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On the use of the Hyperbolic Sine and Cosine in
connection with the Hyperbola.

By LAWKENCE CRAWFORD, M.A., B.Sc.

The excentric angle notation in the ellipse is extremely useful,
and in part we can replace it by the hyperbolic sine and cosine in
connection with the hyperbola.

Take the hyperbola x?\<x- - y*jb- = 1, then the coordinates of any
point on it may be written acosh</>, 6sinh^>, for cosh2c£ -sinh2</> = 1.
The objection to its use in all cases is that the hyperbolic cosine of
an angle is always positive, so that (acoshe ,̂ 6sinh(/) can only repre-
sent any point on the branch on the positive side of the axis of y,
for any point on the other branch we must take its coordinates as
( - acosh</>, &sinh</)).

FIGURE 28.

Take up the discussion of conjugate diameters in this notation,
Take a series of parallel chords, joining, first, points on the same

branch, and let QQ' be one of them, to find the locus of their
middle points.

The line joining the points (x^j^x^y.,) on the hyperbola has the
equation

•'-(•ri + 3',,) _ y(y, + y2) x^x, y,y2

a2 ¥"" a2 6s

. •. if we take Q as the point (acosha, isinha), Q' as (acosh/J, 6sinh/3)
the equation of QQ' is

—(cosha + cosh/3) - -^-(sinha. + sinh/3) = 1 + coshacosh/3 - sinhasinh/3

-X ,<* + /? , a - f i y . ,a + B a - B
i.e. 2—cosh 9 cosh—~— 2^-sinh——^-cosh—^- = 1 + cosh(a - /?\

= 2cosh a-/3

i.e. —cosh—-—— —sinh——— = cosh —<.- •
a 2 b 2 &
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If then we are to have a series of parallel chords we must join
points, parameters a and fi, such that

jLcothi+i? is constant.
a 2

i.e. such that a + ft is constant.
Join then points, parameters X + /t and X - /t, keeping X constant

and varying /*, then we shall get a series of parallel chords, the
gradient of which is

A c o t h ^ + i l i 4 i.e. loothX.
a 2 a

Now the middle point of the line joining the points,

(acoshX + /i, isinhA + ̂ u) and (acoshA -/x, 6sinhX-/x)

is {Ja(coshX + /* + coshX-^), J6(sinhX + p + sinhX - /A) }

i.e. (acoshXcosh/u, &sinhXcosh/j)

. •. this point lies on the line y = —tanhX. x
F " a

.'. the locus of the middle points of this series of parallel chords,

gradient —cothX, is the line y = —tanhX. x

Let us draw now a series of chords parallel to this latter line,

y - —tanhX. x, and find locus of middle points of them.

Take a line joining two points on opposite branches,

(^coshy, isinhy) and ( - acoshS, JsinhS),

its equation is

—(ooshy - coshS) - -Hsinhy + sinhS) = 1 - coshycoshS - sinhysinhfi,

using the form we already quoted,

(j 2 2i o Z *d

x . , y-s y j
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The gradient of this line in -—tanh— —- , and we wish it to

be —tanhX, BO join points, parameters y and 8, so that y-v + k,

B m v - X and keep A constant but vary v, then we get a series of

parallel ohords, gradient —tanhX.
a

The middle point of the line joining the points

(acoshv + X, dsinhv + X) ( - acoshv - X, bunnc - X)

is (asinhvsinhX, 6sinhvcoshX)

.•. this point lies on the line y = —oothX, ,r, which is therefore^ the

loous of the middle points of this series of parallel chords, but this
line is parallel to our original series of parallel chords,

.•. we have the lines y-- --—tanhX . z, y*—cothX..B bisect each

ohords parallel to the other.
Thus the product of the gradients of two conjugate diameters is

a3

The line y-—tanhX. x cuts the original hyperbola in P, which

is the point (acoshX, isinhX), while y = —cothX.x cuts the con-
ct

jugate hyperbola, a?fa* -y^fb1—- - 1 in the point (asinhX, icoshX),
sayD.

These simple expressions for the coordinates of P and D give
readily the theorems for example that C P - CD2 = «2 - b\ that PD
is bisected by the asymptote, and that tangents at P and D to the
original and conjugate hyperbola respectively meet on the same
asymptote.

Taking also again Q as the point (acoshX + ̂ , bsinhX + /x), and
Q' as (acoshX - n, 6sinhX - fi), and V as the middle point of QQ', we
easily prove

QV2: CV2 - CP3:: CD2: C F
which gives the equation of the hyperbola referred to the two con-
jugate diameters CP, CD as axes.
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