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Strong Asymptotics of Hermite—Padé
Approximants for Angelesco Systems

Maxim L. Yattselev

Abstract. In this work type II Hermite-Padé approximants for a vector of Cauchy transforms of
smooth Jacobi-type densities are considered. It is assumed that densities are supported on mutually
disjoint intervals (an Angelesco system with complex weights). The formulae of strong asymptotics
are derived for any ray sequence of multi-indices.

1 Introduction

Let f = (fis. .., f»)» p € N, be a vector of germs of holomorphic functions at infinity.

Given a multi-index 71 € NP, Hermite-Padé approximant to f associated with #, is a
vector of rational functions

(L1) (] = (P /Qs,..., PP Q)
such that

deg(Qs) = || = ny +--- + ny,

(12) RV (2) = (Qafi - P))(2) = O(z ™)) asz > o0, ie{l,...,p}.

It is quite simple to see that [7i] 7 always exists, since (1.2) can be rewritten as a linear
system that has more unknowns than equations with coefficients coming from the
Laurent expansions of f;’s at infinity. Hence, Q5 is never identically zero, and, in
what follows, we normalize Qj; to be monic.

The vector f is called an Angelesco system if

(13) fi(2) = f dai_(i), ie{l....ph

t
where 0;’s are positive measures on the real line with mutually disjoint convex hulls
of their supports; i.e., [aj,b;] N [ak, bi] = @ for j # k, where [a;, b;] is the small-
est interval containing supp(o;). Hermite-Padé approximants to such systems were
initially considered by Angelesco [1] and later by Nikishin [22,23]. The beauty of sys-
tem (1.3) is that Qj;, the denominator of [7] 7> turns out to be a multiple orthogonal
polynomial satisfying

/ Qi (x)x*do;(x) = 0, ke{0,....,n; -1}, ie{l,...,p}.
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When p = 1, Hermite-Padé approximant [#]; specializes to the diagonal Padé
approximant, quite often denoted by [n/n]. It was shown by Markov [19] that if f
is of the form (1.3) (now called a Markov function), then [n/n]s converge to f locally
uniformly outside of [a, b]. Moreover, if o is a regular measure in the sense of Stahl
and Totik [28, Sec. 3.1] (in particular, ¢’ > 0 almost everywhere on [, b] implies
regularity), then (see [28, Thm. 3.1.1 and 6.1.6]) it holds that

lim 7! log‘f— [n/n]f| =-2(¢-V®),
(1.4) U
lim n™" log|Q,|=-V*
n—oo
locally uniformly in C \ [a, b], where V“(z) := - [ log|z - t|dw(t) is the logarithmic
potential of w, while the measure w and the constant € are the unique solutions of the
min/max problem:
15 £:= min V¥(x) = in_V"(x),
- el i ey V)
where M, (a, b) is the collection of all positive Borel measures of mass ¢ supported
on [a, b]. In fact, it also holds that w is the equilibrium distribution and € is the Robin’s
constant for the interval [a, b]. That is, w is the unique measure on [a, b] that solves
the energy minimization problem:
1.6 I = in I{v], t=1w],
(16) [€] = _min I[v] [«]
where I[v] := - [ [log|z—t|dv(t)dv(z) = [ V'dv is the logarithmic energy of v (for
the notions of logarithmic potential theory we use [26,27] as primary references).
It easily follows from (1.5), (1.6), and properties of the superharmonic functions
that

£-V®=0 onla,b],

(1.7) " =

¢-V®>0 inC~[a,b].
Hence, the diagonal Padé approximants [#/n] do indeed converge to f locally uni-
formly in C \ [a, b].

The above results were extended by Gonchar and Rakhmanov [14] to Hermite-
Padé approximants for Angelesco systems when multi-indices are such that
(1.8) n; = ¢ +o([7]), ¢=(c1...,cp) €(0,1)7, |c|=1,

as || — oo, and the measures o; satisfy g/ > 0 almost everywhere on [a;,b;], i €
{1,...,p}. The formulae for the errors of approximation are similar in appearance
to (1.4) with measures coming not from a scalar but from a vector minimum energy
problem. To describe it, define

Mg({ai,bi}f) = {1_/': (Vl,...,Vp) Vi EMC,-(ai:bi)’ i€ {1”1)}}

Then it is known that there exists the unique vector of measures & € M 5( {a;, b;}} )
such that

P
L9) I[@]= min I[5], I[¥] ::Z(Zl[vi]+21[v,-,vk]),

veM;({a;,b;}}) =1 k#i
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where I[v;, v] := — [ [ log|z - t|dv;(t)dvk(z). The measures w; might no longer be
supported on the whole intervals [a;, b; ] (the so-called pushing effect), but in general
it holds that

(1.10) supp(w;) = [az,i, bei] € [ainbi],  ie{l,...,p}.

Let W7 be a function on U?_ [a;, b;] such that its restriction to [a;, b;] is equal to
V¥tV where v = ¥°F_ v; is a probability measure such that V|[a;,b;] = Vi- Exactly
as in (1.5), the equilibrium vector measure @ can be characterized by the following
property. If
(1.11) min W'(x)> min W9(x)=:¢
xe[a;,b;] xe[a;,b;]

simultaneously for all i € {1,..., p} for some ¥ € M¢({a;, b;}}), then v = @.

Having all the definitions at hand, we can formulate the main result of [14], which

states that

Jim | og | fi - P /Qa| = —( € - Ve, ie{L...,p},
(112) e

Jim [ 1og Qs = -V,

n|—oo

locally uniformly in C \ U‘f;l[ai, b;]'. Even though (1.12) looks exactly like (1.4), the
convergence properties of the approximants are not as straightforward. Indeed, it is
a direct consequence of the pushing effect ([az,;, bz,;] € [a:, bi]), when it occurs, of
course, that the first relation in (1.7) is replaced now by

(1.13) l; — Vw':er =0 on [ag,,', bg’i],
ei_vw,-f-w <0 on [tli,b,'] N [tlg),‘,bgyi].

Further, set

(114) {D? = {2 6-Vre(2) > 0},

Dj := {z: £; - V9it(z) <0}.

Dy

a; = ag; b1 b1 ag = aza by = bao

Figure I: Schematic representation of the pushing effect in the case of 2 intervals (in Proposi-
tion 2.3 we shall show that this is the only possible situation for pushing effect in the case of 2
intervals; this is also explained in [14]). The shaded region is the divergence domain D; while
D; = @.

1(1.12) is consistent with (1.4) when p = 1, since in this case I[¥] = 2I[v;], £; = 2¢,and V“17¢ = 2V ®,
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Properties of the logarithmic potentials immediately imply that DJr is an unbounded
domain. This is exactly the domain in which the approximants PE / Qs converge to f;
locally uniformly, while D} is a bounded open set on which the appr0x1mants diverge
to infinity. This set can be empty or not. The latter situation necessarily happens when
[az,i>bei] € [ai, bi], as can be clearly seen from the second line in (1.13); however,
the pushing effect is not necessary for the divergence set to exist.

The result of Gonchar and Rakhmanov (1.12) belongs to the realm of the so-called
weak asymptotics as to distinguish from strong asymptotics, in which one establishes
the existence of and identifies the limits

Jim (log|fB17 /a] + (2= V),

(L15)
Jim_(log|Qal + (V).

Not surprisingly, the first result completely answering the previous question was ob-
tained for Padé approximants (p = 1) by Szeg8. He proved that limit (1.15) takes place
exactly when o’ satisfies [ log 6’dw > —oo, which is now known as a Szegé condition.>
The analog of the Szegé theorem for true Hermite-Padé approximants was proved
by Aptekarev [2] when p = 2 and the multi-indices are diagonal (# = (n,n)) with
indications how one could carry the approach to any p > 1. A rigorous proof for any
p and diagonal multi-indices was completed by Aptekarev and Lysov [4] for systems
f of Markov functions generated by cyclic graphs (the so called generalized Nikishin
systems), of which Angelesco systems are a particular example. The restriction on the
measures 0; is more stringent in [4], as it is required that

(1.16) 0] (x) = hi(x)(x — a;)% (b; - x)P, ai, Bi > -1,

and h; be holomorphic and non-vanishing in some neighborhood of [a;, b;].

From the approximation theory point of view it is not natural to require the mea-
sures 0; to be positive (as well as to be supported on the real line, but we shall not dwell
on this point here). In the case of Padé approximants it was Nuttall [24] who proved
the existence of and identified the limit in (1.15) for the set up (1.3) and (1.16) with
o = B = -1/2 and h being Holder continuous, non-vanishing, and complex-valued
on [a, b]. The proof of Szegd’s theorem for any parameters «, § > —1, and h complex-
valued, holomorphic, and non-vanishing around [a, b] follows from Aptekarev [3]
(this result was not the main focus of [3]; there, weighed approximation on one-arc
S-contours was considered), and the condition of holomorphy of h was relaxed by
Baratchart and the author in [5], where h is taken from a fractional Sobolev space
that depends on the parameters «, 8 (again, the main focus of [5] was weighted (mul-
tipoint) Padé approximation on one-arc S-contours). The goal of this work is to ex-
tend the results of [4] to Angelesco systems with complex weights and Hermite-Padé
approximants corresponding to multi-indices as in (1.8).

2The word “completely” is slightly abused here as it was later realized by [31] that one can add any
singular measure to ¢’ (t)dt, the absolutely continuous part, without changing (1.15).
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2 Main Results

From now on, we fix a system of mutually disjoint intervals {[a;, b;]}_, and a vector
¢ € (0,1)” such that |c| = 1. We further denote by

e

|
—

b= (w,...,0p), w:=) w;, supp(w;)=[agi be;]C< [ai,bi],
the equilibrium vector measure minimizing the energy functional (1.9).

To describe the forthcoming results we need a (p + 1)-sheeted compact Riemann
surface, say DR, that we realize in the following way. Take p + 1 copies of C. Cut one of
them along the union Ule [ agi bg,i] , which henceforth is denoted by M Each of
the remaining copies cut along only one interval [ a; ;, bz, ; | so that no two copies have
the same cut and denote them by R To form R, take M) and glue the banks of
the cut [ag,;, bz,; | crosswise to the banks of the corresponding cut on RO,

It can be easily verified that the constructed Riemann surface has genus 0. Denote
by 7 the natural projection from fR to C. We denote by z,w, x, e generic points on
R with natural projections z, w, x, e. We also employ the notation z(*) for a point
on R with n(z()) = z. This notation is well defined everywhere outside of the
cycles A; := RO A RO Clearly, 7(A;) = [ac.;, be,;]. It will also be convenient to
denote by a;,; and b;; the branch points of 9} with respective projections a;; and
bg)i, i€ {1, . ,p}

Unfortunately, to be able to handle general multi-indices of form (1.8), one Rie-
mann surface is not sufficient. Let # € N?. Denote by

P
@7 = (@710 @ip)s  Wii= Y @an  supp(wii) = [ ami bai] € [ai bil,
i=1

the equilibrium vector measure minimizing the energy functional (1.9), where ¢ is re-
placed by the vector (m/|i|,...,n,/|i|). The surface QRj; is defined absolutely anal-
ogously to R. The notation Ay ;, as,;, and by ;, i € {1,..., p} is self-evident now.
Since each MR 5 has genus zero, one can arbitrarily prescribe zero/pole multisets of
rational functions on Rj as long as the multisets have the same cardinality. Thus,
given a multi-index 7, we shall denote by @ a rational function on R that is non-
zero and finite everywhere on 9y Uizo{oo(k)}, has a pole of order |7 at c0(?), a

zero of multiplicity 7; at each co(?), and satisfies
p
2.1) [10a(z%) =1.
k=0

Normalization (2.1) is possible, since the function log Hi:o |;(2(F))| extends to a
harmonic function on C which has a well-defined limit at infinity. Hence, it is con-
stant. Therefore, if (2.1) holds at one point, it holds throughout C. The importance of
the function @y to our analysis lies in the following proposition.

https://doi.org/10.4153/CJM-2015-043-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-043-3

1164 M. Yattselev

Proposition 2.1  With the above notation, it holds that
. 0
—V‘”"(z)+ﬁzi=1€ﬁ,k, ZGm(ﬁ ),

VOri(2) = i+ 25 N0 b €M, ie (L., p).

élog|<l),q(z)| = {
7|

If a sequence { ﬁ} satisfies (1.8), then the measures wy converge to w in the weak™ topol-
o0gy of measures as |#| — oo (in particular, this implies that €; ; — €;, as; — az,;, and
bsi,i = bgi). Moreover, it holds that V“» — Vi uniformly on compact subsets of C
foreachie{l,...,p}.

It immediately follows from Proposition 2.1 that
1 ;i (2

1 og 2i22)
| 7] @a(z()
uniformly on compact subsets of C as |#i| - oo for each i € {1,..., p}.

The following corollary is an elementary consequence of Proposition 2.1. It de-
scribes the assumption with which (1.8), often replaced when strong asymptotics are
discussed (most often k = (1,...,1)).

(2.2) = VORitOi(z) — €5, = VYT (2) - €+ 0(1)

Corollary 2.2 Letk ¢ NP. If ¢ = (k1/|l;|,...,kp/|lz|) and 71 = nk, n € N, then
W; = @ and O; = CD%.

Proposition 2.1 allows us to recover |®;| via the vector equilibrium measure @;.
In order to do it for the function @y itself, let us define h; on 95 by the rule

= P
hﬁ(Z(O)) ::fM, ze C~Ulan,i ba,il,
(2.3) g i=1

: dw; ;
hﬁ(z(’)) = f L(X), zeC~[anibail, ie€{l,....p}.
xX-z

We further define the function / on R exactly as in (2.3) with @ replaced by @. For
brevity, we also denote by y;; ; (resp. ;) the Jordan arc belonging to mf;)) (resp. R(©)

such that 71(y;, ;) = [bs,i» @ii,is1] (resp. 7(y;) = [bei, azin]), i € {1,...,p—1}.

Proposition 2.3  The function hy is a rational function on Ry that has a simple zero
at each 00(®), k € {0,.. ., p}, a single simple zero, say z; ;, on each Yapi€{lL...,p-
1}, a simple pole® at each {aj,;, bs;}?_,, and is otherwise non-vanishing and finite.
Moreover,

Zii = b;,’i == bﬁ’i € aD%)i and Zh,i = Ayiv1 < Ajiv1 € aD%’iH,

where the sets D; ; are defined as in (1.14). Absolutely analogous claims hold for h, R,
and y,. Furthermore, it holds that

(.4 @s(2) =exp(Jil [ ha(x)dx},

where the initial bound for integration should be chosen so that (2.1) is satisfied. Finally,
if we set R to be R with circular neighborhood of radius & excised around each of its

30f course, if zj;,; coincides with either bj; ; or aj ;11, then it cancels the corresponding pole.
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branch points, then hy — h uniformly on R for each § > 0, where hy; is carried over
to Ry with the help of natural projections.

Thus, knowing the logarithmic derivative of ®5, we can recover the vector equi-

librium measure w; by
das(x) = (h () ~ KD () &,
i

as follows from Privalov’s Lemma [25, Sec. II1.2] (the above formula does not allow
us to recover @y via a purely geometric construction of @y, as one needs to know the
intervals [a;,;, by ;] to construct 9R;). We prove Propositions 2.1 and 2.3 in Section 5.

The purpose of the following proposition is to identify the limits in (1.15), which
are nothing but appropriate generalizations of the classical Szeg6 function. In order
to do that we need to specify the conditions we place on the considered densities. In
what follows, it is assumed that

(2.5) pi(x) = pr,i(x)ps,i(x),

where p, ; is the regular part; that is, it is holomorphic and non-vanishing in some
neighborhood of [a;,b;], and ps; is the singular part consisting of finitely many
Fisher-Hartwig singularities [8], i.e.,

Ji Ji
y I,  x<uxj
2.6 i(x) =TT lx = xi|* ’ N
(2.6) ps.i(x) j=0| il E{/}ﬁ, X>xl’j}

where a; = xj0 < xi1 < -+ < Xij.1 < Xij, = bi, aij > =1, fij € C N (-00,0]. In
what follows, we adopt the following convention: given a function F on R, we denote
by F() its pull-back from RE (A, k€ {0,. .. ,p}. That is, F(¥)(2) == F(z(®),
S E AN [ag,i, bg),’].

Proposition 2.4 Foreachic€ {l,...,p}, let p; be of the form (2.5)~(2.6). Further, let

(2.7) wi(z) =/ (z - azi)(z - be,i)

be the branch holomorphic outside of [ az.i, bg,,-] normalized so that w;(z)/z — 1 as
z — oo. Then there exists the unique function S non-vanishing and holomorphic in
M\ UL A such that

(2.8) s¢) = Sg:O)(PiWH-) on (agi>bei) N {xij}?zo,

i€{l,...,p}, and that satisfies

(2.9) |S(0)(z)| ~ |S(")(z)|71 ~lz—e Dt g 2 e {af,i,bg),‘},
ie{l,...,p}, where a = a;j if e = x;j and « = 0 otherwise;
(2.10) |S(0)(z)| N |S(")(z)|7l ~z - xij|—(“ijiafg(ﬁij)/ﬂ)/2

as z— Xxjj € (ag,,-, bg),’) , +Im(z)>0,

ie{l,...,phand15_,S¥(z) = 1.
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We prove Proposition 2.4 in Section 6. Finally, we are ready to formulate our main
result.

Theorem 2.5 Letf = (f,..., fp) be a vector of functions given by

(2.11) fi(z) = L f[ o] pi(x) dx, zeC~ [aj, b;],

2mi X—z

for a system of mutually disjoint intervals {[a;, b;]}}_,, where the functions p; are of
the form (2.5)-(2.6), i € {1,..., p}. Given ¢ € (0,1)? such that |c| = 1 and a sequence of
multi-indices {n} satisfying (1.8), let [1] ; be the corresponding Hermite-Padé approx-
imant (1.1)-(1.2). Then

Qi = Ca[1+0(1)] (8D:)(,
RY = Ci[1+0(1)] (S©:) D fwi, i€ {L,...,p},

locally uniformly in C ~ U?_ [a;, b;], where the functions ®; are as in Proposition 2.1,
the functions S and w; are as in Proposition 2.4, and lim,_, o, C5(S®5)(® ()71 = 1.
In particular, deg(Qz) = || for all |#]| large enough.

Theorem 2.5 is proved in Section 8. It follows immediately from (1.2), (1.14), and
(2.2) that

D 14 0(1) (S05)

Ji- QG ow (S0)®
is geometrically small locally uniformly in D} and is geometrically big locally uni-
formly in D; whenever the latter is non-empty.

3 Riemann-Hilbert Approach

To prove Theorem 2.5 we use the extension to multiple orthogonal polynomials [29] of
the by now classical approach of Fokas, Its, and Kitaev [11,12] connecting orthogonal
polynomials to matrix Riemann-Hilbert problems. The RH problem is then analyzed
via the non-linear steepest descent method of Deift and Zhou [10].

The Riemann-Hilbert approach of Fokas, Its, and Kitaev lies in the following. As-
sume that the multi-index # = (ny, ..., n,) is such that

(3.1 deg(Qs) =|n| and R;i_)éi (z)~z™ as z-oo0, i€{l,...,p},

where all the entries of the vector €; are zero except for the i-th one, which is 1. Set

1) (»)
Q; R}, R
(1) ()
(32) Y = mﬁ’l'Qﬁ7€1 mﬁ’lgﬁ—a U mﬁ’lgﬁ—a s
() ()
Mii,p Qii-é, mﬁ)PRﬁ—éP mﬁ’PRﬁ—E,,

where mj ;, i € {1,..., p}, is a constant such that

lim mﬁ,iR(ﬁi_)E_ (z)z" =1.
zZ—00 !
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To capture the block structure of many matrices appearing below, let us introduce
transformations T;, i € {1,..., p}, that act on 2 x 2 matrices:

en  e€n).
T; ( ) i= enEy1 + epEy i + enEivy + e2Eiin+ Y, Ejj

e
€21 €22 j#L,i+1

where E j is the matrix with all zero entries except for the (j, k)-th one, which is 1. It
can be easily checked that T;(AB) = T;(A)T;(B) for any 2 x 2 matrices A, B.
The matrix-valued function Y solves the following Riemann-Hilbert problem

(RHP-Y):
(a) Yisanalyticin C\U?_[a;,b;] andlim, .o, Y (2)27°(") = I, where I is the iden-
tity matrix and o (#) := diag(|s|, -ny,...,-np);

(b) Y has continuous traces on each (a;, b;) \ {x;;} that satisfy Y, = Y_T;( 5P );
(c) the entries of the (i +1)-st column of Y behave like O(y,;(z - xij)) as z = x;j,

j€{0,...,]J;}, while the remaining entries stay bounded, where
lz|*,  ifa<oO,
Va(z) = {loglz|, ifa=0,
1 ifa>0.

The property RHP-Y (a) follows immediately from (1.2) and (3.1). The property

RHP-Y (b) is due to the equality
RY) =R = Qi (fie = fi) = Qapi on (asby),

which in itself is a consequence of (1.2), (2.11), and the Sokhotski-Plemelj formulae
[13, Section 4.2]. Finally, RHP-Y (c) follows from the local analysis of Cauchy integrals
in [13, Section 8.1].

Conversely, if Y is a solution of RHP-Y, then it follows from RHP-Y(b) and the
normalization at infinity in RHP-Y (a) that [Y];; is a polynomial of degree exactly

|#i|. It further follows from RHP-Y(b) that [Y]; 41, i € {1,..., p}, is holomorphic
outside of [a;, b;], vanishes at infinity with order n; + 1, and satisfies

(Y]yivie = [Y]nio- = [Y]pi on (ai, bi) N {xij}.
Combining this with RHP-Y (c), we see that [ Y] ;. is the Cauchy integral of [ Y] 1p;
on [a;, b;]. Furthermore, from the order of vanishing at infinity, one can easily in-
fer that [Y];1(x) is orthogonal to x/, j € {0,...,n; — 1}, with respect to p;(x)dx.
Hence, [Y]11 = Qs> [Y]1,i41 = R(ﬁ’), and (3.1) holds. Other rows of Y can be analyzed
analogously. Altogether, the following proposition takes place.

Proposition 3.1  Ifa solution of RHP-Y exists, then it is unique. Moreover, in this case
it is given by (3.2) where Qy; and R(ﬁl—)a satisfy (3.1). Conversely, if (3.1) is fulfilled, then
(3.2) solves RHP-Y.

4 Model Riemann-Hilbert Problems

It is known that to analyze RHP-Y via steepest descent method of Deift and Zhou, one
needs to construct local solutions around each singular point of the functions p; and
the endpoints of the support of each component of the vector equilibrium measure,
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see Section 9. In this section, we present all these model RH problems. In what follows
we use the notation o3 := (} ).

Singular Points of the Weights

The RH problem RHP-®, 3 stated below will be needed in Section 9.2 for the analy-
sis around Fisher-Hartwig singularities at the points {x;;} (see (2.6)) that belong to
(az,i, bz,i); see (110).

Below, we always assume that the real line as well as its subintervals are oriented
from left to right. Further, we set

(4.1) L :={z:arg(z) = £2n/3}, J.:={z:arg(z) = +n/3},

where the rays I, are oriented towards the origin and the rays ], are oriented away
from the origin. Put

Z(®yp) =L, Ul U], U] U(-00,00)
and consider the following Riemann-Hilbert problem: given
a>-1 and BeC~ (-00,0],
find a matrix-valued function ®, g such that
(a) @g,pis holomorphicin C\ X(®@, p);
(b) @, g has continuous traces on X (@, g) \ {0} that satisfy
( —01(1)) on (-00,0),

( 0 ﬁ) on (0, 00),

(Da,ﬁ+ = q)oc,ﬁ— {
_ﬁ—l 0

and
i{xni 0 on I s
(Da,ﬁ+ — (Da,ﬁ— {( el . 1) +
(p1) onls

(c) as { = 0, it holds that
o (1817 fgle R (ge s _ ol logldl
(Du»/;(() =0 (|(|a/2 |(|a/2 4 |C|_a/2 and q)oc,/?(() =0 1 10g|(|

when a # 0 and « = 0, respectively;
(d) @, p has the following behavior near oo:

Q. 5(0) = (I+0((™)) (i0)\°8P%/2M B exp{Fil03/2}, +Im({) >0,
uniformly in C \ £(®,_g), where (i{)'°8 BI27 has a branch cut along (0, 00 ) (ob-
serve also that (i)"°##/>™ = B(i¢)"*8#/2™ on (0, 00)) and

(B0 : _ 0 -1
B, ':( 0 efomi/z ﬁtﬁeam@’ B_:=B, 1 o)

The solution of RHP-®, ; can be written explicitly with the help of confluent hy-
pergeometric functions. It was done first in [30] for the case § = 1, then in [20, 21]
for B € (0,00), and, in [8] for a + log B/7i ¢ {-2,-4,...} (of course, in all the cases
« > —1; parameters «; and f3; in [8] correspond to «/2 and ilog /27 above). To be
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more precise, one needs to take ®, g B/* multiply it by e~*™/2 in the first quad-

rant, by e*™%/2 in the fourth quadrant, and then rotate the whole picture by 7/2 to
get the corresponding problem in [8].

4.2 Hard Edge

The following RH problem will be used in Section 9.3 to construct local parametrices
around those endpoints of the intervals [a¢;, bz ;] (see (1.10)), that do not belong to
the boundary of the corresponding divergence domain; see (1.14).

Given « > -1, find a matrix-valued function ¥, such that

(a) ¥, is holomorphicin C \ (I, UI_ U (—00,0]);
(b) W, has continuous traces on I, UI_ U (—o0,0) that satisfy

~ ( 9 (1)) on (-00,0),
\Iloc+ = ‘Poc— {( eil,na (1)) on Ii;

(c) as { = 0, it holds that

NG ~ (loglt] logm)
‘P“(”‘O(W/Z |<|“/2) and ‘P““)‘O(logm log?]

when « < 0 and « = 0, respectively, and

_o(4” |<|-“/2) _ ((I“"/Z |<|-“/2)
\I/u(()—(‘)(|(|a/2 |C|7a/2 and Y,.({)=0 mfoc/Z |(|—<x/2

when « > 0, for |arg({)| < 2m/3 and 27/3 < | arg({)| < m, respectively;
(d) W, has the following behavior near co:
(—03/4
V2

uniformly in C \ (I uI_ U (-o0,0]).

Y, ()= (} i) (I+ O((—l/z)) exp{2(1/203}

The solution of this Riemann-Hilbert problem was constructed explicitly in [18] with
the help of modified Bessel and Hankel functions.

4.3 Soft-Type Edge

The final model RH problem we need, RHP-¥, g, will be applied in Sections 9.4 and
9.5 to build local parametrices around those endpoints of the intervals [az;, bz ],
see (1.10), that do belong to the boundary of the corresponding divergence domain,
see (1.14).

It is convenient to denote the consecutive sectors of C \ ((—oco,00) UI_UI,) by
Q1, Qz, Q3,and Qy, starting with the one containing the first quadrant and continuing
counter clockwise. Given a € R and 8 € C \ (-o0,0), we are looking for a matrix-
valued function ¥, g such that the following hold:

(a) W4,p is holomorphicin C \ (I+ ul_u(-o0, oo))
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(b) ¥, p has continuous traces on I, U I_ U (~00,0) U (0, co) that satisfy
( —01(1)) on (-0,0),
\Ila,ﬁ+ = \Il(x,ﬁ— ( pEina (1)) on Ii,
( . /15) on (0, 00).
(c) As{ — 0, it holds that
Yo p(0) = E(0)Sap(0)A), (€Qj

where E is a holomorphic matrix function,

1 0 1 - 1 0
A3:A4(e_m 1)’ A“:Al(o 1ﬂ)’ Al:Az(e“"i 1)’

and
1 lfﬁe‘”-li 1 ﬁiean.i
A, = 2cos(rxrr/2). 1-e Zcos(an/z). 1-e , Sa,ﬁ(() _ Cuas/z
_e(xm/Z e—txm/z

when « is not an integer,
A (;eani/Z ;e—ocni/2) Sua(0) = ((a/Z %(u/z log C)
_eomi/2  pamij2 |7 O%F 0 -l
when « is an even integer,
0 o~ ami/2 ((x/l %(«x/z log {
4; = (_eani/z eani/Z) o Sap(0) = ( 0 " ol )

when « is an odd integer.
(d) Wa,p has the following behavior near oo:

—03/4 .
‘P“,ﬁ((;S) = (I+o((_l)) C\/ﬁ (i i)exp{—i((+s)3/203}
uniformly in C ~ (Lr ul_u(-oo, oo))

Besides RHP-¥, 4, we also need RHP—‘T’a,ﬁ obtained from RHP-¥, s by replac-
ing RHP-¥, s(d) with the following:

d ¥, s has the following behavior near co:

~ —03/4 i
Fasti) = (10 2 (1 el (G0 )

The problems RHP-¥, ;3 and RHP-¥,, p are simultaneously uniquely solvable, and
the solutions are connected by

LCEE R L)

as follows from the estimate

2= (2000 = (1+0(s/0)) 5

W as (—)OO
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When « =0, f =1, and s = 0, the above Riemann-Hilbert problem is well known
[9] and is solved using Airy functions. When § = 1, the solvability of this problem for
all s € R was shown in [15] with further properties investigated in [16] (RHP-‘AI”,X, g is
associated with a solution of Painlevé XXXIV equation). The solvability of the case
a=0,8€C~(-00,0),and s € R was obtained in [32]. The latter case appeared in
[6] as well. More generally, the following theorem holds.

Theorem 4.1 Given a € R and 3 € C\ (-00,0), the RH-problems RHP-¥, g, and

therefore RHP-q’“,ﬁ, is uniquely solvable for all s € R. Moreover, assuming 8 # 0, it
holds that

o1 ls| +1 2 ,
(42)  Wap(Gs) = 7 (i 1)(1+O( |{|+1))exp{—3((+s)3/03}

uniformly for { € C\(1,UI_U(~00, 00)) ands € (—o0, 00), and it also holds uniformly
for s € [0, 00) when 8 = 0; furthermore, we have that

~ (—03/4 1 i |S|+1 P , "
(4.3) Wa,0(Gs) = 7 (i 1)(1+O( |{|+1))exp{—(3(3/ +s(/)03}

uniformly for { e C\ (L, UI_ U (-00,0]) and s € (—o0,0].

Theorem 4.1 is proved in Section 10.

5 Geometry
In this section we prove Propositions 2.1 and 2.3.
5.1 Proof of Proposition 2.1

Set

O; :={z: Re(z) € (as,ibs,i) and +Im(z) > 0}.
Since the measures wj ; are supported on the real line, (1.13) and the Schwarz reflec-
tion principle yield that the function

05— VOit@ni(z), zeOf,

V@itii(z) — €5, z€O0j,
is harmonic across (aj,;, by,; ). As the support of wj; — w5 ; is disjoint from [ a7 ;, bi,i],
the function £;; + V®*~“# is harmonic across (a;,;, bji,;) as well. By taking the
difference of these two functions, we see that

—2V¥i(z), ze O,

2V9hi(z) =285, z€Oj,
is harmonic in the same vertical strip. Thus, the function

—-V@i(z) + ﬁ b Gk ze 9%;0),

Veri(z) - i+ 55 X bk 2e R, il p),

(5.1) Hﬁ (Z) = {
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is harmonic on M \ UP_ { c0(¥) }. Since V?(z) = —|v|log|z| + O(1) as z - o0, we
get that the difference |11| ' log |®; (z)| - H; (z) is harmonic on the whole surface R
and is therefore a constant. Since Zi:o H;(z®) = 0 and ®;; is normalized so that
(2.1) holds, the first claim of the proposition follows.

Let ¥ be a weak™ limit point of {@5}. Since {7} satisfies (1.8), it holds that v €
M:({a;,b;}r_)). Thus, if we show that I[@] > I[¥], then ¥ = @& by (1.9). To this
end, let aj; ; be positive constants such that |az ;w;| = #n;/|7i], i € {1,..., p}. By (1.8),
i = las|r| — co. Set ¥y = (5,101, . . ., &5 pwp ). Then it follows from (1.9) applied
for the vector (n1/|fl,...,n,/[7|) that

I[@] = lim I[¥] >liminf I &].

[fi|—>o0 [7i]—>o0
Furthermore, the very definition of the weak™ convergence implies that

|7,1\i£loo I[ Wi, js (Uﬁ’k] = I[ Vi, vk]
for j # k as supp ( wﬁ’j) N supp ( wﬁ’k) = @ in this case. It also follows from the
Principle of Descent [27, Thm. 1.6.8] that

llip‘qinfl[w;,,,-] > I[v;].
n|—oo

Altogether,

1[&] Zl‘ipllinfl[(f)ﬁ] >1[ V],

n|—oo

which proves the claim about weak* convergence of measures.

Weak™ convergence of measures implies convergence of minima of the corre-
sponding potentials [14]. Hence, (1.11) yields that £; ; — ¢; forall i € {1,...,p}.
Moreover, weak* convergence also implies locally uniform convergence of V*#i to
V@ in C [ ag,;, be,;] (there is no convergence at infinity as, in general, |wj,;| # ||
for given ). Thus, it remains to show that the convergence of the potentials is uniform
on compact subsets of C.

First, let K be a continuum such that az;, bz; ¢ K and either Im(z) > 0 for all
z € KorIm(z) < 0 for all z € K (it can intersect (ag,;, bz;)). Then there exists a
unique continuum K such that 7(K()) = K and K n ) 4 &. Further, let U
be a neighborhood of K such that az ;, bz,; ¢ U. Denote by U the neighborhood
of K() such that 7(U)) = U. Since a;,; — ac,; and b; ; — be; as |7i] — oo, we can
analogously define Kéi) and U;i) on Rj. By definition,

p

Wii,i _ 1
V" = Hapeo = 27 2 b

1 P
VwizliK(i)-i-gi—i E fj,
K = P13

where H is defined on R exactly as H; was defined on 9R;;. Hence, to show that
V@ii converges to Vi uniformly on K it is enough to show that the pull backs of
Hj from Ué’ to U converge locally uniformly to the pull back of H. We do know
that such a convergence takes place locally uniformly on U n {Im(z) > 0} and U n
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{Im(z) < 0}. The full claim will follow from Harnack’s theorem if we show that
the pull backs of Hj, which are harmonic in U, form a uniformly bounded family
there. The latter is true, since each H (k) converges to H*) on any Jordan curve J
that encloses U?_ [a;, b;]. Hence, the moduli |Hj| are bounded on the lift of ] to R
and the bound is 1ndependent of 1. The max1mum principle propagates this estimate
through the region of R containing UQ ) and bounded by the lift of J.

Assume now that K is a continuum that contains one of the points {az;, bz ;},
say bg; for definiteness. It is sufficient to assume that K is contained in a disk, say U,
centered at the bz ; of radius small enough so that no other point from u? -1 {ac,j bej}

belongs to U. We can define K(") and K2 (1) analogously to the previous case. Let U(")
and U, ) be the circular neighborhoods of bz ; and by ;, respectively, with the natural
pro;ecuon U (clearly, they cover U twice). Let V be a disk centered at the origin of
radius smaller than the one of U, but large enough so that the translation of V to bz ;
still contains K. Then the functions

¢i(z) = (z+bs;)* and ¢(2) = (z+be;)?

provide one-to-one correspondents between V and some subdomains of Uéi) and

U, respectively. These subdomains still contain K ;i) and K(). Since by ; — be,; as
|#i| = oo, we can establish exactly as above that Hj; o ¢p; converges to H o ¢ locally uni-
formly in V, which again yields that V*## converges to V' uniformly on K. Clearly,
the considered cases are sufficient to establish the uniform convergence on compact
subsets of C.

5.2 Proof of Proposition 2.3

Observe that
WO = [ 998 - a ven(z) = 2. logl o) ()|
zZ—X
=i (0 (2)) 107 (2)

by Proposition 2.1 and direct computation, where 20, := d, —id,,. Clearly, analogous
formulae hold for hA 9 That s, hj is the logarlthmlc derlvatlve of @y, in particular,
(2.4) holds. Therefore, h;; is holomorphic around each point of M;; ~ {a;,;, bii 1o,
and clearly has a simple zero at each oo(k) k €{0,...,p}. Since MR; has square root
branching at each ramification point, oY has Puiseux expansion in non-negative
powers of 1/2 at each of them. Hence, h- has such an expansion as well, and the
smallest exponent is —1/2. Thus, h; has at most a simple pole at each {a;,;, b, }r_|
and, in particular, is a rational function on 5.

The number of zeros and poles, including multiplicities, of a rational function
should be the same. Therefore, hj has at most 2p and at least p + 1 poles (the lower
bound comes from the number of zeros at “infinities”) and at most p —1 “finite” zeros.
Let us now show that each of p—1arcs y;; ; contains exactly one of those “finite” zeros
(we slightly abuse the notion of a zero here, since a simple zero at the endpoint means
cancellation of the corresponding pole). Clearly, this is equivalent to showing that
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h(ﬁo) has a single simple zero in each gap [ b5 i, ai,i+1] (again, a “zero” at the endpoint
means that h(ﬁo) is locally bounded there).

Assume to the contrary that there is at least one gap, say [bs,j, a5, j1], without
a zero. Then h;o) would be infinite at both endpoints b5 j, as, i) However, since
wj is a positive measure, the very definition (2.3) yields that hﬁo is decreasing on
(b, j> asi,j+1). The latter is possible only if

(5.2) lim h(x) == lim B (x) = co.

XA, j+1

As h(ﬁo) is continuous on (bj j, as,j+1), it must vanish there. Since there are exactly
p —1gaps and p — 1 “free” zeros, this contradiction proves the claim.

Let us now show the correspondence between occurrence of the zeros at the end-
points of the gaps and the fact that divergence domains are touching the support. To
this end, notice that (2.4) combined with (2.2) yields that

X .
(5.3) b= Vo) = [ (0 = h{) ()dy.

If the zero of h(ﬁo) on [bj,;, an,i+1] does not coincide with by ;, then

WO () = el y—bai) " +0(),
WD (y) = —ca(y—bai) "+ 001)
for y — bs,; > 0 and small enough, where c; > 0, see (5.2). Hence,
(5.4) Ci— VORIt () = de(x — by )2+ O(|x - bﬁ)i|3/2) >0

for x — bj,; > 0 and small enough. On the other hand, if the zero coincides with b5 ;,
then

O (y) =G = ch(y = b)) + O(ly - bail).
D (y) =G+ iy = bai) '+ 0|y - bii])

for y — bs,; > 0 and small enough, where ¢}, > 0 (recall that h
function in each gap). Therefore,

0) . .
(ﬁ )isa decreasing

(55) ai= V() = ~(ach/3)(x = bai) T+ 0|2 = b ) <0

for x — b5,; > 0 and small enough. Thus, if the zero from [bﬁ)i, aﬁ,j+1:| coincides with
bii,i, then b ; € dD; ; and if it does not, then by ; ¢ 9D ;, see (1.14). As the analysis
near aj ; can be completed similarly, this finishes the proof of the claim.

Now let H; be defined by (5.1) and H be defined analogously on 3. We have
shown during the course of the proof of Proposition 2.1 that H; — H uniformly on
R, where Hj is carried over to SR with the help of natural projections. Since hj; =
20,Hj and h = 20, H, we get that h; — h uniformly on 1. This implies that /i is a
rational function on fR. The claim about zero/pole distribution of & follows from the
analogous statement for /5 and analysis similar to (5.3)-(5.5).

https://doi.org/10.4153/CJM-2015-043-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-043-3

Strong Asymptotics of Hermite-Padé Approximants for Angelesco Systems 1175
6 Szegd Function

This section is devoted to the proof of Proposition 2.4. Let z, w € R. Denote by Q. ,,
the unique abelian differential of the third kind, which is holomorphic on R\ {z, w}
and has simple poles at z and w of respective residues +1 and —1. Define

p
(61) C, = PQz,w - Z QZi,W’
i=1

where 77'(z) = {z,21,...,2,} for each z that is not a projection of a branch point of
R. The differential C, does not depend on the choice of w as it is simply the normal-
ized third kind differential with p + 1 simple poles at z, zy, ..., z, having respective
residues p,-1,..., -1

For each x € A;, which is not a branch point of YR, we shall denote by x* a point on
A; having the same canonical projection, i.e., 7(x) = m(x*). When x € A; isabranch
point of the surface, we simply set x* = x. Let A be a Holder continuous function on
A= Ule A;. Define

(6.2) A(z) = m 9% AC,, zZeMN n_l(n(A)).

The function A is holomorphic in the domain of its definition. Further, if z - x € A*,
then z; - x* € A for some je {1,...,p} and
Alx) + A(x*
A+(x) _ A_(x) = M’
p+1
according to [33, Eq. (2.8)]. On the other hand, if z > X ¢ A, whilez; - x € A* and
zy = x* € AT for some j, k€ {1,..., p}, then

A+(3c') _A_(gg) - M

p+1
Thus, if we additionally require that A(x) = A(x*), then A is a holomorphic function
in R \ A such that

(6.3) Ay(x)—A_(x)=A(x), xe€A.
It also can be readily verified using (6.1) and (6.2) that

(6.4) A(z) + Zp: A(z;)=0 on fR.
i=1

The above construction works for discontinuous functions as well. Moreover, it
is known that the continuity of A., in fact, Holder continuity, depends on Holder
continuity of A only locally. That is, if A is Hélder continuous on some open subarc
of A, so are the traces A, on this subarc irrespective of the smoothness of A on the
remaining part of A. To capture the behavior of A around the points where A is not
continuous, we define a local approximation to the Cauchy differential C,. To this end,
fixie {1,...,p} and denote by U a connected annular neighborhood of A; disjoint
from other A; such that every point in 7(U) has exactly two preimages (except for
the branch points, of course). Write UT u U™ = U \ A, where U n U™ = @, U* are
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connected and partially bounded by A7. Set w;(z) := +w;(z), z € U, where w; is
given by (2.7). Then w; is holomorphic in U. Further, put

1wi(x) + wi(z) dx

2 xX-z wi(x)’

Q. (x) =

which is a holomorphic differential on U \ {z} that has a simple pole at z with residue
1. Then the difference C,— pQ, + Q, is a holomorphic differential in U, and therefore
the function A — A is holomorphic U, where

A(z2) = Wﬁil(‘vﬁz—ﬁz*)

and z* # z is a point in U such that 7(z) = n(z*). Thus, understanding the local
behavior of A is sufficient to study A. Since w;(z*) = -w;(z) forz € U,and w;_(x) =
-wit(x) for x € (az;, bz,;), it holds for A(x) = A(x) that

(6.5) ?\'(z):w"(z)fA Mx) dx - cpaa

2mi i win(x)x—z

The first type of singularities we are interested in is of the form
(6.6) A(x):(xlog|x—xo|, x€A;,

where xg € [ag,;, bz,i]. Carefully tracing the implications of [13, Sec. 1.8.5-6] to the
integrals of the form (6.5) and (6.6), we get that

(6.7) A(z) = :I:glog(z -x0) +0(1), U*3z— xy.

The second type of the singular behavior we want to consider is given by

(6.8) Mx) = (log B xxe (),  x €Ay,

where xo € (az,;, be,;) and yy, is the characteristic function of [xo, b,;]. It follows
from the analysis in [13, Sec. 1.8.6] that

A(2(0) = 288 1pg(z - 0(1),
(6.9) K(z(i)) ST og(z=%)+OM. " im(z) >0,
(D) = +=>"log(z - x0) + O(1),
Now, let the functions p; be of the form (2.5)-(2.6). Set

Ap(x) = —log (pi(x)wir(x)), x€A;.

By using the identity w;, (x) = i|/w;(x)| and the explicit expressions (2.6), we can then
write

Ji
Ao (x) = —log (ipr,i(x)) = Y. (aijlog|x - x;j| +log Bijxx, (x))
i=0

- (1/2)log|x - az,;| — (1/2) log|x — b¢,;.

Clearly, the singular behavior of A, is precisely of the form (6.6) and (6.8). Define A,
asin (6.2) and set S := exp{A, }. Then (2.8) is a consequence of (6.3), since

(SE7/88) (x) = exp{ (Ap- = Ap) ()}
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Moreover, (2.9) and (2.10) clearly follow from (6.7) and (6.9). Finally, the last claim
of the proposition follows from (6.4).

7 Auxiliary Results

Below we prove auxiliary estimates (7.2) and (7.3) that will be needed in Section 8.4 to
finish the proof of Theorem 2.5. They are presented here in a separate section, as the
arguments used to prove them are disconnected from the techniques of the steepest
descent method employed in Section 8.

Let x, w € 9 be such that x is not a branch point of 9. There exists a unique, up
to multiplicative normalization, rational function on R, say ¥, with a simple pole at
x, a simple zero at w, and otherwise non-vanishing and finite. For uniqueness, we
normalize ¥(z) = z + {holomorphic part} around x if x is a point above infinity, and
¥(z) = (z - x)~! + {holomorphic part} around x otherwise.

Let x;, w; € R be such that they have the same canonical projections and belong
to the sheets with the same labels as x, w, respectively, when the latter are not branch
points of R (points on Ule A; need to be identified with the sequences of points
convergent to them to set up the correspondence). If w is a branch point, we set wj to
be the branch point of YR whose projection converges to or coincides with the one
of w. We define ¥; to be a similarly normalized rational function on fR; with a pole
at x; and a zero at wj;.

As the statement of Proposition 2.3, let 985 be the subsets of 9’ obtained by remov-
ing circular neighborhoods of radius ¢ around each branch point. We assume that §
is small enough so that x € 985 and w € PR when w is not a branch point. Using
natural projections we can redefine ¥; as a function on R;. Naturally, it will have a
pole at x and a zero at w if the latter belong to R . Then, regarding ¥} as a function
on Ry, we have that

(7.) ¥; =[1+0(1)]¥

uniformly on MR as |#| - co. Indeed, assume first that w € M. Let i, c QR be
a circular neighborhood of x such that w ¢ &(,. Observe that ¥ is a univalent func-
tion on Y. Thus, by applying Koebe’s 1/4 theorem to 1/¥, we see that |¥| < C on
04l for some constant C > 0 that depends only on the radius of &l,. Moreover, the
maximum modulus principle implies that |¥| < C on 2R \ §l,. Clearly, absolutely
analogous considerations apply to ¥ on i3, and the constant C remains the same.
Hence, the ratio ¥;; /¥ is a holomorphic function on 9R; such that |¥;/¥| < C/C
by the maximum modulus principle, where 0 < C < ming.gz, |¥|, and this constant
can be chosen independently of §. Picking a discrete sequence §, — 0 and using
the diagonal argument as well as the normal family argument, we see that any sub-
sequence of {¥;/¥} contains a subsequence convergent to a function holomorphic
on R\ UP_ {az;, bs,i}. Moreover, this function is necessarily bounded around the
branch points and therefore holomorphically extends to the entire Riemann surface
R. Thus, this function must be a constant and the normalization at x yields that this
constant is 1. This completes the proof of (7.1) in the case w € 9R5. When w is a branch
point, the first half of the above considerations yields that {¥ — ¥} is a family of
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holomorphic function on R with uniformly and independently of § bounded mod-
uli. Therefore, the same argument yields that ¥; = ¥ + 0(1) uniformly on PR;. As ¥
is non-vanishing in R, this estimate implies (7.1).

Let Y;; (resp. Y;), i € {1,..., p}, be rational functions on PRy (resp. MR) with a
simple pole at co(), a simple zero at co(®), otherwise non-vanishing and finite, and
normalized so Y;(lll) (2)/z — las z — oo. Then (7.1) immediately yields

(7.2) Yﬁ)i = [1 + 0(1)] Y,'

uniformly on each MR as |#| - oo.

Further, let Q7 , be the unique abelian differential of the third kind that is holo-
morphic on R; \ {z, w} and has simple poles at z and w with respective residues +1
and -1. It is known that such a differential can be written as Q7 (x) = ¥ (x)dx,
where W7 is the unique rational function on 9R; with a double zero at each oo (k)
k€{0,...,p},asimple pole at each U?_ {a; ;, bs,; }, simple poles at z and w, other-
wise non-vanishing and finite, and normalized to have residue 1 at z. Writing 1/'¥} ,
as a product of terms with one zero and one pole and applying (7.1) to these factors,
we see that

vi, =[1+0(1)] ¥z

uniformly on each R as |7i| > oo, where Q, ,, (x) = ¥, (x)dx is the corresponding
differential on YR. Then, defining Az via analogs of (6.1) and (6.2) for PRy, we get
that A;(z) = A(z) + o(1) uniformly in 9 \ N for each neighborhood M of UY_, A.
Therefore, if we define S; on Rj; exactly as S was defined on 2R and consider S; as
function on R \ N, then

(7.3) Si=[1+0(1)]S

uniformly there. Moreover, S; obeys all the conclusions of Proposition 2.4 with re-
spect to Rj.

8 Non-linear Steepest Descent Analysis

In this section we prove Theorem 2.5 with some technical details relegated to Sec-
tion 9.

8.1 Opening of the Lenses

Since we shall use these sets quite often, put

»
(8.1) Eij = U( {xij} 0 (azi>bei)),

Eout = {xij P Xij ¢ [ag,i, bg’,’] and Kij < 0} .
i=1
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That is, Ej, consists of the singular points x;; that belong to the support of @& (Fisher-
Hartwig singularities), and E,y consists of those singular points outside of the sup-
port for which the densities p; are unbounded.

To proceed with the factorization of the jump matrices in RHP-Y (b), we need to
construct the so-called “lens” around U‘f:l [a;, b;]. Tothisend, given e € EqyUE;,UE;,
let U, be a disk centered at e. We assume that the radii of these disks are small enough
so that U,, N U,, = @ for e, # e,. We also assume that U, c D7 when e € Eqy¢. Now,
let eg, e; be the j-th pair of two consecutive points from (E;, U Ez) N [az,;, bz,i]. We
choose arcs I';; incident with g and e; and lying in the upper (+) and lower () half-
planes in the following way: if e € E, then it should hold that

e, (T5;n Ug,) € L,

where the rays I are defined in (4.1) and {,, is a certain conformal function in U,,
constructed further below in (9.5) or (9.11) (depending on the considered case); if
e € Ein, it should hold that

(ek(rl]+k 10 Uek) cl. and (ek(rz]-#k n Uek) S

where (,, is a conformal function in U,, constructed further below in (9.1) and the
rays J.. are also defined in (4.1). Outside U,, UU,, we choose I';; to be segments joining
the corresponding points on dU,, and dU,,; see Figure 2. We further set I’;* := U; I';

Since the geometry of the problem might depend on each particular index # (and
not only on ¢), we construct in a similar fashion arcs T i and I‘j ;» where this time
the maps (, are replaced by (j ., ; see (9.2), (9.6), (9. 12) or (9.16). As we show later
in (9.3), the arcs I} ; converge to I;* in Hausdorff metric. Finally, we denote by Q3

the domains dehmlted by I'; ;; and [@ii,i> bii,i], and set QF ;== U; Q

nz]

+
Fil

e Yanlra b
N r,\ NS Fm,@ ;

Ui

Figure 2: The arcs F and T ;j in the case where there is at least one point in Ein, b5, < bz,i < bi,
and b; € Eout.

Fix Fiil with endpoints e; < e,. There exists an index k such that x;; < e; for
j < kandx;; > e, for j > k. Then it follows from (2.5) and (2.6) that the function p;
holomorphically extends to Q7 ;; by

pi(2) = pri(2) [T Bij [ 1(z = xij) ™ [ T(xij — 2)*,

j<k <k =k

https://doi.org/10.4153/CJM-2015-043-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-043-3

1180 M. Yattselev

where (z — x;;)%/ is holomorphic off (o0, x;;] and (x;; — z)*/ is holomorphic off
[xij, 00). Using these extensions, set

1 0
(8.2) xoy | i(s) 005
I otherwise,

where Y is a matrix-function that solves RHP-Y (if it exists). It can be readily verified
that X solves the following Riemann-Hilbert problem (RHP-X):

(a) X isanalyticin C \ U, ([a;, b;] U [;,ul;;)andlim, o X(z)z7° =1,
(b) X has continuous traces on U?_ ((a, b,) U Fﬁ,i u T ;) that satisfy

Ti( 7[; ,»%i) on [ag,i, be,i],
XomXqTloh) - on (@b~ [acs be,
0

i il

1
Ti( )

Jpi ) on l“+ uly;

(c) X has the following behavior near e € Ez U Ej, U Eqy:

e if e € Equp, e, e = x;; for some fixed pair of indices (i, j), then X satisfies
RHP-Y (c) with Y replaced by X;

e if e € Ez \ {x;;}, then all the entries of X are bounded at e;

e if e € Ejy or e € Ez n {x;;}, then X satisfies RHP-Y(c) with Y replaced by X
outside of Q* u Q7 ,, while inside it behaves exactly as in RHP-Y(c) when
«;j <0, the entrles of the first and (i +1)-st column behave like O (o (z - x;;))
and the rest of the entries are bounded when «a;; = 0, and the entries of the first
column behave like O(y_,;;(z - xi;)) and the rest of the entries are bounded
when a;; > 0.

Due to the block structure of the jumps in RHP-Y (b), [5, Lemma 17] can be carried
over word for word to the present case to prove the following lemma.

Lemma 8.1 RHP-X is solvable if and only if RHP-Y is solvable. When solutions of
RHP-X and RHP-Y exist, they are unique and connected by (8.2).

8.2 Auxiliary Parametrices

To solve RHP-X, we construct parametrices that asymptotically describe the behavior
of X away from and around each point in Ej, U Eqy¢ U Ez. To this end, we construct a
matrix-valued function N that solves the following Riemann-Hilbert problem (RHP-
N):

(a) Nisanalyticin C ~ U, [as,, bs,i] and lim,eo N(2)z77(") = I

(b) N has continuous traces on (aj,i, bsi,i) N {x;i;} that satisfy N, = N,T,-( _;}Pi ’:f ) )

Let @5 be the functions from Proposition 2.1 while S; and Y; ;,i € {1,..., p}, be
the functions introduced in Section 7. Set

(8.3) N:=CMD,
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where D := diag((D(ﬁO), . ,(D(ﬁp)), C := diag(Ci,o, - .., Cii,p) with the constant Cj x
defined by

lim Ciio(Si @)@ (2)z71 =1

(8.4) o (i) (N omi .
lim C;;(Si®5)'"(2)z" =1, ie{l,...,p},
Z—> 00

and the matrix M is given by

SéO) Sél)/wﬁ)l Sép)/wﬁ,p
M= SaYa) @ (SaYa)Dfwiy - (SaYan) P fwi,
(SaYap) @ (SiYap) D /win o (SiYap) P wiy

Then (8.3) solves RHP-N. Indeed, RHP-N(a) follows immediately from the analytic-
ity properties of S, Yj;,;, and @5 as well as from (8.4). Observe that the multiplication
by Ti( _1(; o A ) on the right replaces the first column by the (i +1)-st one multiplied
by p;, while (i +1)-st column is replaced by the first one multiplied by —1/p;. Hence,
RHP-N(b) follows from the analo§ of (2.8) for S; and the fact that any rational func-
tion ¥ on fR; satisfies ‘I’ on (as,;, bi,i)-

Since the jump matrices in RHP—N (b) have determinant 1, det(N) is a holomor-
phic function in C \ |U; { ais bﬁ)i} and det(N)(o0) = 1. Moreover, it follows from
the analogs of (2.9) and (2.10) for Sj that each entry of the first column of N behaves
like

O(|Z— e|—(2a+1)/4) and O(|Z_xij|—(a,~j=Farg(ﬁ,-j)/7r)/2)

for e € {aj,i, bi,i} (a = a;j if e = x;; and & = 0 otherwise) and for x;; € (as,;, bs,i)
(xIm(z) > 0), respectively, the entries of the (i + 1)-st column behave like

O( |z - e|(2“_1)/4) and (9( |z - xij|(afj*arg(ﬁij)/ﬂ)/2)

there, and the rest of the entries are bounded. Thus, the determinant has at most
square root singularities at these points and therefore is a bounded entire function.
That is, det(N) = 1as follows from the normalization at infinity.
Further, for each e € Ei, U Eout U E;, we want to solve RHP-X locally in U,. That
is, we are seeking a solution of the following RHP-P,:
(a,b,c) P, satisfies RHP-X(a,b,c) within U,;
(d) P, = M(I+O(e.7))D uniformly on 0U, \ ([a;,b;] U U T, UT; ), where
0< .7 — 0as|r| > oo.

Since the construction of P, solving RHP-P, is rather lengthy, it is carried out
separately in Section 9 further below.

8.3 Final R-H Problem

Denote by Qj,;; the domain delimited by I} ;- and T; ;; (in particular, Q7 ;

#,ij 7,ij

Set Q5 := U;j Qii,ij and U := U,eg, UEoyuE, Ue- Define

ij c Qn z])

P p
%= 0U u [ U, uTi ) N U u[Ulan bil s (U0 Q3)].
i=1 i=1
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Moreover, we define ¥ by replacing I'; ; with T} in the definition of X; see Figure 3.
Given matrices N and P,, e € E;, U Eout UEg, from the previous section, consider the

U, » U,

Eﬁ
(.1Z ﬂ;il

Figure 3: Contours X (black and blue lines) and X5 (black and red lines).

following Riemann-Hilbert Problem (RHP-Z):
(a) Z is a holomorphic matrix function in C \ 2; and Z(o0) = I;
(b) Z has continuous traces on X5 that satisfy
MDT;(/,,7)(MD)™ on (I}, uT; )\T,
Z,=Z {MDT;( % )(MD)™" on[a;b]~(UuQs),
P.(MD)™! on aU,.

Then the following lemma takes place.

Lemma 8.2  The solution of RHP-Z exists for all |#| large enough and satisfies
(8.5) Z=1+0(ez)

uniformly in C, where 5 = min, &, ;.

Proof Analyticity of p; yields that Z can be analytically continued to be holomor-
phic outside of 2. To do that one simply needs to multiply Z by the first jump matrix
in RHP-Z(b) or its inverse (the jump matrices have determinate 1 and are therefore
invertible). We shall show that the jump matrices are locally uniformly geometrically
smallin D}. This would imply that the new problem is solvable if and only if the initial
problem is solvable and the bound (8.5) remains valid regardless the contour. Hence,
in what follows we shall consider RHP-Z on X rather than on X;.

It was shown in Section 8.2 that det(N ) = 1. Moreover, it follows from (2.1) that
det(D) = 1 while the equality [T?_, ft ) =1and (8.4) imply that det(C) = 1. Hence,
det(M) = 1and it follows from RHP-P,(d), (7.3), and (7.2) that

P.(MD) ™ =T+ MO (e, ;)M =1+ 0(e5)
holds uniformly on each dU,. On the other hand, it holds on I'# \ U that

o
10
MDTi( ), ) (MD)" =T+ — - ME;,,, M~ =T+ 0(C;"™)
pi @l
for some constant C; > 1 by (1.14), (2.2), and Proposition 2.1. Analogously, we get that
(0)
q)

(

n

MDT'((I)F;I)(MD) I+P1 ME11+1M _I+O(C ln)
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on[a;, b;]~ (U u Q) for some C;> 1by (2.2) and (1.13). That is, all the jump matrices
for Z asymptotically behave like I + (f)( e;t) (as will be clear in Section 9, the decay of
&5 is of power type and not exponential). The conclusion of the lemma follows from
the same argument as in [7, Corollary 7.108]. ]

8.4 Proof of Theorem 2.5

Let Z be the solution of RHP-Z granted by Lemma 8.2, let P, be solutions of RHP-P,,
and let N = CMD be the matrix constructed in (8.3). Then it can be easily checked
that

X<CZ MD inC\(UUU[ae,ibf,i])x
P, in Ug, e € Equt U E;p U Eg,

solves RHP-X for all |7i| large enough. Given a closed set K in C ~ U?_,[a;, b;], we
can always shrink the lens so that K ¢ C ( Uu Qﬁ). In this case, Y = X on K by
Lemma 8.1. Write the first row of Z as (1+ v5,0, Vi1, - - - » Usi,p ). Then the (I, j +1)-st
entry of ZM is equal to

p . . .
(1+ Vi0 t+ Z Uﬁ,iYéfi)) S,gj)/wﬁ,j = (1+ O(Sﬁ)) S’gl])/Wﬁ,j
i=1

by Lemma 8.2 and (7.2), where wj o = 1. Therefore, it follows from Proposition 3.1
that

Qi = Ciio[ 1+ O0(e)] (85 ®5) @,
RY) = Cyio[1+ 0(e3)] (S5 ®5) D fwi .

Theorem 2.5 now follows from (7.3), since Cj,0 = (1 + 0(1))Cj, again by (73) and
wi,; = w; uniformly on K.

9 Local Riemann-Hilbert Analysis
The goal of this section is to construct solutions to RHP-P,.
9.1 Local Parametrices Around Points in E,

Let e € Equy; see (8.1). A solution of RHP-P, is given by

© | .
P, := MT; 1 €05 /@ D, where C;(z) = — / pi(¥) dx.
0 1 2mi Jlaibi] X — 2

Indeed, since the matrices M and D are holomorphic in U,, and C; has a jump only
across (a;, b;) n U,, the matrix above satisfies RHP-P,(a). As (CT — C7)(x) = pi(x)
for x € (ai,b;) \ {xi;}, RHP-P,(b) follows. RHP-P,(c) is a consequence of the fact
that |C;(2)(z - x;;) ™% | is bounded in the vicinity of x;; for «;; < 0 ([13, Sec. 8.3]). Fi-
nally, RHP-P,(d) is easily deduced from the inclusion U, c D7 (see (2.2) and (1.13)).
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9.2 Local Parametrices Around Points in E;,

The construction below of local parametrices around Fisher-Hartwig singularities is
well known [8, 20, 21, 30].

9.2.1 Conformal Maps

Since h is a rational function on R, it holds that hio) = hg) on (az;, bz,;)NU,. Then

(9.1) {e(2) :=sgn( Im(z))ifez(h(O) ~hD) (x)dx, Im(z) #0,

extends to a conformal function in U, vanishing at e. Define (j; . exactly as in (9.1)

with / replaced by h;. Then it holds that

sgn ( Im(z))i
|7l

by (2.4). It follows from (2.2) and (1.13) that j; , is real on (az ;, bz ;) N U,. Moreover,

since U, \ (ag,s» be,i) € D, (5, maps upper half-plane into the upper half-plane. In

particular, {5 .(x) > 0 for x € ( e, bg,,-) N U,. Observe also that

(9.3) e = Ce

holds uniformly on U, by (2.2), since (2.2) is the statement about convergence of the
imaginary parts of (. to the imaginary part of (.

(9.2) Gie(2) = log(®L (2)/04(2)), Im(2) #0,

9.2.2 Matrix P,

It follows from the way we extended p; into Q7 ; that we can write

(e—2)%  Re(z)<e,

pi(2) = pr.e(2) {[3(2_ e)*, Re(z)>e,

where p; . (x) is a holomorphic and non-vanishing function in U,. Define r, by

VE(Z) =V Pr,E(z)(z - e)a/2>

where the square root is principal. Then r, is a holomorphic and non-vanishing func-
tionin U, \ {x : x < e} that satisfies

Ter (X)re—(x) = pi(x),xe{x:x<e}nU,,
9.4) £(2) = pil2)e*™ 2 € T2, U,

ro(x) = ﬁ_ll’i(x)>(r$,ij+1 Ul Y {x:x> e}) nU..
It is a straightforward computation using (9.4) and (9.2) to verify that RHP-P, is
solved by

D)

Py i= B, Ti( @ p([ildne) 2 (017 /010) ™)

where @,  is the solution of RHP-®, s; see Section 4.1, and the holomorphic pref-
actor E, chosen below to fulfill RHP-P,(d).
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9.2.3 Holomorphic Prefactor E,

It follows from the properties of the branch of (i{)!°8#%/27 that

(i(){fgﬁﬁs/ZﬂiBJr _ (i()l:)gﬁa3/27riB7 ( _Ol()(l))ﬁ on (_00, 0),
( _1p 5) on(0,00),

and it is holomorphic in C \ (-0, c0). Therefore, it follows from RHP-N(b) that
E, = MT,'( (ilﬁmﬁ)e)logﬂas/szir;@) 71’ n Im(z) >0,

is holomorphic in U, \ {e}. Since |r.(z)| ~ |z — €|*/? and |¢1°8F/27| ~ |¢|2r8(B)/2m
E. is in fact holomorphic in U, as claimed. Clearly, in this case it holds that &5 . =
|ﬁ|larg(ﬁ)l/ﬂ—1_

Hard Edge

In this section we assume that e € Ez and e ¢ 0D .

9.3.1 Conformal Maps

It follows from Proposition 2.3 that bz ; = bs,; = b; or ag,; = az,; = a; for all |#| large
in this case. Define

(9.5) (e(2) := (i/;z(h(O) _ h(i)) (x)dx)z, z € U,.

Since hio) = hg) on (a;,b;) nU,, {, is holomorphic in U,. Moreover, since h has a
pole at e (the corresponding branch point of 9R), {, has a simple zero at e. Thus, we
can choose U, small enough so that {, is conformal in U,.

Define j . as in (9.5) with h replaced by hj. The functions ;. form a family of
holomorphic functions in Uy, all having a simple zero at e. Moreover, (2.4) yields that

1
9.6 ii,e = =
(9:6) Ge@) = (g
which, together with (1.14) and (2.2), implies that {; . (x) is positive for
x€(R~[a;,bi])nU,

and is negative x € (a;, b;) N U, (this also can be seen from (5.3) and (5.4)).

Considering hj; and h as defined on the same doubly circular neighborhood of e
and recalling that their ratio converges to 1 on its boundary, we see that it converges to 1
uniformly throughout the neighborhood. The latter implies that (9.3) holds uniformly
on U,. In particular, the functions {; , are conformal in U, for all 7 large.

log((l)(ﬁo)/(l)(ﬁi)) )2, z e U,,

9.3.2 Matrix P,

In this case, we can write

(e—2)% e=b;,

(z—e)% e=aj,

(9.7) pi(2) = pre(2) {
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where p, . is non-vanishing and holomorphic in U,, @ > -1, and the a-roots are
principal. Set

-e)*?, e=b,
(9.8) re(2) = \/pre(2) {Z _ 2“/2 Z —a

where the branches are again principal. Then r, is a holomorphic and non-vanishing
function in U, \ [a;, b;] and satisfies

{m(x)re(x) =pi(x), xe(aibi),
(9.9)

+mia

r2(2) = pi(z)e*™, zel;; nU..
Then (9.6) and (9.9) imply that RHP-P, is solved by

P = ETi(We([iPae) (00 /00) ™) D,

where ¥, := W, whene = b; and ¥, := 03¥,03 when e = a;,and ¥, solves RHP-¥,
(see Section 4.2), while E, is a holomorphic prefactor chosen so that RHP-P,(d) is
fulfilled.

9.3.3 Holomorphic Prefactor E,

As {l/ o 1_/ 4, it can be easily checked that

GOt (1w (1 s\ [0 sl
V2 \# 1) o \# 1)\F1 0
on (—o0,0). Then RHP-N(b) implies that

_ (i)™ (1 +) o\~
o b (70 (1) o)

is holomorphic around in U, \ {e}, where the sign + is used around e = b;, while the
sign — is used around e = a;. Since |r.(2)| ~ |z — e|*/?, E, is in fact holomorphic in
U, as desired. Clearly, ¢; , = |n|™! in this case.

9.4 Soft-Type Edge |

Below;, we assume that e € E; and by ; € oDy ; or aj,; € 0D ;.

9.4.1 Conformal Maps
By the condition of this section, it holds that e € dD; . Define

(9.11) (e(2) = (—Z fez(h(O) - h(i))(x)dx) 2/3, ze U,.

Further, define (5 . exactly as . only with h replaced by hj and e replaced by by ; if
e = bg,; and by az ; if e = ag ;. It follows from (2.4) that

> log(@"(2)/0"(2)) )

2/3
— > z
4l

(9.12) Gae(2) = (- ¢ Ue.

https://doi.org/10.4153/CJM-2015-043-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-043-3

Strong Asymptotics of Hermite-Padé Approximants for Angelesco Systems 1187

Analysis in (5.3) and (5.5) yields that these functions are conformal in U, (make the
radius smaller if necessary), are positive on (R \ [a3,;, bs,;]) N U, and negative on
(a;,,,-, bz.;) N U,. Moreover, (9.3) holds as well.

9.4.2 Matrix P,

If e = x;; for some j € {1,...,]; -1}, set & := a;; and B = fB;; when e = bg; or
:= 1/B;; when e = az; (see (2.6)). If e ¢ {x;;V" ' and e € (a;,b;), set « = 0 and
) > JJj=1
=1life = a;, = =0;ite = b, = oy =0.
p=Life=a;seta=a;and f =0;ife = b;, set a = a;y, and = 0. It follows from
the way we extended p; into Q7 ; that
(e-2)% e=bg;,

(Z_e)a) e:az,i)

pi(z) = pr.e(2) {
for Re(z) € (ag,,‘,bg,i) and

(z-e)% e=bz;,
(e_z)a’ €= af,i’

pi(z) = Bpr.e(2) {

for Re(z) ¢ [az,i, bz, ], where all the branches are principal. Define r, by (9.8) with b;
and a; replaced by b; ; and a¢ ;. Then r, is a holomorphic and non-vanishing function
in U, \ [ag,;, bg,;] that satisfies

res(X)re-(x) = pi(x), xe(“f,hbf,i) N Ue,
(9.13) 2(2) = pi(2)e*™e, zel;, nU,,

ra(x) = B pi(x), (R~ (az,i b)) nU..
Then one can check using (9.13) and (9.12) that RHP-P, is solved by

P, = ETi(We( [P (G - Ge(0)) ) o (00 /00) ™) D,

where ¥, := W, g(-;s5) when e = bg; and W, := 03W,5(;55)03 when e = ag,
WY, p(;s) solves RHP-W, g (see Section 4.3),

si = |1 Gie (o),

and E, is a holomorphic prefactor chosen so RHP-P,(d) is satisfied.
9.4.3 Holomorphic Prefactor E,

If s; = 0, then E, is given by (9.10) with |7i|? replaced by |#|*/>. In this case we have by
Theorem 4.1 that ¢ , = || ™/3.

If s > 0, then (9.10) is no longer applicable, as the matrix M has the jump only
across (ag,;, bj,; ) while r; % is discontinuous across (agz,;, bz,;) N U, where by ; < be;
or az,; > ag,;. Observe that

Fer(x) = re—(x)e®™,  x € ((azi bzi) N (anibii)) N Ue.
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Therefore, define

1 d
Ga<c>::exp{—maﬁ;m[0 }(} [T (oo,

It is quite easy to see that
Gg+Gy- =1 on (-00,0),
Gy- = Gapmmie on (0,1).

Moreover, from the theory of singular integrals [13, Sec. 8.3] we know that G, is
bounded around the origin and behaves like |{ — 1/7*/2 around 1. Then it can be
checked using the above properties that the matrix function

ARBE. )-osla ; )7t
E, = MTi( ﬂf;g) (:il ::)(Ga ° ((ﬁ,e/(ﬁ,e(e))re) )

is holomorphic in U,. With such E, it holds that

P = MT;(G;% o (Gie/Gie(e)) (1+0(ese)) ) D
uniformly on oU, \ ((a;, b;) T, ; U T, ), where
(9.14) e = max{ |G ()2 717},

according to Theorem 4.1. To see that RHP-P,(d) is fulfilled, it only remains to notice
that G, () =1+ O(¢"?) as { - oo uniformly in C \ (—c0,1].

If s < 0, we need to modify (9.10) again, because M still has its jump over
(as,i» bs,i) while r, over (az,;, bz,;), where by ; > bz ; or az,; < ag,;. Define

it C—l 1/2 log B/2mi
(9.15) F({) = ﬁl/z(i—i(—lgl/z , (eCn (~o0,1].
This function is holomorphic in the domain of its definition, tends to 1as { — oo, and

satisfies
I, x¢€(-00,0),

B, x¢€(0,1).

Indeed, the function (i + \/{ -1)/(i — v/{ — 1) maps the complement of (-o0,1] to
the lower half-plane; its traces on (—o0,1) are reciprocal to each other, are positive on
(0,1), and are negative on (—o0, 0). The stated properties now easily follow if we take
the principal branch of log /27i root of this function. Then

. (APPG)™ > (1 4i Giie(e) = Gie s
Ee.:MT,-(\/z (ii 1)(1@;0(%,8(6) )re)

is holomorphic in U, \ {e}. Since |r,(z)| ~ |z - ¢|*/? as z - e, one can deduce as
before that E, is holomorphic in U,. Moreover, exactly as in the case s; > 0, we get
that RHP-P, holds with &5 . given by (9.14), since Fg({) =1+ (9( (‘1/2) as { — oo.

Fﬁ+(x)Fl;_(x) = {
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9.5 Soft-Type Edge Il

Let e € E¢, e € 9D, but by ; ¢ 9D ; or a; ; ¢ 9D ;. In this case it necessarily holds
that bﬁ)i = bg,i = b,' Ooradym;=dg;=4adj.

9.5.1 Conformal Maps

By Proposition 2.3, h is bounded at e (the corresponding branch point of %), while
hy has a simple pole at e (this time e is a branch point of PR, but it has the same
projection e) and a simple zero z5 ; or zj,;—1 that approaches e. Hence, we can write

_Z /ez(hg)) D) (x)dx = Vz—e(z - e - e5) fa(2),

where 0 < €; — 0 as |#i| - oo and fj; is non-vanishing in some neighborhood of e and
is positive on the real line within this neighborhood (one can factor out v/z — e, as the
square of the left-hand side is holomorphic exactly as in (9.5) and (9.6)). Then there
exist functions j ., conformal in U,, vanishing at e, real on R n U,, and positive for
x > e in U, such that

01 =2 [P -hO) )dx = 2 - Gaele +en) ().

Moreover, (9.3) holds, where (, is defined by (9.11), and the left-hand side of (9.16) is
equal to the right-hand side of (9.12). Indeed, consider the equation

2
(9.17) u(ze)(u(ze) - p)” =g(ze), g(ze) :=z(z-€)*f(ze),
where p is a parameter, f(z;€) is positive on the real line in some neighborhood of

zero, and g'/3(z;0) is conformal in this neighborhood. The solution of (9.17) is given
by

(9.18) u(ze) = 2p +v'23(z€) + pv Y (ze),
where v(z;€) is the branch satisfying v'/?(0;¢) = —p of

(9.19) v(zs€) = g(z€) = p° + \/g(z;e)(g(z;e) -2p%).
Choose p so that

(9.20) 2p® = nEax] g(xs€).
x€[0,¢

Conformality of g'/3(z;0) implies that there exists the unique x, > € such that
g(xse)(g(xse) —2p) <0, x€(0,x)~ {e},
g(x;s€)(g(x;5€) —2p%) >0, x> xc,

for all € small enough. Then we can see from (9.19) that

(9.21) va(xse)l” = (glxse) - p°)? - g(xse) (g(xs€) —2p%) = p°
for x € [0, x]. Moreover, it holds that
(9.22) vi(xse) = pPv i (x5€), x€[0,x].
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Finally, observe that the conformality of g"/3(z; 0) yields that the change of the argu-
ment of v, (x;€) is 37 when x changes between 0 and x,. Hence, v'/>(z;¢) is holo-
morphic off [0, €], and its traces on [0, €] map this interval onto the circle centered at
the origin of radius p by (9.21). This together with (9.22) implies that u(z;€) given by
(9.18) is conformal in some neighborhood of the origin and u(0;¢) = 0. Thus, (5, in
(9.16) is given by
Gie(2) = u(z - es€q),

where u(z;¢€) is the solution given by (9.18) of (9.17) with f(z;€) := f7(z - e) and the
parameter p chosen as in (9.20).

9.5.2 Matrix P,

Clearly, formulae (9.7) and (9.8) remain valid in this case. Then (9.9) and (9.16) imply
that the solution of RHP-P, is given by

o _ i)\ —03/2
P, = ETi( W (i) (0 j04) "),
where E, is given by (9.10) with |71 replaced by |ﬁ\2/3, ¥, = ‘AI;,,,,O( -3s7) when e = b;
and ¥, = 03%¥,0(-;s7)03 when e = a;,
sii= =[P e (e + €7),

and ‘AI;[X,/; is the solution of RHP—‘AI"a,/;; see Section 4.3. In this case, it holds by Theo-
rem 4.1 that

e = max{ (;/i(e +€7)s |FL|_1/3} .
10 Model Riemann-Hilbert Problem RHP-¥, 4
In this section we prove Theorem 4.1.

10.1  Uniqueness and Existence

The first claim of the theorem can be obtained by literally repeating the steps of [32,
Lemma 1] with 2%+ and ¢2%- in [32, Eq. (59)] and [32, Eq. (67)] replaced by gmia+20+
and ¢ 720 respectively (the behavior in [32, Eq. (62)] changes as it depends on «
now, but the trace of N on R is still integrable and therefore [32, Eq. (63)] still holds).
The fact that only the zero function solves [32, Eq. (67)] (now, with non-zero «) was,
in fact, proved in [15, Eq. (2.27)-(2.29)].

10.2 Asymptotics of RHP-¥, ; for s > 0

It is known that O(# ") is uniform for s on compact subsets of the real line [15]. Thus,
we only need to prove (4.2) for s large.

10.2.1 Renormalized RHP-¥, g

SetT, := {n:arg(n+1) = +27/3} and let ﬁj,j € {1,2,3,4}, be the domains compris-
ing C~ ( (—00,00) UT, U T_) , numbered counter-clockwise and so that O; contains
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the first quadrant. Define

2
g(n) =5 (n +1)*%, peC~ (~o0,-1],

to be the principal branch and for convenience set 7 := s3/2. Let

= 1 ianuQ4uﬁzuﬁ3,
10.1 b 4 1) = s/ a(smss — —~
(1o w5 T) wp (51 ){( ieim?) in Qs \ Qy, Q3 Q3,
where the sign + is used in O \ Q, and the sign — in Q3 \ Q3. Then ‘?a,ﬁ solves the
following Riemann-Hilbert problem (RHP-¥,, B):
(a) ‘/I\’a,/; is holomorphic in C \ (T, UT_ U (00, 0));
(b) "1705){; has continuous traces on T, UT_ U (—o0, 1) U (~1,0) U (0, c0) that satisfy

‘T’a,l;,( 9 (1)) on (-o0,-1),
- ~ "f’“,ﬁ_( E‘;m _{,,,i) on (-1,0),
T T B (1) on (0,00,

‘I"X>ﬁ_( e*%”” (1)) on Ii;

(c) asn — 0, it holds that
Yo (1) = E()Sap(mAj neQy jef{l4},
where E is holomorphic, and S, g, A, and A4 are the same as in RHP-'¥, 5(c);
(d) ‘T’m s has the following behavior near co:

7 Sy (1 g
‘I’a,[;(n;r):(IJrO(n )) 7\ e

uniformly in C \ (T, T U (~c0, 00)).
10.2.2 Global Parametrix

Let

\?(w)(q- 7) = 1o (n+1)"%/4 L ( (’7*1)1/2+1)7““3/2671g(;1)a3
’ ai 1 V2 i 1Y\ (g+1)2 -1
= F(*) (7)¢7m8(Mos,

Then, as is explained in [16, Section 2.4.1], this matrix-valued function solves the fol-
lowing Riemann-Hilbert problem:
(a) ¥ i holomorphic in C \ (—o0,0];
(b) ) has continuous traces on (—o0,-1) U (-1,0) that satisfy
g _ g | (55) on(-o0,-1),
+ = — .
e*™%  on (-1,0),

(c) asy — 0 it holds that g (ns7) = B (7)n*%/?, where B 5 holomorphic
and non-vanishing around zero;
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(d) ) satisfies RHP-"I\’O‘,I; (d) uniformly in C \ (—00;0] and the term O(7") does
not depend on 7.

Notice that F(**) has the same jumps as ‘/17(00 .

10.2.3 Local Parametrix Around -1

The solution Wa; := Wo,1( -50) is known explicitly and is constructed with the help of
the Airy function and its derivative [9]. Set

P (1) =B ()50 ) =2, s1m(n) >0,

where B is holomorphic around -1 and is given by

Let U_; be the disk of radius 1/4 centered at -1 with })cl))undary oriented counter-

—~ (=

clockwise. Then it is shown in [16, Section 2.4.2] that ¥ satisfies

(a) ‘/I\’(A) is holomorphic in U_; \ (ﬁ uTl u (=00, oo));

(b) "f(_l) has continuous traces on U_; N (ﬁ UT_ U (—o0, oo)) that satisfy RHP-

¥, p(b);
(¢) it holds that

F (rs7) = B () (1+0(7)) e

as 7 — oo, uniformly for 57 € dU_; \ (T, UT_ U (=00, 00)).

10.2.4 Local Parametrix Around 0

Define

—~(0) ~(0) 4A;, Im(n) >0,
b 4 ;7):=E Sa
(17) = B ()Sep (1) {A4, e

where S, 3 and A; are the same as in RHP-¥,, g(c) and

=(0), | () —as)2 ([Al]n1 0 )
E = \IJ 5T 3 - 5
() (1 7)n 0 [A1]5)
(o0)

which is a holomorphic function around the origin by the properties of ¥ . Let

Uy be t}}e disk of radius 1/4 centered at 0 with boundary oriented counter-clockwise.
W) . .

Then ¥ possesses the following properties:

(2) 7 i holomorphic in Uy \ (-1/4,1/4);
(b)  has continuous traces on (-1/4,0) u (0,1/4) that satisfy RHP-‘/I\’,X,/;(b);

(0 ‘/I\’(O) satisfies RHP-(I\’a,ﬁ(c) with E replaced by E(O);
(d) it holds that

\’I\’(O)(I’]; T) _ F(m)(n)(1+ O(e—cr)) e—‘rg(n)os
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as T — oo for some ¢ > 0, uniformly for 4 € dUj \ {-1/4,1/4}.
Indeed, properties (a,b,c) easily follow from RHP—"IZ,‘, g(b,c) and the holomorphy of

7. To get (d), write [Sq,5]12(17) = 7%/*x(1), where
_ _1-p _1+B
k() =0, x(n)=—_-logn, or x(n)=—_-logn

depending on whether « is not an integer, an even integer, or an odd integer. Recall
also that A; and A4 are upper triangular matrices and [A;];; = [A4]s; for i € {1,2}.

Then
\’17(0)(;1; T) = F(w)(ﬂ)e—rg(ﬂ)os ([Aé]l_ll [A]O]E%) ((1) K(lﬂ))Aj
) ((l) e~27(n) [Aj]ZZK(?) + [Aj]lz)/[Aj]u) UL

from which property (d) can be easily deduced as 7 > 0 and Re(g(#)) > 0 for € oU,.

10.2.5 Asymptotics of RHP-¥, g
Denote by

2(Rap) =9V 0V U ( (T UT, U(-1,00)) N (C (T4 0 T))),
and let °(R,,g) be Z(R,,g) with the points of self-intersection removed. Put
V), peus,

Rup(17) = Vo 0) 1" (1), e o,
v (1) neC~(UpulUs).

Then R, g has the following properties:

(a) Rg,p is holomorphicin C\ Z(Ryp);

(b) R, p has continuous traces on X°(Ry,g) that satisfy Rl(;))‘);+ = RS,);—(I +0(1 ™))
as T — o0;

(c) it holds that Ry g(1;7) = I+ O(57") as  — oo uniformly in C \ Z(Rq p).

Property (a) follows from the facts that "I\’(e) has the same jumps as ¥ p in U,
—~ (o0 = —~ (0
e € {-1,0}, gt has the same jump across (—co,-1) as ¥, g, and ¥ has the

—~

same local behavior around 0 as ¥, g. Property (c) follows easily from the fact that
both ¥ and @a,ﬁ satisfy RHP-‘/I\’a,[;(d). Property (b) on dU,, e € {-1,0}, is the
consequence of the fact

(o) ()1 _

Rs Ryp, =¥ I+ F)O(rFe),
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Finally, on the rest of £(R, g) it holds that
T+ FC (0 R on (-3/4,-1/4),
Repe = Rop {1+ FO) (0 ™) F(=)1 on (1/4,00),
I+ F(°°)( ei.m?ezfg g)F(‘X’)*l onl, \U_,.

As g(n) > 0 for n € (-1,00) and g(5) < 0 for 5 € T, the last part of property (b)
follows. Given (a,b,c) it is by now standard to conclude that

R p(1;7) :“O(r(%m))

as T — oo uniformly for 77 € C \ (R, p). Thus,

—03/4 .
& U 1 a2y [ 1) —re(n)e
10.2) ¥ops(mt :(1+o . ) I1+0 ( )e g(n)os
p(17) =" (T 1+|’7|) (1+o™) |,
—-03/4 .
n - I i) . 03
_ % (1+0(y 1/2)) (i l)e 8(n)
as 11 — oo uniformly for # € C\ Z(R,,p) and 7 large. Estimate (4.2) now follows from

(10.1).
10.3 Asymptotics of RHP-¥, g for s <0

In this section we assume that 8 # 0 and define

logp = log|p| +iarg(B), arg(p) ¢ (-, 7).

Again, we only need to prove (4.2) when s - —oo.
10.3.1 Renormalized RHP-¥, g

Set J. to be two Jordan arcs connecting 0 and 1, oriented from 0 to 1, and lying in the
first (+) and the fourth () quadrants. Denote further by Q. the domains delimited
by 7. and [0,1]. Define

2
g(m) =3(n-D" neCx (-o0,1],
to be the principal branch and set for convenience 7 := (—s)*/2. Let

(siyp1) inQu,

10.3 Vo p(17) = (=) Woop (—s;
(10.3) ap(m:7) = (=s) ap(=s1135) {1 otherwise.

Put for brevity Z("I\’a,ﬁ) i= [, UL_U (=00, 00) UT, UJ_. Then ¥, g solves the following

Riemann-Hilbert problem (RHP—"I7,X, )
(a) \T’w,ﬁ is holomorphic in C ~ Z(‘T’a,l;);
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(b) ‘?a)ﬁ has continuous traces on Z(‘?a,[;) \ {0,1} that satisfy

(%8) on(-00,0),

and

(c) asn — 0, it holds that
I (e (R (e G (ol logl
Yo p(n:7) =0 (ma/z |(|a/2 + |{|—a/2 and Wop(n37)=0 1 logl{|
when a # 0 and « = 0, respectively;

(d) ‘/I\’a, s has the following behavior near oco:

¥ PNl LI ~1g(n)0s
Foatr) = (1200 = (1 ])e

uniformlyin C \ (L, UL U (—00,0)).

10.3.2 Global Parametrix

(o) (1:7) = F) (1)e "8(N%  where

—1)-0s/4 i
(00) (1) . 1 0\ (r=1)""" (1 i)
F=2(n) = (—;ilogﬁ 1) NG i1l Fg (n)
and the function Fy is given by (9.15). Now, it is a straightforward verification to see
that
(a) g is holomorphic in C \ (-o0,1];

(b) g has continuous traces on (—oco, 1) that satisfy

oo —~ (o0 Pl - )0;

=) _ g ){( 100)ﬁ on (-00,0)
( _1/p 0) on (0,1);

(

+ -
() ¥ ) satisfies RHP-‘/Fa,[; (d) uniformly in C~ (—o0;1], and the term O( 11’1) does
not depend on .

Set ¥

Again, notice that ¥ and F=) satisfy the same jump relations.

10.3.3 Local Parametrix Around 1

Denote by U, the disk centered at 1 of radius 1/4 with boundary oriented counter-
clockwise. Choose arcs J, so that {n-1: ne].n U} c . Asbefore, let ¥p; =
‘I’O,l( . ,0) Set

T (1) = B ()l - s(n- 1) P,
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where A is holomorphic around 1 and is given by

s B —03/4 ; -1
E‘“)<n>:zF<°°><n>(( ) (i 3)e=r)

Then it can be checked that ‘?(1) satisfies
(a) ¥ s holomorphic in Uj \ 2(‘,170(,/;);
(b) "17(1) has continuous traces on U; N Z(‘T’“,ﬁ) that satisty RHP-‘/I\’a,ﬁ(b);
(¢) it holds that
A(l) %) — -
P (557 = FO () (14 0(7) ) 50,

as T — oo, uniformly for € dU; ~ Z(‘/I\’a,ﬁ).

10.3.4 Local Parametrix Around 0

Denote by Uy the disk centered at 0 of radius 1/4 whose boundary is oriented counter-
clockwise. Let

m(n):=3F2ig(n), =+Im(y)>0.
Then m is conformal in Uy, m(0) = 0, and m(x) > 0 for x € (0,1/4). Choose the arcs
7. so that m(ﬁ) c J.. Define

(0 =(0)
¥ (1) =E 7 (n)D( @ap(rm(n))),
where @, g is the solution of RHP-®,, g, D(®, g(7m)) is a holomorphic deforma-

tion of ®, 4 (7m) that moves the jumps from (7m)~"'(I.) to I, and E " is holomor-
phic around 0 and is given by

(10.4) B () = F=) () (e (iam () B)

(the constant matrices B, were also defined in RHP-®,, g). To see that E (9) js indeed
holomorphic, recall that

log Bos/2mi

for x > 0, which implies that the function in parenthesis in (10.4) has the same jump
as F(®) on (~1/4,1/4). Observe further that

Bieq:i‘l’m(f’])0'3/2 = e3Ti0'3/2Bie—Tg(77)(73, :l:Im(rI) > 0.
Therefore, it follows from RHP-®, z(d) that
= ) 5/2mi -1
() = F&) () ( R C10)) B B.) (I+0(™)x
y (3_371”3/2(irm(17))logﬁgs/szi) e~ T8(mos

Finally, notice that
|T10gﬁ/2ni‘ _ Targ(ﬁ)/Zn, arg(ﬁ) c (—7‘[,7‘[).
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Thus, q’(o) has the following properties:
(a) TR holomorphic in Uj \ Z(‘?“)ﬁ);
(b) ‘T’(O) satisfies RHP—‘?a,ﬁ(b) on Z(‘?a,ﬁ) n Up;

(c) "17(0) satisfies RHP—‘T’a,ﬁ(C) within Uy (by RHP-®, 3(c));
(d) it holds that

T (gs7) = F) () (1 + O (2B 1) g=re(n)s
as T — oo uniformly on 90U, \ Z(‘?a,ﬁ).
10.3.5 Asymptotics of RHP-¥, g
Define

I1;T) > 7] € UO)
= —~(1
Rop(:7) = Fag () {8 (1), geu,
T ()Y neCN(TouTy).

Notice that the jumps of R, g across TN (Uo U Ul) are equal to
()1 0 0) p(oo)
I+F (eZTg 0) F(),

Since Re(g) < 0 there, we get exactly as in the case s > 0 that

1
Rop(n;t) =1+ O( A-arg(B/7 (1 + |,1|))

as T — oo uniformly for € C\ (dUpy UoU; U (Z(\/I\’(x’/_g) N (UguT)))). Hence, (10.2)
still holds and therefore (4.2) follows from (10.3).

10.4 Asymptotics of RHP-¥, g

Below, we assume that § = 0. As before, we only need to prove (4.3) when s - —oo.

10.4.1 Renormalized RHP-¥, g
Define
g(n) = %nl/z(n 1), neCx (~o0,1],
to be the principal branch and for convenience set 7 := (—s)>/2. Let
(10.5) "170,(11; T) = (—5)03/4‘?0,,0(—511;5).

Then ¥, solves the following Riemann-Hilbert problem (RHP-‘T’,,) 8):
(a) ¥, is holomorphic in C \ (I+ ul_u (—00,0]);
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(b) ¥, has continuous traces on I, UT_ U (—00,0) that satisfy

G, -9, ( o) on (-00,0),
( ei}m (1] ) onl,;
(c) asn — 01itholds that

G (oo (157 (G2 g F (o of! losld
‘II“(W’T)_O(I(I“/2 e+ jgrer) 2 FalnD) =011 oy

when a # 0 and « = 0, respectively;
(d) ¥, has the following behavior near co:

Fo(pr) = 1+ 00 ol (V1) gratmen
50 = (0N T )e

uniformly in C \ (I, UI_ U (=00, 00)).

10.4.2 Global Parametrix

Set

G (o ry o T2 (1 1) mretnien _, pleo) () grates
Y (1) = 7 i1 e = F'*(n)e .
It is a straightforward verification to see that

(a) ¥ i holomorphic in C \ (—oc0,0];

(b) ‘?(w) has continuous traces on (—oc0, 0) that satisfy ‘/I\’ioo) = ‘/17500)( 99 );

(c) g satisfies RHP-W , (d) with (9( 11‘1) = 0.

10.4.3 Local Parametrix Around 0

Denote by U, the disk centered at 0 of small enough radius so that g*(#) is conformal
in Uy. Notice that g*(x) > 0 for {x > 0} n Up. Define

V(1) =B () D(u((r2(n)/2)%)),

where ¥, is the solution of RHP-¥,, D(¥,((7rg/2)?)) is a holomorphic deg(\){ggla-
tion of ¥, ((7g/2)?) that moves the jumps from (72g*/4)7}(I.) to I, and E" ~ is
holomorphic around 0 and is given by

EV () = F) () D(F7((2g/2)?) ).

Clearly, {I\’(O) has the following properties:

(a) ‘?(0) is holomorphic in Uy \ (I, UI_ U (-0, 00));

() ¥ satisfies RHP-% o (b) on (I, UL U (00, 00)) N Ups
(c) ‘?(0) satisfies RHP-¥ , (c) within U, (by RHP-¥ ,(c));

(d) it holds that q’(o)(n; T) = F(°°)(17)(I +0(t™) ¢~ ™8(N% a5 7 - co uniformly
on dUp \ (I UI_ U (—00,00)).
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10.4.4 Asymptotics of RHP-¥, 4

Define

5(0) _

& ¥ () nel,
Ro(1;7) :=Wa(n; 1) — (o0) ) v
¥ (1), neCNU,.

Exactly as before, we have that

1
Ry(p;1)=1+0 ——
( T(1+ |'1|))
as T — oo uniformly for 5 € C\ (dUy U ((I, UI_ U (-00,0)) \ Up)). Hence, (4.3)
follows from (10.5).
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