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ABSTRACT 

A t ime dependent s o l u t i o n of t h e c o l l i s i o n l e s s Boltzmann 
e q u a t i o n (CBE) in two space d i m e n s i o n s f i r s t g i v e n by Antonov 
and Ni i r i td inov i s d i s c u s s e d f u r t h e r . The s o l u t i o n i s s e l f c o ­
n s i s t e n t wi th a q u a d r a t i c p o t e n t i a l and r e p r e s e n t s a g e n e r a ­
l i s e d Freeman bar c h a r a c t e r i s e d by 10 p a r a m e t e r s . Because of 
two conse rved q u a n t i t i e s , t h e y form an 8 -d imens iona l phase 
s p a c e . Geometr ic and group t h e o r e t i c a l a s p e c t s of t h i s d y n a ­
mica l system a r e d i s c u s s e d . Systems of t h i s t y p e can show 
c h a o t i c o s c i l l a t i o n s in g e n e r a l . T h i s s t udy r a i s e s i n t e r e s t ­
ing g e n e r a l q u e s t i o n s about t i m e dependent s o l u t i o n s of t h e 
CBE. 

INTRODUCTION 
The dynamical s t r u c t u r e of t h e s t e l l a r and da rk m a t t e r 

components of g a l a x i e s i s d e s c r i b e d by t h e c o l l i s i o n l e s s Bol t -
zmann e q u a t i o n (CEE) fo r t h e phase space d i s t r i b u t i o n f u n c t i o n 
f ( r . , v , t ) wi th a s e l f c o n s i s t e n t p o t e n t i a l <t>(r,t) c a l c u l a t e d 
from t h e r e a l space d e n s i t y a s s o c i a t e d wi th f 

/ 

I f + I' If + »-If - 0, a - - 7*. V2<f> = 4TrG/f (r,v)dv (1) 

The normalisation of f is chosen here to give the mass per 
unit phase volume. Time independent solutions have been exten­
sively studied (see the texts by Binney and Tremaine.Fridman 
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and Polyachenko) but t he re a re fewer a n a l y t i c a l s tud ie s of 
time dependent s o l u t i o n s . We l i s t some below. 

Kalnajs (1973) gave a one dimensional self cons i s ten t 
o s c i l l a t i n g so lu t ion while Antonov and Nuritdinov (AN, 1977) 
constructed a two dimensional o s c i l l a t i n g e l l i p t i c d i sc and 
Malkov (1984) discussed the s t a b i l i t y of an o s c i l l a t i n g sph­
e r e . Unaware of t h i s ea r ly work, Sridhar (1989) and Sridhar 
and Nityananda (1989, 1990 (SN)) discussed o s c i l l a t i o n s of 
s labs , spheres, spheroids, and d i s c s , a l l of which have self 
cons is ten t time dependent harmonic p o t e n t i a l s . This paper i s 
concerned with the planar model discovered by AN which was 
elaborated and used by SN in a study of a t i d a l encounter bet­
ween ga lax ie s : we will t r y to bring out i t s mathematical s t r u ­
c tu re more e x p l i c i t l y than in the e a r l i e r papers by AN and SN. 

CONSTRUCTION OF THE SELF CONSISTENT TIME DEPENDENT ELLIPTIC 
DISC 

The basic idea behind the model i s tha t in t h ree dimen­
sions, a uniform dens i ty e l l i p s o i d produces a quadrat ic p o t e ­
n t i a l within i t s boundary. A l imi t ing case , when the c - a x i s 
shr inks to z e r o , i s an e l l i p t i c d isc with a surface dens i ty 
£(x,y) given by 

Z(x,y) = ( 1 - \ - Zy ) 1 / 2 (2) 
a b 

which i s obtained by p ro jec t ion . A surface dens i ty of t h i s 
form can be obtained by in t eg ra t ing t h e following phase space 
densi ty f over v e l o c i t i e s 

i = ( 1 - Q ( x , y , v x , v y ) ) - 1 / 2 , Q < 1, f = 0. (3) 

The quadrat ic form Q in the four phase space v a r i a b l e s can be 
T T 

wri t ten compactly as Q = z Qz where the row vector z of phase 
T space coord ina tes z = (x,y,v ,v ) and where Q i s a 4x4 r ea l x y 

symmetric p o s i t i v e d e f i n i t e matrix and T stands for t r anspose . 
( Inc iden ta l ly , t h i s idea does not work for t h r e e dimensions. 
Power counting shows tha t to get constant r ea l space dens i ty , 
one needs f « (1-Q) ' which i s not normal i sa bl e ) . The f ina l 
remark i s tha t with a quadrat ic p o t e n t i a l , even a time depen­
dent one, the equations of motion a re l i n e a r . Under a l i n e a r 
transformation of the phase space v a r i a b l e s , t he d i s t r i b u t i o n 
function (3) mainta ins i t s form and the po ten t i a l remains qua­
d r a t i c so self consis tency has been achieved. The de ta i l ed 
eq-uat ions of motion for the phase space v a r i a b l e s z and for 
the matrix Q are given in SN. We now want to emphasize the 
general s t ruc tu re of these equat ions . 
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A l i n e a r t r a n s f o r m a t i o n of t h e phase space v a r i a b l e s z 
i s d e s c r i b e d by a so c a l l e d s y m p l e c t i c m a t r i x M where M i s a 
f u n c t i o n of t i m e . 

z = Mz' ( 4 ) 

The P o i s s o n b r a c k e t s [ z , , z . ] = 
r i x J 

6, . can be a r r a n g e d in a mat-

B = 

0 
0 

-1 
0 

0 1 0 
0 0 1 
0 0 0 

- 1 0 0 

, -1 
= - 6 

Since z ' s have t h e same P o i s s o n b r a c k e t s , we have 

6 = M BM o r M-1B = BM ( 5 ) 

T h i s c o n d i t i o n d e f i n e s t h e s y m p l e c t i c p r o p e r t y of M. In t h e 
o r i g i n a l work of AN, t h i s p r o p e r t y was b u i l t i n by u s i n g a 
q u a d r a t i c g e n e r a t i n g f u n c t i o n fo r t h e c a n o n i c a l t r a n s f o r m a ­
t i o n r e l a t i n g p a r t i c l e c o o r d i n a t e s a t d i f f e r e n t t imes 

The CBE i m p l i e s t h a t f i s a c o n s t a n t a l o n g t h e phase t r a ­
j e c t o r i e s . From ( 3 ) , t h i s means t h a t 

Q = JTQ'M ( 6 ) 

Thus, we need a t i m e dependent Q t o e n s u r e t h a t f i s a 
c o n s t a n t of t h e m o t i o n . The p h y s i c a l meaning of t h e m a t r i x Q 
becomes c l e a r i f we c a l c u l a t e t h e e x p e c t a t i o n v a l u e of a p r o ­
duc t of two phase space v a r i a b l e s w i th t h e d i s t r i b u t i o n func­
t i o n f. The r e s u l t i s (SN) 

< z i z > = ffz±z df /Si d r = (Q 1 ) i j 
= P . 

U 
( 7 ) 

where P . . i s an e lement of t h e m a t r i x i n v e r s e t o Q. For e x a -

mple , p i i »po2 a n c* ^12 d e t e r m i n e t h e shape of t h e sys tem, 
P 1 4 - P 2 3 t h e a n g u l a r momentum Pio + P04 expans ion and po3»P44» 

P„4 t h e p e c u l i a r v e l o c i t y e l l i p s e . 

One can a l s o v i s u a l i s e t h i s d i s t r i b u t i o n f u n c t i o n and 
i t s dynamics g e o m e t r i c a l l y . The boundary i n phase space of 
t h e system i s t h e four d i m e n s i o n a l e l l i p s o i d zTQz = 1 . The 
phase space d e n s i t y i s c o n s t a n t on t h e c o n c e n t r i c e l l i p s o i d s 

T z Qz = c , 0 <_ c <_ 1 and i n f a c t i n c r e a s e s o u t w a r d s . The r e a l 
space d e n s i t y i s c l e a r l y nonzero i n s i d e an e l l i p t i c a r e a 
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which i s the pro jec t ion of t h i s e l l i p s o i d . Under l i n e a r cano­
nical t ransformat ions of the phase space produced by the qua­
d r a t i c ( i . e . harmonic o s c i l l a t o r ) Eamiltonian, the e l l i p s o i ­
dal surfaces of constant phase dens i ty c l e a r l y r e t a i n t h e i r 
form and the model remains self c o n s i s t e n t . 

CONSERVED QUANTITIES AND PHASE SPACE STRUCTURE 

Without l o o k i n g a t t h e d e t a i l e d s t r u c t u r e of t h e m a t r i x 
M in e q u a t i o n ( 6 ) , i t i s s t i l l p o s s i b l e t o b r i n g o u t some 
g e n e r a l p r o p e r t i e s . For t h i s pu rpose i t i s more c o n v e n i e n t t o 
dea l wi th t h e m a t r i c e s 8Q and PB which evo lve in t i m e a c c o r ­
d ing t o 

6Q = 6MTQ'M = M-1BQM (8a ) 

Taking i n v e r s e s 

-PB = M_ 1(-P'B)M (8b) 

The s i g n i f i c a n c e of a m a t r i x l i k e PS i s t h a t i t can be r e g a ­
rded a s an i n f i n i t e s i m a l s y m p l e c t i c m a t r i x . In o t h e r words, 
t h e m a t r i x I + ePB ( I = i d e n t i t y m a t r i x ) s a t i s f i e s t h e c o n d i ­
t i o n (5 ) t o f i r s t o r d e r in e . More t e c h n i c a l l y , we can say 
t h a t PB i s an element of s p ( 4 , R ) , t h e L i e a l g e b r a of t h e 
symplec t i c group in four r e a l v a r i a b l e s . In such a g roup , t h e 
o p e r a t i o n of c o n j u g a t i o n by an e lement M i s d e f i n e d a s m u l t i ­
p l i c a t i o n by M~l on t h e l e f t and M on t h e r i g h t . Now our g a l ­
axy models a r e d e s c r i b e d by 10 p a r a m e t e r s , a s i s s p ( 4 , R ) . U n ­
der c o n j u g a t i o n by a l l p o s s i b l e group e l e m e n t s , a g i v e n i n ­
f i n i t e s i m a l e lement PB moves over an " o r b i t " i n t h e L ie a l ­
g e b r a . The p h y s i c a l meaning of t h i s o r b i t i n t h e c o n t e x t of 
our model i s t h a t i t r e p r e s e n t s t h e t o t a l s e t of a l l d i s t r i ­
b u t i o n f u n c t i o n s ( i . e . dynamical s t a t e s ) which a r e a c c e s s i b l e 
s t a r t i n g from a g i v e n i n i t i a l s t a t e , t h e mot ion of t h e s t a r s 
being d e s c r i b e d by a g e n e r a l t ime dependent q u a d r a t i c Hamil-
t o n i a n . One can see t h a t t h e r e o n l y a r e two q u a n t i t i e s C^ and 
C2 which a r e conse rved under c o n j u g a t i o n . 

C-L = T r (PB) 2 , C2 = T r (PB) 4 (9 ) 

Rep lac ing PB by M~ PBM i n s i d e t h e t r a c e and u s i n g c y c l i c 
i n v a r i a n c e , i t i s e a s i l y checked t h a t t h e s e a r e i n v a r i a n t . T h e 
t r a c e s of odd powers v a n i s h , wh i l e even powers h igher t h a n 
t h e f o u r t h can be reduced t o f o u r t h o r lower by t h e C a y l e y -
Hamilton theorem. Thus, w i th t h e s e two conserved q u a n t i t i e s , 
t h e o r b i t i s 8 d i m e n s i o n a l . 

I t may be wor th p o i n t i n g o u t t h a t t h e same ma thema t i ca l 
s t r u c t u r e i s encoun te red i n p a r a x i a l o p t i c s of Gauss ian beams 
(Simon and Mukunda 1 9 9 1 ) . The r e a s o n s a r e r e a l l y s i m i l a r -
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the d i s t r i b u t i o n function for the l i g h t r ays (or the c o r r e s ­
ponding object in the wave theory) depends on a quadrat ic 
function of the two coord ina tes and two momenta t ransverse 
to t h e a x i s of the l i g h t beam. 

The two conserved q u a n t i t i e s we have introduced a l g e b ­
r a i c a l l y can a lso be in te rp re ted in terms of the geometry of 

T 
the e l l i p s o i d z Qz = 1 which def ines t h e boundary of the sys ­
tem in phase space. One can draw a (two dimensional ) plane 
through the o r i g i n which i n t e r s e c t s the t h r e e dimensional 
boundary in a one dimensional curve (an e l l i p s e ) . The in tegra l 
L = / p* dq* + p„ dq2 around t h i s closed curve i s ca l l ed 
the f i r s t Poincare ' invar iant and has the property tha t i t i s 
preserved under canonical t ransformation in general and time 
evolut ion in p a r t i c u l a r . One can the re fo re ask for the two 
extremal sec t ions for which t h i s invar ian t has the l a r g e s t 
and smallest va lue s . One could choose these va lues a s the two 
cons tan t s of motion. More p rec i se ly , we can denote the gener­
a l i s ed "a reas" of these two sec t ions by irA* and irAg.Then i t 
can be shown t h a t A-, and A„ a re the r o o t s of the polynomial 
x2 + (C1/2)x + ( c | - C 4 ) / 4 . The product (TT4/4 )A2A2 i s the squ­
are of the four dimensional volume enclosed by the boundary 
of the e l l i p s o i d , which i s of course a conserved quant i ty by 
L i o u v i l l e ' s theorem. The next question i s whether the evolu­
t ion of the P ' s given by equat ions (6) or (8) i s Hamiltonian. 
In o ther words, can we def ine Poisson brackets (P ,B 's for 
shor t ) between the P ' s so tha t we can wri te 

d V p i j • t P i j ' H ]
P . B . <10> 

where H i s a function of the P ' s? In t h i s case , we could r e ­
gard these parameters as (noncanonical) coordina tes in a ph­
ase space. The advantage of such a Hamiltonian formulation 
would be tha t well known p r o p e r t i e s of Hamiltonian systems 
and techniques for studying them could be used for the study 
of the dynamics of t h e c o l l e c t i v e v a r i a b l e s P . j which descr ibe 
our model. 1 J 

A s t ra ightforward and phys ica l ly motivated solut ion to 
t h i s problem can be given using the idea tha t our system i s 
j u s t the l imi t of an N body system. A quant i ty l i k e 
5 <z.z > = P . can a lso be wri t ten a s 

= N . 
P. . = 5 < z . z . > = £ I z a z D 

U l J N a = 1 l j 
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where z a , s are the four phase space variables for particle 

number a. We can now use the well known notion of Poisson 
brackets for the N particles, 

C •!••?' " »« 

for al l a = b and zero otherwise. This straightaway give 

[pij>pkr>P.B - 5 ( 6 ik V + Bi*V + 6 Jk P u + ej5ipik^ 

i . e . enough terms to ensure symmetry with respect to inter­
change of i j , and k£. The factor of 5 can be eliminated by 
taking P!, = 5PJJ t The Poisson bracket then reads 

i j i j 

rpi P ' l = R P1 + 
L±ij ' ikJlJP.B pik^j«. 

3i*Pjk + BjkPU + Sj*Pik 

The advantage of proceeding from the P.B. for an N-particle 
system is that the basic properties of the PB are formally 
guaranteed. One also sees that the Hamiltonian for the N-
particle system can be reexpressed in terms of P . . ' s (since 

both the kinetic and potential energies can). Then the time 
derivatives of the P ' s can be written in the desired form 
(10), i j 

In the ten dimensional space of the P ' s , one can ask 
if the PB is degenerate i . e . are there any combinations of 
the P's whose PB's with all the P's vanish. These would then 
be conserved quantities for any Hamiltonian which is a func­
tion of the P's. The two conserved quantities CH and C„ have 

been written down. It is therefore clear that we are dealing 
with a ten dimensional space of P's which, by fixing the val­
ues of C-, and C2. is divided into eight dimensional subspaces. 

The dimension of the appropriate phase space is therefore 
eight. The notion of making the orbit (under conjugation) of 
a Lie algebra into a phase space is well known to mathemati­
cians (Arnold 1978). 

The Poisson bracket used above is just a special case of 
that introduced by Morrison (1982) for the CBE in general. 
Incidentally his more general result can also be viewed as a 
limiting case of the N-particle PB by the method outlined 
above. 

CONCLUSION AND GENERAL COMMENTS 

The AN planar model discussed in this paper, and related 
exact time dependent solutions can all be regarded as success-
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ful d e s c r i p t i o n s in terms of c o l l e c t i v e v a r i a b l e s such a s 
the moments P J . or the semiaxes of a sphe ro id , e t c . For 
harmonic p o t e n t i a l s , t he se v a r i a b l e s obey a closed f i n i t e 
dimensional Eamiltonian dynamics of t h e i r own. This dynamics 
i s not t r i v i a l a s can be checked by r e f e r r i n g to AN or SN. 
For example, in t h e case of sphero ids , the dynamics of the 
two axes could be chaot ic in gene ra l . The AN model i s qu i te 
r i c h having an eight dimensional phase space, equivalent to 
four coord ina tes and t h e i r time d e r i v a t i v e s . The fu l l phase 
space of t h e model has not been explored but i t would be sur ­
p r i s i ng indeed if i t did not conta in regions of chaot ic mot­
ion, fowever, in a f i n i t e dimensional Hamiltonian system, 
the re i s no quest ion of r e l a x a t i o n to a steady s t a t e . A c h a l ­
lenging open quest ion i s whether t h e r e a re useful approximate 
d e s c r i p t i o n s of more general time dependent s t e l l a r systems 
based on phase space moments or o ther c o l l e c t i v e v a r i a b l e s 
l i k e the q u a n t i t i e s P..= of the AN model 
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