =g(JX, Y) (cf. [4]). Let (M, 2),) and (N, Qx)
be symplectic manifolds. We may give almost Kahler structures (g, Jar) and (gy, Jy)
on M and N in the standard way, respectively. Consider an isometric immersion
©:(M,gy) — (N,gy). Forany X € T.M, x € M, ¢,(X) is a vector in ¢, (T M) C
TyyN. However, Jyo.(X) is not necessarily in ¢.(7 M) but in T,y N. With respect
to the orthogonal direct sum decomposition TyyN = ¢.(T M) + N, denote by 7 :
TyyN — ¢.(T+M) the orthogonal projection along M. We denote by 6y the angle
between Jyo.(X) and ¢, (7, M). For X of unit length, we have

(Ingx(X), T (Jngs(X)))

X 0)]

Since |7 (Jyp«(X))| = cos by, we obtain the following.

2m
cos” Oy = (Jngu(X), T(Ing (X)) = Y _(Inpu(X), pu(e))’,

i=1
where {e;, e», ..., €,} is an orthonormal basis of 7, M.

DEFINITION. An isometric immersion ¢ : (M, gy ) —> (N, gn, Jn) is called slant if 6
is constant for any non-zero X. When ¢ is slant, the angle 6 = 6y for non-zero X is
called slant angle.

LEMMA 3.1 (cf. [3]). Let K be a non-negative real number. Then, ¢ is slant with slant
angle cos™'(K) if and only if

2m

D (Ineu(e). gule) (Inee)). p.len)) = K3;
k=1

fori,j=1,2,...,2m.

REMARK. If ¢*Qy = K Qj, for some real number K, then it follows from Lemma
3.1 that ¢ is slant with slant angle cos™!(|K]).
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4. 1st variation formulae. For the variation {n,} of n € Ig* with ny = n, we denote

by 87 the section % |l‘=0 n; € “Sg. Assume that M is an n-dimensional compact manifold

withann € ‘Ig*. Take P € ‘Ig Define V, p, U and ¢ by

n

n—2

Pﬁnﬁa U=/Pdﬂﬂ» c=
1 M n

1
V:/du, p==
mo 2

We then see that E(n) = 2U/ V. Fixing n € T%*, we now introduce the inner products
(,)and ((,)) on TY by

ij=

n

Py =Y pinam”,

ik, I=1

((p.q) = /M<p, q)dy for p,qe .

Using the relation 27:1 nynfk = 68X, we have the following fundamental fact.

LEMMA 4.1.
sni ==Y n®emam?,
8 (duy) = 5 Xoijmy n'Smjid .
Using Lemma 4.1 we obtain the following.

LEMMA 4.2.

—3(P. 8n),

dp

8V = 3((n. 8n)),

o=

8U = L{{pn — P, 8m)).

Using Lemma 4.2, we now calculate the st variation of the function E(n) fixing
Ped.

28U - Ve =2U-68V¢
V2L’

((tpn = P8V — UV {(n, 8m)))

Ve

1
Yert (Vo = P) = cUn. én)).

Consequently, we obtain the following formulae.

PROPOSITION 4.3. § E(n) = 0 if and only if P = (p — c%)n = 27'“17, where p is equal
to a constant %for n#2.

https://doi.org/10.1017/5S0017089514000536 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089514000536

CHARACTERIZATIONS OF RICCI FLAT METRICS 647

The unproved assertion in Proposition 4.3 follows from multiplying P = (p — c%)n
by 7! and taking the trace of the resulting equation.

COROLLARY 4.4. Consider the case where P is the Ricci tensor of a Riemannian
manifold (M, g), and take n = g. Then, §E(g) = 0 if and only if g is an Einstein metric.

COROLLARY 4.5. Consider the case where P is the Ricci form of an almost Kdihler
manifold (M, gy, Iy, ), that is, P(X, Y) = Ric(Jy X, Y), and take n = Q. Then,
SE(2y7) = 0 if and only if gy is an Einstein metric.

COROLLARY 4.6. Let ¢ : (M, gy, Iy, Q) —> (N, gy, Iy, Qn) be an isometric
immersion from a 2m-dimensional compact almost Kihler manifold into an almost Kdhler
manifold. Consider the case where P = ¢*Qy andm 2 2. If SE(Q2yy) = 0 then ¢ is slant

; -1(U
with slant angle cos™ (-5;).

In these corollaries, we considered the variations of 7 in the space of symmetric
tensors or skew-symmetric tensors accordingly as P is symmetric or skew-symmetric.
However, since the local minimum of E(n) is not always zero, it is possible to consider
the variation of 5 in the other direction than P.

COROLLARY 4.7. Consider the case where P is the Ricci tensor of an almost Kdhler
manifold (M, gur, Jar, Qar). Then, SE(Q2py) = 0 if and only if guy is a Ricci flat metric.

COROLLARY 4.8. Let (N, Q) be a symplectic manifold and (M, g) be a Riemannian
manifold with dimM = %dimN . Let ¢ : M —> N be an immersion. Consider the case
where P = ¢*Qy andn = g. Then, SE(g) = 0 if and only if ¢ is a Lagrangian immersion.

5. 2nd variation formulae. We calculate the second variation of E(n) under the
condition that 7 is an element of Sg* with §E(n) = 0. Set
H=V({pn—P)—cUn.

Then, since §E(n) = %((H, 8n)) by Proposition 4.3, we see that §E(n) = 0 if and
only if H = 0. Therefore, we obtain the following.

8*E(n) = ((8H, 8m)). (5.1

Jetl
We use the notation that ({f)) = fo du, for any smooth function on M. We then

may write

{(n, 8m)) =/ trace,dn du, = ((trace,én)), U =/ pdpy = ((p).
M M

Now, it is enough to calculate § H. From Lemma 4.2, we calculate

SH=6V-(pn—P)+V-6p-n+Vp-én
—csU-n—cU-én

1 1
= 5((?7, Sm)(pn — P) — §V<P, dnin + Vpén

C
— §<(pn — P, én))n —cUdn.
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Thus, it follows that

1 1
VersiE(n) = 5 {trace,dn)) ((pn — P, 8n)) — 2V ({(trace,én)P, 51)

+ V{(pdn, n)) — %((traceﬁn))(()ﬂn — P.én)) —cU((8n.8n)) (5.2)

1 - 1
= ——((trace, 6m) ((pn — P. om)) — 5V ({(trace, 5m)P. 8n))

+ V{{pdn, 8m)) — cU((8n, én))

We now consider the case n # 2. In this case, p is a constant and P = 27’377 holds. We
hence obtain the following.

(n—2)p

= ({trace,8n))*

VC+182E(g) —

|4 20V
- %(((trace,,smzn + p7<<8n, 51)). (5.3)

Next, consider the case n = 2. In this case, we have ¢ = 0 and P = pn. Therefore, we
obtain the following.

X V
VS E®m) = —5<<p(tracen5n)2>> + V{{pdn, 8n)).

Consequently, we conclude the following.

THEOREM 5.4. Fixing P, under the condition that SE(n) =0 the 2nd variation
Jformulae is given by

5*E(n)

1 n—2 s2 vV s\ 2V P

= Vol W((P))(ﬁfacen m° — ;((p(trace,, n7) + 7((13 n,8m) ¢
where p is a constant when n # 2. In particular, if n = 1, 2 and p is a non-negative(resp.
non-positive ) constant then 8*E(n) = 0 (resp. 8*E(n) < 0) holds.

The last assertion in Theorem 5.4 follows from the Cauchy-Schwarz inequality
(((trace,8m)*)) < n((sn, 811)).

When n = 3 we have the following.

THEOREM 5.5. Assume that n 2 3 and p is a non-zero. Then, the critical point of
E(n) is unstable.

Proof. Note that p is a constant when n = 3. First of all, consider the case where
p is a negative constant. In this case, if we choose 87 so that trace,6n = 0 holds, then
we see that §2E(n) < 0. In the following, we consider the case where p is a positive
constant. Choose two domains V7, V5, in M with ¥V} NV, = ¢. Choose € > 0 so that

2 _2
e < T2 Nol(ry) and € < T2 Vol(Va) (5.6)
n n
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hold. Next, we choose two domains Uj, U, in M so that they satisfy

{ Vi > Uy, Vol(Vy)—Vol(U)) < ¢ (5.7)

Vy D Uy, Vol(V;)— Vol(U) < e.

We define a]~" € C*°(M) by

1 on U,
~ >0 onl
f=14=<0 onlh,

-1 on U,

0 Otbhers.

Set ¢; = ij dpy, 2 =— f%}" dp,. Then, we see that ¢; > 0 and ¢; > 0. Moreover,

if we define f by
CZZ on V)
f={3caf onl,
0 Others

then we have ' € C*°(M). We consider n = fn. We calculate

({trace,dn)) = / nczf duy +/ nclf du, = neyey + nei(—c2) = 0.
14 Vs

In particular, we see that the term ((tracenén))2 is equal to zero. Moreover, using the
definition of the function f, we have the following.

V |4
P ((trace,6m)?) = S dpy =2 dp,
n Vl n Vz

IN
=
35
3
5]
QU
h=

V
2.2
My — — o’ dpy
U[ n U2

= —npV {3Vol(U) + 1 Vol(U)} (5.8)

2pV
—((8n, 8n))
n

2pV

B ot [ o
n 4 V2

2pV

{/ nc3 du, +/ nc d,u,,}
n V1 VZ

= 2pV {3 Vol(V1) + i Vol(V2)} . (5.9)

[IA
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It then follows from (5.6)—(5.9) and the assumption » = 3 that

SE0) = [0~ 2 t(trace,m) + 22 (on, 5m)
< V},H [ — pVr{SVol(Uy) + IVol(Un)} + 2pV {EVol(V1) + Vol(V2)) ]
< . [ 2Vol(11) + n(=Vol(V) + )} + & (2Vol(V2) + n(=Vol(V2) + €)} |
- "7‘1 [e% {—" - 2Vol(1) —i—e} +c {—" - 2Vol(Va) + e” <0

Therefore, the critical point of £(n) is unstable. O

Theorem 5.5, together with Proposition 4.3, yields the following.

THEOREM 5.10. Let (M, g) be a smooth manifold. For E : Tg* —> R defined in
Section 1, the following four conditions are mutually equivalent.

(1) There exists a critical point n € Tg* such that trace, P = 0.

(2) nis a critical point for any n € fg*.

(3) n is a stable critical point for any n € ig*.

4 P=0.
Moreover, if dimM = 3 then any of the following conditions (5) and (6) is also
equivalent to any of the conditions (1), (2), (3) and (4)

(5) There exist a critical point n € T5 and a point m € M such that trace, P(m) = 0
or det(Py)(m) = 0.

(6) There exists a stable critical point n € ig*.

Proof- It is enough to prove the implication (2) =— (1). Take any € Tg* Then, we
have P = %n. There are two possibilities : (i) trace, P = 0 and (ii) there is a point
m € M such that trace, P(m) # 0. Since the case (i) implies the condition (1), we just
consider the case (ii). In this case, there exists a neighbourhood U(m) of m € M such
that trace, P # 0 on U(m). Choose £ € Tg* so that  and & are linearly independent on
U(m). Set n. = n + €£. Choosing € to be small enough, if necessary, we may assume
that trace, P # 0 on U(m) and 7. € ‘Sg*. We then see that

trace, P trace, P
P= T p= " ne on U(m),
n n
which contradicts the linear independence of  and &. O

COROLLARY 5.11. Consider the case where P is the Ricci tensor of an n-dimensional
Riemannian manifold (M, g), n =2 3 and §E(g) = 0. Then, g is stable if and only if g is a
Ricci flat metric.

COROLLARY 5.12. Consider the case where P is the Ricci form of a 2m-dimensional
compact almost Kéihler manifold (M, gy, Jyr, Qar), m 2 2 and SE(Q2py) = 0. Then, Q)
is stable if and only if gys is a Ricci flat metric.

COROLLARY 5.13. Let ¢ : (M, gurr, Jar, Q) —> (N, gy, v, Q) be an isometric
immersion from a 2m-dimensional compact almost Kihler manifold into an almost Kdhler
manifold. Consider the case where P = ¢*Qy, m 2 2 and §E(Q2p) = 0. Then, Qy is
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stable if and only if ¢ is a totally real immersion (i.e., o*Qy = 0[1]), which, in particular,
implies that ¢ is a Lagrangian immersion in case of dimN = 4m.

COROLLARY 5.14. Let f : (M, g) —> (N, h) be a smooth map from an m-dimensional
semi-Riemannian manifold into an n-dimensional manifold with an arbitrary smooth
(0, 2)-tensor h. Consider the case where P = h(df, df), m = 3 and SE(g) =0. If g is
stable or the energy density e(f) = treP/2 vanishes at some point, then the energy of f is
zero, that is

1 m n .
/M e(f)du, = /M 5 >N & has (NS dpg = 0.

ij=1a,p=1

In particular, f is a constant map if h is positive or negative definite.
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